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Abstract—A coding scheme for the two-receivers Gaussian
broadcast channel (BC) with feedback is proposed. For some
asymmetric settings it achieves new rate pairs. Moreover, it
achieves prelog 2 when the noises at the two receivers are fully
positively correlated and of unequal variances, thus allowing us
to complete the characterization of the prelog of the two-receivers
Gaussian BC with feedback. The new achievable rates also allow
us to determine the asymptotic power offset when the noises at
the two receivers are uncorrelated.

I. INTRODUCTION AND CHANNEL MODEL

We consider the real, scalar, memoryless two-user Gaussian
broadcast channel (BC) with perfect feedback. Achievable
regions for this setup were proposed by Ozarow & Leung [9],
Elia [4], Wu et al. [11], and Ardestanizadeh et al. [1]. The
region in [9] is for the general setup, whereas the regions in
[4], [1] are only for symmetric setups where the noises at the
two receivers are of equal variances, and the regions in [4],
[11] only for setups where these noises are uncorrelated. For
such setups, the regions in [4], [11], [1] include the one in [9].

The results in [9], [4], [1] demonstrate that feedback can
enlarge the capacity region of the two-user Gaussian BC.
This gain can be even unbounded in the signal-to-noise ratio
(SNR): in the absence of feedback the prelog is 1, whereas in
some settings with feedback (e.g., when the noises at the two
receivers are perfectly anticorrelated) it is 2 [5], [6].

Outer bounds on the capacity region were presented in [3],
[9], [5],[6]. However, they do not coincide with the known
achievable regions, except for the special case where the noises
at the two receivers are identical (i.e., fully correlated noises
of equal variances). In this case the capacity with feedback is
the same as without [3]. For all other scenarios the capacity
of the two-user Gaussian BC with feedback is still unknown.

Here, we present a new coding scheme which yields new
achievable regions for some non-symmetric setups with un-
equal noise variances at the two receivers. Our achievable
regions allow us to characterize the prelog of the two-user
Gaussian BC with feedback and, when the noises at the two
receivers are uncorrelated, also its asymptotic power offset.

II. CHANNEL MODEL

Let 2; € R denote the time-¢ channel input, and Y7 4, Y5 ; €
R the time-t channel outputs observed at Receivers 1 and 2.
Then,

Yk,t = $t+OékZO,t+Zk7t, ke {1,2} (1)
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where o1 and a9 are real constants and {Zy.}, {Z1,.},
and {Z2,} are independent sequences of independent and
identically distributed (IID) zero-mean Gaussians of variances
1, 02, and o3.

The total noise experienced at Receiver k£ € {1,2} is
a2 + o2, which, by assumption, is strictly positive for both
receivers. Thus, for k € {1,2}

ai >0 or op>0.

The correlation between the noises at the two receivers is
A Q102

Vol +oty/a3 +o3
Thus, when both 07 and o3 are zero, the correlation p, is
sign(ay ag), i.e., either —1 or 41, and when both «; and ao
are zero, p, 1S zero.

For convenience, and without loss of generality, we will
assume that oy and «» are either both zero or both nonzero.

The goal of the transmitter is to convey Message M; to
Receiver 1 and Message Mo to Receiver 2. The messages are
independent and Message My, for k € {1,2}, is uniformly
distributed over the set My = {1,...,[2"f*]}, where n
denotes the blocklength and Ry, the rate of transmission.

The transmitter has access to noise-free feedback from both
receivers. Thus, after sending x;_ it learns both Y; ;_; and
Y5 ¢+—1, and it can compute its next channel input

p= @)

X, = ™ (M, My, Y1, .Y 1,Yan, ..., Yau 1), 3

where
F My x My xR RFT S R

is the time-t encoding function. We only allow encoding
functions that produce inputs satisfying the expected average
block-power constraint

1 n
EELZ;XE

Receiver k£ decodes its message M}, based on its observed
sequence Y;" = (Yi.1,..., Y n) by producing the guess

<P @)

M o= V(Y )

for some decoding function ¢\™: R™ — {1,...,|2"F|}.
We say that a rate pair (Ry, R2) is achievable if for every



blocklength n there exists a set of n encoding functions

ft(n) and two decoding functions gbg") and (bén) such that
=1

the protgability of decoding error tends to O as the blocklength

n tends to infinity, i.e., such that

lim Pr [(Ml,Mg) 75 (Ml,Mg) =0.

n—oo

A set of achievable rate pairs is an achievable region.
The closure of the union of all achievable regions is the
capacity region. The sum-rate capacity is the supremum of
R1 + Ry over all achievable rate pairs (R7, Ry). We denote it
by Cs(ay,aq,0%,03; P).

