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Abstract—Wyner’s soft-handoff network is considered where
transmitters simultaneously send messages of enhanced mobile
broadband (eMBB) and ultra-reliable low-latency communication
(URLLC) services. Due to the low-latency requirements, the
URLLC messages are transmitted over fewer channel uses
compared to the eMBB messages. To improve the reliability of the
URLLC transmissions, we propose a coding scheme with finite
blocklength codewords that exploits dirty-paper coding (DPC) to
precancel the interference from eMBB transmissions. Rigorous
bounds are derived for the error probabilities of eMBB and
URLLC transmissions achieved by our scheme. Numerical results
illustrate that they are lower than for standard time-sharing.

I. INTRODUCTION

The fifth and the forthcoming sixth generations of mobile
communications have to accommodate both ultra-reliable and
low-latency communication (URLLC) and enhanced mobile
broadband (eMBB) services [1], [2]. URLLC services aim at
guaranteeing high-reliability at a maximum end-to-end delay
of 1ms and are used for delay-sensitive applications such as
industrial control management as well as autonomous vehicle
and remote surgery applications [2]. On the other hand, eMBB
services aim to provide high data rates and are used for
delay-tolerant applications such as video streaming, virtual and
augmented reality applications [3].

The difference in the latency requirements of eMBB and
URLLC services along with the fact that that they are sched-
uled in the same frequency band make their coexistence
challenging. Networks with such mixed-delay constraints have
been studied recently. See [4]-[8] for a comprehensive review
on related works. The previous studies are mostly focused on
the performance of such networks in the asymptotic regime
where the number of channel uses goes to infinity. Since
the URLLC delay constraint limits the number of available
channel uses, the problem of joint coding of messages with
heterogeneous blocklengths is of an increasing interest. No-
tably, for the Gaussian point-to-point channel with messages of
heterogeneous decoding deadlines, the work in [9], proposes a
coding scheme which exploits dirty-paper coding (DPC) [10],
[11]. Accounting for finite decoding deadline constraints, rig-
orous bounds are derived on the achievable error probabilities
of the messages. Their numerical results illustrate that their
proposed scheme outperforms time sharing for a wide range
of blocklengths. For the Gaussian broadcast channel with

heterogeneous blocklength constraints, the work in [12], pro-
poses a coding scheme which decodes the messages at time-
instances that depend on the realizations of the random channel
fading. The authors showed that significant improvements are
possible over standard successive interference cancellation. In
[13] achievable rates and latency of the early-decoding scheme
in [12] are improved by introducing concatenated shell codes.
Finally, [14] and [15] studied the uplink of the cloud radio
access networks where URLLC messages are directly decoded
at the base stations whereas decoding of eMBB messages can
be delayed to the cloud center. In particular, [14] performs
a hybrid analysis where URLLC transmissions are studied in
the finite blocklength regime and eMBB transmissions in the
asymptotic infinite blocklength regime.

In this paper, we consider Wyner’s soft-handoff model with
K interfering transmitters and receivers pairs. Each transmitter
wishes to simultaneously transmit two messages of hetero-
geneous blocklengths: an URLLC message and an eMBB
message. The URLLC message is transmitted over a shorter
blocklength compared to the eMBB message. Txs can hold a
conferencing communication that depends only on the eMBB
messages but not on the URLLC messages. By exploiting the
DPC principle in [10], [16], we propose a coding scheme to
jointly transmit the URLLC and eMBB messages. Unlike [9],
[12], [14], we consider that codebooks are generated randomly
according to independent uniform distributions on the power-
shell. Rigorous bounds are derived for achievable error prob-
abilities of eMBB and URLLC transmissions. To this end,
Gel’fand-Pinsker analysis techniques for finite blocklengths in
[11] are combined with the multiple parallel channels approach
in [17]. Numerical results illustrate that our proposed scheme
significantly outperforms standard time-sharing.

II. PROBLEM SETUP

Consider Wyner’s soft-handoff network with K transmitters
(Txs) and K receivers (Rxs) that are aligned on two parallel
lines so that each Tx k has two neighbours, Tx k—1 and Tx k+
1, and each Rx k has two neighbours, Rx &k —1 and Rx k£ + 1.
Define K := {1,...,K}. The signal transmitted by Tx k €
K is observed by Rx k and the neighboring Rx k£ + 1. See
Figure 1. Each Tx k& € K sends a so called eMBB type message



Fig. 1: System model.

M ,E,e) to its corresponding Rx k, for M, ]Ee) uniformly distributed
over /\/l,(f) = {1,...,Le}. A subset of Txs Ky C K also
sends additional URLLC messages Mlgu)’ for k € Ky, for
M,SU) uniformly distributed over the set M(V) .= {1,... Ly}.
We assume that

Ky:={1,3,...,K — 1}, (1)

so that URLLC transmissions are only interfered by the eMBB
transmissions but not by other URLLC transmissions. (The
study of sets Ky with interfering URLLC messages is left as
a future research direction.)

