
Strong and epsilon-Dependent Converses
for Source Coding, Channel Coding, and
Hypothesis Testing
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Strong and ε-Dependent Converses

• In IT we typically have constraints of the form:

A performance criteria (an expectation) needs to be below ε > 0
asymptotically as n→∞

• Strong converse: Show that ultimate limits of other performance
measures (rate etc.) do not depend on ε > 0.

• If other performances depend on ε, we call it an ε-dependent
converse
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Message and Outline of the Talk

Take-Away Message

Converse proofs based on a “typical” change of measure
(inspired by Guo-Effros ’09 and Tyagi-Watanabe ’19)
and asymptotic Markov chains

In this talk:

• Source Coding

• Distributed Hypothesis Testing

• Channel Coding
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Change of Measure on the Typical Set and a Useful Lemma

• {(Xi ,Yi )} i.i.d. ∼ PXY and independent thereof T ∼ U{1, . . . ,n}

• Strongly typical set T (n)(PXY )
{

(xn, yn) ∈ X n × Yn : |πxnyn (a,b)− PXY (a,b)| < n−1/3}.

• Dn ⊆ T (n)(PXY ) so that limn→∞ 1
n logP[Dn] = 0.

• Change of measure:

(X̃ n, Ỹ n) ∼ PX̃ nỸ n (xn, yn) =
P⊗XY (xn, yn)

P[Dn]
· 1{(xn, yn) ∈ Dn}

Lemma ∣∣PX̃T ỸT
− PXY

∣∣→ 0
∣∣∣∣
1
n

H(X̃ nỸ n)− H(X̃T ỸT )

∣∣∣∣→ 0,
∣∣∣∣
1
n

H(X̃ n|Ỹ n)− H(X̃T |ỸT )

∣∣∣∣→ 0
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Proof of the Lemma

1. PX̃T ỸT
(x , y)− PXY (x , y)→ 0 because Dn ⊆ T (PXY )

Proof:

PX̃T ỸT
(x , y) =

1
n

n∑

t=1

PX̃t Ỹt
(x , y) = E

[
1
n

n∑

t=1

1{X̃t = x , Ỹt = y}
]

= E[πX̃ nỸ n (x , y)]︸ ︷︷ ︸
=PXY (x,y)±n−1/3

2. D(PX̃T ỸT
‖PXY )→ 0 because Dn ⊆ T (PXY )

3. 1
n D(PX̃ nỸ n‖P⊗n

XY )→ 0 because 1
n logP[Dn]→ 0

4. 1
n H(X̃ nỸ n) + 1

n D(PX̃ nỸ n‖P⊗n
XY ) = H(X̃T ỸT ) + D(PX̃T ỸT

‖PXY )
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Proof of the Lemma

1. PX̃T ỸT
(x , y)− PXY (x , y)→ 0 because Dn ⊆ T (PXY )

2. D(PX̃T ỸT
‖PXY )→ 0 because Dn ⊆ T (PXY )

3. 1
n D(PX̃ nỸ n‖P⊗n

XY )→ 0 because 1
n logP[Dn]→ 0

Proof:

0 ≤ 1
n

D(PX̃ nỸ n‖P⊗n
XY ) =

1
n

∑

(xn,yn)∈Dn

PX̃ nỸ n (xn, yn) log
PX̃ nỸ n (xn, yn)

P⊗n
XY (x , y)

= −1
n

∑

(xn,yn)∈Dn

PX̃ nỸ n (xn, yn) logP[Dn] = −1
n

logP[Dn]→ 0.

4. 1
n H(X̃ nỸ n) + 1

n D(PX̃ nỸ n‖P⊗n
XY ) = H(X̃T ỸT ) + D(PX̃T ỸT
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Back to the Useful Lemma

• (Xi ,Yi ) i.i.d. ∼ PXY and independent thereof T ∼ U{1, . . . ,n}

• Strongly typical set T (n)(PXY )
{

(xn, yn) ∈ X n × Yn : |πxnyn (a,b)− PXY (a,b)| < n−1/3}.

• Dn ⊆ T (n)(PXY ) so that limn→∞ 1
n logP[Dn] = 0.

