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Abstract—Degraded K-user broadcast channels (BC) are stud-
ied when receivers are facilitated with cache memories. Lower
and upper bounds are derived on the capacity-memory tradeoff,
i.e., on the largest rate of reliable communication over the BC
as a function of the receivers’ cache sizes, and the bounds are
shown to match for interesting special cases. The lower bounds
are achieved by two new coding schemes that benefit from non-
uniform cache assignments. Lower and upper bounds are also
established on the global capacity-memory tradeoff, i.e., on the
largest capacity-memory tradeoff that can be attained by opti-
mizing the receivers’ cache sizes subject to a total cache memory
budget. The bounds coincide when the total cache memory budget
is sufficiently small or sufficiently large, where the thresholds
depend on the BC statistics. For small cache memories, it is
optimal to assign all the cache memory to the weakest receiver.
In this regime, the global capacity-memory tradeoff grows by
the total cache memory budget divided by the number of files
in the system. In other words, a perfect global caching gain
is achievable in this regime and the performance corresponds
to a system where all the cache contents in the network are
available to all receivers. For large cache memories, it is optimal
to assign a positive cache memory to every receiver such that the
weaker receivers are assigned larger cache memories compared
to the stronger receivers. In this regime, the growth rate of
the global capacity-memory tradeoff is further divided by the
number of users, which corresponds to a local caching gain. It is
observed numerically that a uniform assignment of the total cache
memory is suboptimal in all regimes unless the BC is completely
symmetric. For erasure BCs, this claim is proved analytically in
the regime of small cache-sizes.

I. INTRODUCTION

Storing popular contents at or close to the end users
improves the network performance during peak-traffic times.
The main challenge is that the contents have to be cached
before knowing which files the users will request in peak-
traffic periods. A conventional approach is to store popular
contents in the cache memories of all the users. This allows the
receivers to locally retrieve the contents without burdening the
network and attain the so called local caching gain. Maddah-
Ali and Niesen [[1]] have shown that further caching gains, i.e.,
the so called global caching gains, are achievable if different
contents are stored at different users in a careful manner.

In particular, reference [1|] considered a broadcast scenario
with a transmitter that has access to a library of N independent
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files and with K receivers that are all equipped with individual
cache memories of the same size. Communication during off-
peak periods, when contents are cached, is assumed error-
free and constrained only by the amount of information
that can be placed in the cache memories at the receivers.
This communication is henceforth called cache placement or
placement phase. The subsequent peak-traffic communication
is called delivery phase. In this phase, each receiver requests
a single file from the library and the transmitter delivers the
requested files by communicating over a common noise-free
link to all K receivers. Reference [1]] has proposed to diversify
the placed contents across cache memories so as to allow for
coding opportunities during the delivery phase. These coding
opportunities allow to simultaneously serve multiple receivers
in each transmission, providing gains that scale with the total
size of all cache memories in the network, i.e., global caching
gains. By contrast, the previously reported gains depend only
on individual cache sizes and are thus referred to as local
caching gains.

The performance metric in [1] is the minimum required
delivery rate for given cache sizes, leading to the fundamental
quantity of interest, the delivery rate-memory tradeoff. Upper
and lower bounds on this tradeoff are provided in [1]]. Im-
proved upper bounds (achievability results) have subsequently
been presented in [2]-[8] and improved lower bounds (con-
verse results) in [9]—[13]. The common noise-free link model
of [[1] has also been studied for networks in which receivers
have cache memories of different sizes [[14]-[16]]. Rate-limited
links in delivery have been considered in [17].

In this paper, we relax the assumption that delivery takes
place over a noise-free link. Instead, we model the delivery
phase by a degraded broadcast channel (BC). The class of
degraded broadcast channels is a fairly general class that
includes practical noisy channel models such as broadcast
erasure channels and Gaussian channels. Our model is de-
picted in Figure [l A transmitter communicates with receivers
1,...,K which are equipped with cache memories of sizes
nMy, ..., nMg, when communication is of blocklength n.

Noisy broadcast channels with caching receivers have been
studied in different settings [18]-[30]. For example, references
[18]-[20] explore the benefits of coded caching for Gaussian
or slow fading BCs when all users have the same cache
sizes. References [26]—[30] study the interplay between coded
caching with spatial multiplexing (MIMO), channel state in-
formation (CSI), or feedback. Most related to the current work
are the works in [21]]-[24]] which focus on erasure BCs with a
set of weak receivers that are equipped with cache memories
of equal size and a set of strong receivers without cache
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Fig. 1. Noisy broadcast channel with cache memories at the receivers.

memories or with smaller cache memories. In accordance
with multi-user information theory metrics, performance in
these works is measured in terms of the capacity-memory
tradeoff, i.e., the largest message rate for which receivers
can decode their requested messages reliably as a function
of the cache sizes. Lower bounds (achievability results) and
upper bounds (converse results) are presented on the capacity-
memory tradeoff. The lower bounds are based on joint cache-
channel coding schemes where encoders and decoders exploit
both the knowledge of the channel statistics and the cache
contents. This is in contrast to previous works, e.g., [18],
which adopt a separate cache-channel coding architecture. In
separate cache-channel coding, the encoders (resp. decoders)
consist of (i) a cache encoder (resp. decoder) that only exploits
the cache contents and (ii) a channel encoder (resp. decoder)
that only exploits the channel statistics; see Figure [2] As
the results in [21, 22|] show, when receivers have different
channel statistics and weaker receivers have larger cache sizes,
then adopting a joint cache-channel coding architecture can
significantly improve performance. Moreover, [21] illustrates
that it is beneficial to assign larger cache memories to weaker
receivers than to stronger receivers.

Joint cache-channel coding schemeq!| have also been em-
ployed for transmission over noisy BCs with caching receivers
when the files to be sent are correlated [31, |32] or when
receivers have different fidelity constraints [24} 25, 33]]. In
these applications, improvements are possible even when users
have perfectly symmetric channels and cache sizes.

In this work, we consider the problem of efficient cache
assignment in degraded broadcast channels and how to code
under these assignments. We quantify new caching gains
obtained through such assignments and appropriate coding.

A. A Motivating Example

Consider an erasure BC with K = 10 users where re-
ceiver 1 has erasure probability J; = 0.4 and all other re-
ceivers 2, . .., K have erasure probability 6 = ... = dx = 0.1.
Assuming no cache memories, denote the point to point chan-
nel capacity of user k by Cyy), and the symmetric capacity

!Joint cache-channel coding schemes are also referred to as joint source
channel coding schemes because once the cache contents are fixed, they can
be recast as realizations of sources that contribute side-information to the
receivers.
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Fig. 2. Separate cache-channel coding architecture.

of the K-user broadcast channel by Cy; . k) (see Section m
for definitions). Now suppose that we are given a total cache
size of nM to be distributed across the receivers (with any
desired assignment), hence M = n(M; + ... + Mg). We seek
cache assignments, as well as coding schemes, that achieve
high message rate. In particular, we are interested in the global
capacity-memory tradeoff which we define as the largest rate
achievable given the total cache budget M.

The traditional approach assigns the same cache size n%
to each receiver. We assign cache memories according to the
channel strengths. For example, when the total cache rate M
is small, we assign all the cache rate to the weak receiver,
so M; = M. For large total cache rate, in the example at
hand, we propose to assign a larger portion to the weak
receiver and to distribute the rest uniformly over all strong
receivers. The meaning of small and large cache sizes are
made precise in Corollary [T1] in Section Tables [I] and
compare the rates that are achievable for this example by the
cache assignments and coding schemes of this paper as well as
traditional uniform cache assignments and standard (separate
cache-channel) codes. Table [I] treats the regime of small
cache memories and Table [lI| treats the regime of large cache
memories. In both tables, the first column presents an upper
bound on the capacity-memory tradeoff C(%, ey %) under
uniform cache assignment (i.e., when the total cache memory
M is assigned uniformly over the K users). The second column
shows the rate that is achievable using the cache assignments
and coding schemes proposed in this paper. We will show
that these rates equal the global capacity-memory tradeoff
C*(M) in the regimes of small and large cache sizes. The third
column considers the same cache assignment as in column 2,
but presents the achievable rate R using standard (separate
cache-channel) codes. More specifically, in the regime of small
cache sizes, a standard BC code is used to communicate to
each receiver the part of its requested file that is not in its
cache memory. Since in this example only the weak receiver
has a cache memory, coded caching (multicasting) is not
possible. Under the cache assignment in Table [lI| (large cache
memories), the rate achieved with separate source-channel
coding is sufficiently small so that the weak receiver 1 can
store all files in its cache memory, thus precluding delivery
communication to this receiver. The optimal separation-based
strategy is then to perform coded caching with parameter
K — 2 (designed for the strong receivers) followed by a
standard BC multicast code to those receivers. A comparison
of columns 2 and 3 in Tables ([) and ([ shows that a smart
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cache assignment creates new coding opportunities that can
be exploited by joint cache-channel coding.

From Table E], column 2, we further observe the following
behavior of the global capacity-memory tradeoff C*(M):
First of all, without cache memory, C*(M = 0) equals the
largest symmetric rate Cygy . k) that is achievable to all the
receivers in the BC. Now consider the slope with which C*(M)
increases with M. For small total cache budget M, smart cache
assignment and coding (see column 2) allow to attain a steeper
slope than traditional uniform cache assignment (see column
1) as well as separate cache-channel coding (see column 3).
In particular, our proposed cache assignment and coding allow
to achieve what we call a perfect caching gain, where the
capacity-memory tradeoff grows as %, i.e., like the rotal size
of all cache memories in the network divided by the number
of files N. This is the same performance as if each receiver
had access to all cache memories in the network.

From Table [[I, we observe that for large cache memories, a
smart cache assignment increases the capacity from Cyy + %
to %Z,?K:% .C{k}' + K—'V,'\l Sf) the weak channel .of user 1. i.s no
longer limiting in the delivery phase. The gain of additional
cache memories is, however, only local, i.e., the capacity-

memory tradeoff only grows as |2AW

We remark that the results in this paper are not restricted to
erasure BCs and hold for general memoryless degraded BCs.

