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Extrinsic Jensen—Shannon Divergence:

Applications to Variable-Length Coding

Mohammad Naghshvar, Tara Javidi, and Michele Wigger

Abstract

This paper considers the problem of variable-length coding over a discrete memoryless channel
(DMC) with noiseless feedback. The paper provides a stochastic control view of the problem whose
solution is analyzed via a newly proposed symmetrized divergence, termed extrinsic Jensen—Shannon
(EJS) divergence. It is shown that strictly positive lower bounds on EJS divergence provide non-
asymptotic upper bounds on the expected code length. Strictly positive lower bound on EJS divergence,
and hence non-asymptotic upper bounds on the expected code length, are obtained for the following
two sequential coding schemes: posterior matching and MaxEJS coding scheme which is based on a
greedy maximization of the EJS divergence.

As an asymptotic corollary of the main results, this paper also provides a rate—reliability test.
Variable-length coding schemes that satisfy the condition(s) of the test, are guaranteed to achieve the
capacity (and the optimal error exponent). The results are specialized for posterior matching and MaxEJS
to obtain a deterministic one-phase coding scheme achieving the capacity and the optimal reliability.
For the special case of symmetric binary-input channels, simpler deterministic schemes are proposed

and analyzed.

Index Terms

Discrete memoryless channel, variable-length coding, sequential analysis, feedback gain, reliability

function.
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I. INTRODUCTION

In his seminal paper [1], Burnashev provided upper and lower bounds on the minimum
expected number of channel uses E[7] that are needed to convey a message (from a fixed
message set of size M) with average probability of error smaller than some ¢ over a discrete
memoryless channel (DMC) with feedback. For all code rates below the capacity of the DMC,
the ratio between the upper and lower bounds approaches 1 as € — 0. Therefore, the bounds

yield the optimal reliability function

. —loge B E
E(R) = 11_15% B[] Ch <1 C’) (1)

where C' denotes the capacity of the channel, R € [0, C] is the expected rate of the code, and C

is the maximum Kullback-Leibler (KL) divergence between the conditional output distributions
given any two inputs.

Burnashev proved the upper bound using a two-phase coding scheme. In the first phase,
referred to as the communication phase, the transmitter tries to increase the decoder’s belief about
the true message. At the end of this phase, the message with the highest posterior probability is
selected as a candidate. The second phase, referred to as the confirmation phase, serves to verify
the correctness of the output of phase one. Subsequently, in [2], [3] alternative two-phase coding
schemes attaining the optimal reliability function were provided, while it was shown in [4] that
Burnashev’s communication phase can be replaced with any capacity achieving block code. In
[5], Burnashev’s reliability function was shown to be attainable using a two-phase scheme for a
binary symmetric channel (BSC) with an unknown crossover probability.

In [6], [7], see also [8], a sequential, one-phase scheme for transmission over a BSC with
noiseless feedback was proposed. This scheme, first proposed in [6], is briefly explained next.
Each message is represented as a subinterval of size ﬁ of the unit interval. After each trans-
mission and given the channel output, the posterior probability of all subintervals are updated.
In the next time slot, the transmitter sends O if the true message’s corresponding subinterval is
below the current median, or 1 if it is above. If the current median lies within the true message’s
subinterval, then the transmitter sends O and 1 randomly according to weights determined by
the length of the portions of the subinterval above and below the median. As the rounds of

transmission proceed, the posterior probability of the true message’s subinterval most likely

grows larger than %, which pushes the median within the message’s subinterval and thus leads

http://mc.manuscriptcentral.com/t-it

Page 2 of 42



Page 3 of 42

IEEE Transactions on Information Theory, For Peer Review Only

to a randomized encoding. This simple one-phase scheme is known to achieve the capacity of a
BSC [7], and its posterior matching extension has recently been shown to achieve the capacity
of general DMCs [8]. However, its corresponding error exponent is not studied and not known.

These previous results raise the question whether having two separate phases of operation
and randomized encoding are necessary to achieve the optimal reliability function or not. In this

paper we show that this is not the case. More generally, the main contributions of our paper are:

« This paper provides a stochastic control view of the problem of variable-length coding with
feedback. This stochastic control problem, a discrete version of that suggested in [9], is
analyzed via a newly proposed symmetrized divergence.

o Drawing parallels between mutual information and symmetrized L divergence [10], the
extrinsic Jensen—Shannon (EJS) divergence of the conditional output distributions with
respect to the receiver’s posterior probability is proposed as the key performance measure
of any given coding scheme.

o It is shown that strictly positive lower bounds on the EJS divergence provide a non-
asymptotic upper bound on the expected number of channel uses necessary for a coding
scheme to obtain a given (arbitrarily small) error probability. Specific (strictly positive)
lower bounds on the EJS divergence are derived for a variable-length version of the posterior
matching scheme and for the newly proposed MaxEJS coding scheme.

o As a corollary, a rate—reliability test for variable-length coding schemes is proposed. This
test is utilized to provide an alternative (simple and concise) proof that the variable-length
version of posterior matching achieves capacity when C; < oo. Furthermore, for the first
time, an achievable error exponent (reliability) is obtained for posterior matching.

o A deterministic one-phase coding scheme is proposed and it is proved that this scheme
achieves the optimal reliability function of the DMC with noiseless feedback.

The remainder of this paper is organized as follows. In Section II, we introduce the EJS
divergence and discuss some of its properties. In Section IIlI, we formulate the problem of
channel coding with noiseless feedback. Section IV provides the main results of the paper for
general DMCs: i) an EJS-divergence based non-asymptotic analysis of variable-length coding, ii)
a specialization of this analysis to variable-length posterior matching, and iii) a specialization to

a new deterministic one-phase coding scheme that is based on greedy maximization of the EJS
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divergence. In Section V, we consider the special case of symmetric binary-input channels and
propose simple deterministic schemes. Finally, in Section VI, we analyze the achievable rates
and error exponents (reliability) of the coding schemes presented in the previous two sections.
We finish this section with some notation.
Notation: Let [#]" = max{x, 0}. The indicator function 14, takes the value 1 whenever event
A occurs, and 0 otherwise. The i*" element of vector v is denoted by v;. For any set S, |S|
denotes the cardinality of S. All logarithms are in base 2. The entropy function on a vector

p = lp1,p2, .-, pu] €[0,1]7 is defined as H(p) := SN p; log%, with the convention that

0log § = 0. We denote the conditional probability P(Y'|X = z) by P,.

II. PRELIMINARIES

A. Known Symmetric Divergences and Mutual Information

We first recall some well known divergences. The Kullback—Leibler (KL) divergence be-
tween two probability distributions Py and P, over a finite set ) is defined as D(Py || FPy,) :=

> ey Pr(y)log izgz; with the convention 0log ¢ = 0 and blog 2 = oo for a,b € [0,1] with

b # 0. The KL divergence satisfies the following lemma.

Lemma 1. For any two distributions P and Q) on a set Y and o € [0,1], D(P||laP+ (1 —«a)Q)

is decreasing in .
Proof: Let 5 € [0, 1] satisfy 5 < «. Then,
0P+ (1-a)Q =~ (BP+(1-B)Q)+ (1 - )P
where v = 1:—%‘ < 1. By Jensen’s inequality and the convexity of the KL divergence:
D(PllaP + (1 - a)Q) < vD(PIBP + (1 - B)Q) + (1 - )D(P||P)
< D(P||P + (1 - B)Q) 2)

where the last inequality follows because D (P|P) =0 and v < 1. [ |
The KL divergence is not symmetric, i.e., in general D(Py || Py,) # D(Py||Py). The J diver-

gence [11] and L divergence [10] symmetrize the KL divergence:
J(Pr, P2) == D(P1|| P2) + D(P[| P1), (3)

11 1 1
L(P,, Py) i= D<P1||§P1 + §P2> n D(P2||§P1 n 5132). (4)
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The L divergence can also be related to the Jensen difference with respect to the Shannon entropy
function [12]:

1 1 1 1 1

SL(PLP2) = H (5131 + §P2> - <§H(P1) + 5H(Pg)) . (5)

The Jensen—Shannon (JS) divergence [10], [12] is defined similarly to the L divergence but for
general M > 2 probability distributions. Given M probability distributions Py, P, . .., Py, over a
set )V and a vector of a priori weights p = [py, pa, . . ., pa], where p € [0, 1] and Zf\il pi =1,
the JS divergence is defined as [10], [12]:

M M
JS(pi P Pu) =S piD (R-II ijpj)
i=1 =1

M M
=H (Zmﬂ) ~ > pH(P). (6)
=1 =1

Let 0 be a random variable that takes values in {1,2,..., M} and has probability mass function

p and Y ~ P, (which implies that Pr(Y = y) = -2 p,Pi(y)). From (6),
JS(p; Pr, ..., Pu) = H(Y) - H(Y]0) = 1(6;Y) (7)

where 1(6;Y") is the mutual information between 6 and Y.

