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Abstract

Improved lower bounds on the average and the worst-case rate-memory tradeoffs for the Maddah-Ali&Niesen
coded caching scenario are presented. For any number of users and files and for arbitrary cache sizes, the
multiplicative gap between the exact rate-memory tradeoff and the new lower bound is less than 2.315 in the
worst-case scenario and less than 2.507 in the average-case scenario.

I. INTRODUCTION

We consider the canonical coded caching scenario by Maddah-Ali and Niesen [1] with a single transmitter and
K receivers, where each receiver is equipped with a cache memory of equal size (see in Figure 1). Communication
takes place in two phases. In a first caching phase the transmitter stores contents (arbitrary functions of files) at
the receivers’ cache memories. In a subsequent delivery phase it conveys one of the files stored in its library to
each of the receivers. The main challenge in this configuration is that during the caching phase it is not known
which receiver demands which specific file from the library. The cache contents thus need to be designed so as to
be useful for many possible demands.

Traditional caching systems store the same most popular files in each and every cache memory. This allows the
receivers to retrieve these files locally without burdening the common communication link from the transmitter to
the receivers. Recently [1], it has been shown that much larger gains, so called global caching gains, are possible
if the various receivers store different parts of the files in their cache memories. In this case, the transmitter can
simultaneously serve multiple receivers during the delivery phase by sending coded data, and thus significantly
reduced the required communication rate on the common link connecting the transmitter to the receivers.

The main quantity of interest in this work is the rate-memory tradeoff—i.e., the minimum required delivery rate,
as a function of the available cache memories, so that all receivers reliably recover their demanded files. Several
recent works [1]-[17] have presented upper and lower bounds on the rate-memory tradeoff. More specifically, the
works in [1]-[12], [14] investigated the worst-case rate-memory tradeoff where the communication rate cannot
depend on the specific demand. (The works in [4], [5], [14] determined the exact rate-memory tradeoff if the
caching contents are restricted to parts of messages. This caching strategy is however known to be suboptimal in
general.) The currently best lower and upper bounds for this worst-case rate-memory tradeoff have been shown to
match up to a multiplicative gap of 4 [10].

The works in [13], [14] investigated the average rate-memory tradeoff where the communication rate can depend
on the specific demand, and the rate of interest is the average required rate over all possible demands. The currently
best lower and upper bounds for this average rate-memory tradeoff have been shown to match up to a multiplicative
gap of 4.7 [13].

In this paper we provide new lower bounds on the worst-case and the average rate-memory tradeoffs. The new
lower bounds match the exact worst-case and average rate-memory tradeoffs up to multiplicative gaps of 2.315 and
2.507, respectively. More precisely, these gaps are with respect to the upper bounds on the rate-memory tradeoffs
under decentralized caching in [14]. An upper bound on the rate-memory tradeoff under decentralized caching
is also an upper bound on the rate-memory tradeoff under centralized caching considered here, because in the
decentralized caching the cache content at a given receiver has to be chosen according to a specific distribution,
whereas in centralized caching any content can be cached that satisfies the cache memory constraints.
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S. Saeedi Bidokhti is with the Department of Electrical Engineering at Stanford University, saeedi@stanford.edu.
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Fig. 1: Coded caching scenario with K receivers having equal cache size F'M bits.

Many other variations of the caching problem have been studied. For example, the online caching problem [18];
caching with non-uniform demands [19]-[21]; caching of correlated files [22]-[24] where Wyner’s and Gac-Korner’s
common information play an important role [22]; caching in noisy broadcast channels [25]-[27], [29]-[43] where
perfomance can be improved through joint cache-channel coding [25], [26], [32], state-information [33], [34], [34],
[371, [39], or massive MIMO [36]; caching in Gaussian interference networks [44]—-[46]; caching in hierarchical
networks [54], [56], [57]; and caching in cellular networks [46]-[53] where it allows to cancel inter-cell interference
[47].

II. DETAILED PROBLEM SETUP

The transmitter has a library of N independent messages W, ..., Wy, where each Wy is uniformly distributed
over {1,...,2F} for F a positive integer. Each of the K receivers is provided with a cache memory of size F'M
bits, see Figure 1. Suppose that each receiver will demand exactly one message from the library. We denote the
demand of receiver k by

dr € N := {1,...,N}.

and thus the message demanded by receiver k is Wy, . Let
d:=(dy,...,dk)

denote the receivers’ demand vector. The communications process takes place in two phases: a caching phase and
a delivery phase.