B. Main Contributions and Implications

The main contributions of this paper are as follows.

e New coding schemes: We propose two new joint cache-
channel coding schemes for degraded broadcast networks
with heterogeneous cache sizes: superposition piggyback-
coding and generalized coded caching. In superposition
piggyback-coding, we assume a single cache memory
at the weakest receiver and our delivery scheme loads
(piggybacks) the information that is intended for stronger
receivers and cached at weakest receiver onto the infor-

mation that is communicated to this weakest receiverl}
When the rate of the piggybacked information is modest,
the decoding at the strong receivers can be done without
harming the performance at the weak receivers. The
communication to the stronger receivers can thus be
viewed as being almost for free. In some sense, piggyback
coding provides the stronger receivers virtual access to
the weak receivers’ cache-memories as if these cache
contents were locally present at the stronger receivers.
All receivers gain virtual access to the weakest receiver’s
cache memory (the only cache memory in this case) and
hence perfect caching gain is achieved.
In generalized coded caching, all receivers have cache
memories, but weaker receivers have larger cache sizes
than stronger receivers. We build the placement and deliv-
ery similar to the coded-caching scheme in [[1]. However,
by assigning larger cache memories to the weaker users,
we create a new coding opportunity: piggyback coding.
We piggyback information for the stronger receivers
on the communication to the weaker receivers (without
harming the weaker receivers’ decodability). Using our
coding scheme, the amount of the virtual cache mem-
ory that is provided to the stronger receivers increases
compared to the original coded-caching scheme, resulting
in an improved performance. We show that generalized
coded caching is optimal for a specific cache assignment.

e A New Converse Result: We prove a general converse
result for degraded BCs with arbitrary cache sizes at the
receivers. Our result strictly improves over the existing
converse results for degraded BCs in [22} [35], and at
the time of submissio also over all previous converse
results for the noise-free bit-pipe model [ 1} [10]-[12].

e Global Capacity-Memory Tradeoff: We study the problem
of cache assignment on cache-aided noisy broadcast

2Piggyback coding was proposed in a version without superposition coding
in [21} 22]. This original version can be seen as a simplified version of the
coding scheme in [34] (without binning) in the context of Slepian-Wolf coding
over broadcast channels.

3The parallel work [36]] slightly improves on this bound for the noise-free
bit-pipe model (but does not generalize to noisy channels); see also [37].



networks, and derive new upper and lower bounds on the
global capacity-memory tradeoff, i.e., on the largest rate
that is achievable under an optimized cache assignment.
The bounds match when the total available cache budget
is small or large. For a small total cache budget M, a
perfect global caching gain is achievable. For larger cache
budgets M, the caching gain diminishes as M increases.
Finally for M larger than a certain threshold, only a
local caching gain is possible; i.e., the performance
corresponds to a system where all receivers store the same
content and no coded delivery is possible. In this case, the
global capacity-memory tradeoff grows as Q_"—N, where K
denotes the number of receivers. Finally, we demonstrate
numerically that the popular approach of assigning equal
cache sizes to all receivers is suboptimal over Gaussian
and erasure BCs. We further prove this analytically for
erasure BCs in the small cache size regime.

C. Notation

Random variables are denoted by uppercase letters, e.g.
A, their alphabets by matching calligraphic font, e.g. A, and
elements of an alphabet by lowercase letters, e.g. a € A. We
also use uppercase letters for deterministic quantities like rate
R, capacity C, number of users K, cache size M, and number
of files in the library N. Vectors are identified by bold font
symbols, e.g., a, and matrices by the font A. We use the
shorthand notation A™ for the sequence Ay, ..., A, where n
is an integer. The Cartesian product of A and A’ is Ax A’, and
the n-fold Cartesian product of A is .A™. Further, |.A| denotes
the cardinality of \A. The notation (a)*, for a € R, refers to
max (0, a).

We will be using the abbreviation i.i.d. for independent and
identically distributed.

For indices wy and wo taking value in {1,...,[2]} and
{1,...,]2%]}, respectively, we define the generalized XOR
as the index in {1,..., [2%max |} that corresponds to the com-
ponentwise XOR of the length-¢,,,, binary representations
of wy and wa, where fy.x := max{{1,¢3}. We denote the
generalized XOR of w; and wy by

@

D. Outline

The remainder of the paper is organized as follows. Sec-
tion [II| describes the problem setup. Section summarizes
known results for the scenario where there is no cache memory
in the network. The main results of this paper are described
in Sections Section [VTI| specializes these results to the
examples of erasure and Gaussian BCs, and to the noise-free
bit-pipe model. The paper is concluded in Section [VIII}

II. PROBLEM DEFINITION

Consider a network with a transmitter and
receivers 1,... K. The transmitter has access to a library
with N independent messages, W1, ..., Wy, each distributed
uniformly over the set {1,...,[2"#|}. Here, R > 0 denotes

the rate of transmission and n is the transmission blocklength.
We assume that N > K.

Each receiver £ € K := {1,...,K} is equipped with a
cache of size nM;, bits, where we have M; > 0. The sizes
of the cache memories thus scale linearly in the blocklength
n. Communication takes place in two phases. First, in the
placement phase, the transmitter chooses caching functions

ge: {1, 27N = {1, [27ME )

and places

ke, )

Vk = gk(le"'aWN) (2)

in receiver k’s cache. This phase takes place in a noiseless
fashion.

The subsequent delivery phase takes place over a degraded
BC [38]] with finite input alphabet X, finite output alphabets

Yi,-.. ,yKE] and the channel transition law

C(yr,...,yklx), forx € X,y1 € V1,..., 9« € Y (3)
which decomposes as
C(ys, -5 yxlr) = Tr(yxlz) - Tk—1(yk—1lyx) - - - T1(y1ly2).

“)
Without loss of generality, this decomposition assumes that
the K users of the degraded BC are ordered from weakest to
strongest.

At the beginning of the delivery phase, each receiver k pro-
duces a random demand Dy, from the set A := {1,...,N} to
indicate that it wishes to learn message Wp, . The transmitter
and all the receivers are informed about the entire demand
vector

D :=(Dy,...,Dx).
Using this information, the transmitter forms the channel input
sequence X" = (X1,...,X,,) as
X" = f(Wy,...,Wy,D) ()
for some encoding function f : {1,..., [2"F|}NxNK — 17,
Each receiver £ € K observes the outputs V" := (Yj 1,

..., Yy ) of the DMC I'(y1,...,yx|z) for inputs X™. With
the previously learned demand vector D, its local cache
content V3, and the channel outputs Y}”, it then produces its
estimate of the desired message Wp, :

Wi = on(Y}", Vi, D) (6)
by means of a decoding function
ot Vi x {1, [2"M NV = {1 127 ()
We define the probability of error as:
P := Ep[P."” (D)], ®)

where
K

P.("(d) := p[ U (W # de}‘D = d}, ©)

k=1

4The results of this paper readily extend to continuous alphabets. We will
consider Gaussian BCs in Sectionm



and we assume that the random demand vector D has a uni-
form distribution on N'K; i.e., D = d with probability ﬁ for
every d € AK. Notice that the probability of error cannot be
reduced by using stochastic instead of deterministic caching,
encoding, and/or decoding functions. It is thus without loss in
optimality that in this paper we assume deterministic functions.

A rate-memory tuple (R, My, ..., M) is achievable if for
any € > 0 there exists a sufficiently large blocklength n and
caching, encoding, and decoding functions as in (2)), (8), and
(6) so that P.(™ < e

Definition 1: The capacity-memory tradeoff C(My, ..., M)
is the largest rate R for which the rate-memory tuple
(R,My,..., M) is achievable:

C(My,..., M) :=sup{R: (R,My,...,Mk) achievable}.

Our main goal in this paper is to optimize the cache as-
signment (My, ..., M) to attain the largest capacity-memory
tradeoff C(My, ..., Mk) under the total cache constraint:

K
Z My < M.
k=1

Definition 2: The global capacity-memory tradeoff C*(M)
is defined as:

(10)

C(M) = max  C(M,... My). (11)
Sh_ MM

Remark 1: The global capacity memory tradeoff depends
on the BC law T'(y1,...,yk|z) only through its marginal
conditional laws 'y (y1]z), ..., Tk (yk|z). All our results thus
also apply to stochastically degraded BCs.

A. Minimum Delivery Rate

Most previous works on caching that modeled the BC as a
noise-free bit-pipe, e.g. [1]], have fixed the size of the messages
to F' bits and assumed that delivery takes place over p - F'
channel uses and that each receiver k € IC, has my F bits of
cache memory. Delivery rate p is then said to be achievable
given normalized cache memory sizes myq,..., mg if there
exist caching, encoding, and decoding functions such that
the probability of error in (B) tends to 0 as F© — oo. In
Section [VII-B| we specialize our results to the noise-free bit-
pipe channel model and use the notion of delivery rate to
compare our results with the state-of-the-art.

It is not difficult to see the following correspondence
between the two definitions:

Message rate R is achievable with (M, ..., M)

—

1
Delivery rate p = = is achievable with (ml, el mK>

My M

wheremlzf,...,mK_ R

ITI. PRELIMINARIES: CAPACITIES WITHOUT CACHE
MEMORIES

In this section, we recall known results for our network in
the special case when there are no cache memories:

M;=...=Mg=0. (12)

These results will be utilized in the subsequent sections to
state our results for cache-aided broadcast networks.

When holds, it is know from [38] [39] that it is optimal
to have the stronger receivers also decode messages intended
to weaker receivers. This is done by the so called superposition
coding. Here, the worst case probability of error in () is
attained for a demand vector d that has all different entries and
the capacity-memory tradeoff C(M; = 0,..., Mk = 0) is the
largest symmetric rate R with which K independent messages

can be sent reliably to the K receivers. We thus have
C(M; =0,...,Mx =0) =Cg (13)

where Ci is found from the capacity of degraded broadcast
channels [38| [39]:

C;C :=max min {I(Ul;Y1)7I(U2;Y2|U1), ey

I(U—1; Ye-1|Uk—2), I(X; Yk|Uk-1)}-
(14)

The maximization in (I4) is over all auxiliary random tu-

ples Uy, ..., Ux—1,X,Y1,..., Y that satisfy the following
Markov chain:
Up—-Uy— = Uk1 — X = Y1,...,Y) (15a)
and the channel transition law:
Py, viqx W1, yklx) =Ty, ... yk|T). (15b)

Denote the alphabet sets of the auxiliary random variables
Ui,...,Uc by Uy,...,Uk. Using the Fenchel-Eggleston-
Carathéodory theorem [40, Appendix A], without loss of
generality, one can restrict the cardinality of the sets as
follows:

Ur| < [Upy1]| + 2
U] < |X] + 2.