Communication takes place in two phases.
Tx-cooperation phase:
The encoding starts with a first Tx-cooperation phase in which
Txs share their eMBB message with their neighbouring Txs in
Ky. (For example over high-rate optical fibers if the Txs are
BSs.) The URLLC messages, which are subject to stringent
delay constraints, are only generated after the Tx-cooperation
phase, at the beginning of the subsequent channel transmission
phase.
Channel transmission phase:
URLLC messages are transmitted over ny channel uses and
eMBB messages over ne > ny channel uses. The blocklengths
ny and ne are assumed to be fixed constants. Notice that while
the transmission delay of URLLC messages is determined by
the ny channel uses, transmission delay of eMBB consists of
both the delay of the Tx-cooperation phase as well as the delay
induced by the n. channel uses.

For each k € K, Tx k computes its time-t channel input
Xie witht € {1,...,n.} as

Xt = {

for each ¢ € {k — 1,k + 1} and for some encoding functions

,gb) and f,ge) on appropriate domains satisfying the average

block-power constraint

lgb) (MIEU)’ M£E)7T5%k>a k S ]CU and ¢ S ny
lge) (Mgge)aTe—m), k ¢ Ky or ny <t < ne,

1 &
— E X,ft <P, Vkek, almost surely.  (2)
Ne ?

1

t=

The input-output relation of the network is described as
Yit = hixXnt + P16 Xp—1,6 + Zits 3)

where {Z);} are independent and identically distributed
(i.i.d.) standard Gaussian for all £ and ¢ and independent of
all messages; hy ¢ > 0 is the fixed channel coefficient between
Tx k and Rx ¢; and we define X, = 0 for all ¢.

After ny channel uses, each Rx &k € Ky decodes the
URLLC message M,iu) based on its own channel outputs
YV :={Yk1,..., Y n,} So, it produces:

N = g™ (Y7, 4)

(nu)

for some decoding function g, on appropriate domains. The

average error probability for each message M ,EU) is given by
e =P{NY 2 MY for keKu )

After n. channel uses, each Rx k decodes its desired eMBB
messages as

M =" (Y7, ©6)

(”e)

where b, is a decoding function on appropriate domains.

The average error probability for message M. ,Se) is given by
cosn =P {Mﬁ 4 M,§e>} . for kek. %)

We will be interested in the average URLLC and eMBB
error probabilities

1
vi= o Z €U,k ®)
keEKy
1
€e = Ve Z €e k- 9
ke

III. CODING SCHEME

Txs in Ky use DPC to precancel the interference of eMBB
transmissions from their neighbouring transmissions and from
their own eMBB transmissions on their URLLC transmissions.
(Recall that during the Tx-cooperation rounds Txs in Ky learn
the eMBB messages of their neighbouring Txs.)

A. Encoding at Txs in K\Ky

Each Tx k € K\Ky transmits only the eMBB message
M ’ge) over the entire block of n. channel uses. Over the first
ny channel uses, it transmits a codeword X () (M®)) that is
uniformly distributed on the centered ny-dimensional sphere
of radius /nyfBeP, for some S, € [0, 1], independently of all
other codewords. Tx k also describes its message M e), and
thus its input signal X ;:’1), to the neigbouring Tx to its right
during the only Tx-cooperation round.

To encode M,Ee) over the following (ne — ny) channel
uses, Tx k employs a second codeword X 55’2)(M ,ge)) that is
uniformly distributed on the centered (n. — ny)-dimensional
sphere of radius /(ne — ny)(1 — Be)P, independently of all
other codewords.




B. Encoding at Txs in Ky

Each Tx k£ € Ky has both eMBB and URLLC messages
to transmit. To transmit its URLLC message M, ,EU), Tx k
employs DPC encoding to precancel the interference of the
eMBB transmission of the Tx to its left and its own eMBB
transmission. Tx & transmits its URLLC message over only ny
channel uses whereas it sends its eMBB message over the en-
tire block of ne channel uses. To transmit both messages while
satisfying (2), we divide the total transmit power P into three
parts BuP, Be,1P, Be,2P, where power ByP is used for URLLC
transmission, power [ 1P for eMBB transmission during the
first ny channel uses, and power S 2P for eMBB transmission
during the last n, —ny channel uses. The coefficients By, Se 1,
Be,2 € [0, 1] are chosen such that

ﬂU + Be,l + /Be,Q =1

Transmitting M ,Ee) and M,EU): Over the first ny channel

(10)

uses, Tx k sends its eMBB message M,ge) jointly with its
URLLC message M,gu). To this end, it encodes M,ge) using
a codeword X E:’”(M,Ee)) that is uniformly distributed on
the centered ny-dimensional sphere of radius /nyQ,1P.
To encode M,gu), for each realization m of message M,EU),
|2 By | codewords Vi, (m, i), i =1,..., 2", are drawn
uniformly from a centered ny-dimensional sphere of radius
v/rrnyP independently of each other and of all other code-

words, where
(11)

Tx k then chooses a codeword Vk(M,gU),i) such that the
sequence

Tk = 5U + az,lﬂe,l + aﬁ,Qﬁe

XV = v (MY i) — a1 XY — XY (12)

lies in the set
2
Dk = {:I),(fu) 27'Luﬂup — 6k < H.’IZ;CU)H < nuﬁup} (13)

for a given §; > 0. If multiple such codewords exist, one of
them is chosen at random, and if no appropriate codeword
exists, an error is declared.

