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Résumé

La théorie statistique univariée des valeurs extrémes se généralise au cas mul-
tivarié mais I'absence d’un cadre paramétrique naturel complique 'inférence
de la loi jointe des extrémes. Les marges d’erreur associées aux estimateurs
non paramétriques de la structure de dépendance sont difficilement acces-
sibles & partir de la dimension trois. Cependant, quantifier 'incertitude est
d’autant plus important pour les applications que le probléme de la rareté
des données extrémes est récurrent, en particulier en hydrologie. L’objet de
cette thése est de développer des modéles de dépendance entre extrémes,
dans un cadre bayésien permettant de représenter l'incertitude. Le chapitre 2
explore les propriétés des modéles obtenus en combinant des modéles para-
métriques existants, par mélange bayésien (Bayesian Model Averaging). Un
modeéle semi-paramétrique de mélange de Dirichlet est étudié au chapitre sui-
vant : une nouvelle paramétrisation est introduite afin de s’affranchir d’une
contrainte de moments caractéristique de la structure de dépendance et de
faciliter I’échantillonnage de la loi a posteriori. Le chapitre 4 est motivé par
une application hydrologique : il s’agit d’estimer la structure de dépendance
spatiale des crues extrémes dans la région cévenole des Gardons en utilisant
des données historiques enregistrées en quatre points. Les données anciennes
augmentent la taille de I’échantillon mais beaucoup de ces données sont cen-
surées. Une méthode d’augmentation de données est introduite, dans le cadre
du mélange de Dirichlet, palliant 'absence d’expression explicite de la vrai-
semblance censurée. Les perspectives sont discutées au chapitre 5.

Mots clés : Extrémes multivariés, dépassements de seuil, Bayesian Mo-
del Averaging, modéles de mélange, mélanges de Dirichlet, échantillonnage
MCMC, augmentation de données, prédétermination des crues.



Bayesian model mergings for
multivariate extremes

Application to regional predetermination of
floods with incomplete data

Abstract

Uni-variate extreme value theory extends to the multivariate case but the
absence of a natural parametric framework for the joint distribution of ex-
tremes complexifies inferential matters. Available non parametric estimators
of the dependence structure do not come with tractable uncertainty intervals
for problems of dimension greater than three. However, uncertainty estima-
tion is all the more important for applied purposes that data scarcity is a
recurrent issue, particularly in the field of hydrology.

The purpose of this thesis is to develop modeling tools for the dependence
structure between extremes, in a Bayesian framework that allows uncertainty
assessment. Chapter 2 explores the properties of the model obtained by
combining existing ones, in a Bayesian Model Averaging framework. A semi-
parametric Dirichlet mixture model is studied next: a new parametrization
is introduced, in order to relax a moments constraint which characterizes the
dependence structure. The re-parametrization significantly improves conver-
gence and mixing properties of the reversible-jump algorithm used to sample
the posterior. The last chapter is motivated by an hydrological application,
which consists in estimating the dependence structure of floods recorded at
four neighboring stations, in the ‘Gardons’ region, southern France, using
historical data. The latter increase the sample size but most of them are
censored. The lack of explicit expression for the likelihood in the Dirichlet
mixture model is handled by using a data augmentation framework.

Keywords: Multivariate extremes, threshold excesses, Bayesian Model
Averaging, mixture models, Dirichlet mixtures, MCMC sampling, data aug-
mentation, predetermination of floods.
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Chapitre 1

Introduction

1.1 Contexte et objectifs de la thése

Estimer la probabilité d’occurrence d’un événement exceptionnel jamais ob-
servé, définir un événement correspondant & une faible probabilité d’occur-
rence, ou caractériser le comportement du maximum d’un échantillon de
grande taille sont des problémes intervenant dans de nombreux domaines
d’application, parmi lesquels on peut citer 'assurance, les télécommunica-
tions, ou la gestion des risques industriels et environnementaux. La théo-
rie des valeurs extrémes permet d’estimer de telles grandeurs sous certaines
conditions de régularité de la loi des observations.

L’inférence univariée est un probléme désormais bien balisé, s’appuyant
sur le cadre paramétrique fourni par I’asymptotique. Le résultat fondamental
de Fisher et Tippett (1928) détermine les distributions limites possibles de
maxima d’échantillons de grande taille : de telles lois sont entiérement carac-
térisées par un parameétre de forme, auquel s’ajoutent un parameétre d’échelle
et un de localisation. Le livre de Gumbel (1958) est le premier ouvrage de
référence destiné aux applications dans 'ingénierie, avec une attention parti-
culiére accordée au risque de crue (« The flood problem »). On cite générale-
ment la thése de doctorat de de Haan (1970) comme un des textes fondateurs
de la théorie des valeurs extrémes. Un cadre probabiliste et statistique co-
hérent s’est par ailleurs développé. Entre autres, Leadbetter et al. (1983)
étendent les résultats aux situations de dépendance temporelle ; les travaux
de Resnick (1987) mettent accent sur la caractérisation des extrémes sous
I’angle de la variation réguliére et des processus ponctuels. Citons également,
sans exhaustivité, Embrechts et al. (1997), Beirlant et al. (2004), de Haan
et Ferreira (2006), ou 'ouvrage introductif de Coles (2001) parmi les contri-
buteurs a l'unification de la théorie, & sa diffusion et au développement de
méthodes d’inférence adaptées a différentes applications.

La théorie s’étend au cas multidimensionnel, et a sa généralisation infini-
dimensionnelle que constituent les processus max-stables et les processus de
Pareto généralisés. Ceci permet d’aborder des questions liées aux probabilités
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de dépassements simultanés de seuils élevés par une grandeur d’intérét mesu-
rée en plusieurs points, ou par plusieurs quantités en un point. Par exemple,
la « qualité de I'air » est une notion qui dépend de la concentration atmo-
sphérique de différents polluants. C’est bien souvent la combinaison de fortes
concentrations au cours d’une méme journée qui pose le plus de problémes
de santé publique. De méme, pour la prévention du risque hydrologique, il
peut étre nécessaire de connaitre la probabilité d’occurrence de crues af-
fectant simultanémant plusieurs cours d’eau d’une méme région. En termes
statistiques, ces différents problémes reviennent a calculer la probabilité d’at-
teinte d’une « failure region » (zone sensible) par une grandeur multivariée
ou une fonction aléatoire. Une question intimement liée est celle du compor-
tement joint des maxima d’une telle grandeur, calculés point par point sur
une longue période. Un exemple typique d’application concerne la construc-
tion d’ouvrages de protection aux Pays-Bas : il s’agit de construire une digue
qui, avec une probabilité proche de 1, ne soit dépassée en aucun point par le
niveau maximum de la mer sur une trés longue période.

Dans la plupart des applications, en particulier en hydrologie, la néces-
sité de ne garder que les plus grandes observations pour l'inférence restreint
le jeu de données et peut induire une forte incertitude. Dans un cadre in-
férentiel bayésien, des intervalles de crédibilité sont définis méme pour des
échantillons de petite taille et accessibles par échantillonnage. L’inférence
bayésienne n’est pas une nouveauté dans le domaine des extrémes. Coles et
Powell (1996) passent en revue une série de problémes univariés pouvant étre
abordés sous un angle bayésien. Pour les applications a I’hydrologie, toujours
en univarié, Parent et Bernier (2003) traitent le probléme de la modélisation
bayésienne des dépassements de seuils élevés (POT, Peaks-over-threshold).
en utilisant des données historiques. Dans le contexte de ’analyse régionale
des crues, Ribatet et al. (2007) s’intéressent a l'incorporation de l'informa-
tion disponible aux sites voisins dans la loi a priori des paramétres du site
d’intérét. Pour la modélisation spatiale des précipitations extrémes, Cooley
et al. (2007) adoptent une approche bayésienne hiérarchique des paramétres
des lois univariées décrivant les extrémes en chaque point et Blanchet et Da-
vison (2011) proposent un modéle bayésien paramétrique, max-stable, pour
décrire la dépendance des maxima annuels de hauteurs de neige en Suisse.

Dans tous ces exemples, 'inférence a lieu au sein d’un modéle paramé-
trique, c’est-a-dire qu’on estime un nombre fini de paramétres caractérisant
entiérement la distribution d’intérét. Cependant, contrairement & son ana-
logue univarié, la théorie multivariée et infini-dimensionnelle ne fournit aucun
cadre paramétrique pour la structure de dépendance des extrémes. Se res-
treindre a un modéle paramétrique pour son inférence revient donc a faire
une hypothése forte et, bien souvent, a ignorer I'incertitude attachée au choix
du modéle (I'erreur de modélisation). Il parait donc raisonnable de se placer
dans un cadre non paramétrique ou, a défaut, dans un modéle paramétrique
trés flexible, autrement dit, dans un modéle avec peu d’hypothéses structu-



relles. Il existe des estimateurs non paramétriques classiques de la structure
de dépendance (Einmahl et al. (2001); Einmahl et Segers (2009) ou plus ré-
cemment de Carvalho et al. (2013)), mais leur variance asymptotique n’a
pas d’expression explicite. Avoir une représentation de l'incertitude attachée
aux estimateurs est pourtant primordial dans un contexte oti, en 1’absence
d’hypothéses fortes de départ et avec peu de données a disposition, cette
derniére est susceptible d’étre importante. Dans un cadre bayésien non para-
métrique, il n’existe pour 'instant que le modéle de Guillotte et al. (2011),
uniquement applicable aux problémes bivariés, et le modéle de mélange de
Dirichlet, proposé par Boldi et Davison (2007), sur lequel nous reviendrons
en détail.

L’objectif méthodologique de cette thése est de contribuer au développe-
ment de modéles aussi flexibles que possible pour la structure de dépendance
d’extrémes multivariés, dans un cadre bayésien permettant de représenter
I'incertitude a posteriori. D’un point de vue pratique, ces modéles doivent
pouvoir répondre & des questions posées par ’hydrologie, en particulier dans
le domaine de la prédétermination des crues. L’approche privilégiée consiste
a modéliser les dépassements simultanés de seuils élevés, par opposition a
la modélisation des maxima par blocs. Ainsi, les grandeurs manipulées cor-
respondent a des événements pouvant étre effectivement observés, alors que
les maxima ponctuels sont le résultat, sauf exception, d’événements ayant eu
lieu & des dates différentes.

Plusieurs modéles paramétriques multivariés existent déja. Puisqu’aucun
n’est parfait, ils peuvent de maniére générale, ajustés sur un méme jeu de don-
nées, produire des estimations différentes et la question du choix du meilleur
modéle émerge naturellement. Plutot que d’éliminer tous les modéles sauf
un, on peut aussi chercher a prendre en compte I’ensemble des estimations.
Le cadre bayésien est adapté pour cela, car il permet d’affecter des poids
a priort & chaque modéle et de les actualiser au vu des observations, de
maniére a obtenir des poids a posteriori. Ces derniers seront affectés aux es-
timations de chaque modéle pour produire un estimateur moyenné sur I’'union
des modéles. Cette approche, dite de Bayesian model averaging (BMA), que
I’on peut traduire par « combinaison bayésienne de modéles » permet ainsi
d’élargir le cadre paramétrique en considérant I'union des différents modéles
a disposition. L’adaptation de cette méthode au contexte des extrémes mul-
tivariés est 'objet du chapitre 2, et de I'article « Bayesian model averaging
for multivariate extremes », paru dans la revue Eztremes (Sabourin et al.,
2013). Le BMA comporte un certain nombre de limitations. D’une part, il
ne permet pas d’augmenter infiniment la dimension du modeéle, sauf si les
modeéles & moyenner forment une famille infinie de modéles emboités, ce qui
n’est pas le cas ici : on reste dans un cadre paramétrique. D’autre part, dés
que le jeu de données atteint une taille raisonnable (une centaine de points
pour des problémes de dimension inférieure a cing), un phénoméne général
de concentration de la loi a posteriori affecte presque toute la masse a un seul



des modeéles en concurrence, de sorte que le résultat est le méme que si 'on
avait pratiqué une sélection de modéle. On n’obtient donc pas de nouvelle
famille paramétrique, méme si 'on réduit l'incertitude attachée au choix de
modéle.

La possibilité d’une famille infinie de modéles emboités n’est pas hypo-
thétique : un modéle de mélange dans lequel on autorise un nombre ar-
bitraire de composants en est un exemple, abondamment présent dans les
méthodes d’estimation par noyaux. Dans le cadre POT, les excés multivariés
sont caractérisés par une mesure angulaire, c’est-a-dire par la distribution
des « directions » dans lesquelles les excés ont lieu, autrement dit, par la loi
des « proportions relatives » des différentes composantes du vecteur aléatoire
d’intérét, conditionnellement au dépassement d’un seuil défini globalement.
La structure de dépendance peut ainsi étre caractérisée par une mesure de
probabilité définie sur le simplexe. C’est dans ce contexte qu’un mélange de
Dirichlet a été proposé par Boldi et Davison (2007). Le modéle est dense
dans la classe des mesures angulaires admissibles et, d’un point de vue infé-
rentiel, le nombre de composants du mélange peut étre laissé libre d’évoluer
au cours de 'exécution de l'algorithme d’échantillonnage (« reversible-jump
algorithm », Green (1995)). Pour étre valide, la mesure angulaire doit satis-
faire des contraintes de moments, ce qui se traduit, dans le mélange de Diri-
chlet, par une contrainte barycentrique sur les centres des noyaux de densité
et constitue une difficulté majeure pour I'inférence. Le probléme apparait
particulierement lors de 1’étape de simulation de paramétres du mélange au
cours de ’échantillonnage de la loi a posteriori. Au dela de la dimension deux,
la chaine de Markov converge trés lentement vers sa distribution stationnaire.
Une alternative étudiée par Boldi (2004) dans sa thése de doctorat consiste a
revenir & un cadre fréquentiste et a utiliser un algorithme EM (Expectancy-
maximization) pour maximiser la vraisemblance, mais 1a encore, la variance
asymptotique n’est pas accessible. Le chapitre 3 de cette thése est princi-
palement constitué de l'article « Bayesian Dirichlet mixture model for mul-
tivariate extremes : a re-parametrization », accepté pour publication dans
la revue Computational Statistics and Data Analysis en 2013 (Sabourin et
Naveau, 2013). Une nouvelle paramétrisation du modéle de mélange y est
proposée, dans laquelle la contrainte de moments est automatiquement satis-
faite. Ceci facilite la construction d’un algorithme & sauts réversibles dont les
propriétés sont étudiées d’un point de vue théorique et sur des simulations.
L’inférence est ainsi rendue possible dans un cadre bayésien, en dimension
modérée (de Pordre de cing).

Le dernier volet de cette thése est motivé par un probléme d’hydrolo-
gie. La « prédétermination des crues » fait référence a l'analyse statistique
de données de débit de riviéres permettant d’établir la fréquence d’événe-
ments rares ou d’estimer des niveaux de débit correspondant a une fréquence
donnée. Le probléme général de la rareté des données est particuliérement
sensible dans ce domaine, en raison de la faible durée des périodes d’observa-



tions disponibles, c’est-a-dire bien souvent une cinquantaine d’années, alors
que la grandeur d’intérét est typiquement la crue centennale, voire millénale.
Les arguments basés sur 'appartenance a un domaine d’attraction ne faisant
pas I'unanimité pour de telles échelles temporelles, il est naturel de chercher
a prendre en compte plus de données. Le cas d’étude est le suivant : Nep-
pel et al. (2010) ont reconstruit des débits en quatre points de la région des
Gardons cévenols, dans le sud de la France, a partir d’archives recensant les
crues historiques. Dans cette thése, on travaillera avec les « débits de pointe »
journaliers, c’est & dire avec les maxima journaliers de débit enregistrés en
chaque station. Ces données sont en grande partie censurées : on sait par
exemple que le débit de pointe a dépassé un certain seuil ou n’a pas dépassé
un autre. Pour fixer les idées, les quatre séries temporelles de débits, avec
les intervalles de censure, sont représentés en figure 1.1. La premiére crue a
lieu & Alés en 1609, aucune donnée n’étant disponible sur les autres stations.
Ensuite, aucun événement extréme n’est enregistré jusqu’'en 1741, de sorte
que les débits marginaux a Alés sont considérés comme inférieurs & celui de
1604, et les débits sur les autre stations sont manquants. La « période his-
torique » s’étend jusqu’en 1892, date a laquelle des relevés systématiques de
débits de pointe journaliers sont effectués, avec des périodes d’interruption
et des domaines d’invalidité de la courbe de tarage permettant de convertir
les hauteurs en débits. A partir des années 1970 & Saint-Jean et Mialet, et
seulement & partir de 2008 pour Alés et Anduze, des mesures automatiques
horaires de débit sont disponibles, dont le maximum journalier peut étre
extrait.

La connaissance de la loi jointe des extrémes a d’autant plus d’intérét en
hydrologie, qu’elle permet d’avoir recours a des méthodes de régionalisation
de certains paramétres marginaux, toujours afin d’augmenter le nombre de
données disponibles par paramétre a estimer. Une analyse univariée a partir
des maxima annuels a été conduite par Neppel et al. (2010), la modélisation
de la structure de dépendance est 'objet du chapitre 4 de cette thése. A
cette occasion, le modéle de mélange de Dirichlet est adapté a une situation
de censures multivariées. La figure 1.2 montre les projections bivariées des
données mesurées aux quatre stations. A premiére vue, les extrémes semblent
fortement dépendants : de nombreux points sont présents sur la diagonale,
loin de l'origine, ce qui indique que les forts débits ont tendance & apparaitre
simultanément. De plus, la situation parait asymétrique : la quantité d’infor-
mation et I'intensité de la dépendance varient d’une paire a 'autre. Ainsi, un
modéle flexible, n’imposant pas de symétrie particuliére dans la structure de
dépendance parait adapté et le transfert d’information rendu possible par la
modélisation d'une telle structure est susceptible de modifier les estimations
sur les stations les moins bien renseignées.

Le probléme de la vraisemblance censurée, sans expression explicite, est
traité par l'introduction d’un schéma d’augmentation de données, présenté
et étudié en section 4.1 dans l'article « Semi-parametric modelling of ex-
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cesses above high multivariate thresholds with censored data », soumis pour
publication. Les données des Gardons sont analysées a part : la section 4.2
est constituée d’une version préliminaire de 'article « Combining regional
estimation and historical floods : a multivariate semi-parametric peaks-over-
threshold model with censored data », co-écrit avec Benjamin Renard (IRS-
TEA, Institut National de Recherche en Sciences et Technologies pour 1’'En-
vironnement et ’Agriculture, Lyon, France). Ce dernier article sera soumis
trés prochainement & une revue d’hydrologie.

Les sections suivantes de ce chapitre exposent les éléments de la théorie
des valeurs extrémes et de la statistique bayésienne qui sont utilisés dans la
suite. Les chapitres suivants sont organisés autour des quatre articles écrits
au cours de cette thése, les conclusions et perspectives ouvertes sont discutées
dans le dernier chapitre.

1.2 Théorie des valeurs extrémes

Dans cette section, on introduit le cadre général des modéles d’extrémes
multivariés. On s’intéresse en particulier aux dépassements de seuils élevés
et c’est d’abord en ces termes que sont exposés les éléments de la théorie
univariée indispensables pour la suite. On introduit également le modéle de
Poisson utilisé dans le dernier chapitre pour prendre en compte des données
censurées avec des seuils de censures variables.

Notations

Dans la suite, les vecteurs sont écrits en caractéres gras, la notation xi.,
signifie « le vecteur * = (xy,...,x,) ». Sauf mention contraire, R désigne
I’ensemble des nombres réels, N celui des entiers naturels, (), est la par-
tie positive d'une quantité réelle. Si E est un espace topologique, £ désigne
I'ensemble des boréliens de E. Dans un espace vectoriel, on note t.A = {x :
%.x € A}. En pratique, l'espace des observations sera le plus souvent une
partie de RY, I'espace vectoriel réel canonique de dimension d, ou de sa com-
pactification d’Alexandroff R¢ = [00, c0]?. La mesure de Lebesgue sur R?
ou sur tout sous espace approprié, selon le contexte, est notée £. L opérateur
« maximum » est noté \/, les opérateurs arithmétiques et \/ appliqués a des
vecteurs sont définis composante par composante. Les relations de compa-
raison entre vecteurs s’entendent comme le produit des comparaisons mar-
ginales, c’est-a-dire X < x & (X; < z1)N---N(Xy < x4). L'abréviation
f-d.r. et le terme « loi » signifient « fonction de répartition ». Si F' est une
fonction de répartition, alors F' = 1 — F est la fonction de survie associée. La

. e , d < e s
convergence faible des mesures de probabilité, notée — , correspond a I'inté-
gration contre les fonctions continues bornées (Cp) : une suite de mesures de
probabilité (P,) sur E converge faiblement vers P, si et seulement si, pour
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toute fonction f € Co(E), [, fdP, — [, [ dF.

1.2.1 Limite des excés et des maxima : cas univarié

De nombreux ouvrages exposent en détail les bases de la théorie des valeurs
extrémes, par exemple de Haan et Ferreira (2006), Beirlant et al. (2004), Re-
snick (1987), Leadbetter et al. (1983). Cette derniére référence, en particulier,
présente et prouve de maniére relativement concise les résultats qui suivent
en partant de I’étude des maxima. Les formes possibles des lois limites des
excés sont obtenues dans Balkema et De Haan (1974), et Pickands (1975).

Soit Y une variable aléatoire réelle, de loi F. On note w(F) € R U {oo0}
la borne supérieure du support de F. On cherche & caractériser la loi des
excés au-dessus de seuils u élevés, c’est-a-dire la loi de la variable condi-
tionnelle (Y — u)|Y > u. Dans le cas w(F') < oo, i.e. lorsque Y est bornée
supérieurement, « pour les seuils élevés » signifie « pour les seuils proches de
w(F) ».

La loi conditionnelle des excés au-dessus du seuil u < w(F') est

F(z+u) — F(u)
1 — F(u)

Fuz) =PY —u<zl|Y >u)= , x>0.

La fonction de survie conditionnelle F,, = 1 — F,, s’exprime plus simplement :

Fo(z) ::P(Y—u>x\Y>u):%, x>0.