(16)
A7)

To present the results in this paper, we will also need the
no-cache capacity region of the BC to a subset of the receivers

S:= {jla7.7|5|}g’ca (18)

The no-cache capacity region Cs is naturally given by the set
of all nonnegative rate-tuples (R, ..., Rjs|) for which there
exist random variables Uy, ..., Us|-1, X, Yj,,...,Y; that
satisfy (I5b) and form the Markov chain

U= Us— - = Us—1 = X = (Y,,....Y,), (19

J1 < <Js|-

such that the following conditions hold:

Ry < I(U1;Y},), (20a)
Ry < I(Up; Y |Uk—1), ke€{2,...,|S] =1}, (20b)
Ris| < I1(X; Y6 |Uis)1)- (20¢)



We denote by Cs the largest symmetric rate R > 0 in Cs:
Cs:= r}clzza%c{R: (R,...,R) €Cs}. (1)

Notice that Cyyy is simply the point-to-point capacity to
receiver k and we will abbreviate it as Cy,.

By @0) and @1):
Cs=maxmin{I(Uy;Y},), 1(Uz; Y, |U1),...,

I(U‘5|,1; Yj\a-1 |U‘5|,2), I(X§1/}\s\ |U|S\71)}7
(22)

where the maximization is over all random tuples
Uy .., Usj—1, X, Yy, ..., Y] g that satisfy (I5B) and (19).

IV. CODING SCHEMES AND LOWER BOUNDS ON THE
CAPACITY-MEMORY TRADEOFF

We present three lower bounds on the capacity-memory
tradeoff along with coding schemes that achieve them. The
first coding scheme and lower bound apply for general cache
assignments My, ..., Mk. The second and third ones apply
only to specific cache assignments. Nevertheless, the proposed
schemes are useful for a broad set of cache-assignments by
time- (and memory-) sharing different coding schemes, or
equivalently, taking convex combinations of different lower
bounds.

A. The Local Caching Gain

The simplest way to use receiver cache memories is to store
the same information at each and every receiver. This allows
the receivers to retrieve this information locally, without trans-
mission over the BC. Global caching gains are not possible
under this caching strategy.

Applying the described simple caching strategy to only a
part of the cache memory that is of size A > 0, while allowing
a smart use of the remaining memory, leads to the following
proposition, see also [41, Proposition 1].

Proposition 1 (Local caching gain): For all A > 0 and

Ml,...,MK ZO
A
CMi+A,...,Mc+A) > C(Ml,...,MK)JrN. (23)
As a consequence, for all Ay > 0 and M > 0:
A
Cr(M+ Aua) > C* (M) + 1 (24)

We will see that this lower bound is tight in certain regimes
of operation, namely, when the cache budget is larger than a
threshold.

B. Superposition Piggyback-Coding

We generalize the piggyback coding scheme of [22] 35]],
that was specific to erasure BCs, to general degraded BCs
by introducing superposition coding. The scheme assigns all
the available cache memory to the weakest receiver, and uses
a layered superposition code for delivery, see Fig. [3| In this
superposition code:

« the lower-most layer encodes the part of message Wy,

(intended for receiver 1) that is not stored in receiver 1’s
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Fig. 3. Superposition piggyback code construction C for K = 4 receivers.
Recall that receiver 1 is the weakest. Each dot represents a codeword.

cache memory and the parts of messages Wy,, ...
that are stored at receiver 1.

o the k-th lowest layer, for & € {2,...,K}, encodes the
part of the message Wy, (intended for receiver k) that is
not stored in the cache memory of receiver 1.

When decoding, each receiver k € {2,...,K}, decodes the k
lowest layers using, e.g., a standard joint typicality decoder.
In particular, receiver 1 (the weakest user) only decodes the
lowest layer. This layer encodes a part of message Wy,
that is desired at receiver 1 together with parts of messages
Wy, ..., Wq, that are not desired at receiver 1, but are
locally available at its cache memory. As we will see, the
cache content allows receiver 1 to achieve the same decoding
performance as if the additional messages to the other receivers
were not encoded in the lowest layer. In other words, we can
encode information desired at the stronger receivers 2,..., K
through the lowest superposition layer without affecting the
decoding performance at the weakest receiver.

1) Lower Bound on Capacity-Memory Tradeoff: Let
(Ut,...,Uf_,,X*) be a random K-tuple that achieves the
symmetric-capacity Cy, i.e., is a solution to the optimization
problem in (T4). Define

) WdK

i N
M?ngle = m(I(Ul*;)@) — I(UT;Y7)). (25)
Theorem 2: Under the following cache assignment
M, = MSnge (26a)
Mg =... =Mk =0, (26b)
we have M
C(My,...,Mg) > C 4+ —. 27)

N

Remark 2: Since receivers can always choose to ignore their
cache memories, and because the superposition piggyback
coding scheme can be time- and memory-shared with a no-
caching scheme, Theorem [2] remains valid for all

0<M; < M;"ee
My, ..., Mg > 0.

(28)
(29)



We will see in Corollary [0 ahead that holds with
equality for all 0 < My < M5™8"® provided that My = ... =
Mk = 0.

The RHS of coincides with the capacity-memory
tradeoff of a scenario where each and every receiver has
access to receiver 1’s cache memory. Superposition piggyback
coding can thus be viewed as a coding technique that virtually
provides all stronger receivers access to the weakest receiver’s
cache memory.

2) Coding Scheme: Let (UT,...,U%_;,X*) be a solution
to the optimization problem in (I4) so that the following
inequality is strict:

U5 Y) < I(UT YY), ked{2,...,K} (30)

(If no such choice exists, Theorem reduces to
C(My,...,Mk) > Cx and is trivial.)
Let € > 0 be arbitrary small, and define the rates
RW = Cx —¢ (3la)
1
R®) ._ m(](Ul*;yg) — I(UF;11)). (31b)

The RHS of (31b) is positive by (30). Split each message Wy,
d € {1,...,N}, into two parts:

Wa= (W, wi?),

where WCEA) and WéB) are of rates R and R®), and thus
the total message rate is

R=RW + R®). (32)

Placement Phase: Store Wl(B), e W,S,B) in the cache mem-
ory of receiver 1. This is possible by (26a) and the definition
of M5 in (28).

Delivery Phase: For the transmission in the delivery phase,
construct a K-level superposition code C with a cloud center
of rate R + (K — 1)R®) and satellites of rates R in

levels 2, ..., K. For the code construction, use a probability
distribution
Poy - Pogjog - Pog_og_, - Pxepog_,

that achieves Ci.

It will be convenient to arrange the codewords in the cloud
center in an array with LQ”R(A>J columns and (LQ"R(MJ)K’l
rows. The columns are used to encode message WdlA) and the
rows to encode the message tuple

w® = (w® WP

oW, (33)
The k-th level satellite is used to encode message Wéf), for
k € {2,...,K}. See Figure [3| for an illustration of the code
construction.

Let w7 (w1 column; W1,row) denote the cloud-center codeword
of C in column wj coumn and row wirey. Similarly, let
2™ (W1 column, W1 row; W2; W3; - . . ; Wk ) denote the level-K satel-
lite codeword of C that corresponds to the cloud center
codeword u (W1 column, W1,row) and to the wo-th, ws-th ,wy-

th, etc. satellite codewords in levels 2, 3,4, .. ..

The transmitter chooses and sends the codeword
n A A A A
w (WD, W Wi wid o wid)

over the channel.
Decoding: Receiver k € {2,...,K}, decodes all messages
in levels 1,..., k. Recall that its desired message parts Wéf)

and Wé]:) are encoded in levels k£ and 1 (i.e., the cloud center),
respectively.
Receiver 1 only has to decode WCE?), because it can retrieve

Wf) directly from its cache memory. To decode Wéf) it
performs the following steps:

1) It retrieves the message-tuple W) from its cache
memory.

2) It forms the subcodebook C'(W®)) C C that contains
all level-1 codewords that are “compatible” with the
retrieved tuple W(®):

nRr(A)
C(W®) = L (w, w2

w=1 (34)
Figure [3] illustrates such a subcodebook in red.

3) It decodes its desired message Wéf) using an optimal
decoding rule for subcodebook C'(W(B)),

Error Analysis: Bach receiver &k € {2,...,K} reli-

ably decodes messages (W(A) Wg), . .,W(gf)) as well as

dy

WM, .. Wi if the following inequalities hold:

kR + (K —1)- R® < I(U}: Vi), (35a)

(k—10)-R™ < I(US YUY, e{1,...,k—1},
(35b)

where we define Uj; = X*. One can verify that for degraded
BCs the choice of R™) and R®) in satisfies the con-
straints in (33). In fact, by and the degradedness of the
BC, we have for all j € {2,...,k}

RW < I(USY|USy) —e < I(US YU ) —€  (36)
RW 4 (K=1)-RP) < [(U};Ys) — e < I(U}; Yi). (37)

Summing over all j € {2,...,k}, adding (36), and
using the chain rule of mutual information and the Markov
chain Uy — Uy — --- — U}, establishes (35a). Similarly,
summing up for j € {¢,..., k} establishes (35b).

Finally, receiver 1 can decode with arbitrarily small prob-
ability of error because subcodebook C’(W®)) contains
[2"R(A)J codewords that are generated i.i.d. according to Py;
and because

RW < I(UF; 7).
Letting ¢ — 0 proves achievability of Theorem

C. Generalized Coded-Caching

We generalize the coded-caching scheme of [1]] to degraded
BCs and to unequal cache sizes. In [1]], the authors have
proposed a scheme for error free channels, parametrized by an
integer te [1: K — 1], that can simultaneously communicate
to groups of ¢ + 1 users and hence offer global caching
gains. In (noisy) broadcast channels, users have different
channel statistics. The main idea in this section is to assign a



larger cache memory at weaker receivers to balance the worse
channel condition and to send generalized XOR-messages to
groups of ¢+ 1 receivers at a time. Our cache assignment and
delivery scheme are designed such that, in the transmission to
any group of ¢+ 1 receivers, each of the involved receivers is
served at a rate close to its capacity. This is possible because
each receiver has stored all other transmitted messages in its
cache memory, and can exploit this knowledge in the decoding.
Notice that if separate cache-channel coding was applied, the
rate to each receiver was limited by the worst channel capacity.