During a period of low network-congestion and before the receivers’ demand vector d is known, the transmitter
sends an individual cache message Vj € {1, ey LQF MJ }, to each of the K receivers. Since d is unknown at this
time, the cache messages will be functions of the entire library. For every k € {1,..., K}:!

Vk: = gk‘(le cee 7WN)5
ge s {1,020 {1, [12FM)
In the delivery phase, the transmitter is given the receivers’ demands d = (di,...,dx), and it generates the
delivery-symbol X sent over the common noise-free bit-pipe as:
X = fa(Wy, ..., Wy),
fa: {12V S x
where X is the delivery alphabet that we will specify shortly.
We also assume that d is known to all receivers (e.g., d can be communicated to the receivers with zero

transmission rate). Each receiver k € {1,..., K} perfectly observes the delivery-symbol X, and can thus recover
its desired message as

Wi == or.a(X, Vi),

! Allowing for randomized caching functions does not change the results of this paper.



Pra: X x{l... [2FM]} = {1,... 2}

We are left with specifying the delivery alphabet X'. We distinguish two scenarios:

 In the worst-case scenario, the delivery alphabet X does not depend on the demand vector d.
In this scenario, a rate-memory pair (R, M) is achievable if for every ¢ > 0 and sufficiently large message
lengths F', there exist caching, encoding, and decoding functions with delivery alphabet

X = {1,..., |29} (1
so that for each demand vector d € N'K, each receiver k can perfectly reconstruct its desired message:
Wi = Wa,. 2

o In the average-case scenario, the delivery alphabet X depends on the demand vector d.
In this scenario, a rate-memory pair (R, M) is achievable if for each demand vector d € N5, each ¢ > 0,
and sufficiently large message lengths F', there exist caching, encoding, and decoding functions with delivery

alphabet
Xa={1,...,[2FF]}, 3)
so that each Receiver k € {1,..., K} can perfectly reconstruct its desired message, (2), and
1
NE > Ra<R+e 4)
deNE

The main focus of this paper is on the rate-memory tradeoffs of the worst-case and the average-case scenarios:

Definition 1: Given the cache memory size M, we define the rate-memory tradeoffs R},,(M) and R}, (M) as the
infimum of all rates R such that the rate-memory pair (R, M) is achievable for the worst-case and the average-case
scenarios, respectively.

The problem is interesting for
M < N. ®)

For M > N each receiver can store all the library in its cache memory and there is no need to transmit anything
during the delivery phase. We henceforth assume that (5) holds.

ITI. MAIN RESULTS

Define N := min{K, N} and N := {1,2,..., N}.

A. Worst-Case Scenario

Our first result is a lower bound on the rate-memory tradeoff in the worst-case scenario. It is proved in
Section I'V-B. Alternatively, it can also be extracted from the converse result for general degraded broadcast channels
in [28].

Theorem 1: For all M € [0, N),

Riora(M) = R (M), (6)
where

52
R (M) := {—M=—|,
worst (M) maX{%‘%[ N]

max
LeN

Figure 2 compares this new lower bound on R}, . (M) with the existing lower bounds in [1] and [6]. The figure
also shows upper bounds from [14]. The red solid upper bound is for centralized caching, as considered in this
paper. The green dashed upper bound is for decentralized caching. For simplicity, the latter upper bound is used

to derive the gap results in the following Theorem 2.
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Fig. 2: Upper and lower bounds on R}, (M) for K =16 and N = 64.

worst

Theorem 2: Trrespective of the number of users K, the library size N, and the memory size M € [0, N):

*
M
R‘;"Lt() < max max ¢(a,l),
Rv%\;st(M) LeZ* ac(0,1)

fe (1 (31)")

where

o(a,l) =

Proof: See Section V. [ |

Remark 3: For any ¢ € Z, the function a — ¢(a, f) is continuous and bounded over (0,1), see also Figure 3.
Numerical evaluation? shows that for £ € {1,...,10%}:

max ¢(a,l) < 2.315.

a€(0,1)
Moreover,

/) < b 7
- M = S A 7

where X

a(1+b) <1 _ (1+ab)ab>
1—a 1+b
1[)((1, b) = . (8)
1- 1(1;1);2 + 177‘1 In(1—a-+ ab)

The function (a,b) +— v(a,b) is continuous and bounded over (0,1) x (0,10~%), see also Figure 4. Numerical
evaluation shows that

b) < 2.315. 9
selbo adion V(@0 = ©

Proof: Inequality (7) is proved in Section V-B. [ ]

2All numerical evaluations in this paper are performed by applying the MATLAB function fmincon with the sequential quadratic
programming (SQP) method.
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Fig. 4: The function v(a,b) over (a,b) € (0,1) x (0,107%).

