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The Rate-Distortion Problem

Encoder

()

Decoder

9()

R(D) = min I(X, X)

X|X

st. Eld(z,2)] <D

4
R(D)

Distortion D ™,
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Human Perception, Semantic and Statistical Divergences

. High fidelity to the
original sample.

e Hardly perceivable
semantic
characteristics.

Objective:
"Show the picture of a I R ECRTITTETITRTPTPRTIERTY
cat with a hat.” X

. Low fidelity to the
original sample.

e Maintains recognizable
semantic
characteristics.

In various domains, perceptual quality has been associated with

the deviation of the distribution of output signals from the

distribution of the information source!.

1y. Blau and T. Michaeli, “Rethinking lossy compression: The
rate-distortion-perception tradeoff,” in International Conference on Machine Learning.
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Distortion : How different are they?

d(x,z)
dix,y)

Perception : How different are the
distribution they belong to?
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Semantic

Bad Perceptual Quality - Low Distortion

| Good Perceptual Quality # Low Distortion

2E. Agustsson, M. Tschannen, F. Mentzer, R. Timofte, L. Van Gool, Generative adversarial
networks for extreme learned image compression, IEEE/CVF International Conference on
Computer Vision (ICCV), 2019, pp. 221-231



RDP a,

0000e00

Rate-Distortion-Perception Pro

Perception

Distortion !

Encoder Decoder

e() 9()

Perceptual quality indicator adds to the classical rate distortion
problem some human-centric aspects (e.g., human perception of
some visualization)




Problem Formulation

m Given an alphabet set X, we consider an [.1.D. source sequence of random
variables X¢ : t = 1..., 00 with distribution px.

(Encoder) fF:X™ W (Decoder) ¢gP W — xn (1)

where W ={1,2,...,M}, M € N;.
= For a single-letter distortion metric d : X x X — RS‘ and a divergence

measure D : P X Q — R(t we define the distortion fidelity criteria A and
perception fidelity criteria & as:

1 & . 1 &
ALE |:" Zd(zi7zi):| o= ;ZD(PXinXJ
i=1

Definition - Operational Rates

Given a distortion level D > 0 and a perception constraint P > 0, a rate R is said
to be (D, P)-achievable if for an arbitrary e > 0, there exists, for large enough n, a
lossy source code (n, M, A, ®) with M < 2n(R+€) guch that A < D + € and

® < P + €. Then, we define

Rop(D, P) = inf{R : (R, D, P) is achievable}. (2)
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Defintion - Rate-Distortion-Perception Function

For a given source distribution px, a single-letter distortion measure d(-,) and a
divergence measure D(-||-), the RDPF is characterized as follows:

R(D, P) = min (X, X)
A 3)
st. Eld(z,2)] <D  D(pxllag) <P

where D € [Drnin) Dmax] C (0700)7 Pe [Pmir“Pmax] - (0’ OO)

When (3) is achievable?

= Theis and Wagner? showed that variable-rate codes, per-letter
average distortion E [d(x;,%;)] < D, t=1,...,n, and common
randomness at the encoder/decoder achieve (3) for general sources
and perception constraints, with D > 0, P > 0

m Chen et al.® showed that for |X| < co, D > 0, P > 0, we have that
Rnr (D, P) = (3)

2L. Theis and A. B. Wagner,A coding theorem for the rate-distortion-perception function, Neural
Compression Workshop at ICLR, 2021

3J. Chen, L. Yu, J. Wang, W. Shi, Y. Ge, and W. Tong, On the Rate-Distortion- Perception
function, IEEE Journal on Selected Areas in Information Theory, 2022.
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RDPF for Gaussian Sources®

3G. Serra, P. A. Stavrou and M. Kountouris, "On the Computation of the Gaussian
Rate—Distortion—Perception Function', in IEEE Journal on Selected Areas in Information
Theory, vol. 5, pp. 314-330, 2024
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Scalar Gaussian RDPF

m We derive analytical bounds of the RDPF under the MSE distortion when the
perception constraint belongs to certain well-known and widely-used
divergences, e.g. the Kullback-Leibler divergence Dk (px,pg) and the
squared Hellinger distance Hz(px,pf().

(a) (b)

R(D, P) for a Gaussian source X ~ N(0, 1) source under (a) Dir(px,py) divergence
and (b) H2(px, pg) distance.
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m Under tensorizable distortion and perceptual metrics and if the RDPF for the
scalar Gaussian source is available, we propose an algorithm for the

computation of vector RDPF counterpart.

—— RO WaterFiling Alg|
©  Proposed Alg

R(D.P)

(a) (b)

R(D, P) for a Gaussian source X ~ N(0, X x) source with £ x = diag(1, 3,5) under (a)
Wz(px,px.) distance * and (b) Hz(px,px.) distance.