B. A New Divergence: Extrinsic Jensen—Shannon Divergence

We introduce the extrinsic Jensen—Shannon (EJS) divergence which extends the J divergence

for general M > 2 probability distributions P, ..., Py, and for an M-dimensional weight
vector p:
M o
) o j
EJS(p; Py,...,Py) == ; piD (RII ; T Pj) (8a)

when p; < 1 for all i € {1,..., M}, and as
EJS(pi Py, Par) i= max D(PA| ) (5b)
VE

when p; = 1 for some i € {1,...,M}.

Let U(-) denote the average log-likelihood function:

d 1 —p;
Ulp) =D _pilog —=. ©)
i=1 !
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Lemma 2 (Properties of EJS Divergence). The EJS divergence EJS(p; P, ..., Py) as defined
in (8) satisfies the following three properties.

1) It is lower bounded by the JS divergence:
EJS(p;Pl,...,PM)ZJS(p;Pl,...,PM). (10)

2) It can be expressed as

p1 1 (y) pMPM(y)D (11

BIS(p: Pr..... Pa) = Ulp) = > Poly)U (| Fy) " Poly)

yey

where Py(y) = .M, pi Pi(y).

3) It is convex in the distributions Py, ..., Py,.
The proof of Lemma 2 is given in Appendix .

Remark 1. The EJS divergence defined in this paper is not the unique generalization of the
J divergence. There exist other M -dimensional generalizations of the J divergence such as
Sy pi 308, pJ (P, Py) which was studied in [13]. However, as will be discussed in details
later in the paper, properties of EJS such as the one provided by (11) above makes it a suitable

measure of information for our applications of interest.

Remark 2. The EJS divergence is equivalent to the full anthropic correction proposed in the
context of mutual information estimation [14]. In particular, the authors in [14] used the notion
of anthropic correction as an estimator of the mutual information between signals acquired in

neurophysiological experiments where only a small number of stimuli can be tested.

III. CODING OVER DMC WITH NOISELESS FEEDBACK
A. The Problem Setup

Consider the problem of coding over a discrete memoryless channel (DMC) with noiseless
feedback as depicted in Fig. 1. The DMC is described by finite input and output sets X and ),
and a collection of conditional probabilities P(Y'|X'). To simplify notation, and without loss of

generality, we assume that
X ={0,1,...,]xX| -1}, (12)

http://mc.manuscriptcentral.com/t-it
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A

0 X Y: 0
Encoder Channel Decoder

thl

Fig. 1. A noisy memoryless channel with a noiseless causal feedback link.

Let C' denote the Shannon capacity of the DMC P(Y|X) [15, p. 184]:
C=maxI(X;Y), (14)
Px

and let (7j, 77, ... ,W‘*X‘_l) be the maximizer of (14), the so-called capacity-achieving input
distribution. The operational meaning of the Shannon capacity is discussed in Section VI.

The following result will be used in our proofs.

Fact 1 (Theorem 4.5.1 in [16]). Consider a DMC with capacity-achieving input distribution
Tos 1y s My Foreach k € {0,1,...,|X| =1}, if m; >0,

|1

> mP(Y|X = 1)) =C.

D(P(Y\X — k) >

Let C'; be the KL divergence between the two most distinguishable inputs of the DMC:

C1 = max D(P(Y|X =2)||P(Y|X = 2')). (15)

z,x'eX
We also denote

O — ma maxex P(Y = y| X = x)
2N mingey P(Y =y|X =2)°

(16)

In this paper, we assume C, C}, C, are positive and finite.!

Let 7 denote the total transmission time (or equivalently the total length of the code). The
transmitter wishes to communicate a message ¢ to the receiver, where the message is uniformly
distributed over a message set

Q:={1,2,..., M} (17)

'Tt can be easily shown that C' < C7 < log C2 < (. Furthermore, if C1 < oo, then the transition probability P(Y = y|X =
x) is positive for all x € X and y € ), which implies that C2 < oo as well. Therefore, C' > 0 and C; < oo are sufficient to

ensure that C, C, C5 are positive and finite.
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To this end, the transmitter produces channel inputs X; for ¢t = 0,1,...,7 — 1, which it can
compute as a function of the message 6 and (thanks to the feedback) also of the past channel

outputs Y71 := (Y, Yy,..., Y, ):
X, =e0,Y"Y), t=0,1,...,7—1, (18)

for some encoding function ¢,: Q x V! — X.

After observing the 7 channel outputs Yj, Y7, ..., Y, 4, the receiver guesses the message ¢ as
0=d(y ), (19)
for some decoding function d: Y™ — (). The probability of error of the scheme is thus
Pe := Pr(f # 0).

In contrast to fixed-length coding where the total transmission time 7 is deterministic and
known before the transmission starts, in this paper, our focus is on variable-length coding, i.e.,
the case where 7 is a random stopping time decided at the receiver as a function of the observed
channel outputs. Thanks to the noiseless feedback, the transmitter is also informed of the channel
outputs and hence of the stopping time.

For a fixed DMC and for a given ¢ > (, the goal is to find encoding and decoding rules as
in (18) and (19), and a stopping time 7. such that the probability of error satisfies Pe < ¢ and
the expected number of channel uses E[r.] is minimized. Let E[7] be the minimum expected
number of channel uses that can be achieved by coding schemes with the stopping rule 7.

We shall often use the functions {v,-1} for y*~' € Y* and ¢ € {0,1,...,7 — 1} where
Yyt-1: = X (20a)
i e(iyth) (20b)

to describe the encoding process. To simplify notation and where it is clear from the context,

we shall often omit the subscript 3'~*

and simply write .

In some examples we also allow for randomized encoding rules. In this case the encoding is
described by the random encoding functions {I';:-1} whose realizations ~,.-1 are of the form
in (20). Again, for notational convenience we shall omit the subscript 4~ where it is clear from

the context.
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Note that a variable-length code is more than a single encoding function but instead is an
adaptive and sequential rule that dictates the choice of (random) encoding functions depending
on the past channel observations and past selected encoding functions prior to the stopping time.
In this paper, we refer to this adaptive and sequential rule as an encoding scheme, ¢, which
together with the particular realization of channel outputs yo, y1, - - . , Yr_2, dictates the encoding

1 C C C
functions Fyof‘yl, e FyT,Q.

B. Asymptotic Bounds on Minimum Expected Length

In [1], Burnashev provided the following lower and upper bounds on the minimum expected

number of channel uses, E[7], for a large class of DMCs and arbitrary e > 0.

Fact 2 (Theorems 1 and 2 in [1]). For any DMC with C > 0 and C; < oo:

1
] 2 (5 4 950 ) (1= o), e
and
1
El77] < <1°gCM + 10516) (1+0(1)) (22)

where o(1) — 0 as € — 0.2

Inequality (21) was proved in [1] using a Martingale argument, and it was reproved in
alternative ways in [17], [18].

Burnashev proved the upper bound (22) using the following two-phase scheme [1]. While
in the first phase (communication phase) the transmitter iteratively refines the receiver’s belief
about the true message, in the second phase (confirmation phase) it simply confirms whether the
receiver’s highest belief after the first phase corresponds to the true message. As shown in [2],
[4] the specific sequential scheme in the first phase can be exchanged by any capacity achieving

block coding schemes.

C. Stochastic Control View

The problem of variable-length coding with noiseless feedback is a decentralized team problem

with two agents (the encoder and the decoder) and non-classical information structure [19].