1) Lower Bound on Capacity-Memory Tradeoff: We will
need the following definitions. Let for each ¢t €

G\ ..., gé”) (38a)

t

denote all unordered size-t subsets of K. Define their comple-
ments as:

g .=K\G", e {17 o (’:) }

For any given distribution Px and ¢t = 1,...,K — 1, define
the cache sizes and rates:

Z{é: keg(" } Hk/egﬁ”’“ I(X: Vi)

(38b)

M) =N &) . (39)
th;rll Hk,€g§t+1),c I(X, Yk’)
()
’ t ‘cI X,Y
RO _ 20 egoe (X3 Ya) “0)

: |
S T cgerens 10X )

Note that when ¢ = K — 1 the denominators of (39) and (@0)
are equal to 1, and hence we have

MY =N YT (XY, (A1)
Lek\{k}
RYD =3 I(X;Yy). (42)

L

Observe that for any given Px, we have

MO >MP > >MP te {1, K—1}, 43)
so a larger cache memory is assigned the weaker a receiver
is. The choices of M) in (39) and R*) in [@0) become clear
in the description of the coding scheme. In particular, these
choices ensure decodability of (sub-)messages in different
phases of the coding scheme.

Theorem 3: Fix at € {1,...,K—1} and an input distribu-
tion Px, and consider the corresponding cache assignment in

(39). Then,

(M. . M) = RO, (44)
where Ml(t)7...,M|it) and R(") are calculated from Px as

described in (39) and {@0).
As we will see in Corollary [7] the inequality in (@4) holds

with equality for t = K — 1.
We first explain the scheme for the special case of two users.

2) Coding Scheme in the Special Case K =2 and t = 1:
Fix an input distribution Px and a small ¢ > 0, and define
the rates

RW = [(X;Y}) —e (45)
R® = I(X;Y,) — e (46)
Notice that by the degradedness of the BC:
R® > R"), 47)
Fix a blocklength n and generate a random codebook
¢ = fan () @)

by choosing all entries i.i.d. according to Px. The codebook
C is revealed to all terminals of the network.

Allocate cache memories
(49a)
(49b)

My =N-R® =N. (I(X;Y3) —¢),
My =N-R®W =N. (I(X;Y1) —e),

to receivers 1 and 2, respectively.
Split each message Wy, for d € {1,...,N}, into two parts:

Wa= (W W),

which are of rates R*) and R(®), respectively.
In the caching phase, the transmitter stores messages

(B) (B)
Wi, oo Wy
in receiver 1’s cache memory and messages

WO,

in receiver 2’s cache memory. This is possible given the cache
assignment in (@9).

In the delivery phase the transmitter uses codebook C to
send the XOR messagd|

(50)
to both receivers using the codeword
(B,

To estimate Wéf), Receiver 2 decodes the XOR-message

and XORs the decoded message with Wéf‘), which it has
stored in its cache memory. The remaining part of its desired
message, W(EQA), is retrieved from its cache memory.
Receiver 1 performs joint cache-channel decoding where it
can exploit that it has more cache memory than receiver 2.
Specifically, it retrieves W;f) from its cache memory, and ex-

tracts a subcodebook C’ (W(gB)) C C containing all codewords
that are compatible with Wdf):
PnR(A)J

W)= {z"wawih} 1)

SRecall that in Section we defined the generalized XOR operation &
as the component-wise XOR over the binary representations of two messages
zero-padded to the length of the longer one.



Note that subcodebook C’ (W(B ) is of rate R which is
smaller than the rate R®) of the original codebook C.

To estimate Wd A Receiver 1 decodes the XOR message
in (50) usm% an 0pt1mal decoding rule for this subcode-
book C'(W;’), and XORs the decoded message with th ),
which it has stored in its cache memory. The remaining part of
its desired message, Wé?), is retrieved from its cache memory.

With this scheme, both receivers correctly recover their
desired messages Wy, and Wj,, whenever they successfully
decode the XOR-message in (50). Since the rate R®) of the
original codebook C satisfies

R®) < I(X;Ya), (52)
and the rate of R of the subcodebook C’ (Wg)) satisfies
RW < I(X;Y7), (53)

the probability of decoding error at both receivers tends to 0
as the blocklength n tends to infinity.

Letting ¢ — 0, we conclude that for K = 2 the rate-memory
triple

R=1I1(X;Y1) +1(X;Yz),
M, = I(X;Ys),
My, =I(X;Y1),

is achievable.
Notice that the weaker receiver 1 is assigned a larger cache
memory than the stronger receiver 2:

M; > M. (54)

The described scheme can also be applied with a uniform
cache assignment M; = My =N -R™, however at the cost of
a decreased achievable rate R = 2-I(X; Y7). In fact, assigning
a larger cache memory M; to receiver 1 allows to transmit
more information to receiver 2 during the communication to
receiver 1.

3) General Coding Scheme: Fix a positive integer ¢t €
{1,...,K—1}. This parameter is an indicator of the number
of receivers that cache each part of a file. Similar to the work
of [[1]], this caching scheme ensures that ¢t + 1 receivers can be
simultaneously served in each transmission during the delivery
phase. Pick a small number ¢ > 0 and an input distribution
Px. Consider the cache assignment in (39), where mutual
informations are calculated with respect to Px.

Split each message Wy into () independent submessages:

= ().

where each submessage W 4,0 is of rate

[egeoe I(X5Y2)
K

23(211) erg;t+l),c I(X;Yy)

The total message rate is thus

(*) s I(X; Y
=1 11gpeg(®e ( ) k)
= ZRQE” = =
=1

Wd = {Wd,g;t) :

R

— €.

gét) = (55)

K

yBar [yegesne I(X: Yi) B (?>€

Placement Phase: For each d € {1,...,

{Wdygéﬂ ke gg“}

N}, store the tuple
(57)

in the cache memory of receiver k € K. This is possible by
(33) and the cache assignment in (39).

Delivery Phase: Transmission in the delivery phase takes
place in (t_'il) subphases.
We define the subphase j € {1,..., (tfl)} to be of length

erg(t+1),c I(X, Yk)
J

nj = |n-: ( < ) , (58)
Z t+1 erg(t+1) c I(X Yk)
and to transmit messages
{Wd’“’g;tﬂ)\{k}}keg(f‘“) (59)

to the intended receivers in QJ(-HU. For this purpose, the
transmitter creates the generalized XOR message

W,

XOR,g{"*" = @k€g<t+1>de,GEQl\{k}’ (60)
} .

which is of rate

R R

(t4+1) = max (t)
XOR,G; gét)cg(t+1) G,
=77

) erg§t+1)=cl(X;Yk)
! K
ZJ(;T) ergym,c I(X;Yy)

— €,

= I(X; Yy
(H; (6T

and generates a codebook

nR t4+1
cj:{x;w(w>: w=1,..[2 ”J} (61)

by drawing all entries i.i.d. according to Px.
The transmitter then sends the codeword

(L';Lj (WXoR,g;tJrl)) (62)

over the channel.
We now describe the decoding. Each receiver k € K can
retrieve messages

oo ke gl@} (63)

{dev

directly from its cache, see (57), and thus only needs to decode
messages

(W, g0 kG0 }. (64)

(t-lil)} and k € g§t+1), receiver k
from its subphase-j outputs

For each j € {l,.

decodes message W g(t+1)\{k}

o,
Y. '—( kT 1

Y, .
k),2§/:1 nj/ )

Specifically, with the messages stored in its cache memory, it
forms the XOR message

Wxor,j,k := @k/egml)\{k} a6\ (R (65)



and it extracts a subcodebook C; w(Wxor,j,k) from C; that
consists of all codewords that are compatible with Wxor ;i

nR
(t+1)
{2 o \{k}J

w=1

Cj . (Wxor,jk) == {33;” (w® WXOR,j,k)}

It then decodes the XOR message W XOR,G "+ by applying

an optimal decoding rule for subcodebook Cj w(Wxor,j k) to
the subphase-j outputs Y, ’ ., and XORs the resulting message

WXOR,g_§f+1> with WXOR,], to obtain

w

26O\ (8) (66)

WXOR G+ @ WXoR,j k-
After the last sub-phase (til) each receiver k € K has
decoded all its missing messages in (64)), and can thus recover
Wa,

Error Analysis: If each XOR-message WXOR

GUt+D) is de-
coded correctly by all its intended receivers in g( +1) , ] =
1,.. ( . +1) then all receivers 1, ..., K recover thelr desired
messages Wq,, ..., Wq,.

The probability that receiver k € g](.t“) finds an incorrect

value for the XOR message WXOR G+ tends to 0 as n (and

thus n;) — oo because the rate of the subcodebook C’
satisfies
— n
lim —- R

n—o0 N

see (B53) and (58). Letting then ¢ — 0, establishes Theorem 3]

i\ [k} < I(X;Yy),

V. UPPER BOUNDS AND EXACT RESULTS ON THE
CAPACITY-MEMORY TRADEOFF

We present a general upper bound on the capacity-memory
tradeoff. We further show that the upper bound matches the
lower bounds derived in the previous section in certain regimes
of cache sizes. In these regimes, we can thus characterize the
exact capacity-memory tradeoff.

A. Upper Bounds

Our upper bound is formulated in terms of the following
parameters. Consider any set S C K and represent it by S =

{j1,...,4s/} as in (I8). Define

as, = l\{l (67a)

and for k € {2,...,|S|}:

Oég}k = min {I\l—lk—|—j:|_’

L (IS, 5. 1670
[S[=k+1 Z & Z“&‘ (O70)

Theorem 4: There exist random variables X,Y7,..., Yk
and for every receiver set S as in (I8) random variables

{Us,1,...,Us,s|-1} so that the channel law (I3b) and the
following Markov chain hold:
US,l — U572 — = U37|3|_1 - X = (Yl,...,YK),
(63)

and so that for each S we have

C(My,...,Mk) <I(Us1:Yj,) + a1, (69a)
C(My,..., M) §I(U57k;ij|U37k_1) +a% g

Yk e {2,...,|S| — 1}, (69b)

C(My,..., M) <I(X,YJIS‘ Us,|s1-1) +a§7‘5|. (69¢)

Proof: See Appendix [A] [ |

Without cache memories, M; = ... = Mk = 0, the

parameters a ,...,a3 g equal 0 for all § C {1,...,K},
and hence the upper bound in Theorem H] recovers the exact
capacity-memory tradeoff Cx in (I4).

The upper bound in Theorem [4] is asymmetric in the differ-
ent cache sizes My, Mo, ..., Mk, because the parameters a§. ji
are not symmetric. In fact, increasing the cache memories at
weaker receivers generally increases the upper bound more
than increasing the cache memories at stronger receivers.