Over the first ny channel uses, Tx & transmits

x+xov. (14)

Over the last (ne — ny) channel uses, Tx k simply encodes
M® using a codeword X (&% (M®) that is uniformly dis-

tributed on the centered (n.—ny)-dimensional sphere of radius
\V4 (ne - nU)ﬂe,QP-
C. Decoding at Rxs in K\Ky

Each Rx k& in C\/Cy only has an eMBB message to decode.
Rx k € K\Ky decomposes its channel outputs into two output
blocks consisting of the first ny and the last (ne —ny) channel
uses, respectively. These blocks are of the form:
Yir = b X0 + i n (X + X0Y) + Zea, (150)

Yio = hip X + by 11 X% + 24, (15b)

where Z}, 1 and Zj, o are independent i.i.d. standard Gaussian
noise sequences. For Y, 1 = Yi1 and Y0 = Y20 RX k

(e)

estimates M,2 as an index m for which the corresponding

codewords 2, (m) and (> (m) maximize the information
density

o (e1) | (e2

Z1(5'3;(5 )7 33;: )§yk,1a yk,2)

&l e,2
1 fYk.1|X§:’1)(yk»1|wl(€ ))fYk,z\ng’z) (’yk’2|w,(C )) 6
Iy ia e ) fyis(Yro) )
among all codeword pairs :c,(:’l) = ;cl(:vl)(

w,(:’Q) (m/).

m’) and z{*? =

D. Decoding at Rxs in Ky

Similarly to the previous subsection, also Rxs in Ky decom-
pose their channel outputs into two output blocks consisting of
the first ny and the last (n. — ny) channel uses, respectively.
For a Rx k € Ky, these blocks are of the form:

Y =he(XY + X)) 4y X0 4 Z, 1) (17a)

Yio=hpi X% + by 11X + Z4 o (17b)

where Z}, 1 and Z}, 5 are independent i.i.d. standard Gaussian
noise sequences.

1) Decoding M,EU): Rx k decodes M,EU) based on the
outputs of the first channel inputs Y, ; defined in (17a). Rx &
estimates M, ISU) as an index m for which the corresponding
codeword vy (m,i) maximizes the information density

fYk,1|Vk(yk,1|Uk)
fYk,1 (yk,l)

among all codewords vy, = vi(m/, j).
2) Decoding M,Ee): Rx k decodes M,ge) based on the
channel outputs of the first and second channels Y ; and

Y ;. 2 by looking for the index m for which the corresponding
(e,1) (e,2)

; (18)

i(Vk; Yy,1) = In

codewords x; "’ (m) and x; "’ (m) maximize the information
density
. 1 2
zz(a:,(: ),:B,(: );yk,pyk,z)
I Wialzi ) fy,  xen Wralz™)
o P @ela My, s Wrale™™)

fYk,l(yk‘,,l)fYk,2 (yk-,2)
among all codeword pairs a:;:’n(m’) and a:E:’Q) (m/).

IV. MAIN RESULT

Fix fe, Be.1;Pe2,0u € [0,1] such that (10) is satisfied.
Define

of = hi g (ri+ (1= ay,1)*Ber) P

+(hk—1k — hrrar2)?BeP + 1, (24a)
o3 = hi,l,k (ri+ (1 — ag—1)?Be) P

+hi 1 kR _128P + i 5P + 1, (24b)
03 = (hi (1 = Be) + Py pBe2) P+ 1, (24c)



k5e2+hk 11 —Be)) P +1, (24d) 1072
P/ Be + hi—1.6(v/Bu + 5e1) (24e)

= (ki

e (h (VBu+VBer) +hian/Be), @ 107
esi= (hpy/T— e+ hior/Bez) . (24g)

cri= (i Bez + b /(L= Be)) . 4

- «- Time-Sharing
v —6— Our Scheme

L1

o
S
i

1074

€e

. : . 107°
By employing the scheme proposed in Section III, we have

the following theorem on the upper bounds on the average

URLLC and eMBB error probabilities €y and e.. 106
Theorem 1: For fixed message set sizes Ly and L., the

average error probabilities ey and e, are bounded by

107 Lol Lol Lol
1 107° 1074 1073 1072
us Z (1 = F(ug2 —uk1) + F (—uk2 — ug1) v
keKy Fig. 2: €. vs ¢y for P = 10, n. = 100 and ny decreases from
+(1- max{£k71,£k72})L2"UR”J ) + Ly| 2™ B |ew25) 90 to 10 with steps of 10.
1 1 (A2 2 e (A2 2 (A2

keK\Ky

1
Jrgz,

(o 1= V2D (P20t /(e L1, L2, Ye,1, and e 2 are
(C1dr,1 + Cady 2 +nuds + (ne —ny)ds)  defined in (20) to (23), Jy, Je,1 and Je o are defined in (58),