4The corresponding scalar case is introduced in [Zhang et. al. - "Universal
rate-distortion-perception representations for lossy compression” |
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Algorithm Overview

m Leveraging the tensorization properties of the involved metrics, the vector
function can be decomposed in a sum scalar functions.

- N
min I(X, X) Inin min I(X;,X;
edp) #h =0 p(Xi|X:) ( ) Dok

N
s.t E[AX,X)] <D |::> st. 3 D;<D st BAX,X)=D; | —— st. 3 D;<D
=0 i=0

Tensorization N N
D(px,pg) < P ZP' <P D(Px,-,:Dxi) =P ZP‘ <p

= Introducing the variables {D;, P;i};—_1.n], the definition of the scalar RDPF
function for the i*" dimension R;(D;, P;) appears in the optimization
problem.
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Algorithm Overview

m The resulting optimization problem, despite being simpler than the original
problem, is not easily solvable when both constraint are active.

Alternating

m However, since the two constraints operate on distinct optimization variables,
an alternating minimization routine can be implemented to solve optimally

the problem.
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Perfect Realism RDPF (PR-RDPF)

The proposed AM approach allows to derive closed form expression for fixed
perception levels P;. Of particular interest results the case where P; = 0, referred
to as "perfect realism"”, where X will have the same distribution as X.

5 5 5 5 5 5
= PR-RDP Waterfilling
solution:
3 3 3 3 3 3
N 1 ) & g & g Sy
Df rpp =2M[Ex] + 25p
1 1 1 1 1 1
1 1
_ 2 -
4>\i [ZX]+482 123 123 123 123 123 123
D i i i i i i
. . I Aig. 1 (P = 3e-06) [ Alg. 1 (P =7e-01) [ Alg. 1 (P =2+00)
= RD Waterfilling solution: — [
1 Com i f -di i i i *
* . parison of the per-dimension distortion D]
Di,RD = min { 25D s A [EX] and perception P;" levels between the waterﬁllinlg

solution for D = 6.
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Computation of the
Output-Constrained RDFs’

5Serra, G., Stavrou, P. A., Kountouris, M. (2024). Copula-based Estimation of
Continuous Sources for a Class of Constrained Rate-Distortion-Functions. arXiv preprint

arXiv:2401.17089.
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Notation

Given a scalar random variable (RV) X on X C R, we denote
= the distribution function (d.f.) of X, i.e., its law, Fx;
m the quantile function (q.f.) of X, i.e., Qx(u) £ sup{z € X : F(z) <u};
= the probability density function (p.d.f.) of X, i.e., its density, fx;

Furthermore, given a multivariate random variable X = (X1,...,Xy4) with
X; ~ Fx, fori=1,...,d, we define the following vector functions:

# Uniform Transformation:

Px : X — [0,1]¢ defined as Px(X) = (Fx, (X1),...,Fx,(Xq))
= Inverse Uniform Transformation:

Ux :[0,1] — X defined as ¥ x (U) £ (Qx, (U1),--.,Qx,Ua))-
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Output-Constrained Rate-Distortion Function (OC-RDF)

Let X C R? and let fx € P(X). Then, the OC-RDF for the source X ~ fx under
a distortion measure A : X x Y — ]RSr and a target reconstruction distribution
fy € P(Y) is given as follows

Roc(D) = min I(X,Y) 4)
fy | x €(fx,fy)
E[A(X,Y)]<D

where the minimization is on the convex set of Markov kernels

(fx, fyv) 2 {fx)y :my (fyix - fx) = fr}-

We denote the following differences:

m in the PR-RDPF case, we specifically constrain the reconstruction
distribution and source distribution to be identical;

= in the OC-RDF case, we have an additional degree of freedom allowing for the
distribution of the reconstruction to be chosen freely.

6N. Saldi, T. Linder, and S. Yiiksel, “Randomized quantization and source coding with
constrained output distribution”, IEEE Transactions on Information Theory, vol. 61, no. 1,
pp. 91-106, 2015.
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¢ Optimal Transport (EOT)

Let X C R% Y C R™ and let fx € P(X) and fy € P()). Then, the EOT for
€ > 0 and distortion measure A : X x Y — Ry, is given as follows

Dgor(€) = min E[A(X,Y)] +el(X,Y) (5)
fx, vy €N(fx,fy)

where the minimization is on the convex set of joint pdfs
M(fx, fy) £ {fxy :mx(fx,y) = fx,my(fx,y) = fr}

Y. Bai, X. Wu, and A. OZgiir, “Information constrained optimal transport: From
Talagrand, to Marton, to Cover”, IEEE Transactions on Information Theory, vol. 69, no. 4,
pp. 2059-2073, 2023.
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Links between PR-RDPF, OC-RDF, and EOT

We show that the RDPF, OC-RDF and EOT share a common underlining
structure, which allows to map one problem instance to the other.