• Change of measure:

(X̃ n, Ỹ n) ∼ PX̃ nỸ n (xn, yn) =
P⊗XY (xn, yn)

P[Dn]
· 1{(xn, yn) ∈ Dn}

Lemma
1
n

H(X̃ nỸ n)→ H(X̃T ỸT ),
1
n

H(X̃ n|Ỹ n)→ H(X̃T |ỸT ), PX̃T ỸT
→ PXY
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Lossless Source Coding
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Almost Lossless Source Coding with Side-Information

Encoder
<latexit sha1_base64="EV4yW81Z5ZTI/hR7iGeb9Zwkl5s=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4Kkk96LEogscK9gPaUDabSbt0swm7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO8H4duZ3nlBpnshHM0nRj+lQ8ogzaqzUuZMsCVENKlW35s5BVolXkCoUaA4qX/0wYVmM0jBBte55bmr8nCrDmcBpuZ9pTCkb0yH2LJU0Ru3n83On5NwqIYkSZUsaMld/T+Q01noSB7Yzpmakl72Z+J/Xy0x07edcpplByRaLokwQk5DZ7yTkCpkRE0soU9zeStiIKsqMTahsQ/CWX14l7XrNu6zVH+rVxk0RRwlO4QwuwIMraMA9NKEFDMbwDK/w5qTOi/PufCxa15xi5gT+wPn8AUGSj4I=</latexit>

Decoder
<latexit sha1_base64="dpAVxATrt941Dm/n0Hp/ZTLuKJA=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4Kkk96LGoB48V7Ae0oWw2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O2vrG5tb26Wd8u7e/sFh5ei4rZNMMWyxRCSqG1CNgktsGW4EdlOFNA4EdoLx7czvPKHSPJGPZpKiH9Oh5BFn1Fipc4csCVENKlW35s5BVolXkCoUaA4qX/0wYVmM0jBBte55bmr8nCrDmcBpuZ9pTCkb0yH2LJU0Ru3n83On5NwqIYkSZUsaMld/T+Q01noSB7Yzpmakl72Z+J/Xy0x07edcpplByRaLokwQk5DZ7yTkCpkRE0soU9zeStiIKsqMTahsQ/CWX14l7XrNu6zVH+rVxk0RRwlO4QwuwIMraMA9NKEFDMbwDK/w5qTOi/PufCxa15xi5gT+wPn8ATI3j3g=</latexit>

Xn
<latexit sha1_base64="KHeLAVaOaSURC+R0ZraVfnPtBG4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2ls120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrpvv2oeqWyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn81OnZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gA3LY3A</latexit>

Y n
<latexit sha1_base64="rW5tEujeh7sqqVxfjbj7iUAurFc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xysPASmaHBibMzm5mZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3n1BpHsl7M47RD+lA8j5n1Fjp7uFRdoslt+zOQJaJl5ESZKh1i1+dXsSSEKVhgmrd9tzY+ClVhjOBk0In0RhTNqIDbFsqaYjaT2enTsiJVXqkHylb0pCZ+nsipaHW4zCwnSE1Q73oTcX/vHZi+pd+ymWcGJRsvqifCGIiMv2b9LhCZsTYEsoUt7cSNqSKMmPTKdgQvMWXl0mjUvbOypXb81L1KosjD0dwDKfgwQVU4QZqUAcGA3iGV3hzhPPivDsf89ack80cwh84nz84s43B</latexit>

X̂n = g(M, Y n)
<latexit sha1_base64="yHwG4db9n5Cntd/tWqSwQK0q9n4=">AAAB/HicbVDLSgNBEJz1GeNrNUcvg0GIIGE3CnoRgl68CBHMQ5JNmJ1MkiGzs8tMr7As8Ve8eFDEqx/izb9x8jhoYkFDUdVNd5cfCa7Bcb6tpeWV1bX1zEZ2c2t7Z9fe26/pMFaUVWkoQtXwiWaCS1YFDoI1IsVI4AtW94fXY7/+yJTmobyHJGJeQPqS9zglYKSOnWsNCKSNUVte9gu3J/ihLY87dt4pOhPgReLOSB7NUOnYX61uSOOASaCCaN10nQi8lCjgVLBRthVrFhE6JH3WNFSSgGkvnRw/wkdG6eJeqExJwBP190RKAq2TwDedAYGBnvfG4n9eM4behZdyGcXAJJ0u6sUCQ4jHSeAuV4yCSAwhVHFzK6YDoggFk1fWhODOv7xIaqWie1os3Z3ly1ezODLoAB2iAnLROSqjG1RBVURRgp7RK3qznqwX6936mLYuWbOZHPoD6/MHOOmT1Q==</latexit>

M = '(Xn)
<latexit sha1_base64="CCPTRBzCSys291wjhL2K+GA6YA0=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkrSCnoRil68CBXsB7Rp2Ww37dLNJuxuKiX0f3jxoIhX/4s3/43bNgdtfTDweG+GmXlexJnStv1tZdbWNza3stu5nd29/YP84VFDhbEktE5CHsqWhxXlTNC6ZprTViQpDjxOm97oduY3x1QqFopHPYmoG+CBYD4jWBupe3/dGWMZDVmx1RXnvXzBLtlzoFXipKQAKWq9/FenH5I4oEITjpVqO3ak3QRLzQin01wnVjTCZIQHtG2owAFVbjK/eorOjNJHfihNCY3m6u+JBAdKTQLPdAZYD9WyNxP/89qx9q/chIko1lSQxSI/5kiHaBYB6jNJieYTQzCRzNyKyBBLTLQJKmdCcJZfXiWNcsmplMoPF4XqTRpHFk7gFIrgwCVU4Q5qUAcCEp7hFd6sJ+vFerc+Fq0ZK505hj+wPn8Anh+R7w==</latexit>

• {(Xi ,Yi )} i.i.d. ∼ PXY

• M ∈ {1, . . . ,2nR}

• Rate R > 0 is ε > 0-achievable if lim
n→∞

P
[
X n 6= X̂ n

]
≤ ε.

