Side-Information with a Grain of Salt

Pliny’s Naturalis Historia, 77 A.D.:
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Robustness w.r.t. Precision of Side-Information

» Performance with imprecise side-information

» Robust schemes



Four Communication Scenarios with Side-Information

A on channel states in MIMO broadcast channels



Fading MIMO BC with Imprecise State-Information
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Lapidoth/Shamai/Wigger'05

Gain (i.e., 2 efficient links thanks to two antennas)
collapses with imprecise transmitter state-information!



Four Communication Scenarios with Side-Information

A on channel states in MIMO broadcast channels

B via feedback in Gaussian broadcast channels



Scalar Gaussian Broadcast Channel with Noisy Feedback
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Gastpar/Lapidoth/Wigger'09

Gain collapses completely when feedback is noisy!
l.e. # efficient links collapses from 2 to 1!



Four Communication Scenarios with Side-Information

A on channel states in MIMO broadcast channels

B via feedback in Gaussian broadcast channels

C via feedback in Gaussian multiple-access channels



Gaussian MAC with Noisy Feedback
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Lapidoth&Wigger'06

» Noisy feedback is almost as good as perfect feedback!
» Even if noisy, feedback is always beneficial!



Four Communication Scenarios with Side-Information

A on channel states in MIMO broadcast channels

B via feedback in Gaussian broadcast channels

C via feedback in Gaussian multiple-access channels

D on other transmitter's message in Gaussian multiple-access channels



Gaussian MAC with Conferencing Encoders a la Willems'83
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Bross/Lapidoth /Wigger'08

» Capacity region

» Best conferencing: optimally describe message to other transmitter



Four Communication Scenarios with Side-Information

A on channel states in MIMO broadcast channels

B via feedback in Gaussian broadcast channels

C via feedback in Gaussian multiple-access channels

D on other transmitter's message in Gaussian multiple-access channels



Capacity Region
» Rates of communication R; and Ry
» Capacity region C: Set of (R1, R2) s.t. p(error) arbitrarily small

» Sum-rate capacity Cs;: maximum throughput s.t. p(error) arbitrarily
small
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Degrees of Freedom 7
1 P
Ce(P)~n-— 5 log (1 + N)
Engineering intuition:

» # interference-free Gaussian channels in a system

» 7 < min{# tx-antennas, #rx-antennas}

—=> 1



Part A

Fading MIMO Gaussian Broadcast Channel with
Imprecise State-Information



Gaussian Fading MIMO Broadcast Channel

- T Hi ., Ho ¢
H; H, , Z1¢ '

y Y14
| Receiver Wa

(M1, M2) Transmitter \Xt
Yot
Py N
A
f{lt H;,t Za 1 H, ., Ho ¢

» Transmitter has 2 antennas, receivers 1 antenna
> Yl/,t = HLtXt + Zl/,t; {Zu,t} IID ~ N(O, N)

» Power constraint: IS ElIXe?] <P



Gaussian Fading MIMO Broadcast Channel
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> Hu,t = I:Ill,t + ﬁu,t
> Tx knows a-causally realizations of {H ;}, {Ha;}

> Rxs know realizations of {Hy ;},{Ha,}, {H1 .}, {Ha,} (optimistic)



Perfect Channel State Information (CSI)

» 2 transmit antennas [Caire & Shamai'03]: NPerfectCsl = 2

v

1 transmit antenna: NPerfectCSI = 1

» — 2 antennas double throughput at high powers!

» Beamforming: Transmission in two orthogonal directions



Approximate Channel State Information

Theorem 1: (Lapidoth/Shamai/Wigger'05)

Degrees of freedom collapse from 2 to at most

4
TIApprox. cs < 3

» Conjecture: 1 degree of freedom! = “No gain” from 2 tx-antennas!

» Here: precision of transmitter CSI fixed, not improved as P — oo



Subsequent Work

» Precision becomes exact as P — oo

> [Jindal'06], [Marzetta'06], [Caire/Jindal/Kobayashi/Ravindran'07],
[Shamai/Caire/Jindal'07]



Part B

Scalar Gaussian Broadcast Channel with Noisy
Feedback



Scalar Gaussian Broadcast Channel with Noisy Feedback
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» Transmitter & receivers: each 1 antennal

_ Zit N p-N
> Yl/,t - Xt + Zy,t, (ZQ,t> N(07 (pzN N ))

» Noise correlation caused by interference



Scalar Gaussian Broadcast Channel with Noisy Feedback
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» Power constraint: L 31" E[X?] < P



Perfect Feedback
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Theorem 2: (Gastpar&Wigger'08)

_ 17 -1< Pz < 17
TIPerfectFB = 2’ 0, = 1.