PR-RDPF

Px =Py

EOT

OC-RDF

Equivalence Via
Lagrangian Duality

Therefore, although our analysis will focus on the OC-RDF problem, all the
results can be easily adapted to the remaining problems.
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What is a Copula?

Copula Distribution

A d-dimensional Copula distribution is a distribution on the volume [0, 1]¢ with
uniform marginals.

Why is it so interesting then? The answer is Sklar’s Theorem

Sklar’s Theorem

Let F be a d-dimensional d.f. with marginal d.f. Fy, Fh,..., F. Then, there exists
a d-copula d.f. C such that for all (z1,z2,...,2q) € R?,

F(z, ... xq) = C(Fi(z1),. .., Fa(za)) - (6)

Such a C is uniquely determined on [0, 1]¢

F1, Fy, ..., Fy are continuous.

and, hence, it is unique when
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Sklar’s Theorem (Corollary)

Let X C R? and let f € P(X) . Then, f can be uniquely factorized as

d
f@i,...za) = c(Fi(z1),. .., Fa(@a)) [ ] £i(x5) (M

j=1

where f; is the p.d.f. associated with the univariate marginal d.f. F; and
c:[0,1]¢ — RT is the p.d.f. associated with the copula d.f. C.

In other words, any multivariate distribution can be decomposed into:

Multivariate density | = Copula density + Marginal densities

m a copula density, expressing the relations between the marginal RVs.

m a product of marginal density, representing the information of each single
marginal RV.
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Information Geometry

Information Geometry (IG) is an interdisciplinary field that applies the techniques
of differential geometry to the study of statistical manifold.

For the purpose of this work, we will use
the tools of IG to characterize the
solution of projection problems of the Dkr(P||Q

type:

min Dkr(Pl|Q)

where IT is a convex set of probability
measures.
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Projection Theorems

For specific typologies of convex set II, the functional characterization of the
optimal projection has been characterized in [Csizar,1975]. The characterization is
expressed in terms of density, i.e. Radon-Nikodym derivative, of the projection.

The following cases are of interest for our problems:

m (Case A) - Il is defined as a linear set of equality constraints, i.e.
II={P: Epl[h;] = a;,i =1,...,n}, then the projection P is unique, with
density:

ﬁ(u) — h iy Oihi(u)
dQ

for some values of y and 6;, i =1,...,n.
m (Case B) - II is defined as a set of constraint on the marginals of P, i.e.
I-IZ{PF’Z NF,L',’I::L...,d}

d

dpP*
a0 (u) = ggi(ui)~

for some scalar functions g;, ¢ = 1,...,d, such that log(g;) € l1
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sinve Projections Theorem

The last result in IG we need characterizes the solution for a sequence of
projections on a given sequence of subsets.

Let the sets IT{ and Il> be convex sets

such that II; C Ila, and let P and R be
the respective projections of @ thereon. Drx1(PlIQ)
Then, Q

Dk (P|lQ) = Dkr(R||Q) + Dxr(P||R) \Qj
Ix(R[|Q) J >

and,

dP,_ . dR, . dP

@(U) = @(U) : E(u)'
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OC-RDF is a IG Projection Problem

Lemma - la Reparametrization

Let (X,Y) ~ fxy € P(X X)) be a 2d-variate RV with marginal pdfs fx € P(X)
and fy € P(Y). Then, the mutual information I(X,Y) can be equivalently
written as follows

I(X,Y) = DkL(Cx,y|ICx ® Cy) (8)

where Cx y,Cx,Cy are the copula d.f.’s associated with distributions F'x y, Fx,
and Fy, respectively. In addition, given a distortion function A : X x Y — RT,
the following holds

IEFX,Y [A(X7 Y)] :]ECX,y [A (‘lfx(Ux),\I’y(Uy))] (9)

where U = (Ux,Uy) ~ Cxy.

Proof: Direct result from Sklar’s Theorem



OC-RD Function

[o] Je]e]e]e]e]
Applying the result of the previous Lemma to the OC-RDF problem:

Roc (D) = min I(X,Y) st E[A(X,Y)] <D
fyx €(fx,fy)

we derive the following copula optimization problem:

Copula-based OC-RDF

The mathematical expression of the OC-RDF Problem in (4) can be reformulated
as

Roc (D) = Cfgéf;d DkL(C|ICx ® Cy) (10)

st. Ec [A(¥x (Ux), ¥y (Uy))] = D

where Coq is the set of 2d-copula distributions and D € [Dmin, Dmax]-

Analyzing the structure of the optimization problem, we can understand
that the Copula-based OC-RDF problem is an IG projection
problem on a convex domain.