Pour obtenir une limite en loi, on s’autorise une re-normalisation affine
des exceés, en considérant la variable
¥ (Y — u) — Hu

Yu,au,,uu = 0_— ’ (Y > u) )
u

de fonction de survie

P<Yu,au,,uu > :U) = Fu(O'uLU +,Uu>, T > —/Lu/O'u, Oy > O, JUS R.

L’hypothése indispensable permettant d’étudier les grandes valeurs de Y dans
le cadre de la théorie des valeurs extrémes est I'existence d’une variable aléa-
toire Z, de loi () non dégénérée, et de constantes o, > 0, u, € R, définies
pour u < w(F), telles que

};;L,au,,uu # Z: (11)
u—w(F)
ce qui signifie
Vo € €(Q), Fu(oux+ 1) W Q(z), (1.2)
U—w

11



ol € (Q) désigne 'ensemble des points de continuité de Q.

On dit alors que F' appartient au domaine d’attraction des excés de @)
(F' € DAE(Q)), et (1.1) ou (1.2) est appelée dans la suite condition du
domaine d’attraction des excés (DAE). Cette hypothése, qui peut paraitre
arbitraire au premier abord, et en réalité assez « raisonnable » : elle est vérifiée
par la plupart des lois de probabilité continues usuelles. C’est le cas, par
exemple, de la loi normale, des lois Gamma, des lois « & queues lourde »
comme la loi de Cauchy, ou de la loi Béta.

En étudiant la limite de F,(o,,z + p,,) et en utilisant le théoréme de
convergence des types de Khintchine, énoncé ci-dessous, (1.1) implique que
Q est stable par seuillage, ¢’est-a-dire qu’il existe, pour tout u tel que 0 <
Q(u) < 1, des constantes «a,, et (3, telles que, pour tout point de continuité
r de @,

Qu(o(z) + Bu) = Q). (1.3)

Réciproquement, si () est stable par seuillage, elle est dans son propre do-
maine d’attraction car il y a égalité dans (1.2) en choisissant o, = ay,, fl, =
Bu-

On dit que deux f.d.r. F' et F™* sont de méme type s’il existe des constantes
a > 0, b, telles que F(-) = F*(a(-) + b). La propriété de stabilité par
seuillage de () signifie donc que @ et @, sont de méme type. Le théoréme
suivant établit I'égalité en type entre les les limites de f.d.r. obtenues par
différentes normalisations affines d’'une méme f.d.r. initiale.

Théoréme 1 (Convergence des types, Khintchine). Soit F,, et Ff deuz suites
de f.d.r. sur R, et G une f.d.r. non dégénérée. Soient a,, > 0, b, une suite
de constantes telles que

Ve e €(G), Fula,z+0b,) — G(x).

n—oo

et soient o, >0, B, d’autres suites de constantes de normalisation et G* une
f.d.r. elle aussi non dégénérée.

Alors,
Ve e €(G"), Fy(anx+B,) — G'(x).
n—o0

st et seulement s’il existe des constantes A > 0, B, telles que
Qp

—b
—-)A, /Bn n

Qn G

— B,

et Uon a alors

VereR, G*(z)=G(Az+ B).

Pour une preuve, voir e.g. Resnick (1987), chapitre 0, ou Leadbetter et al.
(1983), chapitre 1.

Le résultat principal utilisé dans la modélisation POT est le suivant.
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Théoréme 2 (Balkema, de Haan, 1974). 51 satisfait une condition du
domaine d’attraction (1.1), alors la limite () dans (1.2) est du type

—1

Qe(x) = (L+&x)f , 220,

ot le membre de droite s’interprete, pour £ = 0, comme sa limite lorsque &

tend vers 0, c’est-a-dire Qo(x) = e~ .

Ce résultat s’obtient en résolvant une équation fonctionnelle de type Ha-

mel sur ¢ = log(Q), elle méme obtenue en utilisant le Théoréme 1. L’uni-

formité de la convergence sur les intervalles bornés inférieurement est établie
dans Pickands (1975).

Autrement dit, la famille des limites possibles dans (1.2), appelées « lois de
Pareto généralisées » (GPD, Generalized Pareto Distribution) est 1’ensemble
des

{Qf,a,u:£€R70>0,MER}

définies par

Qeon(z) = (1 *5%”)+ (55 >0) (1.4)
1 (£ <0)

Le parameétre & est appelé paramétre de forme, u et o ont les paramétres
de localisation et d’échelle. Le paramétre de forme détermine la forme du
support de Q¢ : pour & > 0, supp(Q¢) = [0, 00]; le support est borné pour
£ <0 :supp(Qe) =[0,—1/¢].

L’énoncé 2 est le pendant du résultat fondamental de Fisher et Tippett
(1928) sur les limites possibles des maxima renormalisés de suites i.i.d. de va-
riables aléatoires. Historiquement, c’est en effet par une condition de conver-
gence sur les maxima que l'on caractérise I’appartenance de F' a un domaine
d’attraction. Pour la généralisation au cas multivarié, il sera plus simple
d’énoncer une condition de convergence des maxima ponctuels plutot que
des excés. Soient Y,,,n > 1 des variables indépendantes, de loi F'. La condi-
tion sur les maxima est qu’il existe une variable aléatoire Z, de loi G non
dégénérée, et de constantes a, > 0,0, € R, telles que

\/?:1 Y — by d

A 1.
an n—oo ’ ( 5)
ce qui signifie

De maniére similaire & la condition d’attraction sur les excés, on dit alors
que F' appartient au domaine d’attraction de G (F' € DA(G)) et (1.5) ou
(1.6) est la condition du domaine d’attraction (DA). On appelle loi de va-
leurs extrémes, ou loi GEV (Generalized Extreme Value distribution) toute
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fonction de répartition limite G dans (1.6). En étudiant cette fois-ci la limite
de F"™(any - +bnk) pour tout k € N, et toujours par un argument de conver-
gence des types, une loi de valeurs extrémes G est nécessairement mazx-stable,
c’est-a-dire qu’il existe, pour tout k € N, des constantes ay et [, telles que

vy eR, G*(ary+Br) = G(y). (1.7)

En utilisant la monotonie de G, on montre facilement que (1.7) a encore lieu
en prenant k£ dans RT. Le résultat fondamental de la théorie univariée, qui
s’obtient par exemple dans de Haan (1976) et Leadbetter et al. (1983) en
résolvant une équation fonctionnelle sur la réciproque du logarithme itéré de
G, (—log(—1og(G)))", est le suivant.

Théoréme 3 (Fisher and Tippett (1928), Gnedenko (1943)).
La limite G dans (1.6) est de type

s

Ge(y) =exp[— (1+€y).°], (€R}, (1.8)

ot le membre de droite s’interprete, pour & = 0, comme sa limite lorsque &
tend vers 0, c’est-a-dire Go(y) = exp [ — e7¥].

En comparant (1.4) et (1.8), on voit que les lois limites des maxima sont
les exponentielles des fonctions de survie limites des excés : si ) est une GPD,

alors exp(—(@)) est une GEV.

Les lois GEV se classifient, comme les GPD, par le signe de £. Pour £ = 0,
le support de G est R et un représentant canonique est la loi de Gumbel, Gy,
obtenue avec 0 = 1, u = 0. Pour £ > 0, le support est borné inférieurement,
et G a le type d’une loi de Fréchet, ®,(y) = e ¥ " (y > 0, > 0). A
I'inverse, pour £ < 0, le support est borné supérieurement et G est du méme
type qu'une loi de Weibull, ¥, (y) = e~ ¥ (y < 0, a > 0). Notons que les
lois limites des excés sont dans le domaine d’attraction des lois de valeurs
extrémes de méme paramétre de forme. La figure 1.3 montre les densités et
les fonctions de répartitions correspondant aux trois types de lois GEV. Elles
sont comparées avec la densité et la f.d.r. de la loi normale, qui est dans le
domaine d’attraction de Gumbel. Le terme « loi & queues lourdes », réservé
aux distributions dans le domaine de Fréchet, fait référence a la décroissance
lente de la queue de distribution.

La figure 1.4 montre trois exemples de trajectoires de suites de variables
aléatoires indépendantes, respectivement distribuées selon une loi de Fréchet,
de Weibull et de Gumbel. Comme prévu, les variables de Fréchet sont bornées
inférieurement et prennent de trés grande valeurs en de rares occasions; les
variables de Weibull sont bornées supérieurement et approchent de trés prés
la borne supérieure, enfin les variables de Gumbel ne sont pas bornées mais
sont sujettes & de moins fortes anomalies que celles de Fréchet.
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FIGURE 1.4 — Simulation de variables indépendantes, distribuées selon une
loi de Fréchet (gauche), Weibull (milieu) et Gumbel (droite)

Equivalence des conditions de domaine d’attraction Le résultat sui-
vant établit le lien entre les deux approches et indique que ’on peut prendre
fy = 0 dans (1.2).

Théoréme 4 (Balkema et De Haan (1974)). Se valent :

1. F € DAE(Q)

2. F € DA(G¢) avec des constantes de normalisations a, > 0, b,, et l'on
a

Ge = exp [Q]

3. 1l existe une fonction strictement positive o, telle que

Fu+zo(u)) . O (a
Flu) oo Qe(x)) - (1.9)
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De plus, en posant a(u) = a|y), on peut choisir o(u) = a(—lfé(u))-

Ceci s’obtient par exemple dans le Théoréme 1.1.6, de Haan et Fer-
reira (2006), en étudiant la convergence d’une version renormalisée de U =
(£25)¢, ot (f)* est la fonction inverse généralisée, continue a gauche, de la
fonction croissante f.

Autrement dit, (1.5) équivaut a ce que la loi de Y, conditionnellement &
un exces au-dessus du seuil u élevé, soit approximativement une GPD. C’est
la raison d’étre du modéle suivant, largement employé dans la littérature
(par exemple, par Davison et Smith, 1990; Coles et Tawn, 1991) et utilisé
dans toute la suite pour I'estimation des lois marginales au sein des modéles
d’extrémes multivariés :

PR D B (z <)
[ _ n =1
F(@_{1—gu+f%wﬂﬁ(x>m,

ou (Y;)1<i<n est un échantillon identiquement distribué, et (, est la proba-
bilité d’exces du seuil u. En régle générale, on choisit v comme un quantile
élevé, mais suffisamment peu pour que la variance de I'estimateur empirique
soit faible. On néglige alors I’erreur d’estimation. Ce modéle est souvent qua-
lifié de « semi-paramétrique » car la partie « sub-seuil » du modéle est non
paramétrique (la f.d.r. empirique) alors que la « sup-seuil » est paramétrique,
de type GPD.

Domaine d’attraction de Fréchet Ce domaine joue un role particulier
dans la suite, car la loi de Fréchet est choisie comme f.d.r. standard pour les
marginales univariées (voir section 1.2.2). Une notion centrale pour I'étude
de ce domaine d’attraction est la suivante.

Définition 1 (Variation réguliére).
Une fonction f est dite a variation réquliere s’il existe une fonction stricte-
ment positive h : R — R, telle que

?gfgﬁh@)x>o.

h vérifie alors h(x) = z”, pour un certain p € R.

Sip#0, [ est dite a variation réguliere d’indice p et 'on note f € RV(p)
cette propriété.

Dans le cas p =0, f est dite a variation lente.

La forme particuliére de h s’obtient du fait qu’elle vérifie I’équation de
Hamel h(xzy) = h(z) h(y) (voir, e.g. Resnick, 1987, Proposition 0.4)

Il y a équivalence entre variation réguliére et condition du domaine d’at-
traction de Fréchet. Plus précisément, on a
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Proposition 1 (Gnedenko (1943)).
F €DA(®,) & F € RV(—a) (1.10)

Dans ce cas, on peut prendre comme constantes dans (1.6)

On obtient ce résultat par usage répété d’'un théoréme de Karamata, selon
lequel une fonction U est a variation réguliére d’indice p > —1, si et seulement
si

zU(x) 41
Jo U(t)dt z—oo P
et en travaillant sur la fonction U = (25)*

1.2.2 Cas multivarié

Comme dans le cas univarié, I’hypothése minimale est I'existence de vecteurs
de normalisation (a,) = (@14, .-, @an), (bn) = (b1n,---,ban), avec a;, > 0,
et d’'une f.d.r. G non dégénérée, tels que

F"(a,y +b,) — G(y). (1.11)

Ici encore, les limites possibles sont les lois max-stables : (1.11) a lieu pour
au moins une f.d.r. F' si et seulement s’il existe, pour tout ¢ > 0, des vecteurs
oy, By, avec o, > 0 (1 < j < d), telles que

Yy e R, Gllawy + B,) = Gly).

La caractérisation de telles lois nécessite quelques définitions et 'introduc-
tion de la topologie vague des mesures. Soit E un espace métrique complet,
séparable (CMS), localement compact, typiquement E = RY, et soit CF
I’ensemble des fonctions continues, positives, a support compact sur E. Une
mesure borélienne sur E, finie sur les compacts, est dite de Radon. On note
M, (E), ou tout simplement M, , 'ensemble des mesures de Radon positives
sur E.

Topologie vague La topologie privilégi¢e pour étudier la convergence dans
M est la topologie vague, dont les ouverts sont obtenus par intégration contre
les fonctions continues a support compact, c¢’est-a-dire que les ensembles

{/\EM+ZS</fd/\ <t},
E

pour s,t € Ret f € CI, forment une pré-base d’ouverts pour cette topologie.
Ainsi, par définition, une suite (\,),>1 € M, (E) converge vaguement vers Ag
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si et seulement si, pour toute f € C1, A\, (f) == [ fdX\y — Ao(f) . On note

alors \,, = \o. L’intérét technique de la topologie vague est que, muni de cette
topologie, M, est polonais, ¢.e. séparable et métrisable pour une métrique
qui le rend complet. Il y a donc, par le théoréme de Prohorov, équivalence
entre tension d’une suite de mesure et existence d’un point d’accumulation.

Comme pour la convergence faible, on a un théoréme portemanteau (e.g.
Resnick, 1987, prop. 3.12)

Proposition 2 (Portemanteau, convergence vague). Il y a équivalence entre
1. My > )\ sur E;

2. Pour tout B € € tel que \(0B) =0, \,(B) —— A(B) ;

n—o0

(K) et pour tout ouvert U

3. Pour tout compact K, limsup \,(K) < A
(U).

<
d’adhérence compacte, liminf A\, (U) > A
Lois infiniment divisibles Les lois max-stables GG sont en particulier maz-
infiniment divisibles, ¢’est-a-dire que, pour tout ¢ > 0, G* est une fonction
de répartition. Les lois max-infiniment divisibles s’écrivent (Resnick, 1987,
proposition 5.8)

Gly) = (1.12)

e Mmoowl” iy > 1,
0 sinon ,

N d A . . . , .
oul € [—oo, 0o[”, peut étre choisi comme la borne inférieure du support de
G, et ou A est une mesure exponentielle, i.e.

e )\ est une mesure positive de Radon sur E = [, oo] \ {l},

e )\ définit bien une f.d.r. sur R? a travers (1.12), c’est-a-dire : A ne
charge pas les hyperplans passant a I'infini (A\(E \ [—o0, 00)) = 0),
et dans le cas ot I ¥ —oo, on doit avoir, pour y > I et y; = —oo,
A—o0, Y] = oc.

. . . 1 -~
On obtient (1.12) en considérant la suite de mesures A, := nGn, et en véri-
fiant, par un argument de compacité, sa convergence vague sur E vers une
limite A\ vérifiant nécessairement

A([—00,y]°) = lim n(l — G (y)) = —log G(y).

n—oo

Représentation des lois max-stables La structure de la loi jointe li-
mite G dans (1.11) apparait plus clairement si I'on transforme les lois mar-
ginales en lois de valeurs extrémes standard, par exemple des lois de Fré-
chet unitaires, en posant X; = m, de sorte que P(X; < z) = e7V/7,
x > 0. Soit F, la f.d.r. des variables standardisées, Fi.(x) = P(X < x) =
F(Ff(e7V/m), ... Fy (e7V/a)) .
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D’aprés Resnick (1987), Proposition 5.10, la condition (1.11) équivaut a
ce que

1. Les F} solent dans le domaine d’attraction de lois max-stables univa-

riées,

2. F, soit dans le domaine d’attraction d’une loi max-stable multivariée
G, dont les marges sont Fréchet unitaires (®q).

Par un argument de convergence des types et puisqu’on peut prendre
aj+ =t, bj; = 0 dans les conditions de DA des lois marginales (F);, on a

Gl (t.x) = G.(z).

La mesure exponentielle A, de G, est définie sur E = [0, 00]? \ {0} (i.e.
on peut prendre I = 0 dans (1.12), car le support des (G,); est [0, 00]), et
I’égalité précédente implique

EA(EA) = A (A), A€, (1.13)

Pour tirer parti de ’homogénéité de A, il est préférable d’utiliser une systéme
de coordonnées polaires. Soit || - || une norme sur E et S le quadrant positif
de la sphére unité. Soit & la mesure sur Sy définie par

S(A) = M ({t.At > 1)),

La mesure & est finie par compacité dans E de {t.A,t > 1}. Soit T la
transformation en coordonnées polaires

T : E—((0,00 x 8y

x = (r,w) = ([lof], |27 =) .

La propriété d’homogénéité (1.13) s’exprime par le fait que A, o 7! est une
mesure produit :

1
dM\,oT™1) = = dr x d&, (1.14)

Ainsi, & contient toute 'information sur la structure de dépendance de G.
On l'appelle mesure spectrale ou mesure angulaire. Le choix initial de lois
marginales Fréchet unitaires impose de r;d6 =1(1<j<d).

Choisissons la norme L' : ||z||; = Z;.lzl zj. On a alors

/Sd dez/Sd(ij)dezd.

En posant H = 56, H est une mesure de probabilité sur Sy, qu'on appelle
mesure de probabilité angulaire ou, par abus de langage, mesure angulaire.
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Par intégration de (1.14) sur des pavés cartésiens, la relation entre H et

A, est
c w]
A0, 2] =d \/ dH (w
Sq

=1 ]

On obtient alors la représentation dite de Pickands :

Théoréme 5. Une f.d.r. non dégénérée G, dont les lois marginales (G.);
sont Fréchet unitaires, est maz-stable si et seulement si elle admet la repré-

sentation
G.(z) —exp[ /\/wﬂ dH (w ] (1.15)
S

d]1]

ot la mesure angulaire H est une mesure de probabilité sur le simplexe Sy
vérifiant

1
/ wydH(w) =5, 1<j<d. (1.16)
Sq

La condition de moments (1.16) découle du choix de lois marginales Fré-
chet unitaires.

Variation réguliére Comme dans le cas du DA univarié de Fréchet, la
condition sur F, est liée a la variation réguliére de 1 — F,. En effet, cette
notion s’étend au cas multivarié :

Définition 2 (Variation réguliére multivariée). Une fonction f : R — R
est dite o variation réguliere sur R? s’il existe une fonction h : R* — R, telle

que
f(t.z)
D) o @)

1l existe alors p € R tel que h est homogene d’indice p,

h(s.x) = s” h(x).

L’homogénéité de la limite h est établie par exemple dans Resnick (1987),
section 5.4.2., de maniére similaire au cas univarié.

L’intérét de travailler avec des lois marginales standardisées apparait dans
la proposition suivante, qui découle de ce qui précéde et des propositions 5.15
et 5.17 de Resnick (1987).

Proposition 3. Soit F, une f.d.r. dont les marges sont dans DA(P;) et
soit X ~ F.. En coordonnées polaires, soient R = || X ||, W = %X. Iy
équivalence entre

1. F, € DA(G.);

2. La fonction de survie 1 — F, est a variation régquliére ;
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3. nP(n~t.X € -) = \(+), ot A, est la mesure exponentielle de G, ;

4. Si H est la mesure de probabilité angulaire associée a la mesure expo-
nentielle \,, on a

PW e A|lR>r)—— H(A), AC S, mesurable,
oo 1.17
PR>r) ~ <. (1.17)

r—oo T

Dans ce cas, les marges de G, sont @, I'indice de variation réguliére de
1—F,est1letlona

1 — F.(t.x) [0, x]°
1= F.(t1) 1900 AJ0,1]°°

D’apres la proposition 3, si une loi multivarié¢ est dans le domaine d’at-
traction d’une loi max-stable, alors, aprés standardisation des lois marginales
en lois de Fréchet unitaires, la distributions des excés au-dessus de seuils éle-
vés est entiérement déterminées par la mesure angulaire H. La figure 1.5
illustre ce résultat pour des extrémes bivariés, simulés selon une loi produit
ou la partie radiale est une loi de Pareto standard et la partie angulaire est
une mesure angulaire valide, c’est a dire vérifiant la contrainte de moments
(1.16). Deux cas sont représentés. Le panneau de droite décrit une situa-
tion de faible dépendance asymptotique, ou H attribue la majorité de sa
masse aux régions & proximité des sommets du simplexe. Dans ce cas, les
événements extrémes dans une direction sont le plus souvent modérés dans
I'autre direction. Le panneau de gauche, a I'inverse, montre un cas de de forte
dépendance asymptotique, ot H se concentre au milieu du simplexe. Cette
fois-ci, les valeurs extrémes dans une direction sont souvent associés a une
valeur extréme dans l'autre direction, autrement dit, les extrémes ont lieu
simultanément. Lorsque H est dégénérée en masses de Dirac sur les sommets
du simplexe, les extrémes sont dits asymplotiquement indépendants. Tous les
autres cas rentrent dans le cadre de la dépendance asymptotique. Dans cette
thése, on s’attache & modéliser cette derniére situation. Dans le cas extréme
ou H est concentrée en masse de Dirac au milieu du simplexe, les extrémes
sont dits fotalement dépendants.
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FIGURE 1.5 — Exemples de mesures angulaires bivariées pour les excés au-
dessus de seuils radiaux élevés.

Points gris, données simulées. Région rouge pale, densité de la mesure an-
gulaire. Le point bleu est 'angle W correspondant a 'observation X (point
noir).