Theorem (Slepian-Wolf ’83, Oohama-Han ’94)

Given ε ∈ [0,1), rates R > H(X |Y ) are ε-achievable and rates
R < H(X |Y ) not.
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Strong Converse Proof Irrespective of ε ∈ [0,1)

• Dn :=
{

(xn, yn) ∈ T (n)(PXY ) : g (ϕ(xn), yn) = xn
}

(no error!)

with P[Dn] ≥ 1− ε− |X ||Y|4n1/3

• Change of measure:

(X̃ n, Ỹ n) ∼ PX̃ nỸ n (xn, yn) =
P⊗XY (xn, yn)

P[Dn]
· 1{(xn, yn) ∈ Dn}

and M̃ = ϕ(X̃ n)

• Rate bound:

R ≥ 1
n

H(M̃) ≥ 1
n

H(M̃|Ỹ n) ≥ 1
n

H(X̃ n|Ỹ n)→ H(X |Y )
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Lossless Source Coding under Variable-Length Coding

Encoder
<latexit sha1_base64="EV4yW81Z5ZTI/hR7iGeb9Zwkl5s=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4Kkk96LEogscK9gPaUDabSbt0swm7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO8H4duZ3nlBpnshHM0nRj+lQ8ogzaqzUuZMsCVENKlW35s5BVolXkCoUaA4qX/0wYVmM0jBBte55bmr8nCrDmcBpuZ9pTCkb0yH2LJU0Ru3n83On5NwqIYkSZUsaMld/T+Q01noSB7Yzpmakl72Z+J/Xy0x07edcpplByRaLokwQk5DZ7yTkCpkRE0soU9zeStiIKsqMTahsQ/CWX14l7XrNu6zVH+rVxk0RRwlO4QwuwIMraMA9NKEFDMbwDK/w5qTOi/PufCxa15xi5gT+wPn8AUGSj4I=</latexit>

Decoder
<latexit sha1_base64="dpAVxATrt941Dm/n0Hp/ZTLuKJA=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4Kkk96LGoB48V7Ae0oWw2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O2vrG5tb26Wd8u7e/sFh5ei4rZNMMWyxRCSqG1CNgktsGW4EdlOFNA4EdoLx7czvPKHSPJGPZpKiH9Oh5BFn1Fipc4csCVENKlW35s5BVolXkCoUaA4qX/0wYVmM0jBBte55bmr8nCrDmcBpuZ9pTCkb0yH2LJU0Ru3n83On5NwqIYkSZUsaMld/T+Q01noSB7Yzpmakl72Z+J/Xy0x07edcpplByRaLokwQk5DZ7yTkCpkRE0soU9zeStiIKsqMTahsQ/CWX14l7XrNu6zVH+rVxk0RRwlO4QwuwIMraMA9NKEFDMbwDK/w5qTOi/PufCxa15xi5gT+wPn8ATI3j3g=</latexit>

Xn
<latexit sha1_base64="KHeLAVaOaSURC+R0ZraVfnPtBG4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2ls120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrpvv2oeqWyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn81OnZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gA3LY3A</latexit>

Y n
<latexit sha1_base64="rW5tEujeh7sqqVxfjbj7iUAurFc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xysPASmaHBibMzm5mZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3n1BpHsl7M47RD+lA8j5n1Fjp7uFRdoslt+zOQJaJl5ESZKh1i1+dXsSSEKVhgmrd9tzY+ClVhjOBk0In0RhTNqIDbFsqaYjaT2enTsiJVXqkHylb0pCZ+nsipaHW4zCwnSE1Q73oTcX/vHZi+pd+ymWcGJRsvqifCGIiMv2b9LhCZsTYEsoUt7cSNqSKMmPTKdgQvMWXl0mjUvbOypXb81L1KosjD0dwDKfgwQVU4QZqUAcGA3iGV3hzhPPivDsf89ack80cwh84nz84s43B</latexit>