(1—¢)log M
C

2If ¢ — 0, then o(1) — O regardless of M being fixed or M — oo. For fixed ¢, E[77] ~ and hence, the positive

term o(1) 4 0 even if M — oo (see [17] for more details).
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Agent 1 Agent 2
0 X Y, )
—
r‘)/
Fictitious yt-1
Agent

Fig. 2. Two-agent problem with common and private observations from the point of view of the fictitious agent.

Appealing to [20], the problem can be interpreted as a special case of active hypothesis testing
[21] in which a (fictitious) Bayesian decision maker is responsible to enhance his information
about the correct message in a speedy manner by sequentially sampling from conditionally
independent observations at the output of the channel (given the input). Here the (fictitious)
decision maker has access to the channel output symbols causally (common observations) and
is responsible to control the conditional distribution of the observations given the true message
(private observation) by selecting encoding functions for the encoder which map the message 6
to the input symbols of the channel. In other words, as also observed in [9], the problem can be
viewed as a (centralized) partially observable Markov decision problem (POMDP) with (static)
state space () and the observation space ). Let £ := {~(:) : Q@ — X'} be the set of all mappings
from  to X'. The action space (for the fictitious agent) becomes £ U {1} where 7" denotes the
termination of the transmission phase, hence the realization of the stopping time 7.

Casting the problem as a POMDP allows for the structural characterization of the information
state, also known as sufficient statistics: Let the decision maker’s belief about each possible

message ¢ € {2, updated after each channel use (observation) for t =0,1,...,7 — 1, be
pi(t) :=Pr(6 = i|ly'™1h). (23)
The decision maker’s posteriors about the messages collectively,

p(t) = [pl(t>7 p2<t), ce 7pM(t>]7 (24)

form a sufficient statistics for our (fictitious) Bayesian decision maker. Furthermore, this (ficti-

tious) decision maker’s posterior at any time ¢ coincides with the receiver’s posterior and, thanks

http://mc.manuscriptcentral.com/t-it
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to the perfect feedback, is available to the transmitter. (Notice that p;(0) = Pr(f = i) = -
denotes the receiver’s initial belief of # = i before the transmission starts.) In other words, the
selection of encoding and decoding rules as a function of this posterior does not incur any loss
of optimality [22]. In particular, the optimal receiver produces as its guess the message with the
highest posterior at time 7, i.e.,

0 = arg max p; (7). (25)

ieQ

We also note that the dynamics of the information state, i.e. the posterior, follows Bayes’
rule. More specifically, given an encoding function v at time ¢ and an information state p,

the conditional distribution of the next channel output Y;, given the past observation Y/~!, is

Pyly) = Z/%P(Y = y|X = (i)

Similarly, given also the output symbol Y; = y, according to Bayes’ rule, the posterior at time
t+1is:

1Py (y) o P (y)
Pyy) 7 Pyly) N

plt+1)= |

Taking cue from the seminal work of DeGroot on statistical decision theory [23], the above
stochastic control view of the variable-length coding has been used in [24], to characterize the
performance of any given coding scheme using the information utility provided by the channel
output. Information utility, here, generalizes the Shannon theoretic notion of mutual information
[23], [24]. More specifically, consider any given measure of the uncertainty of the posterior
vector; information utility is defined as the expected reduction in the uncertainty of the posterior
at time ¢+ 1 relative to that at time ¢. The result in [24], as also manifested in Lemma 2, implies
a characterization of the performance of a given coding scheme in terms of the symmetric
divergences JS and EJS between the conditional output distributions of the channel induced by
the encoding function.

In the sections that follow, we utilize this connection and analytical tool in our achievability
analysis. In particular, in Section IV we particularize the approach in [24] with respect to the EJS
divergence induced by the encoding mapping. This allows us to provide achievability analysis

for two sequential one-phase coding schemes, namely posterior matching and MaxEJS. These
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schemes are based on the suboptimal stopping rule described in the next section. Furthermore,
we show that MaxEJS coding scheme provably achieves Burnashev’s asymptotic optimal per-

formance given by (22).

D. A Suboptimal Stopping Rule

In this paper we focus on the following (possibly suboptimal) stopping rule. For any given
coding scheme ¢, the transmission is only stopped when one of the posteriors becomes larger
than 1 — €, where € > 0 is the desired probability of error:

T := min{t : mez}lxp,-(t) > 1—¢€}. (26)

Let E[77] denote the optimal expected length of the code with the stopping rule as given in
(26).

Lemma 3. Consider stopping times defined earlier with scalars 1 > € > 0. We have

B[] (1--) < Efr] <E[7) @7)

The proof of Lemma 3 is given in Appendix IV-A.

Furthermore,

Lemma 4. For any ¢ € (0,1), and for any 6 € (0,1/2),

+
E[7] > log M — FMC(’é) — Fu(e) N log % — logIC%‘S —logCy — 1
1

. (28)
where Fyy(z) .= H([z,1 — z]) + zlog(M — 1) for 0 < z < 1.

The proof of Lemma 4 utilizes the dynamic programming characterization of the above

stochastic control problem and is given in Appendix IV-B.

1
log %

Note that combining (27) with (28) when ¢ = glogf and 0 = provides an alternative
proof for Burnashev’s converse (21). In fact, by some algebraic manipulations and simple upper

bounds, we obtain the inequalities (29), as shown below.
1—

XL

logé —loglog 2 —logC, — 177

€
2
log

[S1Y

=
o,
v

c - )

[(1—@)( —%log%)logM—lﬁ)ggﬂg -2

9 (1—@—§log§)log]\/[—2 log
1_ €
( bg%)

v

C
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(1 — é)logﬁ —log% —loglog% —logCy — 1]+

1
(1— 10;% — 5log = )logM log]\j 2
- C
log%—loglog%—1—log1_i%§gi—loglog%—log02—1 *
2 €
+ )
- ( 102§_glog%)IOgM_Q+log%—210glog%—log02— "
- C Ch
logM log? € 1 log +2loglog —|—logC’2—|—4+2C1
> L 1— —log - . 29
- ( C * 4 2 Oge + log% (29)

IV. MAIN RESULT AND APPLICATIONS

In this section, we first characterize the performance of an encoding scheme in terms of its
corresponding extrinsic Jensen—Shannon (EJS) divergence obtained. To make this precise we
first introduce some further notation.

Given a DMC P(Y|X) and a (deterministic) encoding function v: @ — X together with a

set of time-t posteriors p(t), we use the short hand notation

EJS(p(t),7) == EJS(p(t); Pyay, - -, Pyan)).- (30)
For a (possibly) randomized encoding function I', we use

EJS(p(t),T) := Y Pr(I' =4[V =y YEJS(p(1),7) 31)

ve€

where recall that £ denotes the set of all possible encoding functions.

A. Main Theorem

Let

1
p:=1-— . 32
P 1 + max{log M, log £} 32)

Theorem 1. Consider a (possibly randomized) encoding scheme ¢ under which at each time

t=0,1,...,7 — 1 and for each y'~" the encoding function ' satisfies

EJS(p(t),I) > Ruin, (33a)

http://mc.manuscriptcentral.com/t-it
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and furthermore,

EJS(p(t),T%) = pEwn  if maxp,(t) = j, (33b)

i€Q
for some F.;, > Ryin > 0. Then,

log M + loglog N log2+1  6(4Cy)?

E 7] < 34
[7— ] Rmin Emin RminEmin ( )
where Cy is defined in (16).
Corollary 1. Under the assumptions of Theorem 1,
. log M log?
E. 7] < < (1 1
1< (S50 + 252 ) 1+o) 3)

where o(1) — 0 as ¢ = 0 or M — oc.