B. Average-Case Scenario

Theorem 4: For all M € [0, N),
* low
R (M) > Ravg(M)7

avg

where

Rlow ( M)

avg

‘= max { KG{IE?-),(K} [(1 — <1 - %)6 (N - EM)] )

e [ (- ) )=

Proof: See Section IV-C.

Figure 5 compares this new lower bound on R},(M) with the existing lower bounds in [13] and the upper

avg

bounds in [14]. The red solid upper bound is for centralized caching, as considered in this paper. The green dashed

upper bound is for decentralized caching and also from [14].
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Fig. 5: Upper and lower bounds on R},,(M) for K =16 and N = 64.

avg

As the following theorem and remark show, the multiplicative gap between the lower bound of Theorem 4 and
Rys(M) is at most 2.507.
Theorem 5: Trrespective of the number of users K, the library size N, and the memory size M € [0, N):
Rip(M)

avg

< max  max 7(u,v),

R¥ (M) ™ ue(0,1]ve(0,1/2]
where
n(u,v)
(u-l—v—v(l —v)%> <1— (1 - (1 —v)z>”>

1—v)" (1_ (1+2) (1—v)%)

Proof: See Section VI. [ ]

Remark 6: The function 7 is continuous and bounded over (0, 1] x (0, 1/2]. Numerical evaluation shows that

v) < 2.507. 10
Jnax, mmax n(u,v) < .

IV. PROOF OF THEOREMS 1 AND 4
A. Auxiliary Lemmas

The following two lemmas will be used in the proofs of Theorems 1 and 4.

The next lemma is stated for the average-case scenario. It applies readily also to the worst-case scenario if rate
Rgq is replaced by R.

Lemma 7: Fix a number £ € N and a demand vector d € AN’ whose first ¢ entries are dy,...,d,. Fix also a

small e > 0 and assume a sufficiently large ' with caching, encoding, and decoding functions so that (2) holds for
all k € {1,...,K}. Then,

¢
1
Ra+e>ra(l) = > I(Wai Vi, Vil Way, oo Wa, ), (11)
k=1
where rq(¢) denotes the number of distinct demands for receivers 1, ..., ¢:

ka(l) == [{di, ..., de}|. (12)
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Fig. 6: The function 7(u,v) over (u,v) € (0,1) x (0,1).

Proof: For any k € {1,...,¢}:

I(X;Wa Vi, Ve, Wayy oo, Wa, )

Y W Vi, Vi Wy oo W )

= HWy|Wa,,....,Wq,_,)
—I(de;Vl,. .. ,Vk|Wd1, .. '7de71)
b
Yp 1{d ¢ {d,... . dp1}}
_I(de;Vb---aVk’Wdly-'-ade,1)7 (13)

where (a) holds because (2) implies that H(Wy, |X,Vy,..., Vi, Wy,,...,Wy,_,) = 0; and (b) holds by the
independence of the messages and because H(W,) = F for any d € N.
On the other hand,

¢
S (X Wy Vi, Vi, Wy, W, )
k=1
‘
<Y I(X3Wa,,, ViV, o Vi, Wy, Wa, )
k=1
=1 X;Wd17~- .,Wdz,Vl,...,Vg)
< H(X) < F(Rq +¢). (14)
Combining (13) and (14) establishes the lemma. [ |
Lemma 8: Let L be a positive integer, A1, ..., Az, be an independent random L-tuple, and V be a random variable

arbitrarily correlated with Aq,..., Ap. For any subset S C {1,...,L}, denote by Ags the subset {A;, s € S}.
Then, for all [ € {1,...,L},

1

l
G > IAsiV) < FI(AL.. ALY). (15)
) sc{1,..,.L}:

|S|=1

Proof: Consider any [ € {1,..., L}. We have
1
Y I(AsV)

(ﬁ) SC{1,...,L}:
|S|=l



{1,...,L}:
IS|=i
1
— I H(As|V)
(l) SC{1,...,.L}:

IN

—~

o) 1
= —1(A4,...,Ap;
I3 ( 1 3 LvV)a

where (a) and (c) follow since Ay, ..., Ay, are independent and (b) follows from the generalized Han Inequality
(see [60, Theorem 17.6.1]). [ |

B. Proof of Theorem 1

Fix ¢ € N and restrict attention to receivers 1, ..., ¢ and their cache memories. Let Qgi“ be the set of all ordered
¢-dimensional demand vectors (dy, ..., dy) with all distinct entries. So,
- N
Q™| = ( €> 2 (16)

Notice that for d € Q%', we have rq(f) = ¢, and averaging Inequality (11)* over all demand vectors d € Qgi“

yields the following inequality:

¢

Rte>l(-> ay, (17)
k=1
where

1 1

o = > 21 (Way5 V1), (18a)
( 4 )E dEQ%i“
and for k =2,...,¢:
1 1
o = Ty > FIWas Vis o Vi Wy W, )
( y4 )é‘ deQiist
(18b)
The following lemma and letting € — 0 and thus /' — oo, concludes the proof.
Lemma 9: Parameters «q, . . ., ayp satisfy
¢ ¢
. [P kM
k=1 k=1
Proof: We first prove that for each k € {1,...,¢}:

kM

(20)

<7
SN k1

3In (11) Rq needs to be replaced by R because here we consider a worst-case scenario.



which establishes the upper bound
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< kM
PRLIED D v g
k=1 k=1

For each partial demand vector d = (dy,...

Fay
E‘( ) deQdisL
deQ‘“Sl

:<>Z

de lest .

>

d c lest .

® 1
R 2

@ 1
TR

kYY)
_ kFM
C N—k+1’

where (a) holds because for each value of ¢ and j there are (

(di,...,dg) € Q¥ with (dy, ...

(c) holds because for any random tuple (Aq, ...

because I(Wy,...,Wn;Vy,...

We now prove

For each d € Q;‘i“:

I(Wy,; V1) +ZI(de;V1,...,
k=2
<I(Wg4,,Wa,,...

So,

,dk_l), let W& = {Wdl, -

deof,

de Qg
(d) (k—1)! (k 1)

> I(Wa Vi, Vi Way, ., Wa, )

S I(Wg Vi, Vi Wy)

de Qdm

(dyyerrydi—1)=d

> I(Wy Vi, Ve[ W)
jeM\d

N -k
. — k)
(%=
E I(W;; V... Vi [Wy)

jeN\d

[H(WA,...,Wn|W3)—

> HW,[Vy,..,

jeM\d

(Wi, Wi Va, . Vi W)

kFM

,Ap) it holds that S H(A;) > H(Ay, ...

Vk‘deWdz? .. 'adea)

,Wdﬂ;Vl,...,Vg).

, Wa,_, }. We have:

2h

(22)

]Z—_kk) (¢ — k)! ordered demand vectors d =
ydk—1) = d and with dj, = j; (b) holds by the independence of the messages;
,Ap); and (d) holds
, Vi|W3) cannot exceed kF'M. This concludes the proof of (20) and thus of (21).

(23)

(24)
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= > [I(Wdl;Vl)

dEQ%N
l
+ ZI(de;Vl’ - ,Vk|Wd1,Wd2, RN de_l)
k=2
< D I(Way, Wayy oo, Was Vi, V)
deggisl
=00 Y I(Way, Way, ., Was Vi, V)
deQdit:
dy<ds---<dy

(a) N\ /¢
< /! —1 o WAV
< <€>N Wi,...,Wn; Vq,..., V)

¢ (N
<
< LoV)erm

where (a) follows from Lemma 8. [ |

C. Proof of Theorem 4

For any ¢ € {1,..., K}, let Q," be the set of all ordered length-¢ vectors (dy, .. .,ds) € N*, where repetitions
are allowed. Notice that:
|Q;P| = N (25)

Recall also that in the average-case scenario under investigation, the demand vector d := (dy,...,dk) is uniform
over Q. Let D := (Dy,..., Dg) ~ Uniform(NE).
Fix now an £ € {1,..., K}, and average Inequality (11) over all demand vectors d € Q. This yields:

¢
Ep[Rp + € > Ep[rn ()] = Y B, (26)
k=1
where
1
pr:= L 1(Wp,; V1|D), (27a)
and for k =2,... ¢
1
ﬂk = f‘[(WDk?V:L? L ,Vk|WD17 ety WDkfl’D)’ (27b)
The following two lemmas and letting ¢ — 0 and thus F' — oo, conclude the proof.
Lemma 10: 1\¢
Ep[rp(0)] = N(1-(1- %) )- (28)
Proof:

Ep[sp(¢)] =Ep

¢
Z IL{Dk ¢ {Dl, . ,Dk—l}}]

k=1

Ep []l{Dk ¢ {Ds,... 7Dk:—1}}]

-3

N <1 - (1 - ]1[)£> . (29)

I
bl
~ MN

1

I
=
i
o
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Lemma 11: Parameters [31, ..., 3, satisfy
¢ ¢
. M kM
Zﬁk < min {ED [kp ()] - N Z N}' (30)
k=1 k=1
Proof: We first prove that for each k € {1,...,¢}:

kM
< — 31
B < N (€20)

which establishes the upper bound
¢ LM

LT DPE S (32)

k=1 k=1

Defining Dy, := (D, ..., Dy), we have:
Fﬁk = I(WDk;Vla--ka‘WDly-'-yWDk,l,D)
:I(WDk;Vl,.. ,Vk|WD17~-,WDk,1)Dk)
= Z Wai Vi, Vi Wy, Wa, )

deQ)?

Y ZI Wi Vi, ..., Vg |Wy)

degrep , =1

A
&
2‘!—‘

IA
Z‘H

= I(Wa, . W Vi, Ve W)
deQﬁf"_l

Z kFM

de o,
M
N Y
where (a) holds because the messages are independent and because H(Ay, ..., Ar) < Sj-, H(A,;) for any random

L-tuple (Ay,...,Ap); and (b) holds because I(Wy,...,Wx;Vy,..., Vi[W3) cannot exceed kF'M. This concludes
the proof of (31) and thus (32).

INS
E; Z‘H

We now prove

0
(M
> By <Eplrp(0)] - ~ (33)
k=1
Let D%is‘ be a vector containing all distinct elements of D, := (Dy,..., Dy). Notice that D%m is of length

tp, (£). Also, following the definition of the previous section, Wp, := {Wp,, ..., Wp,} = Wpas«. We have:

¢
FY B
k=1

= I(Wp,;V1|D)

l
+ZI(WDk;V17'"7Vk|WD17WD27"'7WDk 17D)

I(WD Vi,..., VD)
I(Wp,; Vi,...,V,Dy)
I(WDth . an}D&H’Da(g))

VARVA
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0
- me(e) =) (Wp,;V1,...,V,|Dy, kp,(£) = i)

ES P, (0) = )T (Wpgss Vi, ., Ve D™, ip, (€) = i)

=1
l
) 1
23" B, (0) = ) > g Wi Ve
=1 ae ng . 7

d~1 <d~2<d~L

¢ .
Ny
<Y P(rp(f) = Oy IWi,. o W Vi, V)

(a)

< S Ben(0) = i) -i- L
=1

— Ep[rp(0)] @

where (a) holds because of the Markov chain V1, ..., Vy—(Wpas, £p, (£) —Dy; (b) holds because given p, (¢) = i

the probability that Dgi“ equals a specific vector de Qdist equals (]:f ) 71; (c) follows from Lemma 8; and (d) follows
since I(Wy,...,Wn;Vq,...,V,) cannot be larger than ¢/FM. [ |

V. PROOF OF THE GAP-RESULTS IN THEOREM 2 AND REMARK 3
A. Proof of Theorem 2
We wish to uniformly bound the gap

Ry (M
(K. N M) o= oM, G4
RWOYSI(M)
irrespective of K, N > 1 and M € [0, N).
We recall the achievable rate-memory tradeoff from [14, Corollary 2]. For any pair of positive integers K, N > 1,
define

Ryma(K, N, M)
N M=o,
N (- -W") ifme o,N).

Since Ryma (K, N, M) upper bounds the rate-memory tradeoff under a decentralized caching assumption [14], it
must also upper bound the rate-memory tradeoff under centralized caching as considered here. (In fact, decentralized
caching imposes additional constraints on the caching functions g; compared to our setup here.) Thus, for any
number of users K and files V:

R:vorst(M) S RYMA(Kv N7 M)7 M e [OvN) (35)
We thus have
K, N M
g(K’]\“\/I)é17“3Y|\/|/1A0(W , N, M)
RWOI’St(M)
K, N, M
< Ryma(K, N, )’ (36)
Eworst(K> N7 M)
where we defined ,
M
R (K, N,M) := 1—-— 37
Riyorg( ) %%§:< Nej+J (37)



and where the second inequality holds because for all K, N, M:

Define

R (M) > max | £ — Z

eN —j+1

=R

‘Worst

(K, N, M).