X̂n = g(M, Y n)
<latexit sha1_base64="a+Q8f2MJuKsY1oyR458KO3m6BhQ=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahgpSkCroRim7cCBXsQ5q2TKaTduhkEmYmQgnZuPFX3LhQxK3/4M6/cZpmoa0HLhzOuZd773FDRqWyrG8jt7C4tLySXy2srW9sbpnbOw0ZRAKTOg5YIFoukoRRTuqKKkZaoSDIdxlpuqOrid98IELSgN+pcUg6Phpw6lGMlJZ65r4zRCpuJV1+MSg5PlJD6cU3yTG87/Kjnlm0ylYKOE/sjBRBhlrP/HL6AY58whVmSMq2bYWqEyOhKGYkKTiRJCHCIzQgbU058onsxOkXCTzUSh96gdDFFUzV3xMx8qUc+67uTO+c9Sbif147Ut55J6Y8jBTheLrIixhUAZxEAvtUEKzYWBOEBdW3QjxEAmGlgyvoEOzZl+dJo1K2T8qV29Ni9TKLIw/2wAEoARucgSq4BjVQBxg8gmfwCt6MJ+PFeDc+pq05I5vZBX9gfP4Aq7SYBg==</latexit>

M = '(Xn)
<latexit sha1_base64="T4OEO4VAaE2NSBOqWRuCIITuAHE=">AAACAHicbVBNS8NAEJ34WetX1IMHL8Ei1EtJqqAXoejFi1DBfkBTy2a7aZduNmF3UyghF/+KFw+KePVnePPfuE1z0NYHA4/3ZpiZ50WMSmXb38bS8srq2npho7i5tb2za+7tN2UYC0waOGShaHtIEkY5aSiqGGlHgqDAY6TljW6mfmtMhKQhf1CTiHQDNODUpxgpLfXMQzdAaij95C69csdIRENabj/y055Zsit2BmuRODkpQY56z/xy+yGOA8IVZkjKjmNHqpsgoShmJC26sSQRwiM0IB1NOQqI7CbZA6l1opW+5YdCF1dWpv6eSFAg5STwdGd27rw3Ff/zOrHyL7sJ5VGsCMezRX7MLBVa0zSsPhUEKzbRBGFB9a0WHiKBsNKZFXUIzvzLi6RZrThnler9eal2ncdRgCM4hjI4cAE1uIU6NABDCs/wCm/Gk/FivBsfs9YlI585gD8wPn8Aeo2WUQ==</latexit>

• (X n,Y n) i.i.d. ∼ PXY

• M ∈ {0,1}? and E[len(M)] ≤ nR

• Rate R > 0 is ε > 0-achievable if lim
n→∞

P
[
X n 6= X̂ n

]
≤ ε.

Theorem

Given ε ∈ [0,1). Rates R > (1− ε)H(X |Y ) are ε-achievable and rates
R < (1− ε)H(X |Y ) not.

• Achievability: With probability ε send a dummy bit for M
10



ε-Dependent Converse Proof

• Dn :=
{

(xn, yn) ∈ T (n)(PXY ) : g (ϕ(xn), yn) = xn
}

(no error!)

with P[D] ≥ 1− ε− |X ||Y|4n1/3

• Change of measure (X̃ n, Ỹ n) on Dn and M̃ = ϕ(X̃ n)

• Proof steps to incorporate expected rate constraint:

R ≥ 1
n
E[len(M)] ≥ 1

n
E[len(M̃)] · P[Dn] ≥ 1

n
H(M̃|len(M̃)) · P[Dn]

=
1
n

H(M̃) · P[Dn]− 1
n

H(len(M̃))
︸ ︷︷ ︸

→0

P[Dn]

≥ 1
n

H(X̃ n|Ỹ n) · P[Dn]− o(1)→ H(X |Y ) · (1− ε)

11



Distributed Hypothesis Testing
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Testing Against Independence

Sensor
Decision

Center

Y n

Ĥ 2 {0, 1}
M 2

�
0, 1, . . . , 2nR � 1

 
<latexit sha1_base64="JNvXWQTs90HkoZZCE/u9m7oCp2o=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgopakCrosunEjVLEPaGKZTKbt0MkkzEyEEvIFbvwVNy4UcevanX/jNM1CWw9cOJxzL/fe40WMSmVZ30ZhaXllda24XtrY3NreMXf32jKMBSYtHLJQdD0kCaOctBRVjHQjQVDgMdLxxpdTv/NAhKQhv1OTiLgBGnI6oBgpLfXNyrVDOXQ8OnQSq2pXHeaHSlZh/T7ht+mxnTlp3yxbNSsDXCR2TsogR7Nvfjl+iOOAcIUZkrJnW5FyEyQUxYykJSeWJEJ4jIakpylHAZFukr2TwopWfDgIhS6uYKb+nkhQIOUk8HRngNRIzntT8T+vF6vBuZtQHsWKcDxbNIgZVCGcZgN9KghWbKIJwoLqWyEeIYGw0gmWdAj2/MuLpF2v2Se1+s1puXGRx1EEB+AQHAEbnIEGuAJN0AIYPIJn8ArejCfjxXg3PmatBSOf2Qd/YHz+ANi4mro=</latexit>