III. MAIN RESULTS

Definition 1: Given a positive integer 7, two strictly lower-
triangular 7-by-n matrices B; and Bs, two 7-dimensional
column vectors u; and us, and two n-dimensional row-vectors
vy and v, define R(n, By, Ba, uy, ug, vi, va) as the set of all
nonnegative rate pairs (Rp, Ro) satisfying (6) on top of the
next page.

Theorem 1: The following region is achievable:

closure U

1,B1,B2,u1,uz2,v1,v2

R(nu 817827u17u27V17v2) (7)

where the wunion is over all choices of parameters
(n,B1,Ba,u1,us, vy, va) satisfying (8) on top of the next
page, where tr(-) denotes the trace-operator.
Remark 1: The set of achievable rates in [9], [4], and [1]
are included in the achievable region in (7).
We have the following Corollaries 1-4 to Theorem 1.
Corollary 1 (Fully Correlated Noises): If 03 = o3 = 0
and o1 # o, then all rate pairs (R1, Ro) satisfying

onggllog+ (%) ke {1,2} )
2 oy
are achievable, where log™t (z) = max{0, log(x)}.

Remark 2: For large powers P, some of the achievable
rates in Corollary 1 are not contained in the achievable region
proposed by Ozarow and Leung [9]. In particular, when
0? = 03 = 0 and o and oy have the same sign but oy # as,
then the achievability of prelog 2 (Theorem 2 ahead) can be
proved with the achievable rates in Corollary 1 but not with
the achievable rates in [9].

Combined with the results in [5], [6], Corollary 1 yields:

Theorem 2 (Prelog): The prelog of the two-user BC with
feedback is:

lim
P—oo

CE(O‘1704270—%70-%;P)
3 log(1+ P)
_{2 if 02 =02 =0and 01 # g

(10)

1 otherwise.

Thus, when the noise correlation p, = 1 (ie., 07 = 03 =0
and a7 and a have the same sign), the prelog is 2 whenever
the total noise variances at the two receivers differ, and it is
1 when they are the same.

Corollary 2 (Noise Correlation in (—1,0) or (0,1)): Let
02,05 > 0 and a1,a9 # 0 be given and so that a; # .
Also, let p > 0 be defined through (11) on top of the next

page. Then, the rate pair (R;, R2) is achievable if it satisfies

1 2 /1 1)\?
0§Rk§§log+ <p—2 (———) ) ke {1,2}. (12)

Oék (5] a9

Remark 3: For certain channel parameters, the achievable
region in Corollary 2 contains rate pairs that are not in Ozarow
& Leung’s achievable region [9]. In particular, when «; and ay
have the same sign (i.e., the noise correlation is positive) but
a1 # ag, Theorem 3 ahead can be proved with the achievable
rates in Corollary 2 but not with the ones in [9].

For the scope of the generalized prelog result in Theorem 3,
we let the independent-noise variances o7 and o3 depend on
the power P, and write 0% (P) and o3(P).

Theorem 3 (Generalized Prelog): Let a; # a2 be fixed.
Also, let {0f(P)}(p=oy and {03(P)}(p>o} be given se-
quences of variances of the form

Ek(P)

oiP)=—2= (eI, ke{l,2}, (13
where log(ex(P))
Ogl €k o
P=oo log(P) =0 (14)
Then,
2 2 2 2 .
E CE(ala?‘QaUl(P)an(P)vp) :1_’_(. (15)
P—oco §log(1+P)

Proof: The achievability can be proved with the rates in

Corollary 2. The converse is based on [6, Equation (60)]. ®

Corollary 3 (Independent Noises): Let a3 = as = 0. The
rate pair (Ry, Rg) is achievable if it satisfies

0<R; < %log+ (*(1+0)?) (16a)

0< Ry < %long (¢°5%(1 +6)?) (16b)

for some § ¢ {—1,0} and ¢ > 0 satisfying

(P +¢*2(1+60)%)0? + (6 + ¢*6* A +6)%)o2 = P. (17)

Choosing § = Z_z and ¢ > 0 as to satisfy (17), we obtain:
2
Corollary 4 (Independent Noises): Let 03 = 03 = o2, The

equal rate pair (R, R) is achievable if it satisfies

1 1 1 2P
0<R<-log"|—-= —+=. 18
< _20g<2+ 4+02> (18)