The proof of Theorem 1 is given in Appendix II. Here we provide a brief sketch of the proof.
Let F(t) denote the history of the receiver’s knowledge up to time ¢, i.e., F(t) = c{Y*"1}, and
let

0(t) == 3 pi(0)log 5 f@';’?(t) ~log ; P -

Since,

Ec |0t + DIF()] = 0¢) + EJS(p(t), T°), (36)
the sequence {U(t)} forms a submartingale. The assertion of the theorem directly results from
the following fact about submartingales: For any submartingale {£(¢)}, t = 0,1,2, ..., if there
exist positive constants K; and K5 such that

Elg(t+ DIF@)] = £(8) + Ky if £(t) <0,
EE(t+ 1)|F(1)] = £(t) + K2 if £(t) 20,

then, under certain technical conditions, the stopping time v = min{¢ : £(¢) > B}, B > 0 can

be approximately upper bounded as

B —£(0 1 1
E[v] < Ti() +&(0)1i¢(0)<0y (E - E) :

http://mc.manuscriptcentral.com/t-it
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B. Application I: Variable-Length Posterior Matching

We consider a variable-length version of the coding schemes in [6]-[8]. At each time ¢ =
0,1,...,7. — 1, if @ =i and given the posterior vector p(t), the input X (¢) takes value in the
set

X;(t) = {x e X: ipi/(t) < ZW;, and Zﬁ;, < sz"(t)};

= ' <z r'<x =1

where each value = € X;(t) is taken with probability
i i—1
min { 32 pi(t), 3 75} —max { 3 pult), 5 7}
=1 =

o' <z
pi(t)

Proposition 1. Under the above variable-length posterior matching encoding, and for each

Pr(X(t)=z|0 =i, V' ' =y =

t=0,1,...,7. — 1 and all possible output sequences y'~*,

EJS(p(t),T™) > C.
The proof of Proposition 1 is given in Appendix III-A.

Remark 3. By Theorem 1 and Proposition 1, under the variable-length posterior matching

encoding

log M +1log ! +1+loglog ™ 6(4C,)?
c e

Erem 7] < (37)

C. Application IlI: MaxEJS Coding

We present a new coding scheme based on the greedy maximization of EJS divergence. At
each time t = 0,1,...,7. — 1 and given the posterior vector p(t), MaxEJS chooses the v* that

maximizes the EJS divergence:

7" = argmax EJS(p(t), ). (38)

ye€
Proposition 2. For every t = 0,1,...,7 — 1 and all possible output sequences y'~', MaxEJS

encoding satisfies

EJS(p(t),7") = C, (39a)
and furthermore,
EJS(p(t),77) 2 pCv if maxpi(t) = p. (39b)

http://mc.manuscriptcentral.com/t-it
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The proof of Proposition 2 is given in Appendix III-B.

Remark 4. By Theorem 1 and Proposition 2,

log M + loglog N log: +1 N 6(4C5)?
C Ch ccy

and thus MaxEJS encoding together with the decoding and stopping rules described in (25) and

EFMaxEJS [7:5] S

(40)

(26) achieves Burnashev’s optimal asymptotic performance in (22), see Corollary 1.

Remark 5. The presented deterministic one-phase sequential scheme differs from the previous
schemes achieving Burnashev’s optimal asymptotic performance, which are randomized and have

two phases [1]-[4].

The computational complexity of the MaxEJS coding scheme could be prohibitive. In Sec-
tion V-B, we propose simpler coding schemes for a class of binary-input channels that achieve

Burnashev’s optimal asymptotic performance in (22).

V. CODING FOR SYMMETRIC BINARY-INPUT CHANNELS

In this subsection, we focus on channels with binary inputs X = {0, 1} and with the following

property
PY=yX=0=PY=2-y|X=1), Vyec)l (41)

for some z € R.

The first attempt to address the problem of coding over a symmetric binary-input channel goes
back to Horstein’s coding scheme [6] over a binary symmetric channel (BSC) with a crossover
probability p € (0,1/2). Horstein considered the message to be a point in the interval [0, 1] and
suggested that to achieve the capacity of the channel, at any given time the transmitter selects
the input of the channel such as to signal to the receiver whether the message is smaller than
the median of the posterior or larger. Later, Burnashev and Zigangirov [7], presented a similar
(randomized) coding scheme for discrete message sets as in (17) and proved that this scheme
achieves capacity.

In Section V-A, we present and analyze a deterministic scheme for arbitrary symmetric
binary-input channels satisfying (41), which resembles the Burnashev-Zigangirov scheme, when

specialized to the BSC. In Section V-B, we then improve our scheme so that it achieves

http://mc.manuscriptcentral.com/t-it

Page 16 of 42



Page 17 of 42 IEEE Transactions on Information Theory, For Peer Review Only

17

Burnashev’s optimal asymptotic performance in (22) over this class of symmetric binary-input

channels.

A. Generalized Horstein-Burnashev-Zigangirov Scheme

Our generalization of the Horstein-Burnashev-Zigangirov scheme is deterministic. For each

time ¢t = 0,1,...,7. — 1 and given the posterior vector p(t), we choose the encoding function:
GHBZ 0 1<i<k
7)) = (42)
1 k<1 <M
where
= arg min i . 43)
e[ Lo

Proposition 3. Consider the deterministic scheme proposed above over a binary-input DMC

that satisfies (41). For every t = 0,1,...,7. — 1 and all possible output sequences ',
EJS(p(t), 7)) > C. (44)
The proof is given in Appendix III-C.

Remark 6. By Theorem 1 and Proposition 3, the described encoding satisfies

log M +1log L +1+loglog  6(4Cy)?
c T

K. Gupz [7:6] < (45)

o

Notice that, when specialized to a binary-input channel, the variable-length posterior matching

scheme of Section IV-B, at each time ¢t = 0,1,...,7. — 1 and given the posterior vector p(t),

GHBZ

chooses encoding function y with probability

d2(t)
01(t) + d2(2)

1
2 Y

k*
. 1
ky =k — 51gn< E pi(t) — 5)% (48)
i—1

(46)

)\WGHBZ —
where

47)

and

http://mc.manuscriptcentral.com/t-it
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and it chooses the encoding function

0 1<i<Kk;
YO() = (49)
1 k<i<M
with probability \jeuez = 1 — \cuez.
Combining Proposition 3 with Proposition 1, we have that there exists a class (a continuum)

of randomized schemes that satisfy (44):

Corollary 2. Every (randomized) encoding function T that selects Y5182 with probability \ >
Aausz in (46) and selects ~SHBZ \ith probability A=1-)\ satisfies (33) with Ry, = Fui = C.

This corollary provides an alternative proof that Burnashev and Zigangirov’s variable-length

coding scheme [7] satisfies (45) over the BSC with crossover probability p € (0,1/2). In fact,

. GHBZ ~GHBZ _ v(d2(t)) N — 1
their scheme selects and ¥ with probabilities A = O IO and A\ = 1 — ),

. _ 0.5+(1—2p)z v(82()) Sa(t)
respectively, where v(z) = log m. We next prove that ;o (t))i D > 61(t)2+62(t)’

which by Corollary 2 establishes that the Burnashev-Zigangirov scheme indeed satisfies (45).
Notice that v(z) = log (—1 + m) is convex for all z because p € (0,1/2). Since also

V(TSSZ)) is convex and since f(0) = 0 and f(d2(¢)) = 1, we conclude that u(lfs%) S AGR
01

for all = € [0,05(t)]. By (47) and (48), 0 < 6y(t) < 0(t) and hence 2o < 2D pjg

v(02(t)) — 62(8)°
v(32(1)) 92(t)
01(t))+v(d2(t)) = 61(t)+d2(t)"

frx—

immediately establishes the desired inequality o

B. Optimal Binary Variable-Length Codes

Motivated by the analysis above, we strive to simplify our deterministic one-phase MaxEJS
scheme for the simpler symmetric binary-input channels. We propose the following encoding
scheme. At each time ¢t = 0,1,...,7. — 1 and each sequence of observations Y/ ™! = 3/~1, we
choose the encoding function v in a way that for all i € {j € Q: v(j) = 0},

0< Yo pt— D pit) < pilt). (50)
JE€Q: v(4)=0 JEQ: v(j)=1

By condition (50), at each time ¢, the probabilities of sending a O or a 1 are approximately

(1/2,1/2) when all posteriors {p;(t) };cq are small, and they are (max;cq p;(t), 1 —max;cq pi(t))

when max;cq p;(t) is larger than 1/2.

http://mc.manuscriptcentral.com/t-it
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Proposition 4. If for every t =0,1,...,7. — 1 and every sequence of observations Y= = '~}

the encoding function -y satisfies (50), then

EJS(p(t),v) = C, (51a)
and
EJS(p(t),y) = pCy  if I%%Xpi(t) > p. (51b)

Remark 7. By Theorem 1 and Proposition 2,

~ log M +loglog logl+1 6(4C)?
E[7] < € € ’
7 < C o T ea

and thus the encoding rule described above together with the decoding and stopping rules

(52)

described in (25) and (26) achieves Burnashev’s optimal asymptotic performance in (22), see

Corollary 1.