• H = 0 : (X n,Y n) ∼ i.i.d. PXY

• H = 1 : (X n,Y n) ∼ i.i.d. PX PY

• Type-I error lim
n→∞

P[Ĥ = 1|H = 0] ≤ ε

• Type-II error exponent θ = − lim
n→∞

1
n

logP[Ĥ = 0|H = 1]

Largest Exponent independent of ε ∈ [0,1) (Ahlswede-Csiszár 86)

θ∗ε (R) = max
PS|X :

R≥I(S;X)

I(S; Y )
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Strong Converse: Change of Measure And Rate Constraint

• Dn :=
{

(xn, yn) ∈ T (n)(PXY ) : g (ϕ(xn), yn) = 0
}
→ Ĥ = 0

P⊗XY [Dn] ≥ 1− ε− |X ||Y|4n1/3

• Change of measure: (X̃ n, Ỹ n) on Dn and M̃ = ϕ(X̃ n)

• Proof steps for the rate:

R ≥ 1
n

H(M̃) =
1
n

I(M̃; X̃ n, Ỹ n) =
1
n

H(X̃ nỸ n)− 1
n

H(X̃ nỸ n|M̃)

= H(X̃T ỸT ) + o(1)− 1
n

n∑

t=1

H(X̃t Ỹt |X̃ t−1Ỹ t−1M̃)

= H(X̃T ỸT ) + o(1)− H(X̃T ỸT |X̃ T−1Ỹ T−1M̃T )

= I(X̃T ỸT ; X̃ T−1Ỹ T−1M̃T︸ ︷︷ ︸
=:S

) ≥ I(X̃T ; S)

14



Strong Converse: Exponent

• Ĥ = ϕ(M,Y n) and H̃ = ϕ(M̃, Ỹ n) = 0

• Interesting inequality

D(PỸ nM̃‖PỸ n PM̃) ≥ D(PỸ nM̃(H̃)‖PỸ n PM̃(H̃)) = 1 · log
1

PỸ n PM̃(H̃ = 0)

• Proof steps for exponent

−1
n

log PY n PM(Ĥ = 0)

≤ −1
n

log PỸ n PM̃(H̃ = 0)− 2
n

log P⊗n
XY [Dn]

≤ 1
n

D(PỸ nM̃‖PỸ n PM̃) + o(1) =
1
n

I(M̃; Ỹ n) + o(1)

≤ 1
n

H(Ỹ n)− H(ỸT | M̃X̃ T−1Ỹ T−1T︸ ︷︷ ︸
=S

) + o(1)

= H(ỸT ) + o(1)− H(ỸT |S)→ I(ỸT ; S)

15



Asymptotic Markov Chain

• In the theorem we need asymptotic Markov chain S → X̃T → ỸT

• For any n:

0 =
1
n

I(M̃; Ỹ n|X̃ n)

=
1
n

H(Ỹ n|X̃ n)− 1
n

H(Ỹ n|X̃ nM̃)

≥ H(ỸT |X̃T ) + o(1)− H(ỸT |X̃T X̃ T−1Ỹ T−1M̃T︸ ︷︷ ︸
S

)

= I(ỸT ; S|X̃T ) + o(1) ≥ o(1).

• So I(ỸT ; S|X̃T )→ 0 and the Markov chain holds asymptotically.

16



Testing Against Indep. Under Variable-Length Coding

Sensor
Decision

Center

Y n

Ĥ 2 {0, 1}
M 2 {0, 1}?

<latexit sha1_base64="6K7x4lS6S/7u+pbJXv1QGhLFZ7M=">AAACA3icbVBNS8NAEN34WetX1JtegkXwICWpgh6LXrwIFewHNLFstpt26WYTdidCCQEv/hUvHhTx6p/w5r9xm+agrQ8GHu/NMDPPjzlTYNvfxsLi0vLKammtvL6xubVt7uy2VJRIQpsk4pHs+FhRzgRtAgNOO7GkOPQ5bfujq4nffqBSsUjcwTimXogHggWMYNBSz9x3QwxDFaQ3mcuEm9onjpvduwqw7JkVu2rnsOaJU5AKKtDomV9uPyJJSAUQjpXqOnYMXoolMMJpVnYTRWNMRnhAu5oKHFLlpfkPmXWklb4VRFKXACtXf0+kOFRqHPq6M7941puI/3ndBIILL2UiToAKMl0UJNyCyJoEYvWZpAT4WBNMJNO3WmSIJSagYyvrEJzZl+dJq1Z1Tqu127NK/bKIo4QO0CE6Rg46R3V0jRqoiQh6RM/oFb0ZT8aL8W58TFsXjGJmD/2B8fkD+7WXuw==</latexit>

• H = 0 : (X n,Y n) ∼ i.i.d. PXY

• H = 1 : (X n,Y n) ∼ i.i.d. PX PY

• Expected rate constraints E[len(M)] ≤ nR

Largest Possible Error Exponent depends on ε

θ∗VL,ε(R) = max
PS|X :

R≥(1−ε)I(S;X)

I(S; Y )

• Achievability: With probability ε send a dummy bit for M
17



Change of Measure And Rate Constraint as Before!