Mélanges de Dirichlet De maniére générale, il n’existe aucune contrainte
sur la loi H, a part la condition de moments (1.16) découlant d’un choix de
standardisation. Autrement dit, aucune famille paramétrique n’est imposée
par I'asymptotique. Cependant, un modéle particulier de mesures angulaires
est privilégié aux chapitres 3 et 4 : celui des mélanges de Dirichlet. Une loi de
Dirichlet est une mesure de probabilité sur le simplexe S, de dimension d—1,
qui généralise la loi Béta (obtenue pour d = 2) aux dimensions supérieures.

Elle est caractérisée par un parameétre de localisation g = 1.4 € Sy et un
paramétre de concentration v > (. Elle est absolument continue par rapport
a la mesure de Lebesgue sur {(wq,...,wq—1) : w; > 0,> ., ,w; < 1}, de
densité

diri(w | p,v) = T F(l/,u Hw”’“l weS,;.
=1 v =1

Le simplexe S, étant une représentation de I’ensemble des lois de proba-
bilité sur un ensemble discret de cardinal d, la loi de Dirichlet est bien connue
en statistique comme loi sur I’ensemble des lois de probabilité discrétes, de
dimension donnée. Elle admet une généralisation infini-dimensionnelle, le pro-
cessus de Dirichlet, discuté en section 5.2. Les lois et processus de Dirichlet
sont largement employés en statistique bayésienne, en tant que lois a priori
sur ’espace des paramétres. Notre situation est différente : ici, les lois de
Dirichlet sont employées comme lois des observations, plus précisément de
leur composante angulaire.

Si W~ diri( - |u, V), alors E(W) = u, ce qui impose, pour obtenir une
mesure angulaire valide, p = (1/d,...,1/d). Seul le paramétre v est libre,
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et les deux principales formes possibles obtenues avec v < d et v > d sont
représentées sur la figure 1.6, avec d = 3. Le simplexe est alors le triangle
équilatéral joignant les exrémités du triédre formé par les vecteurs de la base
canonique sur R?. Dans le premier cas, la mesure angulaire est amodale et
la masse est concentrée vers les bords du simplexe, ce qui correspond & une
dépendance asymptotique modérée. Dans le second cas, la mesure est modale
et la dépendance asymptotique est forte.

w2 w2

0.00 035 071 1.06 141 0.00 035 071 1.06 1.41

FIGURE 1.6 — Lignes de niveau de densités de Dirichet sur S; avec d = 3,
centrées (u = (1/3,1/3,1/3), pour des paramétre de concentration v = 1
(gauche) et v = 10 (droite).

Ce modéle a un paramétre est trés peu flexible. En revanche, considé-
rons un mélange de lois de Dirichlet (DM, Dirichlet mizture), a k compo-
sants, de parametres (po. 1,..., 0. ;) =, (v1,...,1) := v, avec des poids
(p1,. .., pr) := P, satisfaisant 251:1 Pm = 1, ppm > 0, c’est a dire une densité
sur S, s’écrivant comme une combinaison convexe

k

m=1

La contrainte (1.16) est alors équivalente & une contrainte barycentrique s’ap-
pliquant aux parameétres de localisation p. 1 :

(116) = > pmp. ,, = (1/d,...,1/d). (1.18)

m=1

La figure donne un exemple de densité de mélange satisfaisant (1.18). Le
modéle DM est aussi flexible que possible, a condition de laisser varier le
nombre k£ de composants du mélange : plus précisément, Boldi et Davison
(2007) ont montré sa densité, au sens faible, dans I’ensemble des mesures
angulaires valides.
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w2

FIGURE 1.7 — Mélange de trois lois de Dirichlet satisfaisant la contrainte de
moments (1.18).

Une difficulté majeure rencontrée au stade de I'inférence bayésienne est
liée & (1.18) : des paramétres satisfaisant cette contrainte doivent étre générés
a chaque pas de 'algorithme MCMC. Le principal objet du chapitre 3 est de
traiter ce probléme en re-paramétrant le modéle, de sorte que la contrainte
(1.16) soit automatiquement vérifiée.

Outre sa grande flexibilité, un intérét du modéle DM tient aux propriétés
de marginalisation et de conditionnement des lois de Dirichlet. Ces propriétés
sont tout particuliérement exploitées au chapitre 4 pour traiter les données
partiellement manquantes ou censurées. Dans le cas d-varié, soit X = R.W
un vecteur aléatoire distribué selon la « loi des extrémes », ot W ~ H et R a
pour densité r9/r?, r > 1y, pour un certain ro > 0. Considérons la loi margi-
nale d’-dimensionnelle de X = (X1,...,Xy), d < d. En termes angulaires, la
grandeur d’intérét est ’angle W correspondant au vecteur marginal X . La
mesure exponentielle marginale \ associée en vertu de la proposition 3, est
obtenue par intégration de la densité de A dans les directions (d' +1,...,d),
en coordonnées cartésiennes. Cette derniére densité est liée a la densité h par
(Coles et Tawn, 1991, Théoréme 1),

dA (1)), -
dw( )_d (’LU), r:ij,w::c/r.
j=1

Lorsque h est un mélange de lois de Dirichlet, on a ainsi

k d —(vm+1)
Z Vi) | B2l (ij> . (1.19)

] 1F(Vmﬂym)j 1
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En intégrant (1.19) selon les directions (d' + 1,...,d), on obtient

o) :/ A — (1, T, Targr, - T) dogryr - dag
(R

Oxy -+ Oy +ya-ar da
f y ~ —(Um+1)
pmr(’/m) Vm#
= d/ — — ame Z; )
mz::I ngd’ L (D fim) Jg/ ]Zc; ’
(1.20)
avec
Upp = Vm(z Mj,m) ) [l’lzd’,m = <Z /Ljym)_ll’l’lid',m ’

j<d’ Jj<d’
J (1.21)

ﬁm - E Z Nj,mpm .

Jj<d’

Par identification dans (1.19), la mesure angulaire marginale H correspon-
dant & X est encore un mélange de Dirichlet, de paramétres de mélange
(p, v, ) donnés par (1.21). Notons que les poids du mélange sont modifiés,
de sorte que H vérifie & nouveau la contrainte (1.18).

Ceci contraste avec le cadre classique, dans lequel une loi de Dirichlet est
la loi d'une mesure de probabilité aléatoire. La « marginale » d’une loi de
mélange de Dirichlet sur les coordonnees (1,...,d) est alors définie commec
la loi du vecteur W' = (327 W)=t - (Wl, e Wd/) € Sy . Cest & nouveau
un mélange de Dirichlet, de paramétres p’ = f1 et v’ = & comme dans (1.21),
cependant les poids du mélange sont inchangés : p' = p # p.

Concernant les lois conditionnelles, toujours dans le cas d-varié, considé-
rons [X1|Xs = 29,..., Xy = x4] la loi de la premiére coordonnée du « vecteur
extrémal » X sachant les suivantes. Notons X[j2.q la variable conditionnelle.
On peut montrer (c.f chapitre 4, section 4.1, appendice A), que Xjjo.q est
distribué selon un mélange de quotients de lois Béta

d UUm
Y, =
1-U,

(1<m<k),

ot Uy, ~ beta(am,bm), Gm = Vinbtim, bm = V(L= m) +1let o =3 ) x5,
avec des poids de mélange

1)2:d
P

F(Vm(]- — M1 m)) —vm (1— )—1
= Pm (]- - Ml,m) . Pm O ymiS TR m 5
Hj22 LV ttgm)

N VUmbim—1 . . L, .
ot pr = [[ing @™ ™ ", de sorte que, si I'on se donne une variable aléatoire

Jj>2]
Z € {1 : k},distribuée selon une loi multinomiale de paramétres pp, H2d <

m <k, on a
k
d oU
Xij2:q = Z Liz=—m) 7
m=1
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Le fait de connaitre la distribution d’une variable sachant toutes les autres
permet en particulier de simuler des coordonnées manquantes et d’éviter
I'intégration numérique de la vraisemblance en présence de censures. Une
autre application serait la simulation conditionnelle d’extrémes, mais cette
possibilité n’est pas explorée dans cette thése.

Dans le cadre de données censurées, la présence d’intervalles de censure
recouvrant le seuil d’« extrémalité » i.e. le seuil au-dela duquel le modéle
extrémal est censé s’appliquer, empéche d’écrire la vraisemblance dans un
modéle de dépassements de seuil (POT) classique. Ce probléme peut étre
contourné (c.f. chapitre 4) en utilisant un modéle de Poisson a la place du
modéle POT. C’est 'objet du paragraphe suivant.

Processus de Poisson Soit (E, &) un espace CMS localement compact.
On munit M (FE) de sa tribu borélienne M_,. Une mesure aléatoire de Radon
est une fonction mesurable d’un espace probabilisé (€2, A, P) dans (M, M. ).
Un processus ponctuel E est une mesure aléatoire de Radon, a valeurs mesure
ponctuelle, ¢’est-a-dire s’écrivant » .-, 1, ot le nombre de z; est fini sur tout
compact.

Définition 3. Un processus ponctuel N est appelé processus de Poisson sur
E, d’intensité A € M (E), si

1. Pour A€ &, keN,

AMAF  _\(A) ' \(A
P(N(A):k):{ B s A(A) < o0,
0 sinon .
2. Pour toute famille Ay,..., A, € & d’ensembles disjoints, les variables
aléatoires N(Ay), ..., N(A,) sont mutuellement indépendantes.

On note alors N = PP(\).

La convergence faible d'un processus de Poisson est définie comme la
convergence faible d’une variable aléatoire a valeurs dans I'espace métrique
M, (E). Elle est caractérisée par la convergence des lois fini-dimensionnelles,

c’est-a~dire (c.f. Daley et Vere-Jones, 2007, théoréme 11.1.7), N, 4, Ny si et
seulement si 'on a la convergence faible dans R”

(Nu(A1), .. Nu(A,)) % (No(Ay), ... No(4,)),

pour tout p € N et A;,..., A, € &, tels que P(Ny(0A4;) >0)=0,1<i<p.
Il est toutefois plus commode d’utiliser une caractérisation par la convergence
de la transformée de Laplace. Cette derniére est définie, pour une mesure
aléatoire v, par

Lap,(f) =E (e_ff d”) , f >0, mesurable.
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en particulier, pour un processus ponctuel N =" 1x,(-),
Lapy () = E (- S 700

La transformée de Laplace d’une mesure aléatoire détermine entiérement sa
loi (Resnick, 1987, prop. 3.5) et 'on a (Resnick, 1987, prop. 3.19) :

Proposition 4. Une suite (v,),>1 de mesures aléatoires converge faiblement
vers une mesure aléatoire vy si et seulement si Lap,, \(f) — Lap,,)(f), pour
toute fonction f mesurable positive.

L’intérét de la variation réguliére des fonctions de survie obtenue dans
la proposition 3 apparait a ce stade : elle permet d’obtenir une équivalence
entre condition de DA et convergence du processus ponctuel des excés vers
un processus de Poisson. Plus précisément, en utilisant la transformée de
Laplace, on obtient une équivalence entre convergence vague des mesures
empiriques et convergence faible des processus ponctuels empiriques. C’est
I'objet de la proposition suivante (Resnick, 1987, proposition 3.21). Ici, £ est
la mesure de Lebesgue sur R.

Proposition 5. Soient (Xj,,j > 1) des suites de variables aléatoires a
valeurs dans E, i.i.d.pour tout n € N, et soit N,, le processus empirique sur

R x E,
N, = Zﬂ(%,xj,n)-

j>1
Soit N\g une mesure de Radon sur E et No = PP({ x ) sur R x E.

Alors,
N, 5Ny & nP(Xin€-)S(:). (1.22)

Les propositions 3 et 5 ménent au résultat final de ce chapitre.

Théoréme 6. On se place dans le cadre de la proposition 3. Chaque assertion
qui y est énoncée est équivalente @

S 1x (1) == PP x \.) sur [0,1] x E.
=1

n’>n n—oo

Au chapitre 4, I'inférence de la loi jointe des extrémes sera basée sur I’hy-
pothése, justifice par le théoréme 6, que le processus ponctuel {(£, %)}tsn
formé par les données standardisées X, (avec des lois marginales Fréchet
unitaires) au dessus d’un seuil multivarié, c’est a dire sur une région (R*)?\
[0,u1] X ---[0,u,], est un processus de Poisson d’intensité ¢ x \,. La partie
angulaire H de la mesure exponentielle A\, sera modélisée par un mélange de

Dirichlet.
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1.3 Statistique bayésienne

La statistique bayésienne a connu un regain d’intérét ces trente derniéres
années, avec le développement de moyens de calcul et de méthodes d’échan-
tillonnage rendant applicable la théorie.

Parmi les nombreux ouvrages de référence en la matiére, Robert (2007)
fournit un grand nombre d’exemples de cas d’étude bayésiens, et discute tout
particulierement les problémes de théorie de la décision. La monographie de
Berger et Wolpert (1988) détaille les connections entre le paradigme bayé-
sien et le principe de vraisemblance. Schervish (1995) est un cours complet
de statistique présenté un point de vue principalement bayésien mais expo-
sant en paralléle les approches classiques. Ghosh et Ramamoorthi (2003) est
une excellente référence pour qui veut aborder I'inférence non parameétrique.
Enfin, Robert et Casella (2004) et Robert et Casella (2010) proposent une
introduction aux méthodes numériques bayésiennes. Cette section introduit
les notions de base nécessaires a la compréhension des méthodes d’inférence
utilisées dans la suite de cette thése.

1.3.1 Formule de Bayes et loi a posteriori

Dans la suite, (X, X) est I'espace des observations, P 1’ensemble des lois
de probabilité sur X. L’espace des paramétres © de dimension finie ou non,
et Po = {Py,0 € O} est un sous-ensemble de P, c’est-a-dire un modéle
statistique. Les capitales désignent indifféremment les mesures de probabilité
ou leur fonction de répartition (s’il y a lieu) et les minuscules sont réservées
aux densités.

Rappelons avant tout qu’un noyau de transition sur un produit d’espaces
mesurables (@ x X, T ®X), est une famille de probabilités {Py }sco indexées
par O, telle que I'application 6 — Py(A) soit T-mesurable pour tout A € X.

Définition 4. Un modéle statistique bayésien est la donnée de
1. Un modéle statistique Pe dominé par une mesure o-finie v ;
2. Une tribu T sur ©, telle que {Pg}oco soit un noyau de transition ;

3. Une mesure o-finie m sur T, appelée prior, telle que la mesure prédic-
tive a priori ux, définie par

Jix(A) = /@PG(A) dr(0), Ac X, (1.23)

soit o-finie.

ix est aussi appelée « mesure marginale » des observations.

On note alors, pour x € X, pp(z) = %(x) la dérivée de Radon-Nikodym de
Py par rapport a v au point x.
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Dans le cas ot m(®) = 1, une interprétation probabiliste d’un modéle
bayésien consiste a définir le paramétre § comme une variable aléatoire. Dans
ce cas, ux est automatiquement o-finie, ¢’est méme une mesure de probabi-
lité. Si au contraire, 7(©®) = oo, le prior est dit impropre mais I'inférence est
encore possible tant que ux est o-finie. Choisir un cadre d’inférence bayésien
consiste ainsi & munir ’espace des paramétres d’une tribu et d’une mesure,
sous des conditions de régularité qui sont vérifiées en dehors des cas patho-
logiques. En effet, exiger que la prédictive a priori soit o-finie dans (1.23)
revient a imposer au modéle d’étre suffisamment discriminant pour que, a
domaine d’observation A; fixé dans un certain recouvrement dénombrable
U,, An de X, Py(A;) décroisse suffisamment vite pour éliminer les valeurs &
I'infini de 6.

L’inférence sur 6 a partir d'une observation X = x est obtenue par condi-
tionnement du prior.

Loi a posteriori lorsque 7 est une loi de probabilité Dans ce cas, on
peut se donner un espace probabilisé sous-jacent (£, F,P), et définir ux et
7 comme les mesures images Po X et Po©~ !, ou

X:Q=>XetO: Q-0

sont des applications mesurables. Par définition du modéle bayésien, on sup-
pose que la probabilité conditionnelle px(-|© = ), a une version réguliére
{Po}oco-

Remarque 1. La fonction d’ensemble aléatoire « probabilité conditionnelle »
A= P(X € A|O) := E(14(X)|O) est toujours définie, et T-mesurable en 0
a A fixé, d’aprés 'existence de I'espérance conditionnelle relativement a la
tribu o(©). Il n’est toutefois pas assuré en général (sauf & 'imposer comme
au (3) de la définition du modéle bayésien) que la fonction ainsi définie soit
bien une mesure aléatoire, car la propriété de o-additivité peut n’avoir lieu
qu’en dehors d’un ensemble négligeable Ny pouvant dépendre de 6. Pour plus
de détails, c.f., par exemple, Kallenberg (1997), chapitre 5.

De méme que Py est la loi conditionnelle de X sachant © =0, ux(-|© =
0), on définit alors la loi a posteriori sur @ comme la ‘contrepartie’ de Py,
c’est-a-dire la loi conditionnelle de ©, obtenue en conditionnant la loi 7 par
I'observation x.

Définition 5 (loi a posteriori, prior propre). Lorsque le prior est propre, on
appelle loi a posteriori toute version réguliére de la probabilité conditionnelle
a l'observation, sur l’espace des paramétres, w(-|X = x). Pour x € X, onla
note m.(+) ou w(-|x).

Cette approche est la plus souvent employée pour introduire la théorie
bayésienne ; ¢’est en particulier celle de Schervish (1995). Elle a 'avantage
de donner une interprétation intuitive de la loi a posteriori. Cependant, cette
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définition n’a plus de sens dans le cas d’un prior impropre et oblige soit a
mener formellement les calculs sans base mathématique rigoureuse, soit a
affaiblir les axiomes fondamentaux des probabilités, ce qui force a ré-établir
un grand nombre de résultats de base. Pour plus de détails, voir par exemple
Schervish (1995), chapitre 1, exemple 1.40, et ses références. Dans cette thése,
seules des lois a priori propres seront utilisées. Cependant, par souci de co-
hérence avec un cadre plus général, on présente au paragraphe suivant une
approche moins restrictive, empruntée a Chang et Pollard (1997), consistant
a autoriser dés le départ un prior impropre dans le cadre de la définition 4.

Loi a posteriori lorsque 7 est impropre La loi a posteriori est alors
ce qui se rapproche le plus d’une loi conditionnelle en théorie de la mesure,
lorsque la variable de conditionnement n’est pas une variable aléatoire mais
un élément d’un espace mesuré plus général, c’est-a-dire une désintégration
fibre a fibre de la mesure jointe sur X x © par rapport a la projection sur
X, définie comme suit.

Définition 6 (désintégration fibre a fibre (Chang et Pollard, 1997)). Soit
(V, 2, \) et (X, 2, u) des espace mesurés, X et u étant o-finies.

Soit ¢ 1 Y — X, une application mesurable. On appelle désintégration de
A par (o, ) toute famille de mesures {\;}rex telle que

(1) Pour tout x, )\, est concentrée sur o~ ({x})

(11) Pour toute fonction positive g, \-mesurable, x — fy gd\, est mesurable

/y gdx = / N { /y g(y)d&(y)} dpu(z).

La mesure v est appelée mesure de mélange et les A\, sont les mesures de
désintégration.

Proposition 6 (Chang et Pollard (1997), Théoréme 2 (iii) ). Dans le cas ot
i est la mesure image Ao o~ t, on parle de « désintégration par ¢ ». Alors,
les mesures de désintégration A\, sont p-presque sirement des mesures de
probabilité.

Cette généralisation de la notion de probabilité conditionnelle permet de
définir la loi a posteriori dans le cas général.

Définition 7 (loi a posteriori, prior quelconque). On se place dans le cadre
de la définition 4. Soit Y Uespace produit (X x ©), muni de la tribu produit.
Soit v : (z,0) — z la projection sur X. On définit une mesure jointe X\ sur
lespace produit par

MA X B) = / Py(A)dr(6), AecX BeT. (1.24)

B
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Soit {\; }» une désintégration de \ par rapport & la projection ¢, si elle eziste.
La mesure N\, concentrée sur {x} x © pour tout x € X, est identifiée & une
mesure w, sur O, qu’on appelle loi a posteriori sachant x.

La mesure px, qui est o-finie d’aprés la définition 4 est alors la mesure
image A o o~!. En ce sens, on peut dire que 7, est la désintégration de la
mesure jointe A par rapport a la prédictive a priori pux.

Dénominateur commun des deux approches Que le prior soit propre
ou impropre, la loi a posteriori est définie, ux presque stirement, comme une
mesure de probabilité (dans le cas du prior impropre, grace a la proposi-
tion 6). La définition donnée dans le cas général coincide avec celle donnée
dans le cas particulier du prior propre. En effet, la mesure A est alors mesure
de probabilité sur X x© et A\, en est une probabilité conditionnelle sachant x.
Cette probabilité résume 'information disponible aprés 'observation X = x,
compte tenu du prior.

Jusqu’a présent, on a seulement donné une définition de la loi a poste-
riori et rien ne garantit son existence, que le prior soit propre ou non. Le
paragraphe suivant regle la question et donne 'expression de la densité du
posterior par rapport au prior.

Formule de Bayes pour la loi a posteriori Pour éviter dans un premier
temps une trop grande technicité, on fait I’hypothése suivante.

Hypothése 1.
L’application p, : 0 — pe(x) est mesurable pour v-presque tout x.

Notons que cette hypothése n’est pas automatiquement satisfaite car la
mesurabilité de 1'application 6 — Py(A) pour tout A n’entraine pas celle de
p.. 11 est toutefois prouvé en appendice A que 'hypothése 1 est vérifiée sous
une autre hypothése trés générale de régularité de 'espace des observations.

Remarque 2. D’aprés la définition de la prédictive a priori px, la mesure de
référence v domine px. L’hypothése 1 assure de plus, en utilisant le théoréme
de Tonelli-Fubini, que la densité de px par rapport a v est

d(l;VX (x) = /@pg(x) dr(0) =m(x).

Ainsi, la densité marginale m est px-presque stirement non nulle, et finie,
puisque px est o-finie.

