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Strong and «-Dependent Converses

e In IT we typically have constraints of the form:
A performance criteria (an expectation) needs to be below ¢ > 0

asymptotically as n — oo

e Strong converse: Show that ultimate limits of other performance
measures (rate etc.) do not depend on ¢ > 0.

e If other performances depend on ¢, we call it an e-dependent
converse



Message and Outline of the Talk

Take-Away Message

Converse proofs based on a “typical” change of measure
(inspired by Guo-Effros '09 and Tyagi-Watanabe '19)
and asymptotic Markov chains

In this talk:

e Source Coding
e Distributed Hypothesis Testing

e Channel Coding



Change of Measure on the Typical Set and a Useful Lemma

{(X;, Yi)} i.i.d. ~ Pxy and independent thereof T ~ U/{1,...,n}

Strongly typical set 7(")(Pxy)
{(x",y") € X" x Y™ |mnyn(a,b) — Pxy(a, b)] < n~/3}.

o D, C T((Pyy) so that lim,_, I log P[Dy] = 0.

Change of measure:
P?Y(Xna yn)

(X 7Y )N P)N(nyn(x ,y ): ]P)['Dn]

~I{(x",¥") € Dn}

Py, — Pxy| =0




Proof of the Lemma

1. Py v (x,y) = Pxy(x,y) — 0 because D, C T(Pxy)

Proof:

P

T?T(X’y)

_1 n

72 Prw(xy) =E
=1

E[7 gnya(X, ¥)]

—

=Pxy(x,y)£n=1/3




Proof of the Lemma

1. Py v, (x,¥) — Pxy(x,y) — 0 because D, C T (Pxy)

2. D(Py, y,||Pxy) — 0 because D, C T(Pxy)



Proof of the Lemma

1. Py v, (x,¥) = Pxy(x,y) — 0 because D, C T (Pxy)
2. D(Pg_ y,|Pxy) — 0 because D, C T(Pxy)

D(Ps.054 Psy) — 0 because 1 log P[D,] — 0

1
n
Proof:

1 1
0 < ED(Pf(n?nHPE?)g) = E Z Pxnyn(x”,y”) |og

(x".y")€Dy

Psoyn(X",¥")
Py (X.y)

1 1
- —— Z Pinyn(X", y") log P[Dp] = - log P[Dp] — O.

n
(x".y" €Dy



Proof of the Lemma

1. Py v, (x,¥) — Pxy(x,y) — 0 because D, C T (Pxy)
2. D(Py, y,||Pxy) — 0 because D, C T(Pxy)
8. 1D(Psn54||Psy) — 0 because 1 log P[D,] — 0

4. LH(X"Y™) + LD(Pgago| Pxy) = H(X7 Y1) + D(Pg 3, [ Pxv)



Back to the Useful Lemma

e (X;, Y;)iid. ~ Pxy and independent thereof T ~ U/{1,...,n}

e Strongly typical set 7("(Pyxy)
{(x",y") € X" x Y™ |mnyn(a,b) — Pxy(a, b)] < n~/3}.

o D, C T((Pyy) so that lim,_, I log P[Dy] = 0.

e Change of measure:
P?Y(Xna yn)

(X 7Y )N P)N(nyn(x ,y ): ]P)['Dn]

~I{(x",¥") € Dn}

Lemma

1, e iy U e YR
SHXTYT) = HXrYr),  SHIXIY™) = H(XTYT), Py, = Py



Lossless Source Coding



Almost Lossless Source Coding with Side-Information

X" yn"
l M= p(X" l X" =g(M,Y"
Encoder P(X7) > Decoder [— 9 )

o {(X;,Y)}iid. ~ Pxy
e Me{1,... 2R}
e Rate R > 0 is ¢ > 0-achievable if nli)im P [X” + )A(”} <e.

Theorem (Slepian-Wolf '83, Oohama-Han ’'94)

Givene € [0,1), rates R > H(X|Y) are e-achievable and rates
R < H(X|Y) not.



Strong Converse Proof Irrespective of c € [0, 1)

o Dp:={(x"y") € T™(Pxy): g(p(x"),y")=x"}  (noerrorl)

with P[Dy] > 1 — ¢ — 1

e Change of measure:

Py(X".y")

vn \/n o nony —
(X 7Y) PX”Y"(X 7y) ]P)[Dn]

- 1{(x", y") € Dn}
and M = o(X")
e Rate bound:
R >

H(M) > —HM|Y") > H(X”|Y”)—> H(X|Y)

3\—‘



Lossless Source Coding

X" yn"
l M _ X” l Xn _ M’ Yn
Encoder P(X7) > Decoder [— 9 )

o (X", Y")iid. ~ Py
e M€ {0,1}* and E[len(M)] < nR
« Rate A > 0is ¢ > 0-achievable if im P [x" ” 5("] <e

Theorem

Givene € [0,1). Rates R > (1 — €)H(X|Y) are e-achievable and rates
R < (1 —¢€)H(X|Y) not.