• Dn :=
{

(xn, yn) ∈ T (n)(PXY ) : g (ϕ(xn), yn) = 0
}

no error under H = 0! ⇒ P⊗n
XY [Dn] ≥ 1− ε− |X ||Y|4n1/3

• Change of measure (X̃ n, Ỹ n, M̃)

• Proof steps for the rate

R ≥ 1
n
E[len(M)] ≥ 1

n
E[len(M̃)] · P⊗n

XY [Dn] ≥ 1
n

H(M̃|len(M̃)) · P⊗n
XY [Dn]

=
1
n

H(M̃) · P⊗n
XY [Dn]]− 1

n
H(len(M̃))

︸ ︷︷ ︸
→0

P⊗n
XY [Dn]

...

≥ I(X̃T ; S) · P⊗n
XY [Dn] + o(1)→ I(X̃T ; S)(1− ε)

• Remaining steps as before!
18



Testing Against Independence with an Eavesdropper

Sensor
Decision

Center
Ĥ 2 {0, 1}M

Eve

Zn

X̂n

• H = 0 : (X n,Y n,Z n) ∼ i.i.d. PXYZ

• H = 1 : (X n,Y n,Z n) ∼ i.i.d. PX PY PZ |XY

• Equivocation constraint limn→∞ 1
n H(X n|MZ nH = 0) ≥ ∆

Largest Possible Error Exponent depends on ε

θ∗sec,ε(R) = max
PS|X :

R≥I(S;X)
∆≤(1−ε)H(X |ZS)+εH(X |Z )

I(S; Y )

• Achievability: With probability ε send a dummy bit for M
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Testing Against Independence with an Eavesdropper

Sensor
Decision

Center
Ĥ 2 {0, 1}M

Eve

Zn

X̂n

• H = 0 : (X n,Y n,Z n) ∼ i.i.d. PXYZ

• H = 1 : (X n,Y n,Z n) ∼ i.i.d. PX PY PZ |XY

• Equivocation constraint limn→∞ 1
n H(X n|MZ nH = 0) ≥ ∆

Largest Possible Error Exponent depends on ε

θ∗sec,ε(R) = max
PS|X :

R≥I(S;X)
∆≤(1−ε)H(X |ZS)+εH(X |Z )

I(S; Y )

• Achievability: With probability ε send a dummy bit for M 19



An Example

• X ∼ B(0.2)

• PY |X a BEC(0.4)

• PZ |X a BSC(0.2)

• ε = 0.2

• ∆ = 0.13
0 0.2 0.4 0.6 0.8 1

0

0.1

0.2

0.3

0.4

R

θ

θ∗sec,ε
No randomization
No eavesdropper
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Converse Proof

• E = 1{(X n,Y n) ∈ Dn}

• Equivocation bound:
1
n

H(X n|M,W n) =
n∑

t=1

H(Xt |X t−1,M,W n)

=
1
n

n∑

t=1

H(Xt |X t−1,Y t−1,M,W n)

≤ 1
n

n∑

t=1

H(Xt |X t−1,Y t−1,M,W n,E)

+
1
n

n∑

t=1

I(E ; Xt |X t−1,Y t−1,M,W n)

︸ ︷︷ ︸
≤1

≤ H(X̃T |S, W̃T )PE (1) + H(XT |WT ,E = 0)PE (0) + o(1)
21



Channel Coding

22



Capacity of Discrete Memoryless Channels

Encoder
<latexit sha1_base64="EV4yW81Z5ZTI/hR7iGeb9Zwkl5s=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4Kkk96LEogscK9gPaUDabSbt0swm7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO8H4duZ3nlBpnshHM0nRj+lQ8ogzaqzUuZMsCVENKlW35s5BVolXkCoUaA4qX/0wYVmM0jBBte55bmr8nCrDmcBpuZ9pTCkb0yH2LJU0Ru3n83On5NwqIYkSZUsaMld/T+Q01noSB7Yzpmakl72Z+J/Xy0x07edcpplByRaLokwQk5DZ7yTkCpkRE0soU9zeStiIKsqMTahsQ/CWX14l7XrNu6zVH+rVxk0RRwlO4QwuwIMraMA9NKEFDMbwDK/w5qTOi/PufCxa15xi5gT+wPn8AUGSj4I=</latexit>