Théoréme 7 (formule de Bayes). La loi a posteriori sachant ’observation
X = x existe pour px-presque toul x. La densité relativement au prior m est
donnée, px-presque partout, par

dm,

po(7)
)= (1.25)

~ Jo pela) dn(t)
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Démonstration. La preuve suit en grande partie Schervish (1995). D’aprés la
remarque 2, il existe un ensemble X, C X, avec ux(X,) = 1, tel que pour
tout z € X, 0 < m(z) < oo, de sorte que le dénominateur du membre de
droite dans (1.25) est px-presque partout fini et non nul. Par I'hypothése 1,
on peut choisir X, de sorte que I'application partielle p, soit T-mesurable
pour x € X,,. Ainsi, le membre de droite définit bien une densité sur 7. Pour
x € X, soit 7, la mesure dont la densité par rapport a m est donnée par
le membre de droite. On va montrer que 7, est une version de la la loi a
posteriori, au sens de la définition générale 7.

Il suffit de montrer que, pour toute fonction g, A-mesurable, positive, le
point (i7) de la définition 6 est vérifié avec A\, = 1) X T, et p = px. Or,
pour une telle fonction g,

Mg ::/ 9(5,0)d [Lyy x 7,] (5,0)
XxO

~ [ sta.0)dm.(6)
6 ~
= [ gte.0) 2 an(0)

Lfgg(x,e)pe(x) dr ().

m(z)

La fonction m est mesurable et pux-presque partout non nulle, car elle est la
densité %’1”7" (c.f. la remarque 2). De plus, puisque g est A-intégrable, avec

Mg = /X ol B)pa(z) dv(z) dn(6).

La fonction (z,0) — g(z, 0)pg(x) est v x m-intégrable et le théoréme de Tonelli
assure la mesurabilité de x — [ g(z,0)py(x) dm(0) . Ainsi, I'application z —
Az.g est X-mesurable et l'on a

[ eadux@) = [ [ ote.0)22 an(o) (o)

_ /X ) g(x,&)ijggm(:c)dﬂ(ﬁ)du(x)

Fubin /@ /X 9(z, 0)po(x) dv(x) dm(9)
=g,

ce qui prouve le point (ii) de la définition 6. La famille {\,} est bien une
désintégration de A par px, donc la loi a posteriori m, existe et 'on peut

définir 9% comme dans (1.25).

]
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Remarquons que, pour x € X, on a directement, sans utiliser la propo-
sition 6, le fait que 7,(®) = f@ %"T'f dm = 1, donc que 7, est une mesure de
probabilité.

Dans un contexte statistique, ’observation consiste en un échantillon
Xi., = x1., et U'on suppose les variables X; indépendantes et identiquement
distribuées (i.i.d.) selon une certaine loi Py € Pg. La définition de la loi a
posteriori est alors naturellement modifiée en remplacant py(z) par [[, po(z;),
cette derniére quantité étant bien la densité de la loi produit Py™ par rapport
a la mesure de référence v®" sur X®".

1.3.2 Théorie bayésienne de la décision

L’objectif de cette section est d’expliquer le recours quasiment systématique
dans cette thése aux estimateurs ponctuels construits a partir de I’espérance
a posteriori, ainsi qu’a des intervalles de « crédibilité » bayésiens, définis
comme des inter-quantiles a posteriori, au lieu des intervalles de confiance
classiques. Les notions introduites ci-dessous sont présentées par exemple au
chapitre 4 de Robert (2007).

Dans la suite, (D, D) est I'espace des décisions et une régle de décision ¢
est une statistique a valeurs dans D, c¢’est-a-dire une fonction mesurable des
observations. On note A I’ensemble de telles régles. Dans cette section, on ne
précise pas la taille de ’échantillon dans les notations, de sorte que X (resp.
x) désigne indifferemment une variable aléatoire (resp. une réalisation), ou
une suite i.4.d. Xq,..., X, de taille finie (resp. un échantillon xq, ..., z,).

On suppose l'existence d’une fonction de cott L : ® x D — R™, me-
surable en ses deux variables. L’existence d’une telle fonction dans des si-
tuations pourtant assez communes n’est pas assurée, mais nous ne traiterons
pas ce probléme ici. Pour une discussion de tels paradoxes et une formulation
rigoureuse des axiomes de la théorie de la décision, voir par exemple Robert
(2007), chapitre 2. Pour alléger les notations, on note dv(z) = dz lorsqu’il
n’y a pas d’ambiguité.

Définition 8 (Risque classique). Le risque R(60,0) associé a la régle de déci-
ston & € A est l'espérance, sur toutes les réalisations possibles de X a 0 fixé,
de la fonction de cott,

R(0,0) = Eg [L(6,0(X))]
:/XL(H,(S(x))pg(x)dx.

Le risque classique dépend donc de # et ne définit qu’un ordre partiel sur
A, 6y = 0981 V0, R(0,61) < R(0,09). Les régles de décisions admissibles en
statistique classique sont les éléments de A maximaux pour le pré-ordre >,
c’est-a-dire les régles d, telles qu’il n’existe aucun § € A tel que V0, R(6,0) <
R(6,6,) avec inégalité stricte pour au moins un 6.

33



Définition 9. Le risque a posteriori, étant donnée l'observation X = x, est
p"(x,0) = ET[L(6,6(x))]

- /@ L(0, 5(x)) dr (0]z)

La différence fondamentale (et représentative des différences générales
entre approche bayésienne et fréquentiste) entre les deux définitions concerne
I'espace sur lequel a lieu l'intégration. Classiquement, on intégre en x, a 6
fixé, alors qu’on intégre en 6, conditionnellement & x, dans 'approche bayé-
sienne. Une maniére de résoudre la difficulté mentionnée concernant le risque
classique consiste a 'intégrer sur le modéle, ce qui est possible dans un cadre
bayésien.

Définition 10 (risque intégré). Le risque intégré, associé & une régle de
décsion § et a un prior w, est défini par

r"(6) =E" [R(6,0)]
:/R@@M@.

Le risque intégré, a prior donné, définit bien un ordre total sur les régles
de décision. La notion d’estimateur de Bayes suit :

Définition 11 (Régle et risque de Bayes). Une régle de Bayes est toute régle
de décision §* minimisant le risque intégré r™(-). Si une telle régle existe, le
risque de Bayes est le risque associé r™(0%).

Un estimateur admissible correspondant a un risque intégré fini est donc
un estimateur de Bayes. Choisir une régle en fonction de ce critére semble, &
premiére vue, contredire le principe de vraisemblance — n’utiliser que les don-
nées effectivement observées pour l'inférence. La proposition suivante montre
qu’il n’en est rien.

Proposition 7 (Robert (2007), théoréme 2.3.2). Le risque intégré s’obtient
par intégration du risque a posteriori sous la prédictive a priori,

7 (5) = /X o (8]) dpx (x)

de sorte que toule régle minimisant le risque a posteriori, sachant x, pour
tout x, est une régle de Bayes.

Preuve. Le cott étant une fonction positive, on peut utiliser le théoréme de
Fubini, de sorte que

r”(é):/x </® L(e,a(z))pe(:p)dw(e)) dr,
:A(AL@Mmﬂgwfiﬁm@>mu

= [ ([ ro.snan.ion) anste)
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Cofit quadratique et prédictive a posteriori Supposons qu’on cherche
a estimer une quantité réelle g(0) dépendant du paramétre. On a alors D = R
et les régles de décision sont des estimateurs §(x) = g,. En optant pour le
colit quadratique

on a une régle de Bayes de maniére explicite.

Proposition 8 (Robert (2007), proposition 2.5.1). Etant donné un prior v et
le codt quadratique (1.26), Uestimateur 0(x) = g, correspondant & l'espérance
a posteriort,

. = E(g(O)]2)
~ [9(0)an(olo).

0

(1.27)

est un estimateur de Bayes.

Preuve. Soit 9, une estimation de g, & x donné. Le risque a posteriori est

(5, 2)) = /@ (62(0) — 26,9(0) + 82) dm, (0)
_ET(g%) - 29, EX(g) + 5.

Le minimum de cette quantité, en tant que fonction de J,, est atteint en
0, = E7(g). Le résultat suit a 1’aide de la proposition 7. O]

En particulier, dans un cadre d’estimation de densité (resp. de loi), on
définit la prédictive a posteriori comme 'espérance a posteriori des densités
(resp. lois) du modéle :

e X, L= [ f0.0)dm0)
© (1.28)
<resp.VA€X, f’x(A):/

(S}

Py(A) d%(e)) .

Ainsi définie, la prédictive a posteriori est un estimateur de Bayes pour les
fonction de cott LY(0,6) = (f(y,0) — 6)%, y € X (resp. LA(0,6) = (Pp(A) —
§)%, A € X). Dans la suite de cette thése, les prédictives a posteriori des
mesures angulaires H définies en section 1.2.2 seront réguliérement utilisées
pour évaluer la qualité de ’ajustement d’un modéle d’extrémes multivariés.

Régions de crédibilité En pratique, étre capable de donner un intervalle
représentant le niveau de confiance associé a un estimateur, méme pour un
échantillon de petite taille, est la principale valeur ajoutée de l'inférence
bayésienne. D’un point de vue plus théorique, un intérét des intervalles de
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crédibilité bayésiens est de donner un sens direct a I'expression P(0 € I) = a,
sans avoir & la traduire par V0, Pp(I > 0) = «. Lorsque le paramétre n’est
pas de dimension finie, on peut s’intéresser, comme au paragraphe précédent,
a une quantité réelle g(#) dépendant mesurablement de 6, typiquement la
densité en un point.

Définition 12. On appelle région de crédibilité de niveau o € [0, 1] pour g
toute partie mesurable Cy(z) C g(O®) telle que

Tog H(Culz)z) >1—a.

De telles régions sont ainsi aléatoires et définies conditionnellement a
I'observation X = z. Il n’y a bien siir pas unicité dans la définition précédente.
Etant donnée une mesure de référence, on peut par exemple définir des régions
de crédibilité de plus forte densité a posteriori, dont le volume est minimal
parmi les régions de crédibilité de niveau donné. Dans cette thése, on choisira
par commodité les régions inter-quantiles de niveau /2,1 — /2, pour la loi
a posteriori m o g~!. De telles quantiles sont en effet aisément accessibles,
étant donné un échantillon a posteriori obtenu par exemple par MCMC (c.f.
section 1.3.4).

1.3.3 Propriétés asymptotiques

Construire des estimateurs assortis de régions de crédibilité satisfaisant les
principes de la théorie de la décision n’est pas suffisant ; encore faut-il que
I’on soit assuré de leur convergence vers une « vraie valeur » dans la limite des
échantillons de grande taille. Lorsque 'espace des parameétres est de dimen-
sion finie, sous les conditions de régularité du modéle assurant la consistance
de 'estimateur de maximum de vraisemblance, et supposant la positivité de
la densité de la loi a priori autour du vrai paramétre, le théoréme de Bern-
stein - von Mises (Van der Vaart, 2000, chapitre 10), assure la normalité
asymptotique de la loi a posteriori; 'estimateur « espérance a posteriori »
est asymptotiquement équivalent a l'estimateur de maximum de vraisem-
blance. Toujours dans un cadre paramétrique, si le modéle est mal spécifié,
Berk (1966) montre que, sous des hypothéses de régularité du modéle, la
loi a posteriori se concentre sur des régions « asymptotiquement porteuse »
(asymptotic carrier regions), qui sont les points du modéle minimisant la di-
vergence de Kullback-Leibler par rapport a 6. Dans le chapitre 2 de cette
thése, le modéle est une union finie de modéles paramétriques et la consis-
tance est considérée comme acquise.

Dans un cadre non paramétrique, la consistance n’est pas automatique.
Tout d’abord, elle dépend de la topologie choisie sur le modéle. Pour éviter
les problémes d’identifiabilité, on prend © = P.

Définition 13 (Consistance d'un modéle bayésien). Soit . une topologie
sur P, et T la tribu borélienne sur P associée. Soit Py € P la « vraie »
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distribution et X; S Py, i € N. Soit w un prior sur T. Le posterior est dit
consistant en Pg si, Py-presque stirement, pour tout voisinage U de Py,
T(U|Xy) —— 1. (1.29)
n—oo
Remarque 3. Notons que « Py-presque stirement, pour tout U » signifie que

I’ensemble négligeable en dehors duquel la convergence a lieu ne dépend pas
du choix de U.

Remarque 4. La consistance, a Py donnée, dépendant exclusivement des ca-
ractéristiques du prior, mais décrivant une propriété du posterior, on parle
indifferemment de consistance du prior ou du posterior.

Au chapitre 3 est étudiée la consistance du modéle de mélange de Di-
richlet, pour la topologie faible. Il est montré que le modéle est faiblement
consistant sous des conditions peu restrictives. La preuve est principalement
basée sur un des théorémes fondamentaux de la théorie asymptotique bayé-
sienne, di & Schwartz (1965).

1.3.4 Echantillonnage de la loi a posteriori

Dans la plupart des situations concrétes, on définit un prior par sa densité,
également notée 7, relativement a une mesure de référence df. La définition
de la loi a posteriori devient

po(z)m(6)
Jo [z, t)m(t)dt

L’intégrale au dénominateur n’a bien souvent pas d’expression explicite et la
densité a posteriori n’est connue qu’a une constante multiplicative prés. Une
exception notable est celle des priors conjugués, ¢.e. appartenant a une classe
paramétrique stable par conditionnement. Une telle famille n’existe pas né-
cessairement en dehors des modéles exponentiels. Quand bien méme, il peut
étre plus avantageux de disposer d’un échantillon distribué selon la loi a pos-
teriori que d’une expression explicite de la densité en tout point. En effet,
un échantillon permet d’approcher 'espérance et les quantiles a posteriori
de n’importe quelle fonctionnelle du paramétre. Il existe un certain nombre
de méthodes, dites méthodes de Monte-Carlo, permettant d’échantillonner
une loi dont on ne connait la densité qu’a une constante multiplicative preés
(Robert et Casella, 2004, 2010). Les algorithmes proposés dans cette thése
sont de type MCMC (Markov Chain Monte-Carlo), construits comme des va-
riantes de 1’algorithme de Metropolis-Hastings (Hastings, 1970). Les preuves
de convergence sont basées sur des résultats généraux d’ergodicité des chaines
de Markov (CM) (Meyn et al., 1993; Roberts et Rosenthal, 2004, 2006). En
effet, le principe général des méthodes MCMC consiste & construire une
chaine de Markov sur ’espace des paramétres de sorte qu’elle « converge »
vers sa distribution stationnaire, dans un sens a préciser.

w(0]z) = (1.30)
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Ergodicité dans les chaines de Markov Une CM a temps discret sur un
espace d’état (@, T) est une suite de v.a. (0;);en telle que Vi > 0, condition-
nellement & ©;, ©,,, soit indépendante de ({©;},<; (propriété de Markov),
de sorte que I’état courant ©; ne dépend que de I’état immédiatement pré-
cédent. Plus formellement, étant donnée une filtration F = (F;); sur €2, une
CM est une suite de v.a. F;-adaptées, telles que, en notant respectivement
1L et 1Lg I'indépendance et I'indépendance conditionnellement & une variable
O, on ait
Oiy1 Lo, Fi.

Une chaine est dite homogéne si la loi [©;41]0;] ne dépend pas de i. Une
telle chaine est entiérement définie (en loi) par un état initial 6y et un noyau
de transition Ky(-) (la loi [©;11|0; = 0]). Soit I, la loi de I'état ©,,. Elle
est le résultat de n applications successives du noyau de transition & 1’état
initial,

K () = I x Ko rTa (),
n—1 fois

ot K *IT est la mesure II « décalée » (shifted) par le noyau K,

K TI(-) :/@Kt(-)dn(t). (1.31)

Dans le cadre bayésien qui nous occupe, on cherche a échantillonner © « ap-
proximativement » selon une loi cible II. La définition suivante précise la
notion d’approximation employée de maniére classique, et en particulier au
chapitre 3.

Définition 14 (Convergence en variation totale). La distance de variation
totale entre deur mesures de probabilité 11y, Iy sur © est

dypy (I, I1,) = jlélf;{nl(A) —1IIx(A)} .

On dit qu'une CM (©,,), d’état initial 0y sur © converge en variation totale
vers II s1

dTV(Kg;? H) — 0.

n—oo

Une implication trés utile en pratique de la convergence en variation totale
est I'existence d’une loi des grands nombres

1 s. ~
= g(6;) == [ gdil, (1.32)
n i1 n—oo

pour toute fonction g, l:[—intégrable.

Définition 15 (Mesure invariante). La mesure II est dite invariante par K
(ou encore stationnaire) si )
KxIll =K.
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Définition 16 (Cycles et apériodicité). Un p-cycle est une partition finie
Ay, .. Ay de © telle que

Vi < P, Vo € Aia Kg(Ai+1) = 1, et Vo € Ap, Kg(Al) =1.

Une CM est périodique de période p si elle admet un p-cycle. S’il n’existe
pas de p-cycle pour p > 1, elle est dite apériodique.

Définition 17 (¢-irréductibilité). Une CM est dite ¢-irréductible s’ eziste
une mesure 1 sur @, o-finie, telle que VA € T tel que n(A) > 0,

V8 e ©, In, Ky(A)>0.

Une condition équivalente est que le temps d’attente 74 avant la premiére
entrée dans A soit presque siirement fini.

Théoréme 8 (Roberts et Rosenthal (2004), théoréme 4). Si une chaine de
Markov est apériodique, ¢-irréductible et admet I1 comme distribution sta-
tionnaire, elle converge en variation totale vers I pour II- -presque tout état
inatial 0.

Sous une condition supplémentaire dite de Harris-récurrence, la conver-
gence a lieu pour toute valeur initiale. Cette condition est toutefois difficile
a vérifier en général, en particulier dans le cadre des mélanges de Dirichlet.

Les méthodes MCMC en général consistent a construire une CM vérifiant
les conditions du théoréme 8 avec II = 7(- |x) comme loi cible.

Algorithme de Metropolis-Hastings Cet algorithme est considéré comme
le plus simple de la classe des MCMC. Une fagon d’assurer la stationnarité
de la loi cible consiste a imposer une condition de réversibilite,

// dfi(s // (t)dK.(s), ABeT. (1.33)
seAteB teB, SEA

On construit pour cela un noyau mixte : On se donne une loi de proposition
Q(s, - ), de densité g(s, - ) par rapport a une certaine mesure de référence sur
©, et une probabilité d’acceptation (de la proposition) «f(s,t). Rappelons
que la densité de loi cible est de type £ = 47, v inconnu, de sorte que le
rapport 7(t)/7(s) est connu, pour s,t € @ L’algorithme est le suivant.

Algorithme 1 (Metropolis-Hastings (MH)). Générer 0y selon une loi quel-
conque, puis, a Uétapen (n > 1),

o Générer 0* ~ Q(b,, -).

o Avec probabilité o = «(0,,0%), accepter 0% et poser 0,1 = 0%, avec

a(s,t) = min {1, ) alt; o) } . (1.34)

7(s) q(s, 1)
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o Avec probabilité (1 — «), rejeter la proposition et poser 0,1 = 0,,.
e n<n+1, et itérer.

L’algorithme MH définit un noyau de transition mixte,

K (A) =r(s)ds(A) + / q(s,t)a(s,t)dt, se€©O.
A

ol dy désigne la masse de Dirac au point 6, et r(s) est la probabilité intégrée

de rejet, soit

r(s) = /@q(s,t)(l a(s ) dt.

Du fait que

/AXB dIl(s) dK(t) = ’y/AXBfr(s)q(s,t)a(s,t) dtds+’y/ 7(s)r(s)ds

ANB

= / dIl(s) dK(t) + - - -
BxA

--7/ [7(s)a(s,t)als, t) = w(t)q(t, s)a(t, s)] dtds,
AxB

(1.35)
et que, d’apreés (1.34),

q(s, )7 (t)a(s, t) = q(t, s)7(s)a(t,s), (s,t) € O,

K satisfait (1.33). K admet donc IT comme loi stationnaire. Enfin, en choisis-
sant un noyau de proposition @ tel que 7 < Q(t, - ) pour tout ¢, le caractére
¢-irréductible et 'apériodicité sont immeédiats. L’algorithme MH génére donc
bien une chaine qui converge, en variation totale, vers la loi cible.

Variantes de type « Gibbs » En pratique, la vitesse de convergence peut
étre extrémement lente si le taux d’acceptation est trop faible, ce qui est le
cas lorsque les propositions sont générées trop loin de 1’état courant.

Dans le cas ot le paramétre vit dans une partie de R¥, une maniére de
générer des propositions qui ne modifient pas trop I’état courant 6,, est d’auto-
riser des modifications par blocs de composantes, en écrivant § = (9*,...,0"),
ot la somme des dimensions des 6 est k. Chaque bloc est mis a jour selon
une étape de l'algorithme MH. Ceci définit 'algorithme dit de « Metropolis-
within-Gibbs ». Le noyau de transition K s’écrit alors comme un mélange de
noyaux partiels K, ... K",

K()=wmd EM™(), > wn=1, wy,>0.

Chaque noyau partiel K™ est supporté par un sous-espace strict de R” (un
cylindre a base {#™}), de sorte que la loi de proposition ne peut plus dominer
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7. On peut tout de méme obtenir une chaine ¢-irréductible en définissant des
propositions dont le support est suffisamment large sur chaque cylindre (voir
Roberts et Smith, 1994, pour plus de détails). Le nom de Palgorithme fait
référence & l'algorithme de Gibbs, cas particulier dans lequel la loi de chaque
bloc conditionnellement aux autres est connue, de sorte que I’on simule tour
a tour chaque bloc selon sa loi « conditionnelle totale ».

Algorithme a sauts réversibles (Reversible-jump algorithm, Green (1995))
Dans un modéle de mélange a nombre non borné de composants, du type du
modéle de Dirichlet étudié au chapitre 3, on peut écrire ©® = |J°_, ©,,, ou
chaque ©,, représente I'espace des densités de mélange & m composants, de
dimension finie. Il est alors nécessaire de construire une chaine qui parcoure
potentiellement tout 'espace. L’algorithme proposé par Green (1995) permet
de construire une telle chaine en assurant une condition de réversibilité de
type (1.33).