For p, = —1:
> 2 degrees of freedom with 1 transmit antenna!

» Perfect feedback doubles degrees of freedom



Nosiy Feedback: Degrees of Freedom Collapse
Theorem 3: (Gastpar/Lapidoth/Wigger'09, in preparation)

TNoisyFB = 1, for all p, € [—1,1].

» Feedback noise variances 02,03 > 0 fixed

» Gain of [Gastpar/Wigger'08] collapses!

» Engineering intuition “n < min{#tx-antennas, #rx-antennas}’” OK!



Part C

Gaussian MAC with Noisy Feedback



Gaussian MAC with Noisy Feedback

Transmitter 1

Transmitter 2

Y:

> V=X + Xoy +

> Vu,t = Y; + Wl/,ta

» Power constraints:

1%
Vi y\ Lt
1>
X1t
(—E
Xot
Zt
o)
Vot W
Wa ¢
Zy,

Receiver

{Z,} ID ~ N'(0, N)

{(Wl,tv WQ,t)T} ~ ”D ./\[(O7 KW1W2>

w e E[XD] < B

ve{l,2}

(M, M>)



Perfect Feedback

My ™| Transmitter 1
X1t Y:
N W Receiver ! (M, M)
2.t
Mo ™ Transmitter 2 Zy
> Ozarow'84: Ry
CPerfectFB =
(Rh R2) . CPerfectFB
1 Py (1—p°)
! R < §log(1—|—T) .
2 NoFB
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» Capacity increased!



Imperfect Feedback: Noisy Feedback

> CNoisyFB open
CPerfectFB

: ) |
» Ozarow's strategy doesn't work! s

\
\ Ry

ChioisyFB

> a) Carleial'82, b) Willems/van der Meulen/Schalkwijk'83, c) Gastpar'05

» Collapse to Cnorg if feedback too noisy!

> 2)&b) do not approach Cpefectrs When feedback becomes noise-free

Shortcomings of schemes or inherent in problem?



Results for Noisy Feedback

» We robustify Ozarow's scheme to noisy feedback

Theorem 4: (Lapidoth&Wigger'06)

Noisy-feedback capacity converges to perfect-feedback capacity

C|( U m Choisyra(P1, P2, N, K)) = Corerfectra(P1, P2, N)

02>0K: tr(K)<o?

Theorem 5a: (Lapidoth&Wigger'06)

Noisy feedback is always beneficial!

Cnors(P1, P2, N) C Choisyra(Pr, P, N, Ky, ws,) vV Kw,ws, = 0.



Imperfect Feedback: Noisy Partial Feedback

My Transmitter 1
X1t Y;
G‘K\ Receiver ’ (Mh M2)
Xay /
M, ~—™|Transmitter 2 @ Zt
TR
Wa,il~ N(0,03)

» Situation even worse! — Feedback beneficial?

» If 03 = 0, Cover-Leung region achievable

Van der Meulen'87:
Is Cover-Leung region capacity when o3 = 07?



Results for Partial Feedback

» Our robust scheme still works!

Theorem 5b: (Lapidoth&Wigger'06)

Noisy partial feedback is always beneficial!

Cnofa(P1, P2, N) € Choisypartialfs (Pr, P2, N, 03), Yoi>0.

Theorem 6: Answer to van der Meulen'87 (Lapidoth&Wigger'06)

Perfect partial-feedback capacity # Cover-Leung region!

Reu(Pr, P, N) € Crerectpartialra (P1, P2, N), for some Py, P», N > 0.