keky &2 (78) and (96), and F'(-) represents the cumulative distribution
+ Le(e7 el 4 7 72) (26) function (CDF) of a chi distribution of degree ny.
Proof: See Appendix A. [ ]
for any vy, 7Ye,1 and 7y 2, and where In Figure 2, we numerically compare the bounds in The-
orem 1 with the time-sharing scheme where only Txs in Ky
5 hy k\/ KOT send URLLC messages over ny channel uses whereas all the
Uk, = VnuP <C2 SR o?—1 ’ @7 Txs in K send eMBB messages but over only the remaining
5 ne —ny channel uses. In this plot, the value of ny varies from
o of 9 2y1  nuPrieh 90 to 10 with step size 10, while the value of n. is fixed at 100.
Uk,2 = 3 ny ln(al) - — + T E (28) . .
o7 — Ju 7 In our simulations, the values of the parameters 3., Bu, fe 1,
c Be,2> a1 and ay o are optimized to minimize €. for a given
lk1 = 24/nyP (cl + hie g/ Be — 12> (29) €y. As can be seem from this figure, our scheme outperforms
2 the time-sharing scheme.
3
b2 = 2v/(ne —ny)P <C3 + kv = Be = Ug) » (G0 V. CONCLUSIONS
C2 We considered Wyner’s soft-handoff model where trans-
di1:=2 hi.ky/ - — 31 . .
w1 " (CQ T e/ Bea 2 ) D mitters simultaneously send eMBB and URLLC messages of
heterogeneous blocklengths. We proposed a coding scheme
Cq
di,2 =2~/ (ne —ny)P <C4 + ek Be2 — z) (32 1o jointly transmit URLLC and eMBB messages in such
ny—3
Ly = O r(g) ! 1 (Tk Bu + a2/ Be(an1v/Bet + V) + 5 )2/(042 T Be,1) 2 (20
1 = Ty — - - ,2 e ,1 e, 1 , e, 1 )
2nyP /7T D(M5) a1/ Ben P o
ny—3

5 r) 1 3k 1\ ’
£hr = e Fly s ( = (7= B+ ana v Fr(ona VB VD) + o /(ai,ﬂm) e

_ 3 2 2 C% 2'7e 1
Ve, 1= Ny <1n o3)—P ( c1 + hy, km) 02)) (ne — ny) <1n(a3) —-P ((03 + hi /1 — ﬂe) — )) —=(22)

2
2 03 Jel

c2 2 2 27e
Ye,2 := Ny <h’l CTl P( Cg+hkk ﬁe 1) 22>> +(7le*7’Lu) (IH(UZ)P <(C4+hk,k\/5e72) _ 4 > _ ]22(23)
€,

2
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a network. We derived rigorous upper bounds on the error
probability of eMBB and URLLC transmissions. Our numer-
ical analysis showed that the proposed scheme significantly
improves over the standard time-sharing.

An interesting future line of work is to study this network
under the assumption that n. is much larger than ny. This
assumption allows the eMBB transmissions to benefit from
their delay-tolerance feature. Another interesting scenario is
to let all the Txs send URLLC messages which requires
dealing with the interference from the URLLC messages on
the URLLC transmissions as well.
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APPENDIX A
PROOF OF THEOREM 1

A. Bounding ey

We start by bounding the decoding error probability of
a URLLC message at a given Rx k in Ky. Define the
decoding error event &, W {M(U) # M(U)} and let &,
be the encoding error event that no appropriate codeword
Vk(M,gU),i) can be found so that X,(CU)(MIEU)) € Di. We
have:

vk < PExo] + PIEY |Ex ).

1) Analyzing P& ,]: To calculate this probability, we
follow a similar argument as in [11, Appendix E]. From (13)
we notice that (V' — akJX,(:’l) — OszX,(:;ll)) € Dy, if and
only if

(33)

nyBuP — 0, < ||V — ak,1X;(€e’1) — Oék,ngceill)HQ < nyBuP.

Recall that ||[V'||? = nyrgP almost surely. Thus event & ,
holds whenever the following condition is violated:

(e,1)
nu(Tk—ﬁu)P+|\Oék1X(e’ Unt apa Xy 1|2

<203,1(Vy, X;: 1)> + 2ak,2(V, Xée 11)>

Snu(rk—ﬁu)Pﬁ-HOszX )+Oék;2Xk 1||2—|—5 (34)
Define
Cp m ny(ry — Bu)P
QOLkl
(e,1) (e,1))12
o1 X+ ap 2 X,
|| k,1 5 k,2 1|| ak2<Vk, (e1)> (35)
a1 a1

)

Equation (34) then is equivalent to

Cr < (Vi, XDy <0y +

20% % (36)

Since X Ef’l) is drawn uniformly from the sphere, the
distribution of (V'j, X l(f’l)) depends on V', only through its
magnitude, this is seen by noting that the inner product of
two vectors is unchanged when an orthogonal transformation
is applied to both arguments, and the distribution of X ,(:’1)
is unchanged under any orthogonal transformation. In the
following we therefore assume that V', = (||Vk]],0,...,0),
in which case (36) is equivalent to:

C e C 1)
ko ziil) < Gk %
[V k] ’ Vel 2001Vl
(e,1)

where X ,Ef’ll) is the first entry of the vector X;"’. We
conclude that P[Vj, — oy, 1X(e D —ay QX(e = Dy] is lower
bounded by the probability of the first entry of X (e1) falling
into the interval of length W that starts at H‘C;TH
(Notice that the length of the interval 1s deterministic because
[IVk|| = V/nuriP is a constant, but its starting point is random
because C}, is a random variable.