The upper bound in Theorem [] is weakened if the con-
straints in are ignored for certain receiver sets S, or
if in these constraints the input/output random variables
X,Yj,,..., Y are allowed to depend on the receiver set S.
Using the latter relaxation, Theorem [ results in the following
corollary.

Corollary 5: Given cache sizes My, ..., Mk > 0, rate R >

0, is achievable only if for every receiver set S C K:

((R—a5,)% (R—a5a)",.... (R—afs)") €Cs,
(70)
where Cs denotes the no-cache capacity region to the receivers
in S (assuming no cache memories at the receivers and
ignoring all receivers in C\S).

Proof: If R is achievable, then Theorem E] ensures that
for every set S = {ji1,...,jjs|}, there exists a set of random
variables (U1, Us, ..., Uis|—1,X,Yj,,..., Y ) that satisfy
(I9)-(20) and hence holds for every set S. Note that this
does not necessarily hold in the reverse direction, meaning that
if holds for every S, it is not clear if the conditions of
Theorem {4 are satisfied in general. This is because the choice
of random variable X that is found from (for every S),
may implicitly depend on S while this is not permissible in
condition (68) in Theorem |

Remark 3: The upper bounds of Theorem {4 and Corollary 5]
are relaxed when each af , is replaced by dsk, defined
below:

- M;
G = (71a)
_ SIS M, — My,
sk , ke{2...,]S]}. (71b)
SEL
The same holds if each a5 is replaced by
|5\ |\/|

In particular, Corollary E] recovers the previous upper bound
in [22, Theorem 9] and [35, Theorem 1] if a‘*syk is replaced
by g 4.

Proof: The proof requires a close inspection of the proof
of Theorem [ in Appendix [A] See Appendix [ |



B. Exact Results

By comparing the new upper bounds with the three lower
bounds presented in Section the exact expression for
C(My,...,Mk) can be obtained in some special cases. For
example, as the following corollary states, the lower bound
achieved by superposition piggyback coding matches the upper
bound when only receiver 1 has a cache memory and this
cache memory is small.

Corollary 6: Under a cache assignment satisfying

0<M; <M™®  and My=...=Mx=0, (73)

the capacity-memory tradeoff is

M
70):CK+W1.

Proof: Achievability follows by Theorem [2] (see also
Remark [2) and the converse follows by Corollary [5] where

it suffices to consider only the set S = K. In fact, under (73),
M,

a*IC,lz"':a*IC,K_W' ]

The next corollary states that the lower bound attained by
generalized coded caching with parameter t = K — 1 matches
the upper bound under the corresponding cache assignment
in (@I). Moreover, any extra cache memory that is uniformly
distributed over the K receivers only brings local caching gain.

Proposition 7: For each k € I, let MZ(K_U be given by
(1) when Px is chosen as a maximizer of

C(M,,0, ...

K
1
Cavg 1= ¢~ max (I; I(X; m) . (74)
For any A > 0, we have
c(l\/q“H) FA, MKy A)

_ S M A
- CAvg + W + N (75)
Proof: See Appendix [ |

VI. BOUNDS ON THE GLOBAL CAPACITY-MEMORY
TRADEOFF C*(M)

The two preceding sections presented lower and upper
bounds on the capacity-memory tradeoff for given cache
assignments. In this section, we assume that a system de-
signer is given a total cache budget M > 0 that it can
arbitrarily distribute across users. We are thus interested
in the largest capacity-memory tradeoff optimized over the
cache assignment My, ..., Mg subject to a total cache budget
M; + My +...4+ Mgk < M. We introduced this quantity as the
global capacity-memory tradeoff C*(M) in (TI)). This section
presents lower and upper bounds on C*(M), for any value of
M, as well as exact results for C*(M) when M is below a
certain threshold or above another threshold.

A. Lower Bound

Proposition [T] and Theorems [2] and [3] readily yield a lower
bound on C*(M), see [77). As we will see in Corollary
ahead, this lower bound holds with equality when the total
cache size M is small or large.

Let

RO = Cy, M©@ .= 0, (762)

and

Msingle
N )

where Ci is defined in (T3) and MS"€* is defined in (23).

Also, for any given Py, recall M(*) and R from (@9 and
(@0), and define for t € {1,..., K —1}:

K

t

MO ="M
k=1

We have proved the achievability of each pair by proposing a
corresponding scheme. Consider two schemes achieving the
memory-rate pairs (M® R®) and (M) R()). By time
sharing between the two schemes, we can achieve all memory-
rate pairs that lie on the line connecting (M), R®) and
( M(t/), R(t')). Le., the upper-convex envelope of all these rate-
memory pairs thus lower bounds C*(M). This is formulated
in Corollary [§] below.

Corollary 8: The global capacity-memory tradeoff is lower
bounded by:

Rsmgle = CIC + Msmgle — Msllngle’

(76b)

(76¢)

C*(M) > upp hu]]{ (R(O)’ M(O)), (Rsingle7 Msingle)7

U{(ROM®D), . (RED, MO

Px
(77)
Notice that for any Px:
MO < psingle < (D) < ... < MK (78)
and
RO < psingle <« p(1) < ... < RK=1) (79)

B. Upper Bounds

Theorem [ directly yields the following upper bound on the
global capacity-memory tradeoff.

Corollary 9: There exist random variables X, Y7,..., Yk
and for every receiver set S as in (I8) random variables

{Us,...,Us,s|-1}, such that (TI5b) and hold, and such
that for some My, ..., Mk > 0 summing to M and all S:

C*(M) < I(Us,1;Y},) + a4, (80a)
C*(M) < I(Us,k; ij ‘U571€_1) + ag,k’ ke {2, ceey |S‘ — 1},
(80b)

C*(M) < I(X;Yj 5 |[Us js1-1) + a3 s, (80c)

where {a ;. } are defined in (67).

Evaluating this bound numerically is cumbersome because
for each possible subset S the coefficients af ..., a5 g
have to be computed and then the optimal choice of
Us1,---,Us,s|-1, X needs to be found in order to find the
loosest upper bound in (80). To find upper bounds that have
easier close-form expressions, we loosen the bound by either
relaxing some of the constraints in (80); by replacing each
parameter avg ;. in by & or by ag’k (defined in (71)) and
(72)); and/or by allowing X,Yj,,...,Y;, in (80) to depend



on the set S. The following corollary presents such a simpler
upper bound. Recall the definitions in (38).
Corollary 10: For each t € K:
(+)
t M
)< TZCQ“) KN
t =1

Proof: Fix t € K. For each ¢ =
Corollary |5/ to § =

(81)

1,... (tf) specialize
(](t) and relax it by replacing each

parameter agm . by ag(t) , defined in (72). Since ag(t)
a o we obtain
Gt
Ziegé” Mi
(M) < Cgeo +o¢g<,) = Cgo —N (82)

Now, averaging (82) over all indices £ =1,.. ., ('f) and upper-
bounding the sum M; + ... + Mg by M yields the desired
result. ]

C. Exact Results

Lower and upper bounds on C*(M) presented above match
for small and large total cache sizes M. Corollary [T1] below
states this more formally. Recall M*"&® from (23] and define
ML as follows:

ML:N.(K_

where C,y, is defined in (74).
Corollary 11: For any positive total cache size M < Mgjpgpe:

M .
CM)=Ce+qp 0SM<MEME (34
and for any M > M":
1 M-M-
C(M) =KCag + 3 - —g—» M= ML (85)

Before presenting the proof of this Corollary, let us briefly
discuss the implications: For small cache sizes, the entire cache
memory should be assigned to the weakest receiver and the
superposition piggyback coding scheme of Section [[V-B] is
optimal. For large total cache sizes M, a careful assignment
of the available cache memory is needed. In particular, for
M = M", the generalized coded caching of Section (and
its corresponding cache assignment) is optimal.

Remark 4: For small total cache sizes, C*(M) grows as
%. This corresponds to a perfect global caching gain as if
each receiver could access all cache contents in the network
locally. For large total cache sizes, the global benefit of
receivers’ cache memories is fully exploited. Any additional
cache budget exceeding M- should be distributed among the
receivers uniformly and it only offers a local caching gain.
In particular, C*(M) grows as + - M. This is similar to the
insights from [17] (for rate-limited links). For moderate cache
sizes, C*(M) grows with ¥ at a slope equal to:

Rt+1) _ R®) 1 M(®)

MEED MO T T (¢4 1) (M) — MO
fort=1,...,K—1.

Proof of Corollary [[1} The global capacity-memory
tradeoff C*(M) is upper bounded by the right-hand side
of (84) and this follows by specializing Corollary [I0]to ¢ = K.
Equahty in (84) for M < Msin9e follows by Theorem l

The capacity memory tradeoff C* (M) is also upper bounded
by the right-hand side of (85). To see this, relax Corollary [J]
by (i) replacing each parameter aj, with afg’ r and (ii)
considering only the constraints that correspond to sets
S = {k}, for k € K. Next, average the K resulting inequalities
and maximize over the input distribution Px. This yields:

1M
KN
Using the definition of ML as given in (83)), we can equiva-
lently write the RHS of (86)) in the form of KCyyg + M NML
Equality in (85) for M Z N(K — 1)KCayg follows from
Proposition th A = 0. Recall that MECK_U is given in
(@T) as the sum of mutual information terms I(X;Y}) for all
¢ € K\{k}. So we have

C(M) < Cavg + = (86)

K
MY MY =N (R - IxY) 87)
=1

=N(K — 1)KCayg (88)

where in the first step we have noted that each mutual
information term appears (K — 1) times in the sum on the
LHS of (7). ]

VII. EXAMPLES
A. Erasure BCs

We specialize our results to erasure BCs where at time 7
receiver k’s output Y} ; equals the channel input X; with
probability 1 — d and it equals an erasure symbol “?” with
probability d;. Without loss of generality, we assume that the
erasure probabilities satisfy:

1>6>60>...>20k>0. (89)
For erasure BCs,
) -1
= CcC IC.
Cs <§1_55> ., ScK (90)

Moreover, a Bernoulli-1 /2 input distribution Px maximizes
I(X;Yy) and I(X;Y%|U) simultaneously for all £ € K and
auxiliaries U that form the Markov chain U — X — Y.
Therefore, Theorem [4] and Corollary [5] coincide. Also,

K K
_ 1 _ Zk:15k
Cave = ¢ ;ck = =

Figure {4} depicts the upper and lower bounds on C*(M)
in Corollaries [§] and [9] For comparison, the upper bound of
Theorem []is also plotted under the uniform cache assignment:

M
One observes that a smart allocation of the total cache memory
M significantly increases the global capacity-memory tradeoff

oD

M;=...
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Fig. 4. Bounds on C*(M) for a 4-user Erasure BC with §; = 0.9, §2 = 0.6,
d3 = 0.1, 64 = 0.05.

of erasure BCs when different receivers have different erasure
probabilities.