Notons QII la mesure sur ©2 définie par

QII(A x B)/A i dII(s) dQ,(t),

et soit f(s,t) sa densité par rapport a une mesure de référence 7, supposée
symétrique sur ©2. Par exemple, dans I'algorithme MH, f(s,t) = 7(s)q(s, )
et 7 est le produit des mesures de référence sur ©, dn(s,t) = dsdt. En re-
prenant (1.35), et en intégrant par rapport a dn(s,t) = dn(t, s), la condition
de réversibilité (1.33) est vérifiée dés lors que 'on spécifie a(s, t) de sorte que
f(s,t)a(s,t) = f(t,s)a(t,s), par exemple comme dans (1.34). Il suffit donc
de construire 7 et de calculer f.

Supposons pour simplifier les notations que pour n € N, ©,, soit un
ouvert de R”™. Définissons les noyaux de transition partiels K (P et K @™
pour un saut réversible ©,, <+ ©,, m < p. On va donc construire une
mesure 7 symétrique sur (©,, U ©,)?. On suppose que I'on peut passer de
©®,, a ©, en rajoutant les composantes manquantes aux 6,, € ©,,, c’est-a-
dire que I'on suppose 'existence d’un ouvert « de réversibilité » U C RP™™
et d'une bijection réguliére ¢ : ©,, x U — ©,, telle que, pour s € ©,,, la
loi de proposition Qs(-) soit concentrée sur le cylindre ¢({s} x U). On note
qY(u) (u € U) la densité de la proposition Q(-) par rapport & la mesure de
Lebesgue sur U.

On définit alors n afin que Qs < 7, en posant, pour A € ©,,, B € ©,,
NAx B)=n(B x A) ={(s,u) € AxU:p(s,u) € B},

ol ¢ est la mesure de Lebesgue sur R?, et pour A et B quelconques dans
0, U0,

NAxB)=n(ANB,,x BNO,)+7(BNO,, x ANGO,).
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Ainsi, n est symétrique, et la densité de QII par rapport a n est, pour s € O,,
et t = p(s,u) € O,

f(s,t) =7 (s)q! (u),

Fit.5) =7 (0 | 525

(s,u)

Pour résumer, ’algorithme de Green est le suivant. On se donne un ensemble
d’arétes {(m,p) C N2, m # p} correspondant aux sauts ©,, <> ©,, tel que
pour tout (m,p), ©, soit accessible depuis ©,, en un nombre fini de sauts.
Pour m < p, Onnote ¢, : (0, xRP™™) — O, ,m < p, les transformations
comme ci-dessus. Pour 6 € ©,,, soient w,,(#) et {w.,,(0)} les poids affectés
respectivement aux transitions (m) (intra-©,,) et (m,p) (©,, — ©,), de
sorte que w,, + ZpeN Winp = 1.

Algorithme 2 (Reversible-Jump (RJ), Green, 1995). Tirer 6y selon une loi
quelconque sur O, puis, pour n > 1,

1. Soit m tel que 0,, € ©,,. Tirer un type de transition T = (m) ou (m,p)
selon les probabilités wy,(6,,), wmp(0n).

2. Si T = (m), effectuer une étape de l'algorithme MH sur ©p,.
3. SiT=(m,p), m#p

o Sim < p, tireru ~ Qp,(-) sur U = RP™™ et poser 0* =

Spm,p(emu);
SOy
a = min < — qg, (u) , 1y,
{’ﬂ'(@n) o (O su)

o Sim > p, poser (0*,u) = ¢, (6,) € ©, x R™7P, et

—1
, 1} |

(6%,u)

o Avec probabilité o, accepter 0* et poser 6,,1 = 0*.

IPm.p
(s, u)

ppm
(s, u)

a = min { :EZ:; 5. (u)

o Rejeter 0% avec probabilité 1 — a et poser alors 0,1 =0, ;

4. n+n-+1.
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Chapitre 2

Combinaison bayésienne de
modeéles

Au chapitre précédent, on a vu que les lois jointes admissibles pour les ex-
trémes, qu’elles soient caractérisées par une loi max-stable multivariée ou une
mesure angulaire, ne sont pas restreintes a un modéle paramétrique de dimen-
sion finie. Cependant, adopter un cadre paramétrique peut dans certains cas
faciliter 'interprétation des résultats de I'inférence. Par exemple, s’il s’agit de
comparer les caractéristiques des extrémes de température sur deux périodes
temporelles, considérer I’évolution des paramétres est un moyen simple de
résumer numériquement 'information. Aucun modéle paramétrique n’est ex-
haustif, de sorte que plusieurs experts consultés séparément sur un méme jeu
de données peuvent légitimement utiliser des modéles différents et aboutir a
des conclusions différentes. Se pose alors la question des moyens de prendre
en compte les différentes estimations. Une possibilité consiste a choisir le
« meilleur » modéle, au vu d’un critére adapté a la situation. Ce probléme
du choix de modéle est bien connu en statistique et a été amplement dis-
cuté. Akaike (1973) est un des premiers & proposer un critére de sélection,
communément nommé AIC (Akaike information criterion). La sélection se
fait en minimisant la divergence de Kullback Leibler entre la loi des obser-
vations et son estimation dans le modéle, tout en pénalisant la complexité.
D’autres critéres existent, par exemple le BIC (Bayesian Information Crite-
rion), proposé par Schwarz (1978), basé sur 'approximation du rapport de
vraisemblance.

Sélectionner un seul modéle, dans un contexte ou les modéles rejetés ne
sont pas discriminés de maniére flagrante, conduit a négliger I'incertitude
attachée au choix de modeéle. Une alternative consiste a conserver toutes les
estimations et a les moyenner en fonction de la vraisemblance marginale de
chaque modéle et de son poids a priori. Cette approche est connue sous le nom
de Bayesian Model Averaging (BMA), que 'on traduit ici par « combinaison
bayésienne de modéles ». Le BMA a été utilisé et largement étudié dans de
nombreux contextes, (Hoeting et al., 1999; Madigan et Raftery, 1994; Raftery
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et al., 2005). Tl est essentiellement différent d’une estimation par modéle
de mélange. En effet, le modéle correspondant au BMA est une union de
modéles et non un produit. Formellement, si @4, ..., ©; sont les modéles en
concurrence, un modele de mélange est ’ensemble des combinaisons convexes
S womPa, ()ywm > 0, W, = 1,6, € ©,}. Au contraire, le modéle
correspondant au BMA est

U{PHm(')vem € Gm}-

Concrétement, dans le modéle de mélange, on suppose qu’il existe une va-
riable cachée Z € {1,...,k}, E(Z,,) = wy,, indicatrice du sous-modéle de
provenance de chaque observation, de sorte que deux observations peuvent
provenir de deux sous-modéles distincts. A I'inverse, on suppose dans le BMA
que les observations proviennent toutes d’un des modéles en concurrence. Le
« moyennage » s’effectue au stade de I'inférence : les estimateurs de moyenne
a posteriori seront intégrés sur I'union des sous-modeéles, de sorte qu’ils s’écri-
ront comme une combinaison convexe d’estimateurs intra-modéles. Le BMA
est donc un mé¢lange d’estimateurs plutdot que de modéles, comme le souligne
E. [. George, dans la discussion faisant suite a la revue de Hoeting et al.
(1999) sur la question du BMA. Du point de vue de la théorie de la décision,
les estimateurs obtenus par BMA sont des estimateurs de Bayes, définis en
1.3.2, pour le colit quadratique. En effet, ils correspondent aux estimateurs
obtenus par moyennage sous la loi a posteriori.

Ce chapitre est consacré a l'adaptation du BMA au contexte des ex-
trémes multivariés, et plus particuliérement a l’estimation de la loi jointe des
extrémes. La premiére étape consiste a s’assurer que les estimateurs obte-
nus par combinaison convexe sont valides. Un contre-exemple : si G1 et Gy
sont estimations de lois max-stables, elles-mémes max-stable, leur moyenne
prenms (1— )\)Gz, 0 < X <1, ne l'est plus. En revanche, si I'on considére deux
mesures angulaires H; et Hy, dont les moments d’ordre un sont imposés par
(1.16), toute combinaison convexe vérifie & nouveau (1.16) et constitue bien
une mesure angulaire valide. L’article qui suit, publié¢ en 2013 dans la revue
Eztremes, développe cette idée.

44



BAYESIAN MODEL AVERAGING FOR MULTIVARIATE
EXTREMES

A. SABOURIN, P. NAVEAU, AND A.-L. FOUGERES

ABsTRACT. The main framework of multivariate extreme value theory is well-
known in terms of probability, but inference and model choice remain an active
research field. Theoretically, an angular measure on the positive quadrant of
the unit sphere can describe the dependence among very high values, but no
parametric form can entirely capture it. The practitioner often makes an as-
sertive choice and arbitrarily fits a specific parametric angular measure on the
data. Another statistician could come up with another model and a completely
different estimate. This leads to the problem of how to merge the two different
fitted angular measures. One natural way around this issue is to weigh them ac-
cording to the marginal model likelihoods. This strategy, the so-called Bayesian
Model Averaging (BMA), has been extensively studied in various context, but
(to our knowledge) it has never been adapted to angular measures. The main
goal of this article is to determine if the BMA approach can offer an added
value when analyzing extreme values.

keywords: Bayesian model averaging, multivariate extremes, parametric
modelling, spectral measure.

MSC: 62F07 and 62F15 and 62H20 and 62H05 and 62P12

1. INTRODUCTION

Assessing the probability of occurrence of joint extreme events has proven to be a
major issue for risk management and a complex inferential problem in statistics. To
illustrate this point, daily maximum concentrations of three air pollutants, PM10
(Particulate matter), NO (Nitrogen oxide) and NOo (Nitrogen dioxide), recorded
in Leeds (U.K.) during five winter seasons (1994-1998)*, are displayed in Figure 1.
Visually, asymmetrical relationships seem to be present, the dependence between
NO2 and NO may be stronger than that between the two other pairs. For this
Leeds data set, at least three different approaches (Cooley et al., 2010; Heffernan
and Tawn, 2004; Boldi and Davison, 2007) have already been proposed. Heffernan
and Tawn (2004)’s study focuses on conditional distributions, allowing both for
asymptotic dependence or independence at extreme levels. On the contrary, Cooley
et al. (2010) and Boldi and Davison (2007), under the assumption of asymptotic
dependence, characterize the joint distribution of extremes in terms of the so-called
angular measure (see Section 2 for more details), respectively in a parametric and
semi-parametric framework. In this paper, we follow this latter approach, and
focus on parametric models. Several such models have already been proposed for
the case where the data are dependent at asymptotic levels: see e.g. chapter 9
of Beirlant et al. (2004); Tawn (1990) or Coles and Tawn (1991) for the Logistic

Date: Preprint version of the article published in Eztremes, 2013. Received: 23 May 2012 /
Revised: 14 November 2012 / Accepted: 22 November 2012.

IFive different air pollutant concentrations (PM10, NO, NO2, O3, and SO2) were measured
in the city centre of Leeds, see http://www.airquality.co.uk for more details. We restrict our
analysis to the three most dependent pollutants.
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Ficure 1. Daily maximum concentrations of three air pollutants,
PM10, NO and NOg, recorded in Leeds (U.K.) during five winter
seasons (1994-1998)

and Dirichlet families; or Cooley et al. (2010) for the Pairwise Beta model, further
generalized by Ballani and Schlather (2011).

In this context, two practitioners working on the same data may well have chosen
two distinct models, leading to different estimates of some quantity of interest such
as a probability of joint excess of some high multivariate threshold. One could thus
reasonably ask if it would be appropriate to merge these results. Our main objective
throughout this paper is to investigate how to average the estimates issued from
existing parametric families and what are the benefits and the limitations of such
an approach.

The Bayesian framework appears to be well tailored for this task because setting
priors offers a natural way to integrate results issued from different studies. The
so-called Bayesian Model Averaging ( BMA) method has been extensively studied
in other contexts (e.g., Raftery et al., 2005; Madigan and Raftery, 1994; Hoeting
et al., 1999). Its adaption to the analysis of multivariate extreme events repre-
sents the main aim of this work. To our knowledge, in the field of multivariate
extremes, the only publication using BMA is Apputhurai and Stephenson (2011).
They combined the cumulative distribution functions of asymptotically dependent
and independent models, in the bi-variate case. Our approach differs from theirs
in focusing on asymptotically dependent models, and combining the dependence
structures themselves (angular measures or exponent functions, see Section 2 for
definitions and rationale for such a choice).

In the next section, we recall the necessary background about multivariate ex-
tremes. In Section 3, we detail the BMA nuts and bolts within a multivariate
extremes context. The BMA scheme is implemented in Section 4 with two differ-
ent models: the Pairwise Beta model (Cooley et al., 2010) and a nested asymmetric
logistic model. A simulation study is performed: data sets are generated from a
semi-parametric Dirichlet mizture model ( DM ) introduced by Boldi and Davison
(2007) and we compare the predictive performance of the BMA versus a model
choice framework. The tri-variate Leeds data set is also revisited. Section 5 offers
a few conclusions regarding the advantages and limitations of averaging spectral
measures.

2. BACKGROUND AND NOTATIONS

Spectral measure.
Let X = (X7,... 7Xd)T be a positive random vector of dimension d whose margins
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follow a unit Fréchet distribution, P(X; < z) = exp(—1/z), for all z > 0. To
describe the extremal behaviour of the vector X, it is mathematically convenient
to transform the Cartesian coordinates into pseudo-polar ones by setting

R=X;+ -+ X4 and W = (X1/R,...,Xq/R)T

where R and W are often called the radius and the angular vector, respectively.
The latter one lies on the unit simplex Sy ={w: w; +---+wg =1, w; > 0}.
With regards to the Leeds data set, we follow the exact same procedure as Cooley
et al. (2010) to estimate the marginal distributions of the three pollutants plotted
in Figure 1. Each uni-variate series can thus easily be transformed into unit Fréchet
distributed ones via a probability integral transformation. Observations with the
100 largest radial components ? (out of 539 non missing triplets) are plotted on
the unit simplex S3 in Figure 2. The points located at the centre of this triangle
correspond to events that were equally extreme in the three directions.

NO

FI1GURE 2. Leeds data set: the 100 points with largest radial com-
ponent R = x1 + x2 + x3 (unit Fréchet scale) projected on the unit
simplex.

Multivariate extreme value theory tells us that, under mild conditions®, the
dependence structure among excesses above a high radial threshold r can be char-
acterized by the asymptotic distribution H of the angular component:

(1) lim P(WeB|R>r)=H(B),

r—00

2Besides the Ly-norm (1 + z2 + x3), other norms could be used for threshold selection.

3 The largest values have to belong to the domain of attraction of a max-stable distribution
(the distribution G is said to be max-stable if G'(tx) = G(x) for any ¢ > 0). This type of
distribution arises as the natural non-degenerate limit of rescaled i.i.d. component wise maxima
of random vectors with unit Fréchet margins (de Haan and Ferreira, 2006; Resnick, 1987, 2007).
Within this framework, it is classical to define the exponent function V(x) = —log G(x) that
satisfies V(tx) =t~V (x).
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The spectral measure H(.) is any probability measure on the simplex Sy that
satisfies the following moment constraint

1
2) Vie{l,....dy, [ wdHwW) =2
S, d

Limit measure.

With our normalization choice, the spectral measure is related to a limit measure
v, defined on E = |0, oo]d \ {0}, in pseudo-polar coordinates, by dv = 7% drdH
(see e.g. Chapter 6 of Resnick, 2007). The measure v is homogeneous of order —1,
i.e. for any measurable subset A C E, v(tA) = tv(A). If A is relatively compact
in E,

) X
(3) 7}1_}11010 nP <n € A> =v(A).
In particular, (3) holds for any failure set A of the form A(u) = {x : =1 >
ul,...,xd>ud} .

Modelling threshold excesses.

Equations (1) and (3) provide the main elements for modelling excesses in practice.
Given a data set whose margins have been transformed into unit Fréchet, one may
fix a high radial threshold rg and retain only observations with radial component
exceeding rg. The corresponding angular data set # = (W1q,..., W,,), asin Figure
2 with n = 100 excesses, is assumed to be an i.i.d. sample distributed according to
H(.). Then, the statistician has to propose and fit an adequate spectral measure.

In other words, all the inference in this paper is based on the following key as-
sumption, in view of (3): Conditionally on the radial component R exceeding the
retained threshold rg, the random vector X is assumed to be distributed accord-
ing to some (normalized) limit probability measure ©, with, in polar coordinates,
dv = %% dH . The angular and the radial components are thus assumed to be
independent on regions {r > ro}, and H characterizes 7, so that a a statistical
model for excesses above g can be indexed by a set of angular measures. Also, the
likelihood is proportional to the density h evaluated at the angular data points W
and inference can be made with the angular components only. This assumption of
‘perfect threshold’ has a second consequence: The likelihood of an angular measure
which mass is concentrated on the axis is zero, because all the angular data points
lie in the interior of the positive quadrant. This restricts any likelihood-based in-
ference to asymptotically dependent models, i.e. to H-families which put some
mass in the interior of the unit simplex only.

Relaxing the ‘perfect threshold’ assumption is possible if one works with max-
stable distributions, but then, the link with questions related to excesses above
threshold is not immediate. Another reason for not considering this option in the
context of model averaging is the fact that an average of max-stable distributions
is not max-stable. More details are given at the end of this section.

Further, one may consider asymptotically independent models with second-order
regular variation in the interior of the positive quadrant (Ledford and Tawn, 1996;
Ramos and Ledford, 2009). However, flexible parametric models for asymptoti-
cally independent data, in problems of dimension greater than three, have only
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recently been proposed in an unpublished paper from Qin et. al (2008) 4 For the
sake of simplicity, we leave apart this class of models and focus on asymptotically
dependent data.

If a vector u = (uy,...,uq)” defines the boundary of a failure region A(u) =
{x: x1 >uy,...,xq > ugq} is such that Zle u; > ro for some large 79, using (3)
and the homogeneity property of the limit measure, the probability of being in the
failure region can be approximated with v:

P(X1>u1,...,Xd>ud):1/(A(u))—d/ drdH (w)

= d/ / drdH(w)
<4) Sy Jr>max;—1.q 7—1 TQ

—d [ minZ dH (w)
S4 1=1:d U;
A classical way of proposing parametric max-stable models is to define them
through their exponent function V, (see footnote 3), which is related to v by

vx € E, V(x) = v {([0,21] x -+ x [0,z4])} ,

were (- )¢ denotes the complementary set in E. In the case where all the mass of
the angular measure H is concentrated in the interior of the simplex Sy, and V
is regular, Theorem 1 of Coles and Tawn (1991) provides a general relationship to
derive the spectral density h(w) from V(.): h(w) = =2 9, ., V(x)|,_, . One
advantage of such models is that (4) has an analytical expression obtained from V'
by inclusion-exclusion. For three-dimensional sample spaces, it yields

V(A(u)) = V(ui,u2,ug) +---
(5) < V(uy,00,00) + V(00, uz, 00) + V(c0, 00, us) —
< (V(u1,u2,00) + V(uy,00,u3) + V (oo, ug, us)) .

One drawback is that the angular likelihood A has to be computed by differentiation
of order d.

Multivariate extreme models.

In theory, the only constraint on H is encapsulated by (2), which advocates in
favour of fully non-parametric estimation methods (see e.g. Einmahl et al., 2001;
Einmahl and Segers, 2009; Guillotte et al., 2011; Gudendorf and Segers, 2011). In
a Bayesian context, it is computationally difficult to handle moderate dimension
problems with semi-parametric spectral measures. For example, Boldi and Davison
(2007) introduced a semi parametric Bayesian model based on mixtures of Dirichlet
distributions and concluded that “one practical drawback with the approach stems
from the use of simulation algorithms, which may converge slowly unless they have
been tuned. A second is that the number of parameters increases rapidly with the
number of mixture components, so model complexity must be sharply penalized
through an information criterion or a prior on the number of mixture components".

4 Qin X., Smith R.L., Ren R.E., Modelling multivariate extreme dependence, In 2008 Joint
Statistical Meetings(JSM) Proceedings, Risk Analysis Section. Alexandria, VA: American Sta-
tistical Association: 3089-3096

49



From a practical point of view, parameters in some well-chosen models may
offer interpretable summaries to describe the dependence structure (e.g., a finite
number of parameters allows to compare between two time periods), and a feasible
strategy to reduce the computational complexity. A seminal example (Gumbel,
1960) of parametric model defined by the exponent function is the logistic one

d (63
VL(x) = (in_l/a> O<a<l).

i=1
The logistic model can be extended to handle asymmetrical behaviours and to cap-
ture additional dependencies among subsets of variables (Coles and Tawn, 1991).
In particular, the exponent function

—1 —1 Q12 —1 —1 @13
VNL (X) — Qfao |: <x1f¥0a12 + x;oau) + (zfoals + x;(}"‘l{ﬂ) + ...

(6)

—1 —1 Q23 ap
oo oo
<a:20 3 4 x50 23) ] (0 < ap, 12,013, 03 < 1),

is a possible generalization which allows for asymmetric pairwise relationships,
while concentrating all its mass in the interior of S3. This model belongs to the
class of the nested asymmetric logistic models. In the remainder of this paper, we
refer to the one defined by (6) as the NI model, we denote a = (g, a2, 13, v23).
The expression for the NL density Anp(-|a) on Ss is given in appendix. One
advantage of NL is its low number of parameters and in their interpretability. The
scalar ag describes the overall dependence among the three coordinates and the
«;’s characterize the additional pairwise dependences. The dependence between
a coordinates subset is a decreasing function of the corresponding parameter.

