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Context

Setup: a code C := {xxx1, . . . ,xxxM} ⊆ X n is used for communica-

tion through a channel in the familyF := {pθ : θ ∈ Θ} of DMCs.

Encoder pθ(yyy | xxx) Decoder
i ∈ H xxxi ∈ C yyy ∈ Yn

î ∈ H

Maximum a posteriori (MAP) is the optimal decoding rule:

φMAP(yyy) = arg max
i∈H

pθ(xxxi | yyy),

and it simplifies to the ML rule for equiprobable messages.

Random coding: codewords are selected independently and

uniformly in a set Bn ⊆ X n.

Universal decoding

Definition [1]: LetPθ,φ(error) denote the average probability of er-
ror (overmessages and random codes) when decoder φ is used in
channel θ. A sequence of decoders (φn)n∈N is said to be random-

coding (weakly) universal for the family F and (Bn)n∈N, if

lim
n→∞

1
n

log

(
Pθ,φn

(error)
Pθ,ML(error)

)
= 0, ∀θ ∈ Θ,

and random-coding strongly universal, if

lim
n→∞

sup
θ∈Θ

1
n

log

(
Pθ,φn

(error)
Pθ,ML(error)

)
= 0.

Memoryless channels

In a DMC, the posterior is memoryless w.r.t. xxx:

pθ(xxx | yyy) = p(xxx)
pθ(yyy)

pθ(yyy | xxx) = |Bn|−1

pθ(yyy)
∏
x∈X

∏
y∈Y

pθ(y | x)axxx,yyy(x,y)

=

(∏
y∈Y Cθ(y)ayyy(y)

|Bn|pθ(yyy)

)∏
x∈X

∏
y∈Y

qξ(x | y)axxx,yyy(x,y),

with qξ(θ)(x | y) := pθ(y|x)
Cθ(y) and Cθ(y) :=

∑
x′∈X pθ(y | x′).

KT-based decoder

The conditional Krichevsky–Trofimov (KT) estimator [2] for se-

quences xxx := x1 · · · xn ∈ X n and yyy := y1 · · · yn ∈ Yn is

pKT(xxx | yyy) =
Γ
(

|X |
2

)|Y|

Γ
(1

2
)|X ||Y|

∏
x,y Γ

(
axxx,yyy(x, y) + 1

2
)

∏
y∈Y Γ

(
ayyy(y) + |X |

2

) . (1)

It only depends on the type (conditional distribution) of the

sequences:

axxx,yyy(x, y) = nπxxx,yyy(x, y) =
n∑

i=1
1{(xi, yi) = (x, y)}.

It corresponds to a mixture of i.i.d. distributions qξ(x | y) with
Dirichlet priors π(ξ) ∼ Dir

(1
2, · · · , 1

2
)
(Jeffreys’ prior).

It can be sequentially computed:

pKT(xn+1
1 | yn+1

1 ) =

(
axn

1 ,yn
1 (xn+1, yn+1) + 1

2

ayn
1 (y) + |X |

2

)
pKT(xn

1 | yn
1 ).

We have:

log

(
πxxx|yyy(xxx | yyy)
pKT(xxx | yyy)

)
≤ (|X | − 1)|Y|

2
log n + 2|Y|. (2)

Theorem: Let Bn = X n or Bn = T (π) the type class of some
type π on X n. The decoder

φKT(yyy) = arg max
i∈H

pKT(xxxi | yyy) (3)

is random-coding strongly universal for the family of DMCs.

Proof: Denote Eφ(xxx,yyy) := {xxx′ ∈ Bn : pφ(xxx′ | yyy) ≥ pφ(xxx | yyy)}.
Pθ,KT(error)
Pθ,ML(error)

(a)

≤ max
xxx,yyy

|EKT(xxx,yyy)|
|EML(xxx,yyy)|

(b)

≤ 2nδ(n)

(
max
xxx,yyy

πxxx|yyy(xxx | yyy)
pKT(xxx | yyy)

)
(c)

≤ 2nδ(n)2nε(n),

where (a) follows from [1, Eq. (25)], (b) follows from [3, Lem. 11]

and Markov inequality, and (c) follows from (2), with δ(n) → 0,
ε(n) → 0. �

Decoding schemeswith practical codes

1. (k, n)-linear block codes have to be adapted:

The all-zero codeword is included, maximising (1) regardless

of yyy → all codewords are shifted by a known amount.

Antipodal codewords are assigned the same metric → they

are identified, reducing the effective rate from k
n to

k−1
n .

2. For convolutional codes, usewith amodified stack decoder [4]:

keep a stack of searched paths in the trellis; at each step, extend

the one with highest metric, until the end is reached. The Fano

metric of a path from node i to j is replaced by

MKT(xxxj
i , yyy

j
i) := log pKT(xxxj

i | yyyj
i) + l(j − i + 1)

[
log |X | − (R + ∆)

]
.
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(a) Golay code (n = 24) in binary
channels. Cross-over probabilities

are drawn uniformly in [0, α].
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(b) Convolutional code of rate 1/2 and
constraint length 7 in BSC with

crossover probability ε ∈ [0, 1].
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