OC-RD Function

00®0000

The set of constraints of the OC-RDF can be decoupled as two sets II; and Ilg
such that:

m Tl is the set of all distributions on [0, 1]?¢ respecting the distortion
constraint, i.e. II> is a linear set of constraint.

m II; C I3 is the set of all copula distributions respecting the distortion
constraint, i.e. II; imposes conditions on the projection marginals.

Under this description, using the sequential projection results we can derive:

Solution of the Copula OC-RDF solution

Let R = Cx ® Cy. Then, the Copula OC-RDF problem admits a minimizing
copula @ with Radon—Nikodym derivative with respect to the measure R of the

form
ac BHOLA (W x (82) ¥y (a9))] TT
) =e 2y @] T g3 ws) (11)
=1

for some constants (u, #), and nonnegative uni-variate functions g; such that
log(gi(s)) € 11 ([0,1]) for i =1,...,2d.

Proof: Application of sequential projection using the solutions of Case A (linear
constraint) and Case B (marginal constraint).
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So... job finished, everybody home?
Sadly no.

Do you think we can numerically compute the previous projection?
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ximate [G Projection

The problem with the previous characterization is that we don’t know the
functions g;, introduced by the uniform marginal constraint.
= What if we can enforce the uniform marginal constraints in o different way?

Hausdorff moments problem: Any RV on [0,1] that respects E [u"] = %4-1 for
all n =1,..., is necessarily uniformly distributed.

Lower bound to Copula OC-RDF

For any integer IV, the Copula OC-RDF can be lower bounded as follows

(N) _ ;
Roc(D) 2 Ry = QEDIEE)I,]I]QCL) DkL(Q||IR)
E[A(Tx (Ux),¥y (Uy))]=D
Eq [ul]=an, (i,n)el

where R=Cx ® Oy, I = (1,...,2d) X (1,...,N), D € [Dmin, Dmax], and an is
the n** moment of a uniform distribution on [0, 1].
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Solution of the Lower bound ot the Copula OC-RDF solution

Let R = Cx ® Cy and assume there exists a d.f. P on [0,1]?? such that

DkL(P||R) < oo. Then, R(O]\Q (D) admits minimizing copula @ with
Radon—Nikodym derivative with respect to the measure R of the form

dQ DA (W s (1), Uy () TT oMo vt ul
ﬁ(u):e ’ Y He n=0 Yi,nU; (12)
i=1

where the constants (u, 0, {vin} (i n)cr) are the associated Lagrangian multipliers
can be obtained as a result of the following dual program

d
—p—6D — Z Vi nOn + </[0,1]2d %(u)dR(u) — 1> - (13)

(i,m)erl

min
(1,0,{vi,n}(i,n)er)
J

Proof: Ezistence of the solution derives from the results on IG Case A. The
optimization problem is derived imposing stationarity of the first variation.
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Algorithm Design

The optimization problem defined in (13) is stictly convex, hence we can
rely on gradient methods for its optimal solution.

Algorithm 1 Roc (D) - Copula Estimation

Require: marginal distributions {Fx,, Fy, };—1.... 4; distortion
level D; number of 1terat10ns T'; initial Lagrangian mul-
tipliers 10©) = (p(©), () {I/l ”}(1 el

1: forido=1,...,T MonteCarlo Estimation of
2: Sample {u }, 1. with u; ~ U([0, 1]“

3 f)~(12) + (M M d lul)dR(u,) < / yu R 2 (war() - 1
4 10 = GradientMethod(10~1) f)

5: end for

Ensure: Lagrangian multipliers 177); I(X,Y) = (12).
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Numerical Examples - PR-RDPF

0.30 1.0
Source
H —— Gaussian
0'25_“-_ 0.8+ —— Uniform
—— Expon.
0204 —— Laplace
"o : "2 06
@ : <
3 0154 g
0.101
005 021
0.00 - - - 00 : : :
0.5 10 15 20 0.2 0.4 0.6 0.8 10
Duse Dwmae

PR-RDPF for various source distributions with o x = 1 under (a) MSE distortion metric
and (b) MAE distortion metric.
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Numerical Examples - PR-RDPF

10 1.0
Curve Curve
— Alg. 1 — Alg. 1
084 F 4 RELE o8 F\\ RELE
= 064 Correlation = 064 Correlation
I I
= — p=0 ¢ — p=0
a —— p=05 a —— p=05
;E‘ 0.4 —— p=09 ;ﬁ 0.4 —— p=09
0.2 0.2
0.0 T T T 0.0
0 1 2 3 4 0 4
Dwuse Dwmse

PR-RDPF under MSE distortion metric for a (a) Gaussian, and (b) exponential bivariate
source with varying degree of correlation coefficient p.
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Thanks for the Attention!
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