It is also possible to define a multivariate extreme model directly through the
spectral density. For example, Cooley et al. (2010) fitted to the Leeds data set the
following Pairwise Beta (PB) model

hew (W0, {Bij h<icj<a) = Y hij(wlBo, Bi) (B, Bij > 0),
1<i<j<d

which is a sum of beta functions defined by

- —9)8o—d+2 L'(28i5) -1 Bij—1
hij (wlfo, Bij) = Ka(fo) wi® " (1= wyy) =2 F§< ﬁ?j wiih el
ij
- _ _ o wy _ 2(d-3)! I (Bod+1 5
with wi; = w; +wj, w;; = Bt and K4(6y) = d((d—l)) r(2,80+(1)0r(50()d_2))- The

interpretation for the parameters in the PB model is similar to the NL model’s
one, except that the strength of the dependence is an increasing function of 5y and
of the B;;’s. Again, we denote 8 = (Bo, B12, B13, Bo3)-

Having at our disposal several spectral models leads us to the question of how to
average them with respect to the data set at hand. First, one could wonder what
is the meaning of averaging spectral measures in terms of random variables and if

directly averaging the corresponding max-stable distributions could be a valuable

5The difference of a multiplicative factor v/d in our normalizing constant compared to the one
given by Cooley et al. (2010) is due to the choice of the reference measure: in the aforementioned
study, the reference measure is the Lebesgue measure (more precisely the Hausdorff measure)
on the simplex itself, whereas we write our densities with respect to its projection on the d — 1
dimensional euclidean space.
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alternative. However, if the random vector M; follows a max-stable distribution
Gj(x) = exp(—Vj(x)) with unit Fréchet margins, then the averaged distribution
G(x) = p1Gi(x) + -+ + psGj(x) (with Z}-le p; = 1) is not max-stable anymore:
it does not satisfy G*(tx) = G(x) for any ¢t > 0. In contrast, averaging the angular
measures H; still provides another valid angular measure. Indeed, pyHi(.) +-- -+
psHj(.) satisfies (2). In terms of random vectors, averaging angular measures
translates into component-wise max-linear combinations. More precisely, if the
M;’s are independent, then the max-linear combination M = py M1V ---V p; My,
where V denotes the component-wise maximum, has exponent function V(x) =
piVi(x) 4 - + psVy(x). The latter is associated with the spectral measure H =
p1H1 + -+ + pyHy. This derives immediately from the homogeneity property
(V;(tx) = t71V;(x)) characterizing exponent functions:

J J
P <x) =P \/pM<x| =[P <)
-1 -1 Pj
J J
J N J
= [ e [Vj ()} —exp | =Y pVj(x)
j=1 P; j=1

3. BAYESIAN MODEL AVERAGING FOR SPECTRAL MEASURES

In the general context of parametric modeling, the information loss relative to
the choice of one particular model may be high. Averaging the estimates stemming
from several models, with appropriate weights, can be used to partially overcome
this issue. As an example, Raftery et al. (2005) found some evidence in an ensemble
weather forecast context that the predictive variance in one model would sometimes
not reflect the total predictive uncertainty, whereas the predictive variance in the
averaged model accounted better for prevision errors. Madigan and Raftery (1994)
found some examples, in a contingency tables context, where averaging models
resulted in better predictive performance, as measured by a logarithmic scoring
rule. We recall here the basic BMA features within our spectral measure context.
For a review of BMA, the reader may refer to Hoeting et al. (1999).

Suppose we have M spectral density models My, ..., My, such that each model
My, = {hm(- | Om), Om € O} has a finite dimensional parameter space ©,,. In
this paper, for illustrative purpose, we set M = 2 and h; and hg correspond
respectively to the aforementioned PB spectral measure family hpg and to the
NL one hNL~

In a Bayesian framework, beliefs of the statistician about 6, (e.g., arising from
expert knowledge), prior to any observation, are made explicit: each parameter
space O,, is endowed with a prior measure (in our case, a probability measure),
denoted 7,,. Now, in a Bayesian model averaging setting, the statistical model M
is the disjoint union of the individual models: in other words, the parameter space
© indexing M is the disjoint union © = U%Zl O,. We recall that a disjoint union
of sets Aq,..., Ay is defined by |_|%:1 Ai={(m,am),1 <m<M,a, € Apn}. In
the sequel, the term ‘union model’ will refer to the BMA model indexed by the
disjoint union ©. A prior on the index set {1,..., M} is thus needed: we choose
(p1,---,pMm), with p1 + -+ 4+ par = 1, so that p,, is the a priori weight of M,,. In
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this work, lacking expert knowledge, we choose a uniform prior: p,, = 1/M for all
m. The prior distribution 7 on M is

M M
77—( |_| Bm) = Z pmﬂ'm(Bm) y
m=1 m=1

for any collection of measurable sets (Bi, ..., By) with B, C ©,,. Suppose that
each model has a well defined spectral density hp,(- | 6pn). Given the sample
of excesses # = (Wy,...,W,,), a common density estimator is the Posterior
predictive density © which, in the disjoint union model, is defined by

(7) h(w | #) = me / (W | ) d(Ton[#) (01

where m,|[# = mm(- | 7/) is the posterior distribution restricted to M,,, and
pm(#) is the posterior weight of M,,. This explains the terminology “model
averaging”™ our density estimate is the average of the density estimates produced in
separate Bayesian models. As mentioned above, the family of admissible densities
is stable under convex combinations, and it is also stable under integration with
respect to any probability measure. Consequently, the posterior predictive density
still defines a valid angular measure.

More generally, if the goal is to estimate some quantity of interest A, (a mea-
surable function of 8, in each model M,,, such as e.g. the probability of a failure
set, then A is a random variable which prior and posterior distributions in each
model are respectively the image measures A*m,, and A*[m,,|#]. The posterior
distribution in the BMA model is thus the average

A [m| W] = me A* [ | Y]

and the mean estimate is § = Zm 1pm(?) Jo, A d[Tm| W] (Om) -

The Bayes formula provides immediately the expressmn for the posterior weights:
pm(#) is proportional to the marginal likelihood L£,,(#') of the observed angular
sample in each model M,,, multiplied by the corresponding prior model weight

B Pl (W)
el = SE )+t oLt ()

where
(8) Lon(W) = / (00 e (61 -

In practice, for high dimensional parameter spaces, the main hurdle lies in es-
timating the integral (8). This can be done either by Monte-Carlo methods or
asymptotic approximations, from which the Bayesian Information Criterion (BIC)
derives. (see e.g. the review from Kass and Raftery, 1995, and the references
therein). When the sample size n is not too small compared to the dimension k of

6The density estimator defined by (7) is a “Bayes estimator” it minimizes the posterior ex-
. 2
pected quadratic loss Ez {(h(w|) — h(w)) }, at each point w, where the expectancy is

taken with respect to the posterior density 7|%# in the union parameter space (see e.g. Robert,
2007, Chap. 2, for details about Bayesian decision theory).
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the parameter space, a reasonable trade-ofl between precision and computational
efficiency is the Laplace’s approximation method: the logarithm of the integrand
I (0) = log [h (W|0)7m (0m)] should be approximately normal around the pos-

terior mode 6,, with covariance matrix ¥ = (—d21~)*1 where d?[ is the Hessian
matrix at 6. This yields, by integration, the Laplace approximation

1/2 . .
h(W 0 )T (Om)

9) Lo(#) = (2m)*? |2

Kass and Raftery (1995) suggest that in most cases where n/k > 20, (9) yields
a good precision. More details about the validity of (9) may be found in Kass
et al. (1990). For lower sample size, one alternative to obtain the posterior weights
would be to implement a MC MC algorithmm with reversible jumps between the
individual models. The proportion of ‘time’ spent in each model would provide
estimates of posterior weights. The main difficulty with this approach would be to
define reasonable ‘jumps’ proposals, to obtain jumps acceptance rates high enough
for the chain’s mixing properties to remain acceptable in practice.

Inside each single model, the posterior parameter distribution is classically eval-
uated by a Metropolis-Hastings algorithm producing an approximate posterior
sample (0 1,...,0m n). The latter is used to approximate each term hp,(w) =

Jo, hn(W | 0) (70| # ) (0r) in. (7) via

1 N
(10) th (W | Omt) -
t:l

Throughout this paper, the total number of simulations is set to 50 x 102, from
which the first 30 x 103, values are discarded. The Heidelberger and Welch test
(Heidelberger and Welch, 1981; Cowles and Carlin, 1996) and the Geweke con-
vergence diagnostics (Geweke, 1992) show good convergence properties for this
burn-in period.

4. BMA wiTH THE PB AND NL SPECTRAL MEASURES

4.1. Preliminary: definition of Bayesian PB and NL models. Before im-
plementing the BMA scheme, we need to separately implement our two models in
a Bayesian framework. To our knowledge, this has never been done for the PB
model neither for our NL model.

Since none of these models is part of the exponential family, there is no obvious
uninformative or invariant prior choices at hand. So, for convenience, we transform
the parameter spaces to obtain unconstrained ones. Namely, we set

Opp = log(B) € R*; Oy = logit(a) € R*.

where, for the NL model, logit(x) = log(x/(1—x)), which excludes the independent
case a = (1,1,1,1). Then, the parameters in each model are assumed to be a priori
mutually independent and normally distributed with common mean equal to 0 and
standard deviation equal to 3. Results on simulated data (see Appendix) show that
this prior specification does not introduce a strong bias in the estimations.

4.2. Averaging the PB and NL models: simulation study.
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Comparison with other approaches.

An alternative to the BMA framework would be to select the ‘best’ model given a
data set. The criterion for comparison could be, for example, the posterior weight,
or the BIC or AIC. In our case, these three criteria are approximately equivalent:
indeed, the differences of scores between two models in terms of AIC or BIC are
the same when the two models have same dimension (k1 = k2), since in such a case
BICi2 — AIC19 = (k2 — k1) logn — 2(ky — k1) = 0. Selecting the model according
to the BIC or the AIC is thus exactly the same. As for the posterior weights, note
that the prior model weights were chosen uniform (here (1/2,1/2)). The posterior
odds are then equal to the Bayes factor: Bio = pi(#)/p2(#) = Li(W)/Lo(W).
For large sample sizes the logarithm of the latter can be approximated by the
Schwarz criterion S = log L1(#') —log Lo(#') —1/2(ka — k1) log(n), which is —1/2
times the the BIC (see e.g. Kass and Raftery, 1995; Kass et al., 1990). In view of
the asymptotic equivalence of the three criteria, and because posterior weights are
anyway computed for the BMA, the ‘model selection’ alternative considered here
consists in selecting the model with highest posterior weight.

The main goal of our simulations is to compare the predictive performance of
the BMA against this model selection framework and against single models, in
terms of predictive angular densities and estimations of the probability of being
in a failure region A(u) as defined in Section 2. The union model is larger than
any individual model, and averaging instead of selecting allows to ‘integrate’ the
uncertainty. One could thus expect the predictive performance to be enhanced.

The main theoretical limitation of the averaging approach stems from a con-
centration phenomenon: if the data arises from the union model (thus, from one
of the individual model), the posterior mass should concentrate around the true
value and assign more mass to the model containing it. In “misspecified” cases
(when the true distribution does not belong to the union model), the posterior is
bound to concentrate around “asymptotic carrier” regions of the parameter space,
which minimize the Kullback-Leibler divergence to the true distribution (Berk,
1966; Kleijn and van der Vaart, 2006). In our context, this means that, for large
sample sizes, the BMA is likely to select a single model, except if the true dis-
tribution is at exact “equi-distance” from the two. Consequently, we restrict our
study to situations where the sample size is moderate (namely, 80 points).

Predictive scores with simulated data.

In this paragraph, the angular data set # under consideration is supposed to be
simulated according to some angular distribution hg (a Dirichlet mixture (DM)
distribution, see the next paragraph) on the simplex S3. The density estimates
produced by each inference framework (PB model, NL model, BMA and model
selection) are to be compared. We now introduce different scoring rules allowing to
do so. The interest of considering several scores is that they rank the predictions
according to different criteria. It may happen that one framework be selected by
one scoring rule and discarded by another one. The aim here is to check consistency,
i.e. that our conclusions are relatively independent from the considered score.
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As a performance score for a density estimate h fitted to ¥, we consider the
logarithmic score

(11) LS(h, ho) = —Ep, log(h(-)) = — /S log(h(w))ho(w) dw ,

associated to the Kullback-Leibler divergence between the density estimate and
the true distribution. A model with low LS is ‘close’ to the truth. According to
this rule, the best model is the one minimizing the score (note that a zero is not a
measure of perfect fit). Since one can simulate from hg, the latter integral can be
evaluated by simple Monte-Carlo

(12) LS(h, ho) =

In the remainder of this paper, Ny is set to 50 x 103,

The approximation (12) allows us to compare the performance of the predictive
densities hpB,hNL,hBMA and hselect respectively in the PB model, in the NL
model, in the BMA and in the model selection framework. The predlctlve density
for the latter is defined as

hSelect. = 1pPB(W)20.5ilPB + lpPB(V//)<o.5i1NL .

One of the main interest in multivariate extreme value theory may reside in
the probability of an excess of a high threshold. In this study, we consider the
probability of falling in the failure region A(u) with u = (100,100, 100). On the
Fréchet scale, it corresponds to a marginal excess probability of roughly 1(1)—0. The
quantity of interest A is thus a joint probability

A(m,0) = P(X > ulim, 0) ~ v(A(u)|m, 0
where m € {PB, NL} (see Section 2). The true probability is
A(ho) = Ppy(X > u) = vp(A(u)),

where 1 is the true exponent measure, which density in pseudo-polar coordinates
is (e.g. on the region {r > 1}) dwy = d%ho(w) dw. Here, the approximation
becomes an equality because the radii and angles are simulated independently
from each other.

For the PB (resp. the true ) density, v(A(u)|@, m) (resp. vo(A(u) ) is given by
(4) and approximated by Monte-Carlo integration (since we can simulate angular
samples from PB distributions and from the true one). In the NL model, it is
simply given by (5).

The output of the Bayesian procedure in model m is, for a given data set #/, an
approximate posterior sample {6, (t)}1<;<7 7. This posterior is transformed into
a posterior A-sample {6, (¢) }1<i<r = {A(6,,(t)) hi<e<r € (0,1) of probabilities of
failure, so that the posterior predictive distribution A*(m,,|#’) (see Section 4) on
(0,1) is approximated by the discrete cumulative distribution function (cdf)

T
1
-7 D L.y (e (01).
t=1

7Here, T = 200 after discarding the values from the burn-in period and thinning. The thinning
interval is set to 100 to reduce the computational time
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The posterior predictive cdf in the BMA is thus the weighted average
Fama(+) =pes(#) Fpu(-) +pnxL(#) FNL(-) -

We can now compare the different distributions wia strictly proper scoring rules
(Gneiting and Raftery, 2007), adapted to the case where the true distribution is
known to be the Dirac mass at dp = A(hg). Namely, we consider the continuous
ranked probability score (CRPS), the predictive model choice criterion® (PMCC)
and the interval score (IS,) for the central (1 — «) % 100 % interval based on
predictive quantiles, with o = 0.1. If F, E;(A), Vars(A), §o, and o denote
respectively the predictive edf on (0, 1), the predictive mean and variance, and the
predictive a/2 and 1 — /2 quantiles, and if §yp € (0,1) is the true value, these
(negatively oriented) scores are

(13)  CRPS(F.5) = /( W) 1%y,

(14)  PMCC(F,5) = (Ep(A) — ) + Varz(A),

R 20‘((?01,11 - Cja,l) + 4(@a,l - 50) if 50 < (ja,l )
(15) ISa(Fa 50) = 20‘(Qa,u - Cja,l) if QQ,Z <dp < (jaﬂ“
204(@0411 - Cja,l) + 4(50 - (ja,u) if 50 > Cja,u .

Similarly to the logarithmic score, the ‘best’ model according to a given scoring
rule is the one that minimizes the score.

Experimental setup.

Data sets are generated from Dirichlet mixture (DM) distributions (Boldi and
Davison, 2007), which cover a wide variety of distributional shapes. The Dirichlet
mixture parameters themselves are drawn according to a simulating rule described
in the Appendix. Note that the hyper parameters for this simulating rule were
chosen in order to grant significantly positive weights to both models.

We generate 20 DM parameters {Q6}1§i§20 and for each Qé, 5 data sets
{Wji}lgjgg) of size 80 each are generated according to the DM density hj, corre-
sponding to 6.

For each of the 100 data sets {”//ji}lgggo,lgjg, separate inference is made
in each framework ‘fr’ (here, fr represents the PB model, the NL model, the
BMA and the model selection framework), yielding a density estimate ﬁ;| fry a cdf

for the probability of failure FJZ| #r and posterior model weights which are approx-
imated via (9). The posterior mode and the hessian matrix are approximated by
numerical optimization.

Finally, the scores obtained by each framework are averaged over all the exper-
iments (4, 7).

Results.
The first panel of Table 1 shows the average scores (over the 100 data sets) obtained
by each model, by the BMA and in the selection framework. The second panel

8This scoring rule is not proper in the general case but becomes so when the true distribution
is a Dirac mass.
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shows the average score differences” between the BMA and the three other possible
approaches, together with an order of magnitude of the errors involved by the
Monte-Carlo approximations used to compute the score differences between the
BMA and the other approaches. More details about these errors are given in the
Appendix.
For example, line ¢ BMA/ PB’, column ‘CRPS’ corresponds to
20 5
CRPS(BMA/PB) = > Y CRPS(Fj|sua,0') — CRPS(F]|ps,0"),
i=1 j=1

where 6% is the Monte-Carlo estimate of the true probability of failure under the
Dirichlet distribution with parameter 6, i.e.

3 Nme W iid 1
§i— : SN tid pi : =
Nane Nz_:l jevd { w J N "= 100

Column ‘LS’ corresponds to

20 5 o
> > T LS(hima) — LS(hh|pg),

i=1 j=1
where LS is given by (12).

TABLE 1. Comparison of mean scores with simulated data (error
magnitude on score differences between parentheses).

Scores | LS CRPS pPMCC 1S

PB | —107.48 24.04 20.97 45.06

NL | —106.07 21.34 18.69 38.08

BMA | —108.39 21.33 19.56 37.21
Select | —107.36 22.95 20.11 42.27
BMA/PB | —091(0.32) —2.7(0.04)  —1.41(0.05) —7.85(0.15)
BMA/NL | -2.33(0.32) —0.002(0.09) 0.87(0.08)  —0.87 (0.21)

BMA /Select | —1.03 (0.32) —1.62(0.02) —0.55 (0.01) —5.06 (0.12)

In terms of spectral density itself, the BMA approach obtains the best loga-
rithmic score (first column, second panel). The logarithmic score obtained by the
selection framework is also better than the ones obtained both by the PB and by
the NL models. The gain is less obvious in terms of estimated probabilities of
failure, probably because, for this kind of simulated data, the NL model obtains
better average scores than the PB model (note that this tendency is reversed in
terms of logarithmic scores). In any case, the BMA gives slightly, but consis-
tently, better predictions, with respect to all the considered scores, than the model
selection framework (line 7).

The disappointing aspect of these results is the fact that the relative gain or loss
is low: roughly, between 1/100 and 1/10 depending on the considered score.

9The scores reported in each column have respectively been multiplied by 102,10°,10% and
10° to improve the readability of the numerical output.

57



4.3. Example: Leeds data set. We separately fit the PB and the NL model on
the Leeds data set. Table 2 gathers results in terms of the transformed parameters
in each model. épost and pos; denote the mean and standard deviation of the
posterior sample issued from the Metropolis algorithm, émode, Omode, are the pos-
terior mode and the ‘standard deviation’ represented by (with the notations of the
Laplace approximation (9)) the squared root of the diagonal elements of the inverse
hessian 3. The maximum likelihood estimates émle and the estimated standard

€rrors G, are also reported. Our Bayesian analysis corroborates the frequentist

TABLE 2. The PB and NL models fitted to Leeds data: Compari-
son between frequentist estimates and posterior summary statistics.

| PB model | NL model
‘ log By logpBio log P13 log Bas ‘ logit g logit aiia  logit as  logit aes
Opost |03 127 —035 122 |0.22  0.89 4.57 1.19

Opost | 0.14 043 023 042 [0.09 049 1.69 0.64
Omode | 0.3 1.3 —034 114|021  0.79 3.67 1.03
Omode | 0.14 043 022 042 |0.09 045 1.23 0.42
e |03 132 —034 116 [021 081 1797 1.07
Ome |014 043 022 043 |0.09 047 2588.78  0.44

estimates. The unusually high standard deviation of the maximum likelihood esti-
mate for logit(a3) is easily explained: the inverse logit link function is numerically
flat (equal to 1) above 17, and logit™1(3.67) = 0.98. As expected, adding a prior
re-centres the estimates towards the origin, but the relative discrepancy between
the Bayesian and frequentist modes (with respect to the standard deviation of the
frequentist ones) is less than 0.12. Also, the posterior mode and mean are close to
each other. This suggests that the asymptotic domain of validity of the Bernstein-
Von Mises theorem (asymptotic normality of the posterior distribution, see e.g.
van der Vaart, 2000) is approximately reached.

The posterior predictive spectral densities in the PB and NL models can be
computed via (10). The squared dots in Figure 3 represent the data displayed in
Figure 2. Each panel tells us the same main story, a lot of mass in the middle,
more near the middle of the edges joining the pairs (PM10,NO) and (NO,NO2)
than between the pair (PM10,NO2). This pattern roughly corresponds to the
distribution of the observed angular points over the simplex. Still, the two panels
have important differences. For example, the NL model assigns more mass to the
regions near the vertices.

For this Leeds data set, the posterior weights are overwhelmingly in favour of
the NL model. Table 3 gathers the posterior weights issued from the BIC approx-
imation, the Laplace method and by simple Monte-Carlo integration (parameters
are drawn from the prior).

For the Leeds data, BMA teaches us that a well-chosen four parameters NL
model belonging to the large Nested Asymmetric Logistic family outperforms the
PB model.
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NO2 PM10 NO2 PM10

FicurRE 3. Leeds data: posterior predictive densities in the PB
model (left panel) and the NL model (right panel).