Analytically, we can prove that for a small total cache size
M < MSiN9€ any cache assignment that does not allocate all
the cache memory to the weakest receiver is suboptimal on the
erasure BC. This follows from the achievability in Corollary [TT]
and Proposition [T2] below.

Proposition 12: For a given M; > 0 and M := Zk 1 Mg,
M >0,

C(My,...,Mk)

My (M=My)

K.C
Smin{C;c++ r

(K=1)Cpo,..k}
M
c1+N1}.(92)

N N

The RHS of (02) is strictly less than Cx + M unless M = M;
or 01 = ... = k.
Proof: See Appendix [F| [ |

B. Noise-Free Bit-Pipe

Consider now the noise-free bit-pipe model in [1] with
uniform cache assignment. It corresponds to an erasure BC
where each receiver has zero erasure probability:

01 =...=0k=0. (93)

Consider also the notation introduced in Section We
adopt the system model of [1]] with equal cache sizes

mlz...:mK:m

and the delivery rate p.

From the upper bound on C(My, ..., M) in Theorem[4] the
following lower bound on the minimum achievable delivery
rate p* can be obtained as a function of the normalized
symmetric cache size m:

Corollary 13: For the noise-free bit-pipe model in [1f], the
delivery rate is bounded from below as follows.

t k
*>t—m-min< — E S < N. 4
pr>t mmm{N,k:1Nk+1}, m < 94)

Proof: See Appendix [ |
This lower bound improves on the lower bounds [1]], [LO]—[[12]]
that existed at the time when this manuscript was submitted. It
is within a constant gap of 2.35 from the optimal rate-memory
tradeoff [37]. A slightly improved bound has been established
in a parallel work [36]. This latter bound, however, is specific
to the noise-free bit-pipe model.

C. Gaussian BCs

Finally, we specialize our results to memoryless Gaussian
BCs. At time ¢, the received symbol at receiver k is

Yie =Xt + Ziy, (95)

where X, is the input to the channel and {Z; ,} is an ii.d.
Gaussian process with zero mean and variance o > 0.
The channel inputs are subject to an average block-power
constraint P. Without loss of generality, the receivers are
ordered in increasing strength:

> 0‘|2< > 0.
By [39], for every set S as defined in (I8]), we have

1 P
2 P 5kp —+ O’
where 51, ...

, Bjs| form a unique choice of |S| real numbers
in [0, 1] that sum to 1 and satisfy

B1P B P

ol > 05> ...

5 > ie{l,...,|S}
Zk:2 ka_'_a Ek i+1 ka—*—gji
G
In particular,
1 P
Ck=10g<1—|—2>, kEe{l,....,K} (98)
2 o

Moreover, given a power constraint P > 0, a zero-mean
variance-P Gaussian input distribution maximizes I(X;Y})
and I(X;Y|U) simultaneously for all k¥ € K and Gaussian
auxiliaries U that form the Markov chain U — X — Y.
Therefore, Theorem [Z_f] and Corollary B] coincide. Also,

Cave = ch KZ log<1+ )

Figure [3] shows the upper and lower bounds on C*(M) in
Corollaries [§] and g} The five blue points indicate the rate-
memory points ( M(0 (Rsinge jsingley - (R(1) M),
(R® M®)), and R(3 ) for a zero-mean variance-P
Gaussian distnbutlon PX For comparison, the figure also
shows the upper bound in Theorem [ for a setup with uniform
cache assignment % across all receivers. We observe that
a smart cache assignment provides substantial gains in the

capacity-memory tradeoff.

99)
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Fig. 5. Upper and lower bounds on C*(M) on a 4-receiver Gaussian BC
with input power P = 1 and noise variances o1 = 4, og =1, Ug = 0.5,
and o3 = 0.1. We have N = 10.

VIII. SUMMARY AND CONCLUSION

We have provided close upper and lower bounds on the
global capacity-memory tradeoff C*(M) of degraded BCs. The
bounds coincide in the regimes of small and large total cache
memories with thresholds depending on the BC statistics.

For small cache memory sizes (characterized in (84)), the
global capacity-memory tradeoff is achieved by assigning
all the available cache memory to the weakest receiver. In
this regime, C*(M) grows as % which corresponds to a
perfect global caching gain; i.e., all receivers can benefit from
all the cache contents in the network. This performance is
achieved by superposition piggyback coding which provides
every receiver virtual access to the weakest receiver’s cache
content.

For the regime of moderate M, we proposed a generalized
coded caching scheme that performs a particular cache assign-
ment such that the weaker receivers are provided with larger
cache sizes. It then simultaneously serves ¢ 4 1, receivers in
each delivery, where ¢ € {1,...,K—1} is the parameter of the
scheme (similar to the scheme in [1]). We observed that the
larger the total cache budget M, the larger the coded caching
parameter ¢ needs to be chosen. Hence, as M increases, cache
memories will have to store more overlapping contents, and
hence the caching gain decreases. In other words, the slope of
the rate-memory tradeoff (achieved by the generalized coded
caching) decreases as the total cache budget M increases. The
same behavior is also observed from the upper bound.

In the regime of large M (characterized by the threshold in
(83)), the caching gain is only local and C*(M) grows as K—'\f\l
In particular, the memory threshold in (83)) corresponds to the
extreme case where ¢ = K — 1. In this case, the generalized
coded caching scheme and its corresponding cache assignment
are optimal and achieve the global capacity-memory tradeoff.
For larger cache memories, it is optimal to first allocate the

total cache memory as proposed by our scheme for t = K—1,
and then uniformly allocate all the remaining cache memory
across all the receivers (and store the same content in those
extra portions of the receivers’ cache memories).

By examining several examples, we have demonstrated that
assigning the total cache memory uniformly across all the
receivers can be highly suboptimal over noisy BCs.

From a practical view point, one of the main technical
challenges for implementing the proposed generalized coded
caching scheme is its high level of subpacketization, i.e., the
fact that messages need to be split into a very large number
of smaller parts. Recent efforts focus on schemes with low
subpacketization levels. See for example [42]-[44] for results
on the noise-free bit-pipe model.

APPENDIX A
PROOF OF UPPER BOUND IN THEOREM [4]

Fix the rate of communication

R < C(Ml,...,MK).

Since R is achievable, for each sufficiently large blocklength n
and for each demand vector d, there exist K caching func-
tions {g,(c")}, an encoding function {f((---,d)}, and K
decoding functions {(pin)(. ++,d)} so that the probability of
error P.(™ tends to 0 as n — oo. Recall that P.(™ is the
average over all error probabilities P, (d), d € NX. So
P.(™ goes to zero if and only if P.™ (d) goes to zero for
all demand vectors d. We note that this should hold for every
demand vector d and, in particular, for d with all-different
entries. To obtain the upper bound in Theorem [ we consider
only demand vectors d in which all entries are different.

Fix € > 0 and a sufficiently large blocklength n (depending
on this ¢€). Let

Vi =gW(Wy,... W),  ke{l,...,K}, (100)

denote the cache contents corresponding to the chosen caching

function, and let for each demand vector d = (dy,...,dk)
with all different entries
X5 =™, ..., Wy, d) (101)

denote the input of the degraded BC corresponding to the
chosen encoding functions. Let Y4 denote the corresponding
channel outputs at receiver k.

Lemma 14: There exist random variables
Xa,Y1d,---,Yca and for each set S as in
random variables {Us14,...,Us |s|-1,a4}, so that given
Xgq=x€ X:

(Y1,4,Y2,a,. .-, Yka) ~T(---|2); (102a)

and for each S:

USJ,d S US,\SFLd —)Xd _>YK,d %YKfl,d A _>Y17d
(102b)
forms a Markov chain and the following |S| inequalities hold:

1
R—e< gI(Wdh;le) +1(Us,a;Y5,.,q), (103a)



R—6< I(Wd] ,‘/}17...7 ]k|Wd dek—l)
+ 1 (Us k,a; Yji,alUs k—1,0),
ke {2,...,18] - 1}
(103b)
1
R—e< EI(W%S‘ Vi Vi IWay o deISH)
+I(Xa;Yj5,.alUs,s1-1.a)- (103c¢)

Proof: The proof is inspired by the converse proof of the
capacity of degraded BCs without caching [38]]. Details are as
follows. Since the worst case error probability is bounded by
€, using Fano’s inequality we have

1
R—e<—I(Wa;, ;Y] 0, Vi)

1 1
= LW Vi) + T (Wa, Vi alVi), (1040

where the equality follows by the chain rule of mutual infor-

mation. Similarly, for k € {2,...,K}:
(@)1
R—¢ gﬁl( 4 Y a Vi VieWay oo Way, )
1
:ﬁI(W Jl,...,V},C|Wd1,...,dek71)
1
+E (Wdﬂk’ jkd|V17”'7‘/];,de]-17'~'7de}€_1)7

(104b)

where (a) uses Fano’s inequality as well as the fact that all
messages are independent. Recall that the demand vector d
has all different entries.

We next develop the second summands in (104a) and
(T04B). For the second summand in (T104a) we write

NE

1
EI(de’ ]17d"/]1 I(Wdh;y}lvdt|v Yio 1)

J1 % 41,d

—
]
N

IA

(W,

M:ﬂ

Yt : le’yl d,t)

i1’ "~ j1,d?

o~
Il

1

I(Us a7 Y .a,r|T)
(U5717d7YJ17d>
where T' denotes a random variable that is uniformly dis-

tributed over {1,...,n} and independent of all previously
defined random variables, and where

(105)

Uspar = Vi, Wa, . Y, 3b), (106)
Usi,a:=UsiarT), (107)
Yja=Y;ar. (108)

Step (a) holds because, for any triple of random variables
(A,B,C), we have I(A; B|C) < I(A,C;B) by the chain
rule of mutual information and the nonnegativity of mutual
information.