Decoder
<latexit sha1_base64="dpAVxATrt941Dm/n0Hp/ZTLuKJA=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4Kkk96LGoB48V7Ae0oWw2k3bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O2vrG5tb26Wd8u7e/sFh5ei4rZNMMWyxRCSqG1CNgktsGW4EdlOFNA4EdoLx7czvPKHSPJGPZpKiH9Oh5BFn1Fipc4csCVENKlW35s5BVolXkCoUaA4qX/0wYVmM0jBBte55bmr8nCrDmcBpuZ9pTCkb0yH2LJU0Ru3n83On5NwqIYkSZUsaMld/T+Q01noSB7Yzpmakl72Z+J/Xy0x07edcpplByRaLokwQk5DZ7yTkCpkRE0soU9zeStiIKsqMTahsQ/CWX14l7XrNu6zVH+rVxk0RRwlO4QwuwIMraMA9NKEFDMbwDK/w5qTOi/PufCxa15xi5gT+wPn8ATI3j3g=</latexit>M<latexit sha1_base64="LYKb6VVKloxBSLpM78v6ttRQbOI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL16EBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvUmiyMPJ3AK5+DBFVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6ZbjNU=</latexit>

Y n
<latexit sha1_base64="rW5tEujeh7sqqVxfjbj7iUAurFc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xysPASmaHBibMzm5mZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3n1BpHsl7M47RD+lA8j5n1Fjp7uFRdoslt+zOQJaJl5ESZKh1i1+dXsSSEKVhgmrd9tzY+ClVhjOBk0In0RhTNqIDbFsqaYjaT2enTsiJVXqkHylb0pCZ+nsipaHW4zCwnSE1Q73oTcX/vHZi+pd+ymWcGJRsvqifCGIiMv2b9LhCZsTYEsoUt7cSNqSKMmPTKdgQvMWXl0mjUvbOypXb81L1KosjD0dwDKfgwQVU4QZqUAcGA3iGV3hzhPPivDsf89ack80cwh84nz84s43B</latexit>Channel PY |X

<latexit sha1_base64="3Cd6rRVMkschG7ho6Gli+/pQItQ=">AAAB+nicbVBNT8JAEJ3iF+JX0aOXjWDiibR40CORi0dM5MNA02yXBTZst83uVkMKP8WLB43x6i/x5r9xgR4UfMkkL+/NZGZeEHOmtON8W7mNza3tnfxuYW//4PDILh63VJRIQpsk4pHsBFhRzgRtaqY57cSS4jDgtB2M63O//UilYpG415OYeiEeCjZgBGsj+XaxPsJCUI7KDT99mHZmZd8uORVnAbRO3IyUIEPDt796/YgkIRWacKxU13Vi7aVYakY4nRV6iaIxJmM8pF1DBQ6p8tLF6TN0bpQ+GkTSlNBoof6eSHGo1CQMTGeI9UitenPxP6+b6MG1lzIRJ5oKslw0SDjSEZrngPpMUqL5xBBMJDO3IjLCEhNt0iqYENzVl9dJq1pxLyvVu2qpdpPFkYdTOIMLcOEKanALDWgCgSd4hld4s6bWi/VufSxbc1Y2cwJ/YH3+ADArk0w=</latexit>

Xn = '(M)
<latexit sha1_base64="IbE6Azu5AV3JXmuX+8Z13V3hHnQ=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkrSCnoRil68CBXsB7Rp2Ww37dLNJuxuKiX0f3jxoIhX/4s3/43bNgdtfTDweG+GmXlexJnStv1tZdbWNza3stu5nd29/YP84VFDhbEktE5CHsqWhxXlTNC6ZprTViQpDjxOm97oduY3x1QqFopHPYmoG+CBYD4jWBup2+qK684Yy2jIivfnvXzBLtlzoFXipKQAKWq9/FenH5I4oEITjpVqO3ak3QRLzQin01wnVjTCZIQHtG2owAFVbjK/eorOjNJHfihNCY3m6u+JBAdKTQLPdAZYD9WyNxP/89qx9q/chIko1lSQxSI/5kiHaBYB6jNJieYTQzCRzNyKyBBLTLQJKmdCcJZfXiWNcsmplMoPF4XqTRpHFk7gFIrgwCVU4Q5qUAcCEp7hFd6sJ+vFerc+Fq0ZK505hj+wPn8An1WR7w==</latexit>

M̂ = g(Y n)
<latexit sha1_base64="Oz3YdNhHlfzskJUjrww4xTQCEP4=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYhDiJexGQS9C0IsXIYJ5SF7MTmaTIbOzy0yvEpb8hxcPinj1X7z5N06SPWhiQUNR1U13lxcJrtFxvq2l5ZXVtfXMRnZza3tnN7e3X9NhrCir0lCEquERzQSXrIocBWtEipHAE6zuDa8nfv2RKc1DeY+jiLUD0pfc55SgkTqtAcHkdnzZLzx05Ek3l3eKzhT2InFTkocUlW7uq9ULaRwwiVQQrZuuE2E7IQo5FWycbcWaRYQOSZ81DZUkYLqdTK8e28dG6dl+qExJtKfq74mEBFqPAs90BgQHet6biP95zRj9i3bCZRQjk3S2yI+FjaE9icDuccUoipEhhCpubrXpgChC0QSVNSG48y8vklqp6J4WS3dn+fJVGkcGDuEICuDCOZThBipQBQoKnuEV3qwn68V6tz5mrUtWOnMAf2B9/gC86ZIC</latexit>

• M uniform over {1, . . . ,2nR}

• Memoryless channel PY n|X n = P⊗n
Y |X

• R > 0 is ε > 0-achievable if lim
n→∞

max
m

P
[
M̂ 6= M

∣∣M = m
]
≤ ε.