TABLE 3. Leeds data set: posterior PB model weights and mar-
ginal likelihoods.
MC MC steps: 100 x 103,

Laplace BIC Monte-Carlo
PB 2.210%%  4.110%%  2.410%?( 4.810%1)
NL 8.210%*  110%° 1.410%5( 1.910%%)

ppe(W)  0.0027 0.004 0.0017

5. DISCUSSION

This article shows that it is feasible to implement a BMA approach for angular
measure models. Simulation studies indicate that this approach can, at best, im-
prove the predictive density estimates over each single model and at worst, be used
as a selection tool by identifying a single one. For the four considered scoring rules,
the gain represented by the BMA against the model selection framework is signif-
icant (in view of the Monte-Carlo errors) but moderate: the order of magnitude of
the scores is unchanged.

For the sake of conciseness, we have only considered two models to be averaged.
Future BMA roads would be to enlarge the dictionaries of parametric spectral
families (e.g. for the PB model, Ballani and Schlather, 2011) and/or to extend
the BMA framework to a mixture model setup, i.e. replacing the disjoint union
parameter space by a product space. The resulting model would be more flexible,
in the sense that the posterior mass would not have to concentrate on one single
model for large sample sizes. As a drawback, the dimension of a product space is
the sum of the dimensions of individual models, and the curse of dimensionality is
likely to impose longer burn-in periods for MC MC algorithms. Also, one could
not use posterior samples obtained in distinct models. We recall that, in this
paper, we consider situations when separate inference has already been achieved,
or can be made in a simple way, and where estimates are to be averaged. The main
interest of the BMA approach is to offer a compromise between model flexibility
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and parsimony: the estimated distribution (the posterior predictive) is a mixture,
while inference is conducted in lower dimensional models.

Also, for our leading example, Heffernan and Tawn (2004)’s study suggests that
the pairs (S0, NO) and (SO, PM10) might be asymptotically independent. It
should thus be of interest to average general spectral measures associated with
asymptotically independent models, as introduced by Ledford and Tawn (1996)
and Ramos and Ledford (2009) in the bi-variate case, and extended to general
multivariate problems in Qin etf. al. (see footnote 4). The estimated distribu-
tions would not be max-stable anymore, but this would account for a potentially
greater source of uncertainty than the one attached to model choice within the
asymptotically dependent class.

SUPPLEMENTARY MATERIAL

An R package is available at

http://www.lsce.ipsl.fr/Phocea/Pisp/index.php?nom=anne.sabourin
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APPENDIX 1: BAYESIAN PB AND NL MODELS

Simulation rule for the PB model.
Whereas Cooley et al. used an accept-reject method for simulation, the one that
we propose here is direct. The PB density can be re-parametrized by setting

Pij = W; + wy , wi/ij = wi/(wi + wj), Sij = ’LU[_(@j)}/(l — pij), where w[_(i’j)] =
(W1, ey Win 1, Wi 1y e ey W1, Wi 1, - -+, Wa).
The transformation (pij, w;/ij, i) = w has Jacobian: J = J(pi;) = pi(1 —
pij)? 3. Each beta function
hij({wij, wisij, 5} 1o, Bij) »
can be expressed within these new coordinates

hij({pijs wigi, s(wij) } 8o, Bij) o p?jﬁo (1— piy)d=Dho—1.

Bij—1
W (1 = wiy

)ﬁi,j—l 1
J(pij)’
which can be written with the standard R package notations as

dbeta(pij, 280+1, (d—?)ﬁo) dbeta(wi/ij, Bm’, Bm’) ddirichlet(sij, rep(l, d—2)) .

1
J(pij)
The three factors correspond to two Beta distributions and one uniform distribution
on the unit simplex of dimension d — 3. The following algorithm produces the
desired angular variables W according to the density hpg(. | Bo, Bij)-

Algorithm 1.
(1) Choose uniformly a pair (i < j).
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(2) Generate independently the vectors R;j, Wi i; and Sij according to the Beta
distributions Be(250+1, (d—2)5y) and Be(Bij, Bij), and the uniform Dirich-
let distribution Dirqy_s(1,...,1), respectively.

(3) Deﬁne W as Wi = RijWi Wj = Rij(l - Wz/zy) and W[—(i,j)} =

(1 - R”)Sl]

Angular density in the NL model.
From Coles and Tawn (1991), Theorem 1, with our normalizing convention, the

/5>

angular density on the simplex is hnp,(Wla) = —é 01,23V (x]a) |, _,, » Where we
write 0, i, (+) the partial derivative with respect to x;,,...,z;,.
Letting
(16)
—1 —1

Uj(x) = 2" +2" (1<i<j<3), T(x)=(Up*+ U5+ U5°) (x),
we have Vn, = 27 O‘OTO‘0 (x), so that
81’2,3VNL(X|06 =2 aOOé [TOCO 1 01 2 3T( )
( )Tao 2( ) {81T( ) 2 3T( ) + 82T(X)61,3T(X) + 83T(X)8172T(X)} + -
(ap — 1)(ap — 2)T (%) T(x) 9T (x) 95T (x)] -

The simple and double partial derivatives are

~1 [ a1l as- oA
(17) 0T (x) = — (:1:Z 0% Ug-” ! + a0 UZC,:““ 1>
o%)
and
a;; — 1 Zt-2 a;-2
18 0; ;T = cxs) s U T,
( ) 2] (X) 05(2)062‘]‘ (xl :L‘]) iJ

The third order derivative is thus zero. Finally, we have

1 —_
ot (wlat) = [0‘0(2% 20)ger-s,
(19)
N TOTOT + (ao - 2)61T82T83T}
1<itj k<3

where all the terms are given in (16), (17) and (18).

X=wW

Simulation method in the NL model.
We adapt here the method proposed by Stephenson (2003) to our context.

Algorithm 2.

(1) Generate independently four positive alpha-stable variables S, S12,S13, 523,
with respective index ap, 12, aqs, ags € (0,1), i.e. with Laplace transform
E(exp(—tS)) = et (resp. e 7).

(2) Forie {1,2,3}:

(a) Simulate independently two standard exponentials E; ;5, F; ;.
syas Sy |00 S\ Sy |V

(b) Set Xiij = (5) i 17; and X ;, = [(5) % E;’:k]

(C) Set Xz = maX(Xivij, X’L,zk)
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Then, X = (X1, X2, X3) has unit Fréchet margins and a multivariate distribution
belonging to the NL model (6).

Proof. If X is generated according to the above algorithm, the conditional variables
Xiij| (S = s, 8 = s45) are independent with distribution

@i 1 1/(aoasy)
p (X@%ij < x4|s,512) = exp <_5ij (g)l/ ij <> ’

Ty

So that X has conditional distribution

P(X§X8,812)=exp<_ z Sij(g)l/aij"'

1<i<j<3
( 1\ V(@oaij) 1\ Y/ (a0aij)
' <> _|— <> ‘
Z; xj

Integrating with respect to the s;;’s and s and using the Laplace transform
property of positive a-stable variables yields the desired distribution function. [

The angular components W; = X; /(X1 + X2+ X3) follow immediately. By fixing
a high threshold ry and retaining only the angular points corresponding to radii
R > 7o, one obtains a sample on the simplex, approximately following angular
distribution with density hnr,(.|c) .

APPENDIX 2: RESULTS WITH SIMULATED DATA FROM SINGLE MODELS

Two data sets of 80 angular points each are simulated, one in the PB model,
the other in the NL model. A 50 103-iteration Metropolis-Hastings is run, the last
20 103 values are kept.

The marginal posterior densities for the four parameters in the PB (resp. NL )
model, obtained by a kernel smoothing of the posterior sample, are shown (solid
lines) in Figure 4 (resp. Figure 5) , together with the prior densities (thin dotted
lines) and the true parameters (vertical thick dotted lines). For all the parameters
components, the posterior concentrates around the “true” value.

The posterior predictive density estimates are deduced from the posterior sample
according to (10), and plotted in Figure 6. showing remarkable agreement between
the estimated (solid lines), and the true distribution contours (dotted lines).

Basic summary statistics for the posterior samples are gathered in Table 4 (6
stands for the “true” transformed parameter, see sub-section 4.3 for other nota-
tions), together with maximum likelihood estimates. The three approaches yield
comparable results and the true parameter values lie at less than two standard
deviations from their respective posterior mean estimates (except for the global
dependence parameter g in the NL model, where the discrepancy is about 2.4 for
the three estimates).

APPENDIX 3: SIMULATION STUDY

We give here a more complete account of the results obtained in Section 4.2.
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log(alpha) log(beta[1])

log(beta[2]) log(beta[3])
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0.0

FiGURE 4. PB model: prior and posterior parameter marginal den-
sities with simulated data. Upper left panel: logit(fy), upper right
panel: logit(512), left and right lower panels: logit(f813) and
log(323)-

TABLE 4. The PB and NL models fitted to simulated data: Com-
parison between frequentist estimates and posterior summary sta-

tistics.

H PB model H NL model
0 ‘ log By logBi2 log Bz log B3 ‘ logit oy logit 1o logit iz logit ciog
6 069 1.1 —0.69 23 041 —-0.85  1.39 —0.41
Opost | 0.62 128  —0.53 27 |015  —05 241 0.23
Opost |02 035 026 06 |01l 03 0.73 0.4
brode | 0.62  1.31  —052 277|014 055 215 0.13
Omode | 0.19 034 025 058 |0.11  0.28 0.61 0.35
Oie | 0.62  1.32 —052 288 014 056 225 0.13

Omle ‘0.19 0.35 0.25 0.61 ‘0.11 0.28 0.67 0.35

Dirichlet mixture model for spectral densities. Recall that the Dirichlet
density, which we denote diri, can be parametrized by a mean vector u € S; and
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FiGURE 5. NL model: prior and posterior parameter marginal den-
sities with simulated data. Upper left panel: log(ag), upper right
panel: log(aqz), left and right lower panels: log(ais) and log(cwes).
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FIGURE 6. Angular measures: Simulation and estimation in the
the PB model (left panel) and in the NL model(right panel).

a concentration parameter v > 0, so that

r ,
Vw € Sy, diri(w | p,v) = _ T Hw'{“’fl.
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The Dirichlet mixture model is the family of finite mixtures of such densities, with

positive weight vector w = (wl, - ,wK) (K > 1) summing to one, concentration
vector v = (ul,...,vK) and mean matrix p = (H.,17~-->M.,K) where p_j, =
(1 -+ pa ) is the mean vector for the k" mixture component. In this model,

the mean constraint (2) is equivalent to

a 1
20 Vied{l,...,d k= = .
( ) ? { 3 ) }7 ;L{Jk Hik d

Simulation of random Dirichlet mixture parameters and data sets. For
our simulation, we generate 20 Dirichlet mixture parameters

0o = (K" 1.5, W1 V1K )1<i<10

with K = 10 components, so that (20) holds for all ). Each 8} is generated as
follows:

e For k € {1,..., K}, v is generated under a truncated Gamma distribution
with shape equal to 1.4 and scale equal to 10, with an upper bound set to
100.

e Fork e {l,..., K—1}, p., is generated (independently) under a Dirichlet
distribution with concentration parameter equal to 6 and a mean parameter
set to Go = (1/3,1/3,1/3), truncated to the region {w € Sz : Vi < 3, w; >
e} with € = 1/100.

e The first K — 1 weights are constrained to be equal to each other and the
location for the last kernel centre p_j is set in in such a way that (20)
holds while keeping the last weight wx as close to 1/K as possible.

For each Qf), five data sets of size 80 each are generated under the corresponding

Dirichlet mixture distribution. To avoid numerical errors, angular points with any
coordinate less than 108 are rejected.

Error assessment for the mean differential scores. Since a lot of Monte-
Carlo steps are involved in the differential score computations, the second part
of Table 1 may only be interpreted as an order of magnitude for the errors. In
the remainder of this subsection, an alternative alt denotes either the systematic
choice of the PB or the NL model, or the model selection framework where the
retained estimate is the one produce by the model with greatest posterior weight.
If S is a scoring rule, S(BMA /alt) is the score difference between the BMAand
the alternative.

Differential logarithmic score.

Here, we account for the error involved by the Monte-Carlo approximation (12).
For a given alternative alt, parameter Qg and data set W;'-, let ﬁ;\BMA (resp.

ﬁ;]alt ) the posterior predictive distributions in the BMA and in the alternative

framework. Let LAS(iL;'»’BMA) (resp. LAS(iLﬂalt)) be the Monte-Carlo estimate of

the Logarithmic score as in (12), and let 65(BMA) (resp. &}(alt)) be the classical

Monte-Carlo error of the estimate. When ¢ is fixed and j varies, the errors 6; are not
independent because they depend on the same Monte-Carlo sample. An estimated

upper bound for the standard deviation of the differential score LAS;(BMA/ alt)
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is then &; = (}}(BMA) + 6§(alt). This is conservative in the sense that this

upper bound is only reached in the unrealistic case where LAS;-(BMA) and LAS} (alt)
have correlation equal to —1. In the same way, an upper bound for the standard
deviation of the average (letting i fixed) is the average standard deviation: 6% =
% Z?:1 7. Further, when 7 varies, the differential scores are independent from each

other (i.e. if 4 # is, 1 < ji,j2 < 5, then LS, (BMA/alt) and LS. (BMA/alt)
are independent). Consequently, an estimated upper bound for the variance of the
average is 6(LS(BMA /alt))? = ﬁ S0 [6i]2. The errors reported in the first
column, lines 9-11 of Table 1 are the squared roots of the latter quantity.

Failure region scores: CRPS,PMCC and IS.

In this paragraph, the error concerns the approximation of the true probability of
failure. Let 56, &6 be respectively the mean Monte-Carlo estimate of the latter
(see (4) ), and its estimated standard deviation, for a given Dirichlet parameter
Qf). We define the boundaries of a typical centred error interval: (5fo = 56 — &6,
o= 56 + 6%. Now, given a scoring rule S (one of the CRPS, PMCC and

sup
IS rules) and an alternative alt, let S‘(BMA /alt,d! ) (resp S (BMA/alt, Ssup)),
be the mean differential score obtained between the BMA and framework alt,
when the true failure probability is set to &, (resp. 5éup). For example, for
the CRPS differential score between the PB model and the NL model, we set
CRPS'(BMA/PB,d.,,) = £ >7_ CRPS(F}|guma, 0ly,) — CRPS(F!|pg, 8Lyp).
An order of magnitude for the fluctuation of the partially averaged score

SH(BMA /alt, §%) is

err(S', alt) = | S'(BMA /alt, 5},¢) — S*(BMA /alt, 5,.)| /2.

s> Yinf
The final score S(BMA /alt) is the average over i € {1,...,20} of the
SYBMA /alt,68)’s, and the errors are independent when i varies. The heuristic

error magnitude reported in the three last lines and last columns of Table 1 are
thus (up to multiplication by the factor appearing in the column titles)

20

. 1/2
err(S,alt) = (20 Z [err(si,alt)]2> .

i=1
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Chapitre 3

Un modéle de mélange de
Dirichlet pour les extrémes

Se limiter au cadre paramétrique, aussi élargi soit-il par la combinaison finie
de modéles, revient a faire une hypothése forte sur la structure de dépendance
des extrémes. Sans revenir sur les motivations déja présentées en introduc-
tion et reprises dans l'article qui suit, disposer d’un cadre bayésien non-
paramétrique pour modéliser les excés au-dessus d’un seuil élevé parait sou-
haitable, alors que la littérature est rare sur le sujet. Boldi et Davison (2007)
ouvrent la voie de la modélisation de la mesure angulaire sur le simplexe
par un mélange de Dirichlet & nombre arbitraire de composants. L’inférence
bayésienne dans ce modéle est en théorie possible, mais délicate en pratique,
de par la présence de la contrainte de moments (1.16). A vu de I'instabilité
des résultats obtenus en dimension plus grande que trois, sur des données
simulées, on pouvait raisonnablement se demander si les conditions pour la
consistance de la loi a posteriori, définie en section 1.3.3, étaient réunies.
Il n’était pas non plus évident que ’algorithme d’échantillonnage avait les
bonnes propriétés d’ergodicité, au sens de la section 1.3.4. Ce chapitre est
consacré a la re-paramétrisation de ce modéle de mélange, de sorte que la
contrainte soit automatiquement satisfaite, a I’établissement des propriétés
de consistance de la loi a posteriori et a I'implémentation d’'un algorithme
a sauts réversibles permettant d’échantillonner cette derniére en un temps
acceptable lorsque la dimension de I'espace des observations est modérée.
L’ensemble de ces résultats a été accepté pour publication en 2013 dans la
revue Computational Statistics and Data Analysis.
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Bayesian Dirichlet mixture model for multivariate extremes: a
re-parametrization.
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Abstract

The probabilistic framework of extreme value theory is well-known: the dependence
structure of large events is characterized by an angular measure on the positive
orthant of the unit sphere. The family of these angular measures is non-parametric
by nature. Nonetheless, any angular measure may be approached arbitrarily well
by a mixture of Dirichlet distributions. The semi-parametric Dirichlet mixture
model for angular measures is theoretically valid in arbitrary dimension, but the
original parametrization is subject to a moment constraint making Bayesian in-
ference very challenging in dimension greater than three. A new unconstrained
parametrization is proposed. This allows for a natural prior specification as well as
a simple implementation of a reversible-jump MCMC. Posterior consistency and
ergodicity of the Markov chain are verified and the algorithm is tested up to di-
mension five. In this non identifiable setting, convergence monitoring is performed
by integrating the sampled angular densities against Dirichlet test functions.

Keywords: multivariate extremes, semi parametric Bayesian inference, mixture
models, reversible-jump algorithm

1. Introduction

Estimating the dependence among extreme events in a multivariate context
has proven to be of great importance for risk management policies. The main
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probabilistic framework of multidimensional extreme value theory is well-known,
but inference and model choice remain an active research field. The dependence
structure of multivariate extreme value distributions is characterized by the so-
called spectral measure (or angular measure), which is defined on the unit positive
quadrant of the observations space. The non-parametric nature of this angular
measure calls for fully non-parametric methods. Still, a moment constraint has to
be satisfied and this restriction makes modeling and inference complex.

In a frequentist context, an empirical spectral measure estimator has been pro-
posed by Einmahl et al. (2001) and amended by Einmahl and Segers (2009), for
the two dimensional case. Weak convergence of a rescaled version of the empir-
ical measure has been established, but the intricate form of the limit law does
not provide, to our understanding, a simple way to derive asymptotic confidence
bounds. In a similar context, de Carvalho et al. (2013) provide a simpler Euclidean
likelihood estimator but an explicit expression for the asymptotic variance is still
missing. The recurrence of such difficulties in the field of multivariate extremes is a
strong argument in favor of Bayesian methods. To your knowledge, Guillotte et al.
(2011) are the only authors having implemented a fully non-parametric Bayesian
model, and the latter is only applicable to the bi-variate case.

Boldi and Davison (2007) were the first ones to adapt the elegant Dirichlet
mixture (DM) framework to multivariate extreme values and to provide posterior
predictive distributions in this context. This semi-parametric model (with vary-
ing number of mixture components) is designed for any sample space’s dimension
and weakly dense in the set of admissible angular measures. As posteriors were
very difficult to sample from, Boldi and Davison (2007) also resorted to maximum-
likelihood methods based on an EM algorithm and they concluded that “one prac-
tical drawback with the approach stems from the use of simulation algorithms,
which may converge slowly unless they have been tuned. A second is that the
number of parameters increases rapidly with the number of mixture components,
so model complexity must be sharply penalized through an information criterion
or a prior on the number of mixture components". One other key point about this
past work is that Bayesian estimation in dimension greater than three was ren-
dered very delicate by the low convergence rate of the reversible-jump Metropolis
algorithm used to approximate the posterior distribution. Most of the difficulties
they encountered were linked to the above mentioned moment constraint. Still,
a workable spectral estimator based on Dirichlet distributions will be a valuable
semi-parametric tool for Bayesian practitioners who would like to analyze multi-
variate extremes of moderate dimensions (i.e. around five).

Following Boldi and Davison’s steps, we propose in this paper a novel parametriza-
tion of the DM model. One strong advantage of this parametrization resides in
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the fact that the moment constraint is automatically satisfied. This allows to con-
struct a prior in a relatively simple way (section 3), and it is verified that the
posterior is consistent for a large class of ‘true’ distributions. A trans-dimensional
Metropolis-within-Gibbs algorithm is implemented (section 4) to approach the pos-
terior distribution. In practice, assuming that the maximum number of clusters
within the mixture is below 15 (a reasonable hypothesis for most applications), it
becomes possible to make accurate Bayesian inferences for at least five dimensional
data sets (see section 7).

Theoretical ergodicity properties of the algorithm are investigated in section 5
and section 6 deals with the important issue of empirical convergence assessment.
Like in any other mixture model, the parameters are not identifiable, and the
monitored quantity cannot be a parameter component. Instead, convergence of
the densities can be checked, and we propose an approach based on the use of
well chosen Dirichlet test functions to be integrated against the Dirichlet mixture
densities generated by the algorithm. In addition, this method allows goodness-
of-fit checking. In section 7, a simulation study is performed with three- and
five- dimensional data sets, in order to compare our algorithm with Boldi and
Davison’s one, in terms of mixing properties and predictive accuracy. We also fit
the Dirichlet mixture model to air quality measurements, recorded in the city of
Leeds, UK, during the winter season, years 1994-1998. This data set is available
at http://www.airquality.co.uk and has already been studied by Cooley et al.
(2010), Heffernan and Tawn (2004), Boldi and Davison (2007) and Sabourin et al.
(2013) and we comment our results with respect to Boldi and Davison (2007)’s
approach. Another simulation study is performed to assess the impact of the
prior specification. Finally, comparison is made with Guillotte et al. (2011)’s non-
parametric Bayesian model in a bi-variate setting. Our results are discussed in
section 8.

2. Background and notations

2.1. Multivariate extremes and spectral measure

Multivariate extreme value theory aims at characterizing the joint behavior of
extreme events such as block maxima or multivariate excesses above a threshold
(Beirlant et al., 2004; de Haan and Ferreira, 2006; Resnick, 1987, 2007). Let X =
(X1,...,X4) be a positive random vector of size d. If the uni-variate marginal
distributions are known, there is no loss of generality in assuming each of them to
be unit-Fréchet distributed P(X; < z) = exp (—%) ,fori=1,... d. Concerning
the multivariate dependence description, it is convenient to introduce the L' norm
R = X144+ X4 and to represent X in polar coordinates, letting R be the radial
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component and W = X /R the angular one. Thus, W corresponds to a random
point on the d — 1 dimensional unit simplex S; = {w = (w1, - ,wq) : w; >
0 w1+'--+wd:1}.