In the following we present two algorithms that at each time t = 0,1, ..., 7. — 1 and for given

posterior vector p(t) implement encoding functions ~y satisfying (50).

Algorithm 1:
160=1.

2 forn=1,...,2" do

3 v = dec2bin(n, M) % binary representation of n with M digits.

4 | 2= 2v—1)x[p(t), pa(t), .., pu ()]
5 if 2 >0 && z < 0 then

6 0=z
7 U= .
8 end

9 end

10 fori=1,..., M do
11 (i) =v; % v; denotes i-th bit of 0.

12 end

http://mc.manuscriptcentral.com/t-it
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Algorithm 2:
So={1,2,...,M} and S; = 0.

—

2 g = 1,’/“1 :O,pmin:O, and 0 = 1.
3 while p,;, <6 do
4 k = argminc g p;(t).

5 SO = So — {k‘} and Sl = 51 U {k‘}
6 ro =10 — pr(t) and 1 =11 + py(t).

7 if ro < r; then

8 Swap Sj and 5.
9 Swap ry and ;.
10 end

11 0=rg—r.

12 Pmin = Mileg, ().
13 end

“fori=1,...,M do
OifiES()
15 | (i) =
1ifi€S1

16 end

Proposition 5. Both Algorithms 1 and 2 satisfy condition (50). Algorithm 1 has computational

complexity of order O(2M) for each encoding step while Algorithm 2 has complexity of or-
der O(M?).?

The proof is given in Appendix III-E.

Remark 8. In contrast to the previous one-phase sequential schemes in [6]—[8], the encoding

>The computational complexity of Algorithm 1 is of the same order as that of MaxEJS which in each step requires to find an
encoding function (among 2™ choices) that maximizes the EJS divergence between the conditional output distributions. However,
implementation of Algorithm 1 is simpler since it only requires linear operations instead of computing the EJS divergence (which

can be computationally intensive, especially for channels with large output alphabet set).

http://mc.manuscriptcentral.com/t-it
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processes described by Algorithms 1 and 2 here are completely deterministic. By insisting on a
deterministic encoding, we can match our scheme’s inputs only approximately to the capacity-
achieving input distribution of (1/2,1/2). On the other hand, the proposed deterministic schemes
are such that once a particular message’s posterior passes a certain threshold, the transmitter

assigns this message exclusively to one of the two inputs. This is critical to achieve the optimal

Emin - Cl .

Remark 9. The proofs of Propositions 4 and 5 continue to hold for those binary-input channels
with uniform capacity-achieving input distribution 7§ = 77 = 1/2 where for ease of notation we
assume that C, = D(P,||Py). This class of channels includes the class of channels for which (41)
holds, for example the binary symmetric channel (BSC) with cross-over probability p € (0, 1/2),

as well as the non-symmetric channel in Fig. 3 for n € (0,1/2).

.

Fig. 3. Example of a non-symmetric (binary-input ternary-output) channel with capacity-achieving input distribution 75 =

w1 =1/2.

Remark 10. The results in Proposition 4 and Remark 7 above can also be extended to the
case of K-ary symmetric channel with alphabet sets X =) = {0,1,..., K — 1} and transition
probabilities of the form
l—p ifzx=y
PY = y|X =) =
p

where p € (0, %) Consider a coding scheme that at each time ¢ prior to the stopping time
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chooses the encoding function «y in a way that if for any =, 2’ € X,
1

IDORCET2- D SEC]

JEQ: v(j)=x JEQ: ~(j)=a
then for all i € {j € Q: v(j) =z},

Yoo = D < a).
JEQ: v(j)== JEQ: v (j)=a

This coding scheme together with the decoding and stopping rules described in (25) and (26)

achieves Burnashev’s optimal asymptotic performance in (22) for the K-ary symmetric channel.

VI. RELIABILITY FUNCTION

Let a variable-length coding scheme ¢ be given that for each positive integer ¢ can transmit
one out of M., equiprobable messages at a probability Pe,, and with an expected stopping time

E,,[7]. If for any small numbers 6 > 0, 0 < ¢ < 1 and all sufficiently large ¢ the following three

conditions
Pe, <€ (53a)
M,, > 24F~9) (53b)
E,[1] < ¢, (53¢)

hold for some positive real number R, then we say that the scheme ¢ achieves (information) rate
R*
If ¢ satisfies (53b) and (53c) but instead of (53a) it satisfies a stronger condition on exponential
decay
Pe,, < 2-(F9) (54)

for some positive real number F, then we say that the scheme ¢ achieves reliability F at rate R.

The capacity of a DMC is defined as the largest rate R that is achievable over this channel;
it is equal to the Shannon capacity C' as defined in (14) [15, p. 184]. For a given rate R below
capacity, the reliability function F(R) is defined as the maximum achievable error exponent at

rate R. By Burnashev’s lower bound in (21), we have the following lemma:

*It would be more precise to talk about sequence of schemes {c¢} ¢cz+» Where each ¢, is the general scheme ¢ specialized to

the message size M.,. However, this would make the notation overcomplicated.
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Lemma 5. No coding scheme can achieve diminishing error probability at rates higher than C.

Furthermore,
R

E(R) <, <1 - 5), R € (0,0). (55)

Proof of Lemma 5: Let ¢ be a coding scheme that for each ¢ € Z* and for a message size
M., satisfies (53) for a rate R > 0.
By (21) and (53), for each sufficiently large integer ¢:

0> Ecl [7_] > <logéwcz + 10g<1C/Pecz)) (1 . 0(1))

> (5 e 1 o), (56)
In other words,

( log %P%))(l_o(l))

> R(1—o0(1)) (57)

where the last inequality holds because log %CZ > 0. Since o(1) — 0 as Pe.,, — 0, we obtain from
(57) that R < C'. This implies that no coding scheme can achieve diminishing error probability
at rates higher than C.

Next we characterize an upper bound on the optimal reliability function E(R). Let ¢ be a
coding scheme that for each ¢ € Z™ and for a message size M., satisfies (53b), (53c), and (54)
for £, R > 0. By (21), (53b), and (54), for each sufficiently large integer /:

028 fr) > (e 4 ) o)

Rt EY
> 1—o0(1)). 58
(& -+ )a-om) 58)
In other words,
R FE
1> 1—o(1 59
(Z+&)a-om. (59)
Since 0(1) — 0 as £ — oo, we obtain that £ + 0_1 < 1. The desired inequality follows:
R
E<C <1—5). (60)
|
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On the other hand, we have the following achievable bound on rate—reliability function:

Lemma 6. Suppose that we have a coding scheme c¢ that for each message size M > 0 and

each positive € > 0, satisfies Pe. < e with expected stopping time

1
E([r] < (ggmf‘f +1§%) (1+0(1) (61)

for some positive integers Ep, and Ryi,. Then, the scheme ¢ can achieve any rate R € [0, Ry

with reliability F, if

R
E<FEunl|l- . 62
< ( Rmin) (62)

Thus, if a scheme ¢ satisfies (61) for R,;, = C and E,;, = C}, then this scheme achieves
Burnashev’s optimal reliability function.