The distribution of a given symbol in a length-ny random
sequence distributed uniformly on the sphere is [19]

(37

"ZU*

(e)y2\ T
Fyen i) = L TG (ia F
Xi k1 Ty Be,1 P INE 71) nyBe,1 P

X]l{(xkl )> <n UBe,1P}. (38)

This density function is decreasing in (:v,(C ] ))

that

which implies

PV — ap 1 X\ — ;. X&) € Dy

6k <Ck 6k )
_ o1 + 39
= 2a Vel vl 2 v} Y

Furthermore by the Cauchy-Schwartz inequality:
”U(ai,lﬁeJ + ai,Qﬁe)P

Cr <

2081
bl 1
Q21X+ gLl X1
+
2001
2o pane [ XV X))
201191
(0%°%) el
oIV X1 (40)
Thus
Ck
V]l
where

o e — Bu + (a2 Be + 1/ Be)?
Ak =V nUP < 20%’1\/5



L Qk2Vy Pﬁe. @)

a1

Therefore

v (e,l)
P[Vk — Qg 1X§€e’1) — ak,2Xk_1 S Dk]

Or ( O )
> e A+ ——— .
sara [Vl X (A o v

In a similar way, in (34), one can move the term
2001 (Vi X ,(:’1)> to both sides and bound the above prob-
ability by the probability of the first entry of X ,(:;11) falling
within a given interval. This leads to an equivalent bound,
which combined with (43) yields:

PV — ar 1 XY — g 0 X € D) > max{Ly, £}, (44)

(43)

where £; and Lo are defined in (20) and (21), respectively.
Since the [2™fv| codewords are generated independently,
thus

P[€x.o] < (1 — max{L1, L2121

2) Analyzing ]P’[S,EU) |Ek,v]: To evaluate this error event, we
use the threshold bound for maximum-metric decoding. lL.e.,
PEM (€] < Pli(Vi; Yia) < 0]
+My[2m R | Pli(V; Y1) > ) (46)

(45)

for any 7y, where V; ~ fy, and is independent of
(Vi, Y 1). We start by calculating P[i(Vg, Y1) > Yl

By Bayes rule we have
for (o) = Iy W) vy (Uklye 1)
' v Wealon)
= vy, (Oklygn) exp (<i(0k, yp1)) - (48)

By multiplying both sides of the above equation by
1{i(Vk,Ys,1) > Y} and integrating over all v, we have

(47)

[ L{i(00 ypr) > 0} v, (81) 0y, =

[ 1{i(Dk, Yy 1) > e P00 fy v (kY1 )dos (49)
Vg

Note that the left-hand side of (49) is equivalent to
Pli(0k, Yr,1) > wlY k1 = Yy 1]- Thus

Pli(vk, yp.1) > WY k1 = Ygal
- [ 1) > w)
Vi

X exp (_i(@ka ykl)) ka|Yk,1 (i’k‘yk,l)d@k (51
fyivie Wi alvr)
- [ 1 : :
J Py Wi)
X exp (—

(50)

e~ >1}

(ks Yp1)) Sv iy, (OklYp)dve (52)
Iy v (Y1 vk)
By, fYk,l(yk}71)
X exp (—i(Ok, Yp.1)) fvi|ves (Oklyp1)dor (53)

= [ ¢ fvily i, (Vklyr,)do (54)
Vi

e~V

< e—’Yu_

(55)

Now we calculate P[i(V, Y1) < qu]. Note that Yy 4
and Y 1|V}, do not follow a Gaussian distribution. Now
define QY (y,, ;) = N(yk,ﬁO,InU%) and W (y,, 1 |vx) =
J\/(yk 15 i, WV, I,02 ol ) where o2 is defined in (24a) and

9y \ » =1
Introduce

WO (y, 1 |vr)

i(Vk; Y1) = In 00y, ) (56)
1
Lemma 1: We can prove that
i(’”k?’ym) > Ju (57)
i(”k%yk,l) -
where
Ju = (ny — 2) In(2a1a2)
eraB.P
—2nyP(a3Be1 + a3fe) — —2 _ _k (58)
’ \/271'0,%56’1P
and ayp = hk k(l — akvl), ag = hk—l,k — hkvkakyg, R =

In(3) +cr + ln(\/g) — 21In(hyx) with cp < 2.

Proof: We use Lemma 7 of Appendix B to upper bound
Y. (yk’l)/Q(U)(ym) and Lemma 6 of Appendix B to lower
bound fy, v, (yk,1|vk)/W(U)(yk,l|vk)~ u
As a result, we have

P['(Vk; Y1) <) )
PE(ViYi) < 7] (60)
U

WO (Y| V) W}
=P|ln —/—m—W——————~ < = (61)

|: Q(U)(YkJ) JU

e <_|Y2—:V|>
=P 11’1 0 ylv - 'ViU (62)
exp <f||Yk,;||2) =7
(\/7)"U 207
Pl RIPIP B XG5V2 4 B X
H|Zal? + 202 (X x (&1