• Capacity C , maxPX I(X ; Y )

Theorem (Wolfowitz ’78)

For any ε ∈ [0,1), rates R < C are ε-achievable and rates R > C not.
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Strong Converse Proof Irrespective of ε ∈ [0,1))

• T (n)(PY |X , xn) =
{

yn : |πxn,yn (x , y)− πxn (x)PY |X (y)| < n−1/3
}

• Dm :=
{

yn ∈ T (n)(PY |X , xn(m)) : g(n)(yn) = m
}

no decoding error when M = m⇒ P[Dm|M = m] ≥ 1− ε− |X ||Y|4n1/3

• Change of measure:

PX̃ nỸ nM̃(xn, yn,m) =
1

2nR ·1{x
n = ϕ(m)}

P⊗n
Y |X (yn|xn)

P[Dm|M = m]
·1{yn ∈ Dm}

• Rate bound: R = 1
n H(M̃) = 1

n I(M̃; Ỹ n) ≤ H(ỸT )− 1
n H(Ỹ n|M̃)

• To show: 1
n

H(Ỹ n|M̃) → HPX PY |X (Y |X )

PỸT
→

∑

x

PX (x)PY |X (y |x)

• Then: R ≤ HPX PY |X (Y )− HPX PY |X (Y |X ) = IPX PY |X (X ; Y ) ≤ C.
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Strong Converse for Channel Coding Continued I

PỸT
(y) =

1
n

n∑

t=1

PỸt
(y) = E

[
1
n

n∑

t=1

1{Ỹt = y}
]

= E
[
πỸ n (y)

]

= E

[∑

x∈X
πỸ nxn(M̃)(y , x)

]

=
1

2nR

2nR∑

m=1

E

[∑

x∈X
πỸ nxn(m)(y , x)

∣∣∣∣M̃ = m

]

=
∑

x∈X

1
2nR

2nR∑

m=1

πxn(m)(x)

︸ ︷︷ ︸
→PX (x)

·E
[
πỸ n|x̃n(m)(y |x)

∣∣∣∣M̃ = m
]

︸ ︷︷ ︸
=PY |X (y|x)±n−1/3

.
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Strong Converse for Channel Coding Continued II

1
n

H(Ỹ n|M̃ = m) = −1
n

∑

yn∈Dm

PỸ n|M̃=m(yn) log
P⊗n

Y |X (yn|xn(m))

P[Dm|M = m]

= −1
n

n∑

t=1

∑

yn∈Dm

PỸ n|M̃=m(yn) log PY |X (yt |xt (m)) +
1
n

logP[Dm|M = m]
︸ ︷︷ ︸

→0

= −1
n

n∑

t=1

∑

y∈Y
PỸt |M̃=m(y) log PY |X (y |xt (m)) + o(1)

= −∑x∈X
nx (m)

n

∑
y∈Y E

[∑
t : xt (m)=x 1{Ỹt =y}

nx (m)

∣∣∣∣∣M̃ = m

]
log PY |X (y |x) + o(1)

= −
∑

x∈X
πxn(m)(x)

∑

y∈Y
E

[
πỸ n|xn(m)(y |x)

∣∣∣∣∣M = m

]

︸ ︷︷ ︸
=PY |X (y|x)±n−1/3

· log PY |X (y |x) + o(1)

• Average over M̃ and take n→∞.
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Summary

• Strong converse proofs based on change of measure arguments
and asymptotic Markov chains for source and channel coding
and for hypothesis testing

• Methods well adapted also to prove ε-dependent converses
under expectation constraints
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Proof of Equivalence of Entropy-Divergence Sums

1
n

H(X̃ nỸ n) +
1
n

D(PX̃ nỸ n‖P⊗XY )

= −1
n

∑

(xn,yn)∈Dn

PX̃ nỸ n (xn, yn) log P⊗XY (xn, yn)

= −1
n

n∑

t=1

∑

(xn,yn)∈Dn

PX̃ nỸ n (xn, yn) log PXY (xi , yi )

= −
∑

(x,y)∈X×Y

1
n

n∑

t=1

PX̃t Ỹt
(x , y) log PXY (x , y)

= H(X̃T ỸT ) + D(PX̃T ỸT
‖PXY )
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