Proof of Lemma 6: Fix a small § > 0, a positive rate R < Ry;, and a positive error

exponent E satisfying (62). Define for each ¢ € Z*, the small number ¢, £ 274#=%) and the

A 9lU(R-3)

message size M, . By assumption, for each ¢ € Z*, our coding scheme ¢ attains a

probability of error Pe,, < ¢, at an expected stopping time E,[7.,] that is upper bounded as:

E.,[r.,] < ¢ (J;f5 i E?E_ 5) (1+0(1))
0 )
<y (1 e Emm> (1+o(1)). 63)

Since ¢ > 0 and since o(1) — 0 as ¢ — oo, we obtain that for sufficiently large /,
Ete [TEe] S E (64)

Combined with our assumptions that Pe,, < 274E=9 and M, £ 2459 this concludes the
proof. [ ]

Corollary 1 combined with Lemma 6 provides the following:

Corollary 3 (Rate—Reliability Test). Consider a DMC with C' > 0 and C, < oo and a variable-
length coding scheme c. If—irrespective of the size of the message set M—for any time t prior
to the stopping time and for any posterior vector p(t) over the messages, the scheme selects (a

possibly random) encoding function I'C such that

EJS(p(t),T) = C, (65a)
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then it achieves the capacity C' of the channel. Furthermore, if also,
EJS(p(t),I%) = pCyif maxpi(t) > p, (65b)
1€
then the scheme also achieves the optimal reliability function E(R) of the channel.

The above corollary implies that all coding schemes described in Sections IV and V achieve
the capacity C' of the corresponding channels. Furthermore, the MaxEJS coding scheme and the
simple coding scheme for the symmetric binary-input channel discussed in Section V-B achieve

the reliability function E(R).
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APPENDIX I

PROOF OF LEMMA 2

Property 1 is proved as follows:

M M
JS(p; Py,...,Py) = ZP:’D(R‘H ijpj)
i=1 J=1
M Pj
:sz’ <P||PZP +(1—=p) Z : j)

J#i — P

< Z { "D(P|| ;) + pi(1 —pi>D<PiH 1?@3)}

JFi

M
= EJS(p; Py, ..., Py) — Zp3D<PH Z - )

1=1 Ve

(0)
< EJS(p7P1,,P]\/[)

where (a) and (b) follow respectively because KL divergence is convex (in both arguments) and

nonnegative.
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The proof of property 2 is provided next.

EJSQxPL.”,PM)::éipi (PHE: P .)

J#i
Pi(y)

= Di Pi(y)log B;

g y;y Ey;éz 1— pZP( )

M

1 —p piPi(y)

= i log + piPi(y)log =——5——

2.0 ZZ B0

piPi(y)

B pili(y) Po(y)
—Ulﬂ+§:RﬁDZ:Ple%l_mR@

yey

)= P[RR, pulily)

yey Po(y)

Property 3 is proved as follows.

Pp(y

Pp(y)

)

26

Page 26 of 42

Let P, P, ..., Py and Q1,Qs,...,Qn be two set of distributions. For any A € [0,1] and

A=1-—\

EJS(p; APy + AQ1, ..., APy + AQur)

_sz (APl Y 2 AP +Z '

J#i

< ZpZ[AD(PHZ pﬂ ) +A (@il

J#i J#i

=AEJS(p; Pi,...,Pu) + AEJS(p; Q1. .., Qum)

where (a) follows because KL divergence is convex in both arguments.

APPENDIX II

PROOF OF THEOREM 1

)]

Let F(t) denote the history of the receiver’s knowledge up to time ¢, i.e., F(t) = o{Y' 1}

Moreover, for each time t =0, 1,..., 7, define

U(t) = 3 _pilt)loa g fi<pi)(t) gy ! E

where recall that we defined p = 1 — ;——— flog Moz 1}

region of interest for these parameters, p > %.)
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Notice that for all 7 €  and given the observation Y~! = 4'~! upon observing the new

sample 1, the belief state evolves as
pi(t)P(Y = ye| X = -1 (4))

pilt +1) = 4 ~
;Pj(t)P(Y =y X = 71 (7))

Furthermore,
M
Pr(Y; = y|Y" ) = ij(t)P(Y = y|X =1 (4))-

Under a (possibly randomized) coding scheme c,

Zpl (t+1) log pl(t+1) )‘}"(t)]

pi(t+1
_ iyl e N pi(t) Py ()
S )yze;,;p"(t)P”(")(y 3 2i(01Prs 0
- sz ) log —— 1 o ; Pr(l =4y = yt_l)D<Pw> 2 %Pﬂj))
_Zpl log ()(t)+EJS( (t),T°).
which implies that
E. [U(t + 1)\f(t)} = U(t) + EJS(p(t),T°). (66)

From (66) and condition (33) of Theorem 1, the sequence {U(t)}7_, satisfies

3 U(t) + Ruin if U(t) <0
E. [U(t + 1)\?(:&)} >4 ) . 67)
U(t) + pEwn it U(t) >0
The sequence {U (t)}7_, forms a submartingale with respect to the filtration { F()}. Furthermore,

from Lemma 7 below,
Ut +1)—U(t)| < 4Cy if max{U(t),U(t+1)} > 0. (68)

Note that if p;(t) < 1 — € for all ¢ € Q, then

~ 1—e€ P 1—e€
t)<Zpi(t)log - —logl_ log —

IA

™
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In other words, if U(t) > log %, then there is an i € ) for which p;(t) > 1 —e. Let v := min{¢ :
U(t) > log 1}. Note that by construction, 7. < v. Appealing to Lemma 10 at the end of this

section, we obtain

E 7] < E[v]
log! —T(0) - 1 1 3(4C,)?
S pNEmin i U<0)1{U(0)<0} (ﬁEmin a Rmin) i ﬁRminEmin
logt  —U(0) 6(4C5)?
S pNEmin * Rmin 1{U( 0)<0} * RmmEmm
. 1-i(0) p
gt HPO T 85 6401
N pEmln * Rmin 1{U( 0)<0} lenEmm
o loat H(p(0)) + log 12 L 6(4G)?
- ﬁEmin Rmin RminEmin
_ log 1 ( . ) H(p(0)) + loglog & N 6(4Cy)>
= Fuin max{log M,log 1} Riyin Ruin Fmin
H(p(0)) +loglog X logl +1 6(4C5)?
< Hp(0) +loglog %7 log +1  6(4Cy) (69)

o Rmin Emin RminEmin .
Lemma 7. If max{U(t),U(t + 1)} > 0, then

Ut+1)—U(t)| < 4Cs.

Proof: We first consider the case U(t) > 0. Note that if p;(t) < p, Vi € Q, then U(t) < 0.
Therefore, U(t) > 0 implies that 3i € Q such that p;(t) > p. Without loss of generality assume
p1(t) > p. We obtain,

Ut+1)— 0@)‘

e plt+1) < pit)

= ;pi(tJrl)logm—;Pi(t)logm

- pilt +1) pi(t) - pilt)

= szt+1 (10 = gt 1) 1_pi(t))+;(p2(t+1) p2(>>10g1_pi(>
St 41 (t M At

=T 10glf;(t +)1> _loglf(m)(w‘ 2l p’(t))loglf(pi)(w

<1 ¢ +ZM:| (t+1) —pi(t)] - |1 nil '

< log Uy - Pi Pi Ogl—pi(t)
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©) . pi(l)
< 108 Ca+ G2 Y o)1= () low 20
— — pi(t)
<log Gy + Copr (1)(1 — pr()) log =2+ ¢, S pult) log L
Tl T2 0
—1
<10g02+02+02<zp2 )1g
- S o)
i#1

<log Cy + Co + Cy((1 — p) log(M — 1) + 1)

log(M —1
og( ) : +1>
1 + max{log M,log =}

:10g02+02+02(
S log Cg + 302
<40,

where (a) and (b) follow respectively from Lemmas 8 and 9 below, and (¢) follows from Jensen’s

inequality and the fact that

m(l—m)log1 ’
—x

<1, ze€][0,1].