Part D

Gaussian MAC with Conferencing Encoders



Gaussian MAC with Conferencing Encoders
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1. phase: Conference (Willems'83)

> k sequential uses of perfect bit-pipes
> Vi =01 (thglffl) ; Voo = ok (Ma, fol)

» Rate-limitations:

Z log |V1,k| S ’H,Clg and Z log |V2’k| S 77,021
k=1 k=1



Gaussian MAC with Conferencing Encoders
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2. phase: Transmission over channel:

> V= X1+ Xoy + Zy; {Z;} ID ~ N(0,N)

> X1t = fiu (Mlyvz'fl) ;

» Power constraints:

i E[XD] < P

X2,t = f2,t (MQ, Vl'jl)

ve{l,2}



Gaussian MAC with Conferencing Encoders
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Special Cases:

> Cia = C9 =00 : full cooperation (both txs know (M, My))
> C12 =0, Oy =00 : Tx 1 knows (M, Ms), Tx 2 only My

» Cj2 = C% =0: no conferencing



Full Cooperation
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Partial Cooperation: Conferencing Encoders
Theorem 7: (Bross/Lapidoth/Wigger'08)
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Partial Cooperation: Conferencing Encoders
Theorem 7: (Bross/Lapidoth/Wigger'08)

CConf =
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Partial Cooperation: Conferencing Encoders
Theorem 7: (Bross/Lapidoth/Wigger'08)
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Partial Cooperation: Conferencing Encoders
Theorem 7: (Bross/Lapidoth/Wigger'08)
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Multi-Antenna Extension

» Transmitters/receiver have multiple antennas

» Y, =Hi X +HoXop + Zy;

Theorem 8: (Wigger&Kramer'09)

{Z} 1D ~ N(0,])

Capacity region for MIMO extension:

U
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Capacity Achieving Scheme (inspired by Willems'83)

v

Transmitters split messages: My = (My ., M; ) and My = (Ma ., M2 ;)

v

Conference M . and M3, = Common Message (M ., Ms )

v

Rate of M . < Ci2 and rate of My . < Coy

» Superposition M, or Ms, on top of (M ., Ms )

» MIMO: conferenced bits describe common beamforming direction



Dirty-Paper Extension
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» 2 Settings: Transmitters can learn S™ before or after the conference

Theorem 9: (Bross/Lapidoth/Wigger'08)

Clnt,before = Clnt,after = CConf



Part D2: A Proof

Converse (Outer Bound on Capacity) for the
Gaussian MAC with Conferencing Encoders



Converse for Original Setup (Outer Bound)

» Step 1: Willems's outer bound with power constraints:

Ceconf € U Rx,,U,Xs» (1)
X1—-U—X>
E[Xf]gpl, E[X§]§P2

where
Ry < I(Xl;Y‘XQU) +C12,
a ) R2 < I(X2;Y|X1U) +Co,
Rxivxe =4 (B, Ba) Ri+ Ry < I(X1X2;Y|U) +C12 +Co1,
Ri+ Ry < I(X1X%Y)

> Step 2: In (1) suffices to take Gaussian Markov triples X{ — U9 — X§

» Step 3: Evaluate Rx, r.x, V Gaussian Markov triples X{ — U9 — X§



Optimization subject to Markov Constraints

Step 2: Gaussians X¥ — U9 — XJ are optimal for Rx, v x,:

U Rx,vx, = U Rxf’,Ug,Xg
,a-U-Xs X¢-U9-Xx§
E[X?]<Pi, E[X3]<P E[(X9)%]| <Py, E[(X§)?] <P

If there were no Markov condition:

e Gaussian = Rest Rao

all distributions of covariance K;

[] ° [ e R
A AL GO e
L) uEm | | | ] n
(' o Vi Koy Bo/un 7.{' .M 10,2
| |

o "/ a % y s .'/.< i
W ° .;%
= s all dist. with powers < Py, P>




Optimization subject to Markov Constraints

Step 2: Gaussians X¥ — U9 — XJ are optimal for Rx, v x,:

U Rx,u,x, = U Rxf’,Ug,Xg
,a-U-Xs X¢-U9-Xx§
E[XT]<Pi, E[XF]<P, E[(X9)%]| <Py, E[(X§)?] <P
First try with Markov condition —  same as withou%Markov condition
2

e Gaussian Markov ¢ Non-Gaussian Markov

o )
v . ° 4

°° /o Ky V K2/K3
° °

°
o
(]
® ° o/ o
(- o YK A Ke .K7 ..M —0.x)

o® ° Rl

4
Ke - x9,U9,x§

all Markov dist. with powers < Py, P>

Problem: VK > 0 there is a Markov triple but not necess. a Gaussian Markov!