+2hk,khk71,k<X(U) X(e 1)> + 2hyg k<X;E,U)7 Zya)
+2hk,khk71,k<X(e ) X(e 1)> + 2hy, <X;(:’1)7 Zq)
2hk,k01

+2hk—1}k<X§:i11)a Zya) — ﬁ<X](qU)v Vi)
o} — 0y|v
2h2 o3 2h o
—%(X,(:’I),Vw %<Zkl’vk>
of — o3, ol — Uy|v

B 2hj—1 khe ko3

R

X0 Vi) > Ay (63)

P | R} nuBuP + || Z k|

+2hi7anP\/ BuBe1 + 2hk i hi—1,kmuP+/BuBe



+2hg 1/ nuPBY - || Z k1 || + 2k khie—1,6m0P A/ Be,1 Be
+2hg 1A/ nUPBe || Z k|| + 2hk 1k VUuPBe|| Z 1 1|

%cikl \/m+ k k"% \/m
P ylv ylv
Uihﬁ’;jv (- 1anP\/ﬂeTk+ VPl 12 )
> — nUP(hi,kﬁe,l + hi—l,kﬂe)‘| (64)
= B [|1Z1a P+ ball Zi ]| 2 7] ©9)
—r[(1zea+2) 2 8 (66)

2
— _F<\/W+Z—Z’21>+F< \/Au +Zl—b1><67>

where
- 0’2 2’}/1
YU = a'% i 1 (nu ln(af) JU h kranP) s (683)
B 2hy, rosnyP
u =y — P - % . (68b)
o? —
h
by = 21/nyP <cQ + W) , (68¢)
o7 —

where ¢o is defined in (24f). Note that ||Z ;|| follows a chi
distribution of degree ny and F'(-) is its corresponding CDF.
By defining u; := %1 and ug = \/Au + % and combining
this bound with the bound in (55), we prove the upper bound
in (25).

B. Bounding e,
Define the decoding error event 5,&? = (M £ My

for k € K\Ky and the decoding error event Elge% ={M ,Ee) #

M ,ge)} for k € Ky. The average error probability of decoding
eMBB messages over the K Tx/Rx pairs is given by

= 2 > Bl

kEK\K:U keky

P[ES)] + (69)

1) Analyzing P[S,&ei] : To evaluate this error event, we use
the threshold bound for maximum-metric decoding. Le.

[51561] < Pl (X(e v, X(E’Q)' Y1, Yi2) < el
+M. P[Zl(X(e Y X(e 2, Y51, Y5 2) > 7,1(70)

for any -y, 1, where X( ~ fx<e 1) and X( ~ fX(e 2y and

are independent of (X(e ) X(e 2) , Y4 1,Y2). To calculate
P[iy (X(e A X(e 2, Yk71,Yk.72) > 7e,1] we follow similar
steps as in (47) (55) and show that

Pliy (X, X Y11, Vo) > qer] <e 0. (71)

Now to calculate Pliy (X (&, X&Y', 1, Vi2) < 7en] we
first define the following distributions:

Qv (Yi1) ~ N (Y150, 02 Iny) (72)
Qv »(Yp2) ~ N(yy2; 0, 031y,) (73)
W(yk,1|w§:’1)) ~ N (Y15, ch( RN 551n,—n,) (74)
W (Y oll™™) ~ N (g0 bk X 57, 2 G3Ln.ny), (75)

where 03 and o3 are defined in (24b), (24c) and
7% = 1. Introduce

55 =1 and

~ e, 1 e,2
21(56,1(C ) ( );yk 1 Yk, 2)
, 2
W (yp |2 )W (g oli?)
=In (76)
ka,l(yk,l)QYk,Q (yk,Q)
Lemma 2: It can be shown that
(e,1) (e,2)
i1(x , X ; ,
i ( k Yia yk:,2) > Jos a7
(e,1) , (e,2), ’
11(5% y L, 7yk,1ayk,2)
where
3(ny — 2
Je1 = % ln(2) + (ny — 2) ln(hk,l)kalag)
3n P
— (R grk + a1 Ben + a3Be)
+ (n —ny — 2) ln(th,khk—l,k)
— (ne — nU)P(hi,k(l —Be) + hifl,kﬁeﬁ)
B erVP a?Ben n h3. i Be n hi 1 1Pz
v 2m \/h’k 1 krk \/QQﬁe \/h ]. - ﬁe
and a1 = hkfl,k(l — Oékfl,l)a ag = —hkfl’kakfl’g with
cr < 2.
Proof: Similar to the proof of Lemma 1. [ ]
As a result of the above lemma, we have
P i (X[, XY 1, Y i) < 7] (19)
< P[gl(XE:’l)aX;:’Q);Yk,l,Yk,z) < %71] (80)
€,
_p |1 WO Xl Xi0P) 81)
Qv,,Yi1)Qy, 2(Yk 2) J
1 Y k1 —ha i XV )2
/2 P ( 27}
=P|In
76}( (_HYk,1H2)
(\/7 ny P 20’%
Yk, 2k, R X2
1 ( 20. Tr ne ny 2(73
o exp (— 410
(m)ne ny p 20’5
02 — 52
=Pp|2 7 2 e X0 + o p (X2 + X))
U% - &S 2 k,k (e,1))12
=5 | Zkall” + = 11Xl
03032 2