e Achievability: With probability e send a dummy bit for M »



e-Dependent Converse Proof

o Dp:={(x"y") € T (Pxy): g(e(x"),y") =x"} (no error!)

with P[D] > 1 — ¢ — 211

e Change of measure (X", Y") on D, and M = x(X")

e Proof steps to incorporate expected rate constraint:

1 1 - 1, o
R > —Ellen(M)] > —Ellen()] - P[Dn] > —H(Wllen(¥)) - P[D,]

1 ~ 1 ~
H(M) - P[Dy] — — H(len(¥1)) P[]

————
—0

LHX7) - BIDA — o(1) - HIX|Y) - (1)

Y

11



Distributed Hypothesis Testing



Testing Against Independence

Xﬂ, Y?L

1 |

Me{o,1,...,2"" 1 isi X
Sensor { ) } N Decision A e (0,1}
Center '

e H=0: (X",Y")~ iid. Pxy

o H=1: (X", Y") ~ iid. PxPy

Type-l error Tim P[HL =11 =0] <«
n—oo

A1 N
Type-Il error exponent § = — lim — log P[H = 0|H = 1]
n—oo N

Largest Exponent independent of ¢ < [0, 1) (Ahlswede-Csiszar 86)

0c(R) = e I(S;Y)

R>1(S;X) 13



Strong Converse: Change of Measure And Rate Constraint

o Dpi={(x"y") € T™(Pxy): g(p(x"),y")=0} —H=0

XY
P Dp) > 1 — e — 21D

e Change of measure: (X", Y") on D, and M = x(X")

e Proof steps for the rate:

. 1
= H(XrYr)+o(1) 52,: (X Y XY

14



Strong Converse: Exponent

o H=o(M,Y") and H = o(M, Y") =
¢ Interesting inequality
D(Pyujgll PysPg) = D(Pyajy(H)|| Py Piy(H)) = 1 - log 5———=——

e Proof steps for exponent

A

)
— log PynPy(H = 0)
< —15 log Py, Pyy(H = 0) — % log Py [Dn]
1 1 - -
< S D(PyogllPy.Piy) + 0(1) = ZI(M; Y7) + o(1)

—H( Y") — H(Yr|MXT'YT'T) 4+ o(1)
N————

IN
-3

=S
= H(Yr)+o(1) ~ H(Y7|S) = I(Y7:5)

15



Asymptotic Markov Chain

e In the theorem we need asymptotic Markov chain S — X7 — Y7
e Forany n:
0 - 1,7’("7’? 7 %)
= %H( yrxm — %H( ‘4 &)

> H(Yr|X7) 4+ o(1) — H(Yr| X7 XT- YT MT)
N—_— ——
S
= I(Yr; S|X7) +0(1) > o(1).

e So I(Yr; S|Xr) — 0 and the Markov chain holds asymptotically.

16



Testing Against Indep.

)1(7?, )1”
M e {0,1}* isi N
Sensor {0,1} N Decision A e (0,1}
Center '

e H=0: (X",Y")~ iid. Pxy
e H=1: (X", Y") ~ iid. PxPy
e Expected rate constraints E[len(M)] < nR

Largest Possible Error Exponent depends on ¢
0y (R) = max I(S;Y)
” Ps|x:
R>(1—€)I(S;X)

e Achievability: With probability e send a dummy bit for M
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Change of Measure And Rate Constraint as Before!

o Dp:={(x",y") € T (Pxy): g(p(x =0}
no error under # = 0! = P [Dy] > 1 - |4,ﬂ/)

e Change of measure (X", ¥", M)

e Proof steps for the rate

R

Y

%E[len(M)] > 1E[len(l\“/l)] - PIID,)] > 1nH(|\7|\1en(|\7|)) - PYIDy)
LH() - PEIDA] — | Hien() PRID

%,_/
—0

Y

(X7 S) - PP[Ds] + 0(1) — I(X7:S)(1 — ¢)

e Remaining steps as before!
18



Testing Against Independence with an Eavesdropper

x|

Sensor

M

[
Decision 7 e (0,1}
Center
Z’n
Eve xn

e H=0: (X", Y"2Z") ~ iid. Pxyz
e H=1: (X",Y",2Z2") ~ iid. PxPyPzxy

e Equivocation constraint lim,_,.. 1 H(X"|MZ"H = 0) > A

19



Testing Against Independence with an Eavesdropper

xm 1 l Y™
Sensor M Decision | | H e {0,1}
Center
Z’n
Eve X"

e H=0: (X", Y" Z") ~ iid. Pxyz
o H=1: (X", Y"Z") ~ iid. PxPyPzxy
e Equivocation constraint lim,_, o 15H(X"|MZ”7—[ =0)>A

Largest Possible Error Exponent depends on ¢
Osec,«(R) = max I(S;Y)

R>1(5:)
A<L(1—€e)H(X|ZS)+eH(X|Z)

e Achievability: With probability e send a dummy bit for M 1



An Example

[ ] X ~ 6(02) 0.4 :Z;:Cr;ndomization :

——No eavesdropper ]

e Py x aBEC(0.4) 0.3 )