0 if ¢ =N

Mg::{% if ¢€{0,1,...,N —1},

Note that

The function R

==worst (

0=Mg <My_;<---<Myg=N.

K, N, M) is piecewise-linear with IV line segments over the intervals

[MZJrl:MAv 66{177](7_1}

(M1, M),

where the last interval is half-open, see (5). o
We next upper bound Ryma (K, N, I\/I)iby a function Ryma (K, N, M) that is piecewise-linear over the same
intervals (39). Specifically, for every ¢ € N, define for M € [My, M;_1):

Ryma(K,N,M) :=

Notice that

RYMA(K,N,Mg):RYMA(K,N,MZ), VEG{L...,N

whereas for general M € [0, NV):

because Ryma (K, N, M) is convex.

M — M,
. K,N,M
Mo~ M Ryma (K, N, My)
My_1 —M
M;,ll— M, Ryma(K, N,M¢_1).

Ryma(K,N,M) > Ryma(K, N, M),

Plugging (40) into (36), we obtain:

§(K,N,M) <

Ryma(K, N, M)
R (K, N, M)

'WOrst (

—: Z(K, N, M).

13

(38)

(39a)
(39b)

(40)

(41)

Now, since the upper bound =Z(K, N, M) is continuous and bounded in M € [0, N'), and because it is quasiconvex

[59] in M over each of the N intervals (39),* the maximum of
boundary. Furthermore, since Ryma (K, N,Mg) = R, (K, N,Mp) = 0, for M € [My, My):

E(K,N,M)

MiMlRYMA(Ka]\EMl) ,D,AO ,\'>|A1 -0

|\'>|/I0 M, Rworst(Kv Nle) |\'>|/IO [\,>|/I1 -0
_ RYMA(Ka N,My)

EWOrSt(K7 N’ Ml)
= E(K,N,Ml).

Thus, =Z(K, N, M) is constant over the last interval [M;, My) and we obtain that

Me[o

max &(K,N,M) <maxZ(K, N, My).
LeN

7N)

*A linear-fractional function is always quasiconvex.

E(K, N,M) over each interval is attained at the

(42)

(43)
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Irrespective of K, N € Z", we have:

N

E(K,N,Mg)=— =1. 44
(’ ) N) N ()

When N =1 (i.e., only one file or only one user), Inequalities (43) and (44) imply that the gap £(K, N, M) = 1

for all M € [0, N), and hence our lower bound is exact. B
We therefore assume in the following that N > 2. For £ € {1,..., N — 1}, we have

N-4& (1 _ (1 _ 15>N>
7;12 N (41
¢ | N—¢
Zj:l (1 - N7]j+1 ﬁ)
UN+1) (1 B (e(zvﬂ))N)
N—7 (+1)N
¢
Zj:l <1 + (1 o N]X_]'_}d)

N
LN+1 £(N+1
(N—Z) <1 - ((é+1)]\;> )

=E(K,N,My) =

LN+1)  (N=£)(N+1) ZZ 1
+1 0+1 j=1 N—j+1
N
(041 L(N+1
Svfe) <1 B ((§+1)N)) >
(= (N -0 5

N
2(6+1 L(N+1
g\f—é) <1 B ((IEH)N)) )

(= (N=0Y ) =2

l/a
a(e+)) (1 _ (tta
a—t/N (-0 (1 (£+1) >

/-1
1—(1—a) ijo g_laj

IN

=: ¢(a,l).

Note that since £ € {1,...,N — 1},
ac[l/N,1). (45)

Therefore,

max max max &(K,N,M) < max max ¢(a,l),
KeZ+ NeZ+ Me[0,N) LEZT ac(0,1)

which concludes the proof.