(78)



o2 — 53
+2 P <Zk 1 B, kX(e 1)> and I 1, lp2, Je1 are defined in (29), (30), and (22), re-

0202 spectively, c¢; and cs are defined in (24e) and (24g). Note
) (e,1) that in (85) we employ Markov’s inequality. In (86), we
+27 % <Zk 1 b1 e (X520 + X7 )> use the fact that || Z} || follows a chi distribution of degree
2hk k (e Dy X(e 1 nu, || Zk1||* follows a chi-squared distribution of degree ny,
< + Lk, > || Z} 2| follows a chi distribution of degree n. — ny, and
2hk . o) o) ||Z 2||* follows a chi-squared distribution of degree ne —ny
< k 1 +X,77),X ,:’ > to calculate their corresponding expectations.
- 2) Analyzing ]P’[E,ge%] : To evaluate this error event, we use
+05; = o3 (Hhk,kX;:’ ) 4 hk—l,kXJ(:i21)||2> the threshold bound for maximum-metric decoding. Le.
303 . 1 2
U% (e,2) (c2) P[Sé‘f%] < Plio( X0V, X5V Y 11, Y i) < 2]
+27 Zgo, he o X7 + b1 6 X, (1) (e2).
0303 + MPlia(X ", X3 7Y 1, Yi2) > 7e,2](88)
_ 2huk (e2) (e,2) (e2)
52 <hk kX A he 1kX 1+ Zk2, X, > for any ~e 2, where X( 1) NfX(el) and X,(c NfX(EZ) and
2 _ = B2 are independent of (X (e D X(e 2) ,Yi1,Y o). To calculate
% + X O 2 Fer | 8D pr, gD x©2)
252 52 e Plio( X, 7, Xy, ,Ykﬁl, Yio2) > ve2| we follow similar
) steps as in (47)-(55) and show that
05 — G
= ZQ&QZ”UP (hi xBe + hi_1 1 (Bu + Ben)) Plis (X(e b (e 2, Y1, Yi2) > e2] <e 72 (89)
203
2 ; (e1) y(e2),
05 — To calculate P[io( X", X ;"7 Y1, Yi2) < Ye2], we first
+2 025 % nUPhk khk—1k ( BeBu + 5356*1) define the following distributions:
2 _ =2 ~ . 2
+22 2 nuPhE /BB + = 2 22||zk NE Qs (Y1) ~ N (Y150, Inot) (90)
272 02 _ 52 2h QYk 2 yk 2) (yk 270 04 TLU) on
/ 2~ 03 k k
HIZkallvnuP <2 o752 % ) W (g2 ~ N (g k(1 — k) X, 630, 0, ) (92)
o3 — 63 o3 — 63 W (Wpalzi®) ~ N (W03 hin X563 ), (93)
32 23(ne—nu)PC§+ - 3|| k2ll? ’
9303 2 where 01 and 04 are defined in (24a) and (24d), respectively
5 h =2 _ =2 _
+2(1Z), ) ( — 03 k, k 1= ﬁe) and 07 =1 and ¢ = 1. Introduce
3 bt (e,l) (e 2)
iz(x), 'Yk, 1 Yk, 2)
1— Be(ne —n P(h V1-— +26) 1 2
Be( e U) k,k /Be 3 _ ln W(yk’1|w§€e, ))W(yk’2|x’(€e )) (94)
n 2h | ) 2
n 52 nuPBe + K, anP Becr > Fe (83) QYk,l(yk,l)QYk.z(yk,Q)
03 G5 Lemma 3: Tt can be shown that
. el e,2
_P[ ’ ) io(Ty, ( ) ( ),yklayk2)>J 95)
+ lkAHZk’QH 2 %’1] (84) 22(“31(: 1) ml(c );yk 1 Yk2) -
< ]E[ , where
e,1
e sl| Zial® + Uk al| Zk 2] (85)  Jeo = (nu — 2) In(2hk ka1) + (ne — ny — 2) In(V2hy_1 1)
ny+1 ne—nu-‘rl (ne - ’I’Lu)h%_l k(l - ﬁe)P
U, 1\/> I( nZ ) + I, 2[ I( - nu ) — ’Ilup(hikT’kJra%ﬂe) — 5 J
'Ye,l ( D) ) ( e2 ) on 92 cr 12
1 e FalﬁeP € hk7k5e,2p . (96)
+ lpany +1 -n 86 - - 2
o (Ik,3nu + lg,a(ne — nu)) (86) \/27rhﬁ7k7"kp \/27Thi_1,k(1*5e)P
where and aq := hy—1 —hg pog2 and ko == 1n(%)+cr+ln(\/§)
I el &7 2mr(l — ax)) with ep < 2.
e o3 Proof: Similar to the proof of Lemma 1. u
gg -1 As a result of the above lemma, we have
lga = o7 (87b) ) (e1) +(e,2)
23 ) ) Plio( X, X775 Y k1, Yi2) < %e2)] 7
Ve,1