For general 02,02 > 0 and large powers P a sum-rate
(R1 + R») is achievable if it satisfies
1 P 2 2
0<Ri+Ry<=log" <w> +o(P),
2 0105
where o(P) tends to 0 as P — oc.
Corollary 4 and the converse in [6, Equation (59)] yield:



1 (viu)? )
Ri<=(1+ (62)
t=79 < (viug)? + ||vi (Biar + Baas + laq) ||2 + ||v1 (By 4+ 1) ||20% + ||v1B2||203
R, < l (1 + (V2u2)2 ) (6b)
=2 (vour)? + ||va (Brag + Baag + lag) |2 4 [|va (B2 + 1) [|203 + [[v2B1 %07
[[ug ] + [Juz|® + tr ((1By + a2B2) (a1B1 4+ a2B2)") + tr (B1B]) o + tr (B2B}) 03 < nP (8)
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Theorem 4 (Asymptotic Power Offset): When a; = ag =
0, i.e., when the noises at the two receivers are independent,

1 P 2 2
<OE(07070%50'§;P) - —IOg <w>) =0.

2 0105
Thus, when the two noises are uncorrelated, then in the
asymptotic high-power regime the sum-rate capacity of the
two-user Gaussian BC with feedback approaches the sum-
rate capacity of a single-user setup (with or without feedback)
where the two receivers can decode their messages jointly.
For the symmetric setup 02 = o3 the achievability result in
Theorem 4 has previously been reported in [1].

lim
P—oo

IV. A BLOCK-SCHEME

We first describe a general coding scheme (Section IV-A)
achieving the rates in Theorem 1. Then we propose choices of
parameters for this scheme (Sections IV-B and IV-C) which
establish Corollaries 1-9.

A. General Scheme

Our scheme is similar to the schemes in [2], [7], [8]. It
has the following parameters: the positive integer 7; the n-by-
7 strictly lower-triangular matrices By, Bo; the n-dimensional
column-vectors uj,ug; and the n-dimensional row-vectors
Vi, Va.

1) Code Construction: Let the block-length n be a multiple
of i, i.e., n = nn’ for some positive integer n/'.

Independently generate the two codebooks {Cj}7_,, each
containing |2"f% | codewords of length n’, by randomly
drawing all entries of all codewords IID according to a
standard Gaussian distribution. The codebooks are revealed
to the transmitter and the receivers.

2) Encoding: Let Ei (M) be the codeword in Cj corre-
sponding to Message My, and let 5y ; be its i-th symbol.

Also, for i € {1,...,n'}, let X; be the n-length column-
vector X; £ (X(i—1)pt1,-- - X(im)» and let Zo; and for
each k € {1,2} also Yy ; and Zj; be defined similarly.

The encoding procedure is as follows. The transmitter picks
from each codebook Cy, for k € {1, 2}, the codeword that cor-
responds to the message M. In each subblock i € {1,...,n'}

it then sends a linear combination of the i-th symbols of these
codewords and the subblock’s past noise-symbols

X; =EZ1 w1 +E2us+Bi (a1 Zo;+7Z1,;)+Ba(asZo i +Zs ;).

The transmitter can compute the past noise symbols because it
knows the past inputs and, through the feedback, also the past
outputs. Also, the strict lower-triangularity of the matrices B,
and By assures that only past noise symbols are sent.

The inputs satisfy the average block-power constraint (4)
whenever Inequality (8) is satisfied.

3) Decoding: In each subblock ¢ € {1,...,n'} Receiver 1
observes

Yi; =E1,uw +Eus + (Brar + Boao + lar) Zo 4
+(B1+1)Zy1; +ByZo,, (19a)

and Receiver 2 observes

Yo, =C1,u1 + Zou2 + (Biag + Boao + lag) Zo 4

+ (B2 +1)Zy; + B1Zy ;. (19b)
Each Receiver k € {1, 2} forms
I £viYy:, ie{l,....n'}, (20)

and decodes its desired message M}, by applying a maximum-
likelihood decoder to the sequence Iy 1, ..
The analysis of the scheme is standard and omitted.

Y S

B. Simple Choice of Parameters

We present a simple choice of parameters (in particular,
simple matrices B1, Ba). The choice is sub-optimal (see Sub-
section IV-C ) but suffices to prove the results in Section III.