This completes the proof for the case U(t) > 0. The proof for the case U(t+ 1) > 0 is done

by following the similar lines and interchanging time indices (¢) and (¢ + 1). |

Lemma 8. For any i € (),

pi(t +1) pi(t)
RS 1—pz<t>'<1°gC2
Proof:
D 60| o, P =l =m0
L=plt+D) 7 1=pil) = EHPY = X = 20)

o M PO = yIX = )

= log C
yeY mingey P(Y = y|X = 2) 08t

Lemma 9. For any i € (),

|pi(t +1) = pi(8)] < min{pi(£)(1 = pi(t)), pi(t + 1)(1 = pi(t + 1))} Ca.
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Proof:

P(Y = y| X = y,-1(7))

émwmyzwxzwum>

|pit +1) = pi(B)] = pi(t) —1

(1= pi(t)) max,ex P(Y = y| X = x)

< pi(t) v
> s (HP(Y = lX = 704(5)

maxzex P(Y = y|X = )
< pi()(L — pit)) max mingex P(Y = y|X = z)

= pi(t)(1 — pi(1))Co. (70)

Similarly we can show that

2P = y|X = 7,-1(4))
pi(t +1) = pi(t)| = pi(t + 1) |1 — pi(t) — il

P(Y = y|X = y,e-1(7))
=pi(t+1)(1 —pi(t +1))x

Ly BPOPY =ulX =5m0)

L—pi(t+1) P(Y =y X = y,-1(2))

max,cy P(Y = y| X = x)
<pit+1)(1—pi(t+1 -
< it DA = pilt + ))lgle%g( mingey P(Y = y|X = 2)

= pi(t+1)(1 = ps(t +1))Ch. (71)

Combining (70) and (71), we have the assertion of the lemma. [ |

Lemma 10. Assume that the sequence {£(t)}, t = 0,1,2, ... forms a submartingale with respect

to a filtration {F(t)}. Furthermore, assume there exist positive constants K,, K,, and K3 such

that

EE(+D|F(®)] = &(t) + K1 if £(t) <0,
B[S+ 1| F ()] = &(t) + K2 if £(t) =0,

[§(t+1) =€) < K3 if max{¢(t+1),£(t)} = 0.
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Consider the stopping time v = min{t : {(t) > B}, B > 0. Then we have the inequality

B — £(0) 11 3K2
E < -2 7 0)1 _— — .
[v] < e + £(0)1{¢(0)<0y ( e Kl) e

Proof: This lemma is a generalization of Lemma 1 in [25]. The proof is provided below.
Consider the sequence {n(¢)} defined as follows
—A+ ¢ if £(1) <0

n(t) =
—Ae=® + L0 ¢ if ¢(1) > 0

+
_ [3KF (1 1 0.5K>
where A = |:T2 (Fl e and o = K2 .

Claim 1. The sequence {7(¢)} forms a submartingale with respect to the filtration {F(¢)}.

By Doob’s Stopping Theorem,

n(0) < E[n(v)]

<E {v) }
_ElE(w-1)] +Ek[f<v) —&(v—1)] _Ejy
< BLK?’ — E[v]

On the other hand, we have

n(0) = (—A + @) Lie(o)<oy + (-Ae_ag(o) + @) Lic0)=0)

K K,
> —A+$ — £(0)1{g0)<0 (KLQ _Kil) :
Combining the above inequalities, we obtain
Ble] < 225 — y(0)
SB%f{?’%-A—%ﬂLf(O)l{s( 0)<0} (Ii f;)

B —£(0) 11 3K2 /1 1\]" K
- >V 1 et 2 3
K {0l (K Kl) * { 5 \K ) TR
0) 11 3K

< 2750 1 —
S TI + £(0)11e(0)<0y <K2 Kl) e

(72)

http://mc.manuscriptcentral.com/t-it



IEEE Transactions on Information Theory, For Peer Review Only

32

. .. K- . 3K2 3K2
where (a) holds since by definition K, Ks < K3 and hence, 7 < min { Ry K—§} [ ]
Proof of Claim 1: We will show that E[r(t + 1)|F(¢)] > n(t). There are two cases:
Case L. £(t) < 0:
If £(t+ 1) < 0, then
t+1
n(t+1):—A+M—(t+1). (73)
K
On the other hand, if £(¢ + 1) > 0, then by the assumption of Lemma 10, {(t + 1) < K3, and
we have
t+1
n(t+1) = —Ae 8t 4 e+l _ (t+1)
K,
(a) t+1
2—A+%—(t+l) (74)
1

where (a) follows from the fact that 1) if K; > K», then by definition A = 0, and KLQ > Kil for
x> 0; and 2) if K; < K5, then —Ae " + KLQ is concave in z, —Ae " + K% =—A+ Kil for
x =0, and for z = K3

K 1 K
—AemKs 4 2 > A1 — aKs 4 = (aK3)?) + =2
e +K2_ (11—« 3+2(a 3))+K2
1K,  Ks

= —A+ AaKy(1 — -=2) + 2

+ AaKs( 4]/,{3)+K2

9 1 1 K5
> At SRy [ — )+ 22
> + 3( )+K2

> —A+ —.
2 -l—Kl

Combining (73) and (74), we obtain

Bly(e-+ DIF@) > B+ 2D niFe)
> —A+ %JZKI —(t+1)
:—A+%tl)—t:n(t). (75)
Case IL £(1) > 0:
If €(t + 1) > 0, then
n(t+1) = —Ae o8+ 4 e+l _ (t+1). (76)
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On the other hand, if £(¢ + 1) < 0, then we have

nt+1) = —a+ D gy
Ky
9 _peostern  SEED (t+1) (77)

> e
where (a) follows from the fact that 1) if K; > K5, then by definition A = 0, and % = 7 for
x < 0; and 2) if K; < K, then —Ae " + KLQ is concave in x, —Ae™ " + K% =—-A+ Kil for
_ —aK: K: K:
=0, and —Ae K3+FZ Z—A—i—ﬁ.
Combining (76) and (77), we obtain

E[n(t + 1)|F(t)] > E[—Ae ot 4 ety (t+ 1)|F(t)]

K,
£(t) + Ko
K,

= E[—Ae D F(1)] + Ae™*® 4 (1)

> E[—Ae €D | F ()] + —(t+1)

= 1(t) — Ae”COE[e>CEHD=¢0) _ 1 F(1)]
2 (1) — A OB ~a(€(t + 1) £(1) + 30%(E(t+ 1) — E0)%e S F (1)

1
> n(t) + Aae D[, — §aK3260‘K3]

> n(t) (78)

where (a) follows from the fact that for |z| < K,

[e.9] ajn
=14y —
1 n:

<1+ +$2<1+K+K2+ )
= SAEEINT
2

<143+ =€k
2
and (b) holds since
1 0.5K5 0.5

1 .
Sakier = JKe B < %Kz < K.
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APPENDIX III

PROOF OF THE PROPOSITIONS
A. Proof of Proposition 1

Fix a time instant ¢ and assume that Y*~! = y~!. For ease of notation, in the following we
drop the time index t for p;(t) and simply write p;.
Let
A, o= Pr(T"™M = 4|yt = ¢ h).

Define for each i € 2 and x € X:

>N =Pr(X =g =iV =y (79)
v: y(6)=2
and
Piw = pilhis =Pr(X = 2,0 = i[y"™ ! =y, (80)

Notice that for each 7,5 € Q, z,2' € X, and for a fixed posterior distribution, the various

messages are mapped into inputs of the channel independently of each other and hence,

> A = A (81)

v(i)=z

T AG)=a

Rearranging terms and using Jensen’s inequality, we obtain

EJS(p FPM Z)\ Zpl ( 0 /)y )
veE j;ﬁz
:szz Z AD( Z b 7(])
J#i

=1 z€X v: y(i)=x
Pj A
D Dl w va)

Zj;ﬁi Zm’eX PiNjar P )

L—p;
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Zx/ex(W;’Px’ - ﬁi@’Px’))

=1 zeX L= pi
::§§§:ﬁ,D<P EL@Xm;Rw—mmRm)
i=1 zeX . ' 1= pi
SLe T > Piar P
+;;§;MJL_MD(a ; )
M .
St p(n| Bt
i=1 zeX 1=pi pi
M .
>3y Pic D(Px > w;,Pw/)
i=1 zeX 1- pi r’'eX
1

= r'eX
O Pis o N A
Zzzl—ﬁ _Zl—PzC
i=1 zeX =1
M p M 0?
- : _ i
P 1 —p; ;l—pl

= (82)

where (a) follows from (81); and inequality (b) follows from Fact 1 and that

> 8iD(P| D i)

TeEX r'eX
is the mutual information /(X ;Y') between an input X with probability mass function {A; , },ex
and the output produced by the channel (see property (7) of the JS divergence), and thus is smaller
than the capacity C.