Define further for k € {2,...,|S| —1}:
Uskar = (Uskrar Vi, Wa, , Y, 4'),  (109)
Uska = UspkarT), (110)
Yj,a =Y} ar, (111)

and

(112)
(113)

Yj|s|~,d = Yj|s|7d-,T
Xd = Xd,T~

For k € {2,...,K

(TO4B) as:

— 1}, we expand the second summand in

1
EI(de kd| Jl""7V7k’de1’ .7dek—1)
1 - t—1
S (W, Vil Vi Vi Wa s Wa, Vi)
t=1
(a) 1
ZI de ; jk dt’ Jl""’V]k7de17 '7dek_17
t—l
t t—1 t—1
le, ""’ij 1,d? jkd)
1 n
SEZI(WdJk7Y]tkd17‘/3k7}/]k1dt|‘/jl7"'7‘/jk—l7
t=1
t—1 t—1
Wd' : delc—l’ jl)d"..7¥7k 1,d)
Yy I(Uska,r; Y ar|Usk-1,a1,T)
(o)
= I(US,k,dQij,d|US,k—1,d)a (114)

where (a) follows from the degradedness of the outputs; (b)
by (T06) and the definition of T'; and (c) by the definitions in

(I10), (T2), and (IT3).

Similarly, we also have

1
;I(Wdﬂ‘s" Jis| d|‘/ﬂl7" ‘/]\5\7de1’ "Wd1\5\71)

1 n
:521(%'8‘;1@'8'@,41@1,.. Vi Wi Wa

t—1 t—1 t—1
thd" e ’Y.7'|.5|—1,d7 1\5\7d)

|51’

IN

i|s|’ j|3\ d’VJ\isJ\S\ d t‘Vh’ e "ijsw—l’

G Wa Yl

Jls|—1’ " Jj1,d?”

T)

Wdh ’ Yt ' )

Jis|—1,d
< I(Xa,r:Yj
= I(Xa;Yjs.alUs,s|-1.a)-

It can be verified that the defined random variables satisfy

Conditions (T02). Combining this observation with (T04)-
(I15) concludes the proof. [

(115)

We average the bounds in (T03) over demand vectors. Let
N5t be the set of all the () K! K-dimensional demand vectors
with all distinct entries. Also, let Q be a uniform random
variable over the elements of N and independent of all
other random variables. Define for each set S as in (T8):

Us1:= (Us1,q,Q), (116)
Usk=Usirq, ke{2...,[S|—1}, (117
X = Xq, (118)
Yii=Yiq, kek. (119)

Notice that the defined random variables defined in (T16)-

(T19) satisfy conditions (I3b) and (68) in the theorem. It
remains to prove that they also satisfy (69). To this end, we



average inequalities (TO3) over all the demand vectors in A/jg™.
Using standard arguments to take care of the averaging random
variable Q, and deﬁning

as,1i= Z I(Wa,, 3 W), (120a)
( ) deN""‘
1
as k= ( )K Z (dek, Vl,. . jk|Wd“7~-~ dekil),
deNdm
ke{2,...,]S|}, (120b)
we obtain for each S as in (T8):
R—e< I(Us1;Y),) +as1, (121a)
R—e< I(Us’k; ij |U3,k71) + as k, VkG{Q, ceey |S‘—1},
(121b)
R—e< I(Xa}/g|5|‘US,|S\71)+048,\S|7 (121¢)
Lemma 15: For each set S, parameters as1,-..,0s,|s|
satisfy the following constraints:
Zk 1 MJ"
0< < ==t k 1,...,|S 122
aSk_N k+17 E{a a| |}7 ( a)
s k' SOZS ky k,k’e {1,7|S‘}, klgk, (122b)
S| S|
D ask < Z M, . (122¢)
k=1
Proof: See Appendix [ |

By (IZI)—(122) and letting ¢ — 0, the following interme-
diate result—which is used in other proofs in this paper—is
obtained.

Lemma 16: There exist random variables X, Y7,..., Yk
and for every receiver set S as in random variables

{Us,...,Us,s|-1}, so that and hold, and for
all S:
C(My,...,Mk) <I(Us1;Y5,) + as, (123a)
C(My, ..., Mk) <I(Usk; Y}, [Us k—1) + s ks
Yk e {2,...,]S]}, (123b)

for parameters as 1, ..., o s satisfying (122).

By the following Lemma [T7} because constraints are
increasing in as1,...,as,s|, and by constraint (122c), we
conclude that the ch01ce ask = a3 in (07) makes the upper
bound (123)) loosest. The following Lemma.thus concludes
the proof.

Lemma 17: Lemma remains valid, if parameters

as1,--.,0as,s are further constrained to satisfy for each
ke {l,...,|S| — 1} one of the two following conditions:
i My,
s Sk = W’ or
* Sk = QS kt1-
Proof: See Appendix [ |

APPENDIX B
PROOF OF LEMMA [13]

We only prove the lemma for S = K. The proofs for the
other sets are similar.

We first prove (I22a). Every ax i is non-negative, because
mutual information is non-negative. To prove the upper bound
in (T224), we proceed as follows. Let N again be the set
of K-dimensional demand vectors that have K distinct entries

in {1,...,N}; and for each k € {1,...,K} and each k — 1
dimensional demand vector d = (dy, ..., dg—1), define W3 :=
(Ways--., Wa,_,). We have:
QK k
1
=N > I(WaiVa,. . Vil Way, ., Wa, )
K1)y
1
— < > S I(Wa .., Vi W)
K deNdst deNg:
(dyeemydi—1)=d
(“’ SN WAL Vi W)
) deNgs | jeN\d
N—k
. K—k)!
(k) K=5
1
T I(Wj;Va, ..., Vi|W3)
kS denNdst jeN\d
® 1
= > [HWA,..., Wy |[Wy)
Nk dendst
— > HW,|V, ..., Vi, Wy)]
jEN\d
(0 1
S]{}'N Z I(W177WN3V177V1€|W&)
(k) fie/\f,ﬂ‘i‘l
@ (k—=1)(N,) &
< —— M
— N K2
MG =
Zk—1 Mz‘
= izl 71 124
N—k+1 (124)

where (a) holds because for each value of K and j there
are () ;) (K — k)! ordered demand vectors d € N with
(di,...,dk—1) = d and with d, = 75 (b) holds by the indepen-
dence of the messages; (c) holds because for any random tuple
(Ay,..., Ar) it holds that 3 H(A;) > H(Ay,..., AL);
and (d) holds because I(W7y, ..., Wy;Vi,..., Vi|W3) cannot
exceed Z -1 M;. This concludes the proof of (1224).

To prove constraint (122b), we fix a K-dimensional demand
vector d € N,gisl, and consider the cyclic shifts of this vector.
For £ € {0,...,K — 1}, let d¥) be the vector obtained from
d when the elements are cyclically shifted ¢ positions to the
right. (For example, if d = (1,2, 3) then d® = (2,3,1).) For
each £ € {0,...,K—1} and k € {1,...,K}, let dgf)
the k-th index of demand vector d®. So,

denote

A" = d(k_1) moa K (125)

where for each positive integer £ the term (§ mod K) takes
value in {1,...,K} so that
(126)

¢ mod K=¢—bK for some positive integer b.



For each ¢ € {1,...,
k' < k, we write

I(Was Vi) DT 00 2)

&y
(b)

K—1} and k&' € {2,...,K} with

SI(Wd(K"*l);‘/}'"7Vk’|dek"*1)7"' Wd(k/ 1))
K/ k' —1
(@)
:I(Wd(k—l);V1...,Vk/|Wd(k—1) ,...,Wd(k—l))
k 1+k—k' k—1
(®)
SI(Wd(kfl);V]...,Vk|Wd(k—l),...,Wd(k—l))
k 1 k—1

(127)

where (a) follows by (123) and (b) is by the independence of
messages.

Fix a demand vector d € N and sum up the above
inequality (T27) over all K cyclic shifts d(©,d™) ... d(K-1
of d (where for simplicity we relabel the shifts) to obtain:

K—1
ZI(de),Vﬂ
£=0
K—1
< I(Wd(’});vlw"7Vk/|Wd(11’~)7"'7Wd(1’«/) )
£=0 i Mo
K—1
S I(def);vl,...,Vk|dee),...,Wd§fll). (128)
{=0

Since the set N, ,2“‘ can be partitioned into subsets of demand
vectors that are cyclic shifts of each others and all cyclic shifts
of a demand vector in Mg are also in Mg, we conclude

from (128):

Z I(Wdl; Vl)
dej\/’disl
< Z de/7V17"'aVk/|Wd17"'7de/,1)
deNg™
< > I(Was Vi, Vi Way s Wa, ). (129)
denNgH

This proves (122b).

We proceed to prove constraint (I22c). For each d € NJst:

K
I(Wdl;V1)+ZI(de;V1,...,

Vk|Wd17Wd27"'7de—l)
k=2
§I(Wdl,WdQ,---,WdK§V17---7VK)- (130)
So,
> [I(Wdl;m
deNgH
K
+Y I(Wai Vi, Vil Way, Way, o, Wa, )
k=2
< > I(Way, Way, oo, Wa Vi, Vi)
deNg

(@) Z

deNgs

H(Wdl) +H(Wd2) + "+H(WdK)

—HWy,, ..., Wa[Vi,..., V&)
b K :
O SN (W, W)
— Z HWy,,...,WaVi,..., V)

denNgs

© K. _ (N
< NK!(K>H(W1,...,WN)

K N
— —KI HWy,...,Wn|V,...,
0 () HOVL TR TR

—~
=

N K

< K'() ZMk,

where (a) holds by the chain rule of mutual information, (b) by
the independence and uniform rate of messages W1,..., Wy
and the definition of the set N3, which is of size (E)K!,
and (c) by the generalized Han-Inequality (the following
Proposition [T8).