Given a positive integer n we choose B1,Bs, ui, us, and
V1, Vs in a way that

1) vy is orthogonal to the first 7 — 1 columns of (Biay +

Baag + lag), and if 07,035 > 0, also to the first n — 2
columns of the matrices (B; + 1) and Bs;

2) wvo is orthogonal to the first  — 1 columns of (Byay +

Baag + lae), and if 3,03 > 0, also to the first n — 2
columns of the matrices (By + 1) and By;



3) u; is orthogonal to v, but not to vy;
4) uy is orthogonal to v; but not to vo;

By 3) and 4), the symbols I 1,...,1;, can be viewed as
the outputs of a point-to-point channel where the transmitter
sends the codeword = 1, ..., =1,/ only. Moreover, by 1) each
I ; depends only on the last two noises of subblock i, i.e., on
{Zk,in—1: Zkin }_o; all previous noise symbols are cancelled,
see (23). Analogous observations hold for I 1, ..., I .

Remark 4: When o%,035 > 0, Conditions 1)-4) can only
be satisfied if the matrices By, By have non-zero entries on at
least two diagonals (unless By = By = 0). When 07 = 05 =0
non-zero entries on one diagonal suffice to satisfy 1)—4).

We choose By Toeplitz with non-zero entries only on the
first and second diagonals below the main diagonal

o 0 --- 0 0 0
a 0 -+ 0 0 O
bk Q. 0 cee 0 0
Bi=10 b a 0 --- 0] (21)
0 0 0 bk ag 0
and we choose
u =1/P/(2+293)-(1 -7 0 0" (22a)
u=1/P/(2+293)- (1 -7 0 0)" (22b)
V] = (’yn*l 71772 Y1 1) (22¢)
vy = (7;771 7;772 Y2 1) (22d)

for some real values a1, as, b1, ba, y1, 2 which will be defined
shortly. Notice that by (19), (20), and (21)—(22) we have

P _ Y2
L= —==7""(1-=) =0, Zo,i
SR CER < 71) Lo
+(y1 4+ a1)Z1in—1 + Z1ig + 022251 (23)
P _ 71
L= ————0"(1-21) B Zo.q
+(y2 4+ a2) Zoin—1 + Zain + a1 21 in—1. (24)

We now present our choice of aj,as, b1, ba,v1,v2 depend-
ing on the channel parameters oy, ag, 0%, 03.
1) cr% = cr% = 0 (Fully Correlated Noises): Choose

bl = bg =0 (253)
a1 + a0 = \/ﬁ (25b)
P
Ve = —aﬁ, ke {1,2}. (25¢)
k

Specializing (21)—(22) to our choice (25) results in parameters
for our scheme that satisfy Conditions 1)—4) and constraint (8).
Among all such choices of a1, as, b1, ba, 71, 72 that also satisfy
(25a), the one in (25) maximizes the rate constraints in (6).

Here, B; and B, have non-zero entries only on the first
lower-diagonal (see Remark 4). Thus, by (22), starting from
the third channel use in each subblock the transmitter simply
sends a scaled version of the previous noise symbols.

Specializing Theorem 1 to (21)—(22d) and (25) yields:
Corollary 5: If 02 = 02 = 0 our scheme achieves all rate

pairs (R, R2) that satisfy
1 P\ S I
—log |1+ (— - #2 ,
2n fo% az ) 2+2P/aj
P/a3
2+4+2P/a? |’

1 P n—1 2
o=me (4 (5) (- 2)
2

Lemma 1: Let £, ¢ be positive integers. If 1 4+ ¢ > &, then
the function f: Z* — RJ, f(n) = % log(1 + £771¢), has a
maximum at 17 = 1; otherwise it has a supremum at 7 — oc.
Thus, for small P, n = 1 is optimal in (26) (i.e., the feedback
should not be used at all), and for large P, n — oo is optimal.
Letting n — oo, we obtain Corollary 1 in Section III.

Remark 5: Corollary 5 shows that when 0? = 3 = 0 and
a1 # ag, our scheme achieves prelog 2”771 for every finite 7.
Thus, n = 3 suffices to achieve a prelog larger than 1.

2) a1, a9 # 0and 0%,03 > 0 (Noise Correlation in (—1,0)
or (0,1)): Let p > 0 be defined through (11), and choose

0< Ry

IN

A

—1)*
a — ( 2) P ke {1,2}, (27a)
297
—1)k 2 1 1
S G S (___>, ke {12}, @m)
(672 a1 \ (1 (€5

(27¢)