B. Proof of Proposition 2

Fix a time ¢ and assume that Y*™! = ¢/~ Recall that I'™ denotes the random encoding
function of the variable-length posterior matching scheme in Section IV-B. By definition (38)

and by Proposition 1,

EJS(p(t),v") > EJS(p(t),I™) > C.
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Now, assume that max;cq p;(t) > p and define
i := arg max p;(t). (83)
i€Q
Then,
pi(t) > p. (84)

Let x,2" € X be two inputs of the channel satisfying D(P, | P,/) = C}. Also, define the encoding

function

r  ifi=1
A(i) = : (85)

z' otherwise.

By definition (38), from (84), and by the selection of z, x’:

EJS(p(t),7") = EJS(p(t),7) = p;(t) D(P:| Pr) = pCh. (86)

C. Proof of Proposition 3

Let
To(t) == Y plt),  wefo1} (87)
e FYGHBZ (i)=x
Let .
k3 := k™ — sign Zpi(t) !
2 — 9 )
and define

50 = |0~ 2| B0 Zpi<t>—%‘.

Suppose Zle pi(t) — 3 < 0 which implies that k3 = k* + 1. Note that by definition, 7o (t) =
5 — 01(t), prs(t) = 01(t) + d2(t), and m(t) = 5 + d1(¢). In this case, the EJS divergence is
bounded as

EJS(p(t),y4"™) = ;mﬂD(POHWOF:,-ZY)P() 1 T%Pl)

(a2t L)
+ p,-u)D(leil iojjj(t)po i —ﬁftz—mfg%l)
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(a)

> m(t)D (POHWO(LL)PO +m (t)Pl)

+ prs (1) ( H2P0+ P1>

+m0) - @)D Pma) P+ 7))
O oD (P()Hﬂo(t)Po + wl(t)Pl)

1
+ piz (£)D ( H2PO + 2P1)

) - @)D R[mR + w2

9p HP+1P
9 0T gt

=C

. ()= (8 (D
where (a) follows from the facts that % < mo(t), —= P k(t) < 4, %@)@) < m(t),

and by Lemma 1; (b) holds because of condition (41); and (c) follows from the facts that KL
divergence is convex, (mo(t))? + 5pu; (£) + (w1 (t) — prs (8)) (1) = 5 + 61(£)(61(¢) — 62(2)) < 2,
and by Lemma 1.

The proof for the case Zle pi(t) — 5 > 0 follows similarly.

1
2

D. Proof of Proposition 4

Suppose « is an encoding function that satisfies (50). Let

m(t)= > p(t) forzeXx ={0,1},

1€Q: y(i)=x

and define 0(t) = mo(t) — m1(t). From (50),

0<0(t) < pilt), Vie{je:q()=0} (88)

We have
p;(t) )
EJS(p pi(t < = P
Z o= 1 — pi(t) v(5)

mo(t) — pi(t) mi(t)
= ZEQ%):O pi(t)D <P0H—1t_ pi'(ot)t Pot s pi (t)Pl)
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t t) — p;(t

DY m(t)D(Pl\1i°<.)<t)Po+mfi ft)()Pl)

i€ y(i)=1 pi Pi
(a) 1 1
S (t)D P‘—P “p
2 Y aon(nlzregn)

1€Q: y(4)=0

1 1

+ pi(t)D P1‘§Po+§P1

1€Q: y(1)=1
Ye

where (a) follows from the facts that 7y (t) — p; (t) < m(t) for any ¢ with y(i) = 0, m(t) < m(t),
and since for two distributions P and () and a € [0,1], D(P|jaP + (1 — a)Q) is decreasing in
a (see Lemma 1); and (b) follows from Fact 1 and since the capacity of the channel is achieved
by the uniform input distribution.

On the other hand, if p;(t) > %, then condition (50) is only satisfied by the encoding function
4 under which 4(i) = 0 and 4(j) = 1 for all j # i. Therefore, if p:(t) > / we obtain

EJS(p(t),4) > p(t) D(R||PL) > 4Ch.

E. Proof of Proposition 5

For any encoding function v € &, let
L= > wmt) = D pl). (89)
1€Q: y(1)=0 1€Q: y(4)=1
Algorithm 1 computes 4, (t) for all 2/ encoding functions v € £ and selects y*!8! such that

Alsl.— argmin 4, (t). (90)

~EE: 54 (t)>0

v

Next we prove by contradiction that y!8! satisfies (50), i.e.,
Symar (1) < pit), Vi€ {j € Q: () =0} 1)

Suppose there exists k €  such that '8! (k) = 0 and pj,(t) < 0,a11 (¢). We consider two cases:
Case L. 0 < pj(t) < 50,0 (£):
Define the encoding function %, as follows
1 ifi=k

(1) = . 92)
A8l (7)  otherwise

http://mc.manuscriptcentral.com/t-it
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We have
0< 5@1 (t) = 5.YA1g1 (t) — 2px (t) < 67A1g1(t),
which contradicts (90).
Case II. %57A1g1 (t) < pk(t) < 5.yAlg1 (t):
Define the encoding function 7, as follows
Aa(i) = 1 — (i), VieQ. 93)
We have
0< (54/2 (t) = 2px (t) — (57A1g1 (t) < 57A1g1 (t),

which again contradicts (90).

Algorithm 2 constructs an encoding function that satisfies (50). Algorithm 2 terminates in at
most M (M — 1)/2 rounds of operations, where in each round the main computational burden
is to find an element of Sy with the lowest belief. Note that we do not have to search for the
element with the lowest belief in each round if we sort all the beliefs once in the beginning,

which has complexity order O(M log M).

APPENDIX IV

PROOF OF LEMMAS 3 AND 4
A. Proof of Lemma 3

From the described optimal decoding rule of (25), the constraint on the probability of error

is satisfied by any coding scheme with the stopping rule (26):
= — (7)) <
Pe =E[1 I%%xpz(Te)] <€,
hence, by construction,
E[r] < E[7]. (94)
On the other hand, let us consider E[7] for any ¢ > e. Under any coding scheme,

E[r] > E[r.| max p;(7.) > 1 — ] P(maxp;(r) > 1—1)
jeQ jEQ

@
> , >1— S ] :
= Elre|max pj(re) 21— (1 — ¢ E[l —max p;(7.)])
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(b) c
> Blre|max py () > 1-1] (1 )

L
where (a) follows from Markov inequality and (b) follows from the definition of 7. which implies

that Pe = E[1 — max p (1e)] < €. From (95),
Je

E[7] (1 - ) <E[r]. (96)

B. Proof of Lemma 4
This proof is based on the dynamic programming (DP) characterization of E[7].
Let P(Q) := {p € [0,1]™ : SM o= 1}. Let V" : P(Q) — Ry, referred to as the optimal

value function, be the minimal solution to the following fixed point equation:

4

0 if min{l —p,;} <.
jEQ
Vip) = 97)
L+min » PJ(y)V(®"(p,y))  otherwise
\ ye€ y

where P)(y) = SM piPy)(y) is the channel output density under encoding rule v and

&(p.y) = {Plpv(l)(y) Py Pyon () 98)

Bply) ~ 7 Piy)
represents the evolution of the belief vector in one transmission step and under encoding ~

according to the Bayes’ rule.

Fact 3 (Proposition 9.8 in [26]). For the uniform initial belief p(0) = [+ - 53], V,*(p(0)) =
E[7]. Furthermore, given the (suboptimal) stopping rule 7,, an optimum encoding rule at any
time t prior to the stopping and any belief p(t) is the mapping

§* =argmin Y PI(y)V; (7 (p,y)).

ye€ yey

In lieu of full characterization of V*, the following fact, specialized for

H(p) — Fa(8) — Far(t)  log =t —log 152 —log Co — 1
E(p) = MC 4 + 66(1 1{1}’%&5{m§1—6}

and in combination with Fact 3, provides the assertion of the lemma.
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Fact 4 (Lemma 1 in [21]). Let V, : P(Q2) — Ry satisfy the following:

p

0 if min{1 - p,} <1
S
Vilp) < “
L+min » PJ(y)Vi(®"(p,y)) otherwise
\ eE yey o

Then V, is a uniform lower bound for the optimal value function V*.
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