Proposition 18: Let L be a positive integer and Ay, ..., Ap
be a finite random L-tuple. Denote by A 7 the subset {A4;, [ €
J}. Forevery i € {1,...,L}:

K /N
)K!( )I(Wl,...,WN;Vh...,VK)

1 H(Ag)
—_ > H Aq,... Ap). 131
(L) Z i L ( 1, ) L) ( )
JC{1,...,L}:
|T|=1
Proof: See [45, Theorem 17.6.1]. |

APPENDIX C
PROOF OF LEMMA [T7]

We prove the lemma by contradiction. Fix a random tuple
(X,Y1,...,Yx) satisfying (I5b) and for each set S as in (I8)
a random tuple Us 1,Us2,...,Us s)—1 satisfying (68) and
real numbers as 1, ..., a5,s| satisfying

Assume that for some set S as in (I8) and some k €

(1,...,18] -1}

Qs k G s k41 (132)
and
M,
’ N k +1
Let .
Z?:l Mji
1 Osjy1 — Soht
v :=max< —, Skl N—kt1 L (134)
2 As k41— sk
Notice that by (133):
1

Define the new parameters

asp=asy ke{l,... |S|}\{kk+1} (136a)
agpi=70s5+ (1 —7)agi (136b)
Ogpy1 = (1 =7)agf + 7055 (136¢)



Notice that this new set of parameters satisfies constraints

(122) when as 1, ..., o, s| are replaced by as 1, ..., as,s|-
In particular,
ask < s k41, ke{l,...,|S|—1}. (137)

We will show that there exist new auxiliary random vari-
ables (73,1,0572,...,ﬁ37‘3|_1 satisfying the Markov chain
(68), and so that upper bound (I03) is looser for these
new auxiliaries and the new parameters as 1,...,a0s s than
for the original auxiliaries Us 1, ..., Us,s—1 and parameters
as1,.--,QA8,|8|-1-

To simplify notation in the following, we define

US,\S\ = X. (138)

Notice that since ag; # agj,, and by (122b), the strict
inequality

aS,IE < OzS’fCJrl (139)
must hold. Choose
Usik=Usk,  ke{l....IS| = 1}\{k}, (140)
and -
Us,s| = Us,s| = X (141)
The choice of Ug ;. depends on whether
IUs 1 YilUs 1) < TUg 1413 Vi lUs ), (142a)
or
I(US,E§ YE|U5,12—1) > I(Us,fﬁ—l; i ‘Us,k)- (142b)
If (T424) holds, choose
Usi="Us i (143)

If (T42b) holds, let E € {0,1} be a Bernoulli-3 random
variable independent of everything else, where

). I(US,%+1?Y%+1|U5,/})

Bi=1-~)—-01- . (144)
I(Us 1 YilUs p 1)
Choose
_ Usi, E), if E=0
Ug ;=4 om B i (145)
’ Usi B), if E=1.
Notice that in both cases the proposed choice satisfies the
Markov chain U51—U23—---—U3|3‘ 1 — X.

Trivially, for k ¢ {k,k + 1}, constraint (T03)
is unchanged if we replace (Us1,Usz2,...,Us s/-1,X)
by (Usi1,Usz2,---,Usk-1,X) and (as;,...,ass|) by
(07571, ceey 5457|5|).

If (T42d) holds, then the proposed replacement relaxes

constraint (T03) for k& = k (because ag; > ag;) and
it tightens it for £k =

k+1 (becausci g1 < aS,E+1)'
However, the new constraint for & = k + 1 is less stringent
than the original constraint for k = k:

g jp1 T I(Us,/}ﬂ? Y/}+1\Us,ﬁ)
(a)
(1=7)- Aspt7 Qsfpr + I(Us,ic+1? Y/E+1|US71%)

(b)
> g+ 1Us 13 Vi [Us i)

(c)
> agp H1(Us 3 YilUs i1,

where (a) holds by (136¢); (b) holds by (139); and (c)
holds by holds by assumption (T42a). We conclude that

(146)

when (142a) holds, the upper bound on C(My,..., M) in
(T03) is relaxed if everywhere one replaces
(Usp:Uspz2...,Uss-1) and  (as;1,....ass) by
(Us1,Us2;---,Us|s|-1) and (Gs.1,---,0s,s])-

We now assume that (I42b) holds. We show that the new
constraints obtained for k = k and for k = k + 1 cannot be
more stringent then the tighter of the two original constraints
fork—kandk—k+1

Consider k = k. By (T44) and (T43) we have

I(U&,;; Y15|Us,fc—1)
= I(U&,;; YIQ|U3,1}—1E)
=(1-5) 'I(US,I};Y}}|US,IE71)
I(Us,k3Y1}|Us,1}—1)
+(1 =) - I(US,IE-H? YIE+1|U5,/})~
(147)
By (T368) and (I%7)
s i+ 1Us g YilUs p-1)
= (7048,1} +(1- V)QS,%H)
(U 3 YilUs j1) + (1= NI(Ug 113 Y541 1Us )
> min {0‘3,1; +1(Us 1 YilUs 7-1):
s g1 T I(Us,lé+1§YlE+1|Us,l%)}' (148)

Let now k = k + 1. We have:
I(Us,ch? YIE+1|U5,1})

(a)
= (1- 5)I(Us,1}+15 YIEH‘US,T@)
‘HBI(US,IEH; ch+1|Us,1%—1)

®
(1- ﬁ)I(US,fc+1; YIE+1‘US,1})
+BI(Us jy1-Us i3 Yir11Us 1)

I(Us pi13 Ve 1lUs ) + BI(Us 13 Vi1 Us 1)
d
> I(US,I%H;YEHWS,JE) + BI(US,T& YTC|U3,1€71)

©
= Y (Us 415 Y1 lUs i) + (L =1I(Usg 13 Y5 |Us 1)
(149)

©

—
=

where (a) follows by the definition of U Sk and U St (b)
by the Markov chain (68); (c) by the chain rule of mutual
information and Markov chain (68); (d) by the degradedness
of the channel (I3b); (e) by the definition of 3 in (T44).

Therefore, by (T367):

as k+1 + I(Us,mﬁ Y}EH‘US,/E)
>(1-7)- Qg T7 Qg fq1

T =7) AUs3: YilUs 1) +7 - LUs 13 Vi Us 1)
> min {ag ; + 1(Us 1 VilUs i_1);

s i TLUs zy1s YIE+1|US,15)}~ (150)



We thus conclude that also when (142b) holds, the up-
per bound on C(My,...,Mk) in (103) is relaxed if one
replaces (Us 1,Us2,---,Us s|-1) and (as1;...,ask) by
(U571,U572,. . .,U5,|5‘_1) and (5&371, .. .,5[57|5|).

APPENDIX D
PROOF OF REMARK[3]

We first prove that the bound in Theorem [ is loosened
when each o ; is replaced by s . Consider the intermediate
Lemma [I6in the proof of Theorem 4] Appendix [A] Relax the
upper bound in this lemma by replacing for £ = 2,...,K

constraint (122a) by

as k> 0. (151)

Following similar steps as in the proof of Lemma [I7] see also
[22) Lemma 12], it can be shown that this relaxed upper bound
is not changed when one imposes that

as2 =083 = ... = As S|,

and
My

as1 = — or
S, N
Since constraints (123) are increasing in as 1, ..., as 5|, by
constraint (122c)), we conclude that the relaxed upper bound
is loosest for

as 1 = as 2.

as1 =y
18]35 My, — My,
ask = 1= a , ked2,...,|8| -1},
(S| = DN

i.e., for as i = ds,k-

We now prove that the bound in Theorem [4] is loosened
when each af , is replaced by af&k. Consider again the
intermediate Lemma [I6] in Appendix [A] Relax constraint
by replacing it with as > 0, for all k = 1,... K.
Following the steps in [22, Lemma 12], it can be shown that
the new constraints are loosest if each

Oég,k = O‘:S‘,k' (153)

This concludes the proof.

APPENDIX E
PROOF OF PROPOSITION[7]

For A = 0, achievability follows by specializing Theorem 3]
to ¢t = K — 1 and to the input distribution Px that maxi-
mizes (74). In fact, for this input distribution:

S MY
K-N '
For A > 0, achievability follows from Proposition
The converse is proved as follows. Consider cache sizes
M’{(Kfl), cee M*K(Kfl) as given in (@I)). Apply Theorem
but consider only the constraints corresponding to the sets
S = {k}, for k € K. Taking the average over the resulting

RK=1) _ KCavg = Cave +

K constraints establishes that there exists a random variable

(X,Y1,...,YK) satisfying (I5D) and so that
(K-1)
(K-1) (K-1)y o 1 . 1 M
e mMET) < RZI(X,Y;C)—FRZ —
kex kex
(154)

Maximizing the right-hand side over input distributions Px
yields the desired converse.

APPENDIX F
PROOF OF PROPOSITION [12]

Relax the upper bound in Theorem [] by considering con-
straints (69) only for the set of all receivers S = K, and
by replacing each a5, by dsk. Specializing the resulting
relaxed bound to the erasure BC, one obtains the following
upper bound:

C(Mh ey MK)
M KM - M
< maxmin{(l —01)p1 + Wl’ (1—102)B2+ W—ll)7
KM — My
...,(1—5K)5K+w}7
(155)

where the maximization is over the choice of parameters
B, B2, .., Bx > 0 satisfying

K
Z Br < 1.
k=1

The upper bound in the proposition is established by solving
this maximization problem. In fact, by noticing that the bound
is increasing in (1, B2, ..., Bk > 0, and by first fixing $; and
optimizing over the choices (3, . .., Sk > 0 summing to 1—/,

(156)

we obtain
C(My,..., M)
< ma inq 511G + My
max 1min N
= Bie(o,1] TN
KM — M,
(1=51)C,.. k) + (K—l)l\l}
. K(M = M;y)
ﬂlné?g,(l] min {51 1, (1= B1)C2 Ky + (K—1)-N }
M
B
(157)
It KM — M,)
- 1
— 2 >C
(K—1)-N ="

then the maximum is achieved at 31 = 1 and the upper bound
results in

M
C(My,...,Mk) gc1+W1. (158)
Otherwise the maximum is at 8 = *, where
Co.ky t+ M
NS (159)

Ci+Cpa, k)



and the upper bound results in

K(M — My) Cy M,
C(Mq,...,Mk) < Cx + . + —
(M K) K (K—1)-N C;+ C{2,...,K} N

K(M — M) Ck M1
=C . — (160
CPK-D N Cogg N0

where we used that for erasure BCs
Ci-Cpky
Cx = ————————~—. 161
Mo Ci2,...K} (ob)
APPENDIX G

PROOF OF COROLLARY [[3]

Fix t € K and S = {1,...,¢}. For the considered channel

t
(ri...,m)€Cs <= Y m <L (162)
k=1

The upper bound in Corollary [3] thus states that for this noise-
free BC a rate-memory tuple (R, My, ..., Mg) is achievable
only if

t
tR — Z asp <1
k=1

(163)

This is equivalent to the following bound on the capacity-
memory tradeoff

t
1 *
C(Ml,...,MK) S ; 1+k5710437k (164)

Notice that the sum 2221 % ;. takes on only two different
values, depending on the outcomes of the minimizations
defining o ;.. It is either

(165a)

or

(165b)

Combining (T64) with
M

p =R and my, = %k, and setting my =my = ... =my, =
m yields,
1 2 < k
1< = - mi — _ 166
Y P ST

which is equivalent to the bound in the corollary.
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