Optimization subject to Markov Constraints

Step 2: Gaussians X{ — U9 — XJ are optimal for Rx, v x,:

U Rx,ux, = U RXf,UQ,Xf
,a-U-Xs X¢-U9-x§
E[xP]<Pi, E[X3]<P, E[(X9)%]| <Py, E[(X§)?] <P

Trick: Consider X1, V, X3, where V = E[X;|U] — E[X4]

® Gaussian Markov = Non-Gaussian Markovs Rest bR -
X1,V(U), X2

Rxlg,vg,xg

Ry

all dist. with powers < Py, P>

Because for covariance of X1, V, X, there is a Gaussian Markov triple O



New Tool also Applies for Cover-Leung Region

My X1,
Mo X2t

Achievable region for Gaussian MAC with perfect partial feedback

z ~ -
b (NIq, NI3)
Receiver

ChrerfectrB 2 CherfectpartialFs 2 Rl

R1 § I(Xl,Y|X2U)

Ra2 |J {RuR): Ry < I(XyY|X10)

X1-U—X, Rl =+ R2 S I(XlXQ,Y)
E[x7|<P1,
E[x3]<Ps

Suffices to consider Gaussian Markov triples Xlg - U9 - ng!



New Tool Applies for even More Settings

In expressions for capacity regions of :

» Two-users MAC with a common and two private messages
(Slepian&Wolf'73)

» Interference channels with partial transmitter cooperation
(Maric/Yates/Kramer'07)

» Compound MAC with conferencing encoders (Maric/Yates/Kramer'08)

it suffices to consider Gaussian Markov triples!



New Tool Extends to Vector-Case

]\41 Xl,t
—> Transmitter lj‘
VA N N
! ] (M, M2)
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Mo Xt
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Capacity of Gaussian MIMO MAC with Conferencing Encoders

C:Conf = RConf

Rl S I(X1;Y|X2U) +012,
A . Ry, < I(XY|X,U) +Co,
Reant = _Q_X (B Ba): Ry 4 Ry < I(XyXa3 Y|U) +Ciz +Ca,
tr(Kx, )< Pr, Ri+Ry, < I(X1X3Y)
tr(sz)SPZ

Suffices to consider Gaussian Markov triples X% - U9 — Xg!



New Tool Extends to Multiple Markov Chains (wigger&kramer'09)

Capacity of 3 Users AWGN MAC with Common Msgs (Slepian&Wolf'73)

CC)’Users,CommonMsgs = R3,SW

Rasw = U {(R07R1,RZ,RB,R127R137R23) 3
Uo,U12,U13,U23 indep.
%1—Ego,512,513§—E§27§3,5233 Ry < I(X13Y|X2, X3, U0, U2, Uts)
X3—(UoUs5,U38)— (X1, Xa,Ula) Rp < I(X3; Y| X1, X3, Up, Uz, Uss)
E[X2]<P,, ve{1,2,3} R3 < I(X3;Y|X1,X2,Up, U1, Ua23)
Ry + Rz < I(X1,X2;Y|X3,Uo, Ur2,U13, Ua3)
(

Ri+R3<1T Xl,Xs,Y\Xz,Uo,U12,U13,U23)
Ro + Ri2 + R13 + Ra3 + R1 + R2 + R3
< I(X1, Xa, X33Y) }

Suffices to consider Gaussians satisfying independence and Markov
conditions!



Summary of Talk
Fading MIMO BC with Channel State Information @ Tx/Rxs

» Imprecisions in CSI| @ tx = degrees of freedom collapse from 2 to < %

BC with Correlated Noises and Feedback
> 2 degrees of freedom with 1 tx-antenna and perfect fb for p, = —1

> Noisy feedback = degrees of freedom collapse to 1

MAC with Feedback
» Almost noise-free feedback =~ noise-free feedback
» Even noisy feedback is always beneficial

» Answer van der Meulen's question

MAC with Conferencing Encoders
» Capacity region (also for MIMO and Costa extensions)
» Solved Optimization problem subject to Markovity conditions



Other Research Topics

» Cognitive Interference Networks, Wyner's Linear Network

“Equivalence cognition at txs and joint processing at rxs”
[Lapidoth/Shamai/Wigger ISIT'07 & ITW'07; Lapidoth/Levy/Shamai/Wigger
ISIT'09]

> Relay Channels with Feedback

“With feedback, amplify&forward at relay > block-Markov schemes”
[Bross/Wigger, ISIT'07; Bross/Wigger, IT Jan. 2009]

» Free-Space Optical Intensity Channels

“High and low SNR asymptotics under nonnegativity, peak, and average
power constraints”
[Moser/Lapidoth/Wigger, ISIT'08 and submitted to IT-Trans.]

See also:  http://people.ethz.ch/~wiggerm
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