=+ (i—i) . kef1,2}.
ap \ 01 a2
Specializing (21)—(22d) to the choice (27) results in parame-
ters for our scheme that satisfy Conditions 1)—4) and the power
constraint (8). Among all such choices of ay, as, b1, b2, v1, 72,
the one in (27) maximizes the constraints in (6) as 7 — oo.
Specializing Theorem 1 to (21)—(22d) and (27) results in:
Corollary 6: When a1, s # 0 and 07,03 > 0, a rate pair
(R1, R2) is achievable if it satisfies (28) on the next page.
By Lemma 1, = 1 is optimal for small p? (and thus small
P, see (11)), and  — oo is optimal for large p? (i.e., large
P). Letting 7 — oo, one obtains Corollary 2 in Section III.
3) a1 = as = 0 (Independent Noises): Let ¢ > 0 and
§ ¢ {—1,0} satisfy (17). Choose

ap = (—0%)F1q, ke {1,2}, (29a)
b = —q20%(1 + 6), ke {1,2}, (29b)
we=—q(=8)""(1+4),  ke{l2}. (%)

Specializing (21)—(22d) to the choice (29) results in parameters
that satisfy Conditions 1)-4) and (8). Among all such choices,
the one in (29) maximizes the constraints in (6) as 7 — oo.

Corollary 7: For a; = aig = 0 our scheme achieves all rate
pairs (R1, R2) satisfying (30) on top of the next page.
Again, 7 = 1 is optimal for small P and n — oo for large P.
Letting  — oo we obtain Corollary 3 in Section III.

C. Improved Choice of Parameters

We improve (generalize) our choices of parameters using
an idea from [10]. For k € {1,2} and some real numbers a1,
as, b1, ba, c1, ca2, 71, Y2, We choose the vectors uy, vy as in



2 n—1 1\
1 () (F-=) o P
0<R <—log |1+ . (28a)
2n 0?4+ 02402 4 252 p? (1 1)’
17T aZa2%1 17T 5392 2+25 (———)
o3 \ a1 o
2\ 11 2n
() (F-#) o P
0< Ry < —log |1+ : (28b)
2 (a + B 02+02+ﬁ02) p2 (1 1\’
27T a2a292 2T o101 2+2a—? (a—l—a—z)
2(146)2)"' (14 6)° P
0< Ry < 1og (14 L 2))2 a+o (30a)
2 (02q°0f + 0F + 6%¢P03)  (2+2¢26%(1 + 6)?)
1 262(146)2)" (14 1)° P
0< Ry Lo (14 LT0LD) (1+35) (30b)
2n (02¢?05 + 05 + ¢°01)  (2+2¢*(1+0)?)
2
(22) and the matlrix By, Toeplitz with the following entries. For b_; — as b +by = (32b)
J €{1,...,[5=1} the entries on the 2;j-th diagonal below the i ay
main diagonal of By, equal akc?l, and for j € {1,..., L"T_lj} ai +b3 , n ai +b3 , _p (320)
the entries on its 2j + 1-th diagonal below the main diagonal - 1-¢2 2 ’
equal bkcfc_l. The idea is to choose a1, a2, b1,b2,¢1,¢2,71,%2  and let
in a way that: by
1) For every fixed positive integer j, the contribution of n=-ga and 7y = o (32d)

Zr,(i—1)n+; on I1; and Ip; vanishes exponentially as
n — oo, for k € {0,1,2}. This way the total noise-
variances of [ ; and I ; are bounded in 7, and do not
influence the achievable rates as 7 — oo.
2) The vector v; is orthogonal to ug but not to u;.
3) The vector vo is orthogonal to u; but not to us.
For the special cases of fully correlated noises and of uncorre-
lated noises we present choices for ay, as, b1, b2, c1,c2,71, 72
satisfying Conditions 1)-3) and the power constraint (8).
1) 0 =03 =0: Choose r ¢ {0, —ay, —az} and

aya + azqz = —T4/ % (31a)
bra + bas = —r - — (31b)
g =c = % (31c)
%=\/$(a’;7;”), ke {1,2). (31d)

Corollary 8: Let 02 = 03 = 0 and a1 # ag. With the
choice in (31) and n — oo our scheme achieves all rate pairs
(R1, R2) satisfying

1 P (o +1)?
0<Rp,<=-log" = 2~ 0, —aq, —agt.
> g > 9 0og (0&% (7’2 +P) ) T ¢ { , —Qq, a2}

P

il

Here, r = 2 maximizes R; and r = o maximizes Rs.
2) aq as = 0: Choose aq,as, by, by 75 0 and c1,cy €
(—=1,1) so that

B2 b
—= —a1—+b=¢1 (32a)
as ag

Corollary 9: Let a1 = ae = 0. With the choice in (32) and
7 — oo our scheme achieves all rate pairs (R, R2) satisfying

2), ke {1,2},

for a1, ag, b1, be # 0 satisfying (32) for some ¢, ¢ € (—1,1).

1 b
0< Ry < 3 log (—’; (33)
ag,
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