° PZ|X a BSC(OQ) = 02l i

e c=0.2 01h b
e A=0.13

% 02 04 0.6 0.8 1

20



Converse Proof

o E=1{(X",Y") € D,}

e Equivocation bound:n
%H(X”|M, W) =" HOXGIX M, W)
t=1

n
= IS HGx vt v w)
t=1

IN

n
% Z H(Xf|Xt717 Yt71 ) M7 Wn7 E)

t=1

1 n
N HE: XXyt wn
+nz ( ' T| ) ) 9 )

t=1

<1
H(Xr|S, Wr)Pe(1) + H(X7|Wr, E = 0)Pg(0) + o(1)

IN
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Channel Coding



Capacity of Discrete Memoryless Channels

X" = (M)

Channel Py |x 7, Decoder = M = g(Y™")

A

M —| Encoder

e M uniform over {1,..., 2"}

o Memoryless channel Pyn x» = P%(

* R>0is e > O-achievableif Tim maxP [ # MM =m| <.
n—oo m

e Capacity C = maxp, I(X;Y)

Theorem (Wolfowitz °78)

Forany e € [0,1), rates R < C are e-achievable and rates R > C not.

23



Strong Converse Proof Irrespective of c € [0, 1))

o TUX(Pyx, x™) = {y": [mxn yn(X, ¥) — man(X) Py x(¥)| < n~1/3}

o Dy = {y" € TO(Py)x,x"(m)): g™(y") = m}

no decoding error when M = m= P[Dp|M = m] > 1 — ¢ — X112

4n1/3

e Change of measure:
Pyomin (X" m) = 1 1{x" = (m)}M.ﬂ{ "€ Dyl
xrgni XY M) = o PDaM=m] " 5m
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Strong Converse Proof Irrespective of c € [0, 1))

o TUX(Pyx, x™) = {y": [mxn yn(X, ¥) — man(X) Py x(¥)| < n~1/3}

o Dy = {y" € TO(Py)x,x"(m)): g™(y") = m}

no decoding error when M = m= P[Dp/M=m] >1 — ¢ — |X[ V]

4nt/3

e Change of measure:
Pyomin (X" m) = 1 1{x" = (m)}M.ﬂ{ "€ Dyl
Xnyniy ay 2,7,:', IP)['D |M: ] y 'm

e Ratebound: R = TH(M)=1I([; ¥Y") < H(Y7) — LH(Y"|)
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Strong Converse Proof Irrespective of c € [0, 1))

o T (Pyix, X") = {y™: [mxnyn(X, ¥) — mxn(X)Pyix(y)| < n~1/3}
® Dpy:= {y” € T(”)(Py‘x,x”(m)): g(”)(y”) = m}
no decoding error when M = m= P[Dp/M=m] >1 — ¢ — \:;\1\/3;\

e Change of measure:
Pyomin (X" m) = 1 1{x" = (m)}M.ﬂ{ "€ Dyl
Xn¥rin % SR DM = ] y m

e Ratebound: R = TH(M)=1I([; ¥Y") < H(Y7) — LH(Y"|)
e Toshow:  LH(Pni) < Hop, (YIX)
Py, — ZPX )Pyix(yIx)

e Then: R < HPXPY\X(Y) - HPXPY|X(Y|X) = IPXPY|X(X; Y)<C. o4



Strong Converse for Channel Coding Continued |

2nH
- 2"’? Z]E Z Tnxn(m ]
XEX
2nR
= Z 2I7R Z '/Txn m) . |: )7”|>"(”(m)(y|x) M = m:| .
XEX
—Px(x) =Py x(y|x)£n=1/8
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Strong Converse for Channel Coding Continued Il

1o Py (y"|x"(m))
SH(Y?I = Z Py in—m(¥") log o=

Y”EDm

- 772 > Pyain—m(y") log Pyix (e[ x(m ))+,17IogIP’[Dm\M:m]

t=1 y"eDn

—0

- _7ZZP\~GM~/I_m(y)|OgPY\X( |x:(m)) + o(1)

n
t=1 yey
Z Xp(m Xl{Y y}
= =D xex % M=m log Py x(y[x) + o(1)
= — Zﬂ'xn ZE 7TY”|X” y|X) M=m |OgPy‘X(}/|X)+O(1)
XEX yey

=Py x(y|x)£n=1/3

e Average over M and take n — cc.
26



e Strong converse proofs based on change of measure arguments
and asymptotic Markov chains for source and channel coding
and for hypothesis testing

e Methods well adapted also to prove e-dependent converses
under expectation constraints

27
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Proof of Equivalence of Entropy-Divergence Sums

1 o . 1
SHXTYT) + — D(Pyogal | Piy)

]
= > Pgoya(X", ") log PR, (x", y")

(x",ymMeDy,

= _*Z Z Psnyn(X", ¥") log Pxy (X, ¥i)

M eDp

= - Z Z 5.7, (X ¥) log Pxy(X, y)

(x,y) eXxy t=1
= H(XrYr)+ D(Pyy, | Pxy)
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