n 24 (ne—ny)n 22, (870) < Plip(XEY, Xy, V) < 22 (98)
Je 1 g5 o3 Je72

|
_|_
c
=
1%
+

Ve,1 1= —



(Vo Xi)
(Yk 2) J

)
)Qy
Y X OV
n (\/20 71')"U 257
exp (24
(\/ﬁ)nu 203

N Wy S | £ TR, 5 il |
( 2&27‘.)nefnu p 20'4

(P

ot o (-1
S Pldial|Zrall + di2l| Zi 2|

Y X(el)
:P[l WY e

99
QYk (Y 1

|
=

+In

+ dial| Zk2l]? > Fe,2] (100)
1
< —E[di||Ziall + dr2|| Z k2l
Ve,2
+di 3| Z g ||? + dia|| Z k2] (101)
I(2etl) I(Ze=nutl)
dk 1\/> + dk 2\/> R
Te2 L3 [(#5)
(di,3ny + dia(ne —nu)) (102)
Ve, 2
where
of —1 o
dy,3 5> k4 4 5 (103a)
1 0'4

and dy1, di,2, and 7.1 are defined in (31), (32), and (23),
respectively.

APPENDIX B
LEMMAS ON BOUNDING DISTRIBUTIONS

Lemma 4. Consider the vector S = bX +Z where || X ||> =
nP and Z ~ N(0,021,) and b is a constant. Let fg(s) be
the pdf of S and is given by

1 r n b’>nP
2(y/oZm)n "2 202
||5H2 Ig—l (||S||b\/nP/U§)

X exp (— 552 ) = (104)

(IlsllevnP/o?)’

where Iﬁ,l is the modified Bessel function of the first kind
and (4 — 1)-th order.
Proof: [18, equation 52]. ]
Lemma 5: Consider the vector S = bX +Z where || X||? =
nP and Z ~ N(0,0%1,) and b is a constant. Let fs(s) be
the pdf of S and

fs(s) =

Qs(s) ~ N(s;0,(V*P+1)I,,), (105)
Qs(s) ~ N(s;0,1,,), (106)
Thus
fs(s) _ 107
Qs(s) = v (107)
fs(s) ST (108)

where

—b2 aZ\2
( bP/ )2

(109)
Tu = e (110)

with k := (In(3) + cr + In(\/F) — 2In(b)) and cp < 2.
Proof: Define

Tpy = Is(s) (111)
Qs(s)
By Lemma 4, we have
In 1 (||s]|bV/nP/o?
1 iy vV 2
Ty, = S(b 226 P/78) s — ( ).(112>

(IslibvanP/oz) "

We start by lower bounding T},. To this end, we use the
following lower bound on the Bessel function:

T, (z) > F(%H) (g) : (113)

that is valid for x > 0 and n > —l. Therefore,
Tpy > 2" b2 (e V' F/72)3 (114)
which proves the bound (109). The upper bound (110) follows
the argument provided in [18, Appendix B]. [ ]

Lemma 6: Consider the vector U = a1 X1 + a2 X2 + Z
where || X1]|? = nPy, || X2||? = nP, Z ~ N(0,021,), and
ay and ay are constants. Let fyy(u) be the pdf of U and

Qu(u) ~ N(u;0,0%1,), (115)
Qu(u) ~ N(u;0, (a?Py + a2P; + 0)1,). (116)
Thus
fulw) o (2a1a2) ™ De 5<”?1 +f’32> (117)
Qu(u
folu)
<eVEah (118)
Qu(u)
with cp < 2.

Proof: Define Uy := a1 X + Z1 and Uy := a2 Xs +
Zy where Z; ~ N(0,02 1,) and Zy ~ N (0,02 I,) with

» Y 21 1))

02 + 02 =02 Let fu,(u1) be the pdf of U1, fu,(us) be
the pdf of U2, Qu, (u1) ~ N(u1;0,02 I,), and Qu, (u2) ~
N (uz;0,02,1,,) . Thus
fU(u) = fUl (ul)fUz(u_ul)dul (119)
R"L
> 9" g2 (e /0% )%
XZ%aQ*Q(E“%PZ/“iz)%
X Qu, (u)Qu, (u — u1)duy (120)

R™

_n (”?21"1 ”321"2 ) _
N7 7% ) Quu), (121)
where the inequality (120) is based on Lemma 5. This proves

the lower bound in (117). The upper bound (118) follows the
argument provided in [18, Appendix C]. [ ]

= (2a1a5) " Ve



Lemma 7: Consider the vector Y = a1 X 1+a2Xo+a3 X3+
Z where || X;||? = nP; fori € {1,2,3}, Z ~ N(0,02%1,),
and a;s with ¢ € {1,2,3} are constants. Let fy(Y') be the
pdf of Y and

Qv (y) ~ N(y;0,021,), (122)
Qv (y) ~ N(y; 0, (ai Py + a3 Py + agPs + 02)1,,)(123)
One can prove that
fY( ) 2%((11@2013)(71—2)
Qv(y) ~
7£< 2py a2P2 P3>
’ 5/, (124)
eFa2P2
fY( ) ‘/21\'(1%}’1 (125)

Qv (y) )

where K= (ln( ) +er —|— In(\/%)
and o2 L+ o? L+ a =02

Proof. The proof is based on the argument provided in
the proof of Lemma 6. [ |

—21In( a3)) with cr < 2,
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