B. Proof of Inequality (7)

We have a closer look at the denominator of the function ¢(a, ?).
Notice that £ < [™ 4 for all n > 2. Therefore,

1 Z 1
Foﬁ—aj = (1 —a)+a(l—j)
L
z:_—j 1
N ; U1 —a)+ai
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L {(1—a)/a+i
1 1 1
+ - / ~dt
‘

< -

T tl-a)t+a o= Jia-ayari-1t

e,
((1-—a)+a  aJy-ayar1 1

- M+i1“<e<1—i>m>'

(46)
We use (46) to upper bound the function ¢(a,¢):
a(f+1) (1 B (M)E/a>
(1—a)t +1
¢(a,l) = —
1- (1 - (L) Zj:%) g_laj
a(t+1) ( _ (m)” )
(—a)t +1
= ‘
1— 1—
1— £(1fac)l+a - 'n <12(1—a)+a>
a(1+b) (1 B (1+ab>$
b=1/¢ 1—a 140
N 1 — d-ay + 12910 (1 — a + ab) = ¥l&D)
1—a+ab a
Noting also that if £ > 104, then b < 10~4, this concludes the proof of (7).
VI. PROOF OF THE GAP-RESULT IN THEOREM 5
We wish to uniformly bound the gap
G(K N M) R M “@n
T RgE(M)

irrespective of K, N > 1 and M € [0, N).
Since Ryma (K, N, M) upper bounds the rate-memory tradeoff for the worst case, it must also upper bound the
rate-memory tradeoff for the average case. Thus, for any number of users K and files NV:

Ryo(M) < Ryma(K, N, M), M€ [0,N). (48)
We thus have
Ryma (K, N, M)
0(K,N.M) <
NS T )
Ryma(K, N, M)
49
= RN M) )

where we defined

RS¥(M) > max [(1 - (1 - i)Z)N - E(é;” M]
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Define
N 1\¢ Y
M, = ar (1-%) 1f£e{9,1,...,N—1},
if {=N.

Note that 0 = My < My_; < --- < Mg = N. The function R, (K, N,M) is piecewise-linear with N line
segments over the intervals
Mgeeq, M,  fe{1,...,N—1} (50a)
My, M), (50b)
where the last interval is half-open, see (5).

We next upper bound Ryma (K, N, M)_by a function RYMA(I{ , N, M) that is piecewise-linear over the same
intervals (50). Specifically, for every ¢ € N, define for M € [My, M;_1):

_ M — My -
Byma(K, N, M) = — 2 Roua(K, N, M
YMA ( ) Ve — 1=, YMA ( ¢)
Mg —M -
+—=———=—" Ryma(K, N, My_1).
Mg — My

Notice that B B B B
RYMA(K,N,Mg):RYMA(K,N,Mg), VEE{L...,N},

whereas for general M € [0, NV):

Ryma(K, N, M) > Ryma(K, N, M), (51)
because Ryma (K, N, M) is convex.
Plugging (51) into (49), we obtain:
Ryma (K, N,M)
0(K,N,M) < =: O(K, N, M). (52)
Eavg(K? N? M)
Following similar arguments as in the proof of Theorem 2, we have
max 0(K,N,M) < max O(K, N, My). (53)
Me[o,N) 1eEN

Irrespective of K, N € Z*, we have:

N
N(1—(1—1/N)V)
xr
1= (A= 1/N)N)=
(a) €T
<
T 1l—e
(2) 1
S 1o

O(K,N,My) =

x=N/N

x=N/N

where (a) follows since (1 —1/¢)¢ < e~! for all ¢ > 1 and (b) follows since x — ;=% is an increasing function.
This implies that when N =1 (i.e., one file or one user), then G_)(K, N,M) < # < 1.582 for all M € [0, N).
In the following, we assume that N > 2. As for ¢ € {1,..., N — 1}, we have

O(K,N,My)
A (- amo-4))

241
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) _
-9 (- 0+55)0-4))
(@) (- (ke 09)')
= -5 (1-0+5) 0-4))

(a) (U +v—v(l-— 'U)U/v) (1 — (1 — (1 v)“/“> 1/v>
S ot aepa )

—

= 77(“?”)7

where (a) follows by a change of variable « = //N and v = 1/N. Note that since £ € {1,..., N —1} and assuming
N > 2,

1 N-1
u e |:N,N:| and v € (O, 1/2]

Also, it holds that ﬁ < max,e(o,1) MaXye (0,1 /2] 7(U, v). Therefore,

max max max 60(K,N,M)< max max n(u,v),
KeZ+ NeZ+ Me[0,N) u€(0,1] ve(0,1/2]

which concludes the proof.
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