A major result of multivariate extreme value theory is that, under mild as-
sumptions (see e.g. Resnick, 1987, multivariate regular variation), the radial and
angular components become independent for large R’s. More precisely, with our
choice of unit Fréchet margins, the condition is that the cumulative distribution
function (c¢df) of X be in the domain of attraction of a max-stable distribution G,
i.e. that there exist a non degenerate cdf G such that the limit P!(X < tx) goes
to G(x), as t — oo. This implies G*(tx) = G(x) for all ¢ > 0. In such a case, there
is a spectral probability measure H defined on Sy, such that for any Borelian subset
Bof Sq, P(W € B,R > r) e r~1H(B), so that

PWeB|R>r) — H(B). (1)
r—>00
Thus, H represents the distribution of the angular components for asymptotically
large R’s. This measure has to satisfy the moment constraint

1
foralli=1,...,d, w; dH (w) = —. (2)
S d

Conversely, any probability measure H satisfying (2) is a valid spectral measure for
a multivariate extreme value distribution G. In other words, H is a valid spectral
measure if and only if its center of mass lies at the centroid of the unit simplex.
In this paper, we focus on angular measures which mass is concentrated on the

[¢]
interior of the unit simplex, denoted S4, and which admit densities with respect to
the Lebesgue measure dw; - -+ dwg_1 on the Euclidean plane of dimension d — 1.
The simplex is parametrized by {(w1,...,ws—1) : w; > 0; Z?;ll w; < 1}

2.2. Dirichlet mizture model (Boldi and Davison, 2007)

Besides condition (2), there is no other constraint on H. In terms of model-
ing, this strongly favors non-parametric, or semi-parametric models. As H lives
on the interior of the unit-simplex, the Dirichlet mixtures family appears as the

ideal candidate. We recall that a Dirichlet density, which we denote diri, can be

parametrized by a mean vector p € Sy and a concentration parameter v > 0, so
that

d
sl F(V) vpi—1
Vw € Sy, diri(w | p,v) = ————— | | w T
H?:l I'(vp) i=1 '
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A k-component Dirichlet mixture density is a finite mixture

k
h(up,v) (w) = Z P diri(w | Ko s Um)s

m=1
with positive weight vector p = (pl, . ,pk) summing to one, concentration vec-
tor v = (Vl,...,l/k) and mean matrix p = (u,71,..., /J,_7k), where p. ,, =
(1t1,ms - - - » fd.m) is the mean vector for the m' mixture component. The moment
constraint (2) is equivalent to
. 1
me,ui’m:g,forallizl,...,d. (3)
m=1

This leads to the W-parametrization proposed and studied by Boldi and Davison
(2007) as a disjoint union:

V= H Wy, with Oy = {¢b = (. 14, Pret> Vik) + (3) holds} .
k>1

Here, the vector w. .., denotes (u,’q, ceey ,u,yr) for ¢ < r. This type of notation

will be used throughout this work, e.g. pg., means (pg,...,pr). Unless otherwise
mentioned, || - || denotes the Euclidean norm on R? while || - ||; stands for the L*
norm.

The weak density of such mixtures within the space of admissible angular mea-
sures, proved by Boldi and Davison (2007), renders this model very attractive in
terms of flexibility. However, in a Bayesian context, specifying an adequate prior
distribution for g = p. 1 and p = p1x subject to (3) is challenging. Boldi
and Davison (2007) conditioned g upon p. The prior on g was then defined
component by component, on the open set

d—1 k—1
{Ml:dl,l:kl V1I<m < k,;m,m <land V1 <i< d,mZ:lpmm,m < cll} ;
by successive conditioning, each component being uniformly distributed on the
largest interval keeping (3) satisfied. Besides a minor error on the admissible
bounds of such an interval (see Appendix G.1 for details), doing so introduced
some asymmetry in p’s prior distribution: in particular, the coordinates p; , (1 =
1,...,d) of a given mean vector p. ,, were not exchangeable in their model and
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the prior was concentrated in a relatively small region of the space of admissible
mixtures. This might partly explain the low convergence rate of their reversible
jump algorithm: such an asymmetric concentration may lead to the rejection of
many proposals and to a low acceptance rate. Below, we address this issue by
proposing an alternative parametrization such that constraint (2) is automatically
satisfied. This allows a natural prior specification in which space coordinates play
symmetrical roles.

3. Unconstrained Dirichlet mixture model

3.1. Re-parametrization

Our goal is to replace the weight vector p and the “last” mean vector p. j by
eccentricities e = (ey, ..., ex_1), between zero and one. Those e,,’s are sequentially
defined and indicate departure from centrality induced by decreasing subsets of
mixture components. Thus, (3) is automatically satisfied and the parameter space
for k-mixtures is a “rectangular” subset of szl x (0,1)F1 x (RT)k.

Let us go into details: suppose one wants to construct a k-components DM
density h(,, p ) satisfying (3). For m € {0,...,k — 1}, we introduce, as an inter-
mediate variable, the center of mass ~,, of the & —m + 1 last components

k
—1
e S TR
j=m+1

where p,, = Z?:m_u pj=1->""pj (m>1),and py = 1. From (3), we know
that vo = (1/d,...,1/d), and, by associativity of the center of mass, =,,, may also
be expressed in terms of the preceding mixture components:

m
Y =0 | o= D pin. ;| - (4)
j=1

By associativity again, for m = 1, we have

k

Yo=Pil. Y Pk
j=2

=p1.1tpP171-

Visually, this means that ~, is located on the line segment joining ~; and p. 3
(see Figure 1, with m = 1, on the two-dimensional simplex S3), i.e. that -, lies on
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the half line Dy = [v,, p. 1), inside the simplex. If I; is the intersection between
D; and the boundary of the simplex, it is clear that one can use a number e;
between 0 and 1 to determine the position of «; on the segment [, I1]. Namely,
set

_ v = ll
111 = oll

€1

Figure 1: Sequential construction of the partial centers of mass on the two-dimensional simplex
Ss at step m. The simplex points Yo, Ym_1 and m*”* mean vector g . _m> as defined in Proposition
1, belong to a common line D,, and 7,,—1 lies between v, and . m> SO that (7) holds for some
eccentricity parameter e, € (0,1).

At this stage, given p. ; and e, one can deduce the location of ~; and ele-
mentary algebra provides relative weights p; and p; respectively assigned to f. 1
and ;. In a second step, as above, we have

Y1 =DP2M. 1t P27

The argument can be repeated to obtain recursively the subsequent centers of
mass vYo,--., Yp—1 and weights pa,...,pp—1, p2,..., pk—1, given k — 1 Dirichlet
mean vectors fo. j._; and eccentricities ej.x_1, via

Ym = VYm—-1T em(Im - ’Ym)

_ ”7711_’777171“
Pm = Pm=1 Ty, =

Pm = Pm—1 — Pm

mll

Finally, from the definition, v,y = p. ; and px = pm—1.
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Roughly speaking, e, rules the eccentricity induced by p. ,, onto the sub-
sequent partial center of mass -,,, relatively to the current one ~,,_;. It also
determines the weight to be attributed to p. ,,: for a small ey, v,,_1 and v,
are close to each other, i.e. the departure from <, _; induced by . ,, is small,
so that p,, is also small.

It must be noted that the parametrization is valid only if

Vm—1 7 M. g, forallme{1,... k—1} (5)

This condition is satisfied for all p.y,..., p. ,_; out of a nowhere dense subset
of szl. In practice, it will be almost surely satisfied if one chooses any absolutely
continuous prior for the p. ,,’s.

For computational purposes, analytical expressions for the «,,’s are needed in
order to derive the weights and the last mean vector . ;. We thus introduce the
positive scalar

Tmzsup{tEO: 7m—1+t(7m—1_ IJ'-,m)esd}(me{lv"wk_l})? (6)

so that I, = ¥, + Tin(¥i—1 — . ), and that

Tm = Tm—1 + eme (’Ym—l - u‘,m) . (7)

It is shown in Appendix A, that

T,, = min %, (8)
1€Cm Mim — Yim—1

where C,, is the index set {z e{l,....d} © Yim—1 — tim < 0}. The following

proposition summarizes the argument.

Proposition 1. Let h( 5 1) be a k-component DM density satisfying (3) and (5),
with partial centers of mass v, ..., Y,_1 defined in (4). Let {T},, : 1 <m < k—1}
be the positive scalars introduced in (6).

Then, we have vy = (1/d,...,1/d), each T, is given by (8), and there ezists
k — 1 eccentricity parameters (el, cee ek_l) € (0,1)*=1 such that (7) holds for all
me{l,...,k—1} .

Conversely, suppose that p. 1.4 € (§d)k’1 and ey.x_1 € (0,1)F1 satisfying
(5) are given, together with a concentration vector vy, v; > 0.

Then, one may successively define centers of mass {~yy,..., Yp_1} through (7),
where Ty, is given by (8); together with weights p1.x_1, pok—1 via po = 1 and for
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1<m<k-1,

— eme .
Pm = Pm=17 +enTn’
Setting the last mean vector and weight to p. = v,y and pp = px—1, the DM

parameters (p, p, V) satisfy the moment constraint (3) and the DM density b, p o
18 an admissible angular measure.

Pm = Pm—1 — Pm - (9)

In other words,the re-parametrized model is in one-to one correspondence with
the original DM model introduced by Boldi and Davison (2007) (if the latter
is restricted to the non degenerate mixtures verifying (5)). The unconstrained
parameter space for the DM model can now be defined as a disjoint union

(o)
e = H ®, where
k=1

O = {9 = (1. 1o €11, v1k) € (Sa)F 71 x (0,1)F 7 x (RT)F + (5) holds}.
For k > 1, we introduce the re-parametrization maps for k-mixtures

Tp:0€Or— (1. 14 Privs V1k) € Vi,
which allows to define

I' e —v
Qe@kb—>rk(9) ey
In the sequel, we denote hy a DM density with parameter 8 € ©. As opposed

to the W-parametrization from Boldi and Davison (2007), we refer to ours as the
O®-parametrization.

3.2. Prior definition

We denote 7 the prior distribution and also, for the sake of simplicity, the
prior density. To prevent numerical issues, i.e. to facilitate storage and avoid
numerically infinite likelihoods, it appears preferable to restrict the prior’s support
to a (large) bounded subset

knlax

Op = H Sg_l X [anmax}k_l X [Vminyymax]k (10)
k=1
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with, typically, kmax = 15, Vmin = exp(—2), Vmax = 5103 and epax = 1—1075. The
general definition of ® g allows the case @ p = ©, by setting the truncation bounds
t0 eémax = 1, Vmin = —00, Vmax = +09, kmax = +00. Then, the prior can be defined
as desired on ® g, according to the user’s beliefs. Here is described an example of
prior specification (the one used in our simulations), allowing the user to control
the concentration of the mean vectors p. ;. around the global center of mass =
(again, a priori). Recall that a DM angular density with mean vectors located near
the simplex’ center, together with high concentration parameters vy.x, corresponds
to high levels of dependence among extreme observations. On the contrary, mean
vectors near the vertices or low concentrations are associated with low levels of
dependence. As usual, the prior’s impact will vanish with large sample sizes, but
this kind of control may be useful for small samples, if prior expert knowledge is
available.
Conditionally on k, v is a priori independent from (pu,e)

w(k, p,e, v) =mp(k)mye(p,e | k)mu(v | k) .

The prior 7y, is a truncated geometric distribution

1\*'1
mk)x (1-5) Tt ®)

with typical values for A ranging between 1 and 10. The concentration vector v has
a truncated multivariate log-normal distribution (denoted logN) with independent
components, from which simulation is straightforward. Namely, we set

Vie{l,....k}, my o< ] logN(m,,, 02). (11)

VYmin,Ymax

The joint distribution for v is the product measure 7, = ®§:1 7, ;. Finally, the
distribution 7, (- | k) is defined by successive conditioning

k—1
ﬂ-u,e(“ﬂe | k) = H ﬂ-}tm(ljﬁ,m ‘ k, K. 1:m—1> ellm—l)

m=1

e Trem(em | k? l’l’-,lzm7 61:m71>

where, by convention, p. 1.0 = {vp} and e;,o = (). In general, one does not want
to see the mean vectors rejected on the simplex boundary, where the model is not
defined, again to avoid numerical problems such as infinite likelihood values. On
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the other hand, it may be of interest to control the dispersion of the k mean vectors
K. 1.5 This is achieved by setting

.. X
Fum('| P 1m—1> elszl) = diri ( | Ym Hlln1<<l:l{’7}) ’
SIS ,m

where x,, is a concentration hyper parameter. Recall that -,, depends on the first
m — 1 components through (4). Thus, for x,, > 1, the prior density for p. ,, is
bounded; the larger x,,, the more p. ,, concentrates around the current center of
mass v,,_j. For 0 < x, <1, the prior is unbounded and the prior mass for p. ,,
is concentrated near the simplex boundaries. In our simulations, x,, is set to 1.1.
Thus, p. ,, has relatively flat distribution with bounded density, centered around
Ym-

Concerning the eccentricity parameters, specifying an identical Beta distribu-
tion for each e, would trigger a bias against the last mixture components: the
weights p,, would tend to decrease with m. To avoid this issue, a Beta prior on
em is defined in such a way, that conditionally to (. 1., €1:m—1), the expectancy
of e, correspond to a weight ratio p,,/pm—1 close to 1/(k —m + 1). Rearranging

(9), we have e, = %. The ideal situation py,/pm-1 = 1/(k —m + 1)

thus corresponds to ey, = (T, (k — m))_l, which may be greater than one. The
distribution’s mean is thus set to

Me,m = min {(Tm(k - m))il s emean.max} s

where emean.max = 99/100. Then, another concentration parameter y. is intro-
duced and typically set to 1.1. Finally, the Beta parameters (a1 m,a2,) for the
mt" eccentricity’s distribution are set to

a1.m = " Xe Me m
’ min{Me m,1 — M} '
azm = Xe (1~ Mem).

min{Me ,;,, 1 — Me o}

and Tem( - | Ky 1. 1 €1:m—1) 0 beta (- | a1m,a2,m) Ljo,emar) () Where beta de-
notes the Beta density.

The Directed acyclic graph in Figure 2 summarizes the model specification.
Simulating parameters (. 1.,_1, €1:x—1) can be achieved by successively drawing
k, then the p. ,,,’s and ep,’s, in increasing order and finally by using the mapping
' to obtain p.  and py..
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Xps Xes €mean.max; €max My, Oy Vmins Vmax

o
WESd

Figure 2: Representation of the conditional dependencies of the DM Bayesian model as a Directed
acyclic graph. Hyper-parameters appear in simple square frames, parameters in oval frames and
observations in a double square frame. Simple arrows denote probabilistic relations whereas
double arrows stand for deterministic ones.

3.3. Model consistency

Boldi and Davison (2007) have shown that the family of finite constrained
mixtures of Dirichlet densities is weakly dense in the set of admissible angular
measures. Following their steps, we investigate weak consistency properties of
the posterior in the re-parametrized model. It is well known (see e.g. Freedman,
1963) that weak density does not entail weak consistency, unless some additional
regularity assumptions are satisfied, which are detailed in this section. Since the
mixture model is not identifiable (several parameters 6’s correspond to a single
density h), we use non-parametric consistency results, which allow one to work
with the densities themselves. Most of the theoretical background required here
may be found in Ghosal et al. (1999) and is derived from Schwartz (1965). For a
recent review about available theorems for different types of consistency in the non-
parametric case, in particular for the (stronger) Hellinger consistency, the reader
may also refer e.g. to Walker (2004) and the references therein. Recall that a
weak neighborhood U of some density hg on the sample space S, is a family of
probability densities containing a finite intersection of subsets of the kind

{n:

/sd (h(w) = ho(w)) g(w) dW’ < } |
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where € > 0 and ¢ is some bounded, continuous function defined on S;. Similarly,
if (®,7) is a measurable parameter space indexing a family of densities (hy)gco,
a weak neighborhood of some 0y € ® is a weak neighborhood of hg, restricted to
O (the weak topology on O is the trace of the weak topology defined on the densi-
ties). Let m be a prior on T and 7, be the posterior, given independent, identically
distributed (i.i.d.) observations Wy, ..., W,,, sampled from a probability measure
ho. The posterior is said to be weakly consistent at hg if, with hg-probability one,
for all weak neighborhood U of hg, m,(U¢) =2 0. It is clear from the definition

that two distinct parameters 6; # 63 defining the same density hg, = hg, will
automatically belong to the same weak neighborhoods, so that identifiability is
not an issue anymore. Also, weak consistency is usually sufficient for most appli-
cations, because the angular density is mainly destined to be integrated against
some bounded, continuous function. For example, probabilities of a joint excess of
high multivariate thresholds (u1,...,uq) are derived by integration of the angular
density against g(w) = min(w; /uq,...,wqs/uq).

One classical way to prove weak consistency at some density hg is to use
Schwartz’s theorem (Schwartz, 1965, theorem 6.1), which guarantees it under a
relatively limited number of assumptions, the most crucial of which being that the
prior assign positive mass to any Kullback-Leibler (KL) neighborhood of hg (see Ap-
pendix B for details). We call this property the KL condition. Recall that the KL
neighborhoods are defined in terms of the KL divergence between two densities,
which is the non-negative quantity K L(hg,h) = de log(ho(w)/h(w))ho(w) dw.
A KL neighborhood of some density ho is thus a set of densities of the form
Kpye = {h : KL(hg,h) < €}, for some € > 0. The KL support of the prior is
the set of all densities for which 7(K}, ) > 0 for all € > 0. The KL condition is
thus that hg be in the KL support of the prior. A generally weaker assumption is
that hg be in the KL closure of the model, i.e. that any KL neighborhood of hy,
regardless of its prior mass, contain a density hg from the model. The KL support
is included in the KL closure but the converse may not hold (e.g. if the prior does
not have full support in the model).

The following proposition (see Appendix B for a proof) establishes the posterior
consistency of the re-parametrized DM model on the KL closure of © p for a general
class of priors. Here, a ‘Euclidean open set’ in ® is any union of open sets for the
Euclidean topology on the ®;’s. These open sets define the co-product topology
induced by the Euclidean topology on the disjoint union [ [, ©.

Proposition 2. Let 7 be a prior on the DM model assigning positive mass to any
non-empty Euclidean open subset of ® g, where Op is defined by (10). If hy is in
the Kullback-Leibler closure of ®p, then the posterior is weakly consistent at hg.
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In particular, for all 0y € Op, the posterior is weakly consistent at hy, .

In particular, the prior 7 defined in section 3.2 satisfies the requirement of the
statement. This is also the case of the prior defined by Boldi and Davison (2007)
on the original model, which can be seen by using the one-to-one mapping I'. One
must note that this result put together with the weak density result from Boldi
and Davison is not sufficient to prove weak consistency at all angular measure
with continuous density on the simplex, even if one takes infinite bounds for ®p,
so that ®@p = ©. Indeed, the KL topology is thinner than the weak topology,
which means that, in general, the KL condition may not be verified even for a
density in the weak support of the model. Freedman (1963) provides an example
of weakly inconsistent model in a discrete case where the prior still assigns positive
mass to all weak neighborhoods of hyg.

For the sake of simplicity we assume in this paper that the true distribution
belongs to the model or to its KL closure. However, it would be of interest to
investigate the extent of the latter. Also, when the model is ‘incorrect’ (i.e. the
KL divergence between the model and the truth is positive), it might be possible
to exploit results from Bunke and Milhaud (1998) and show that the posterior
concentrates around pseudo-true parameters minimizing the KL divergence be-
tween the true hg and the model. Bunke and Milhaud (1998)’s results are valid for
parametric models containing only bounded densities, so that one should impose
a maximum number of mixture components and restrict the model to Dirichlet
densities such that vu; > 1 for all i € {1,...,d}.

4. Metropolis algorithm

We describe in this section a trans-dimensional Metropolis algorithm to sample
the posterior distribution, which we call Metropolis for Dirichlet mizture, or, in
short, M-DM. It belongs to the class of trans-dimensional (with reversible jumps)
Metropolis within Gibbs algorithms (MH-Gibbs), as described e.g. in Roberts and
Rosenthal (2006).

One key principle of the M-DMalgorithm is to use the data to construct the pro-
posal distribution for the mean vectors p. ,,,. At each step of the algorithm, three
classes of proposal moves are possible: reqular moves, trans-dimensional moves and
shuffle moves. During a regular move, either a mean vector g. ,,, or an eccen-
tricity parameter e,,, or a concentration parameter v, is picked out of the current
state as a candidate for a move. If a mean vector . ,, is chosen, it is thrown back
in regions of S; where data points concentrate. Trans-dimensional moves consist
of split and combine moves. During a split (resp. combine) move, an additional
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mixture component is created in the ®-parametrization. (resp. the last compo-
nent is removed) and the ‘last’ mean vector p. p = 7y;_ is adjusted accordingly.
Finally, shuffle move do not alter the likelihood but are designed to improve the
chain’s mixing properties. They simply consists in transposing two indices in the
- parametrization and deducing the corresponding @-parametrization. They thus
correspond to a discrete transition kernel. The probability of choosing a regular
move, a trans-dimensional move or a shuffle move have been respectively set to
Creg = -D, Ctrans = 1/3 and cgpur = 1/6.

In the remainder, the proposal variables, the proposal distributions and densi-
ties, and the acceptance probability ratios are respectively denoted (-)*, Q(-, -*),
q(+,-*), and r(-,-*) ; 6; denotes the chain’s state at time (iteration) ¢. The
starting value is generated according to a prior distribution.

4.1. Regular moves

If 6, = (H.,lzk—l(t)v elzk_l(t),ulzk(t)) € Oy, then 3k — 2 regular moves are
possible. Three subclasses are defined: p-moves, e-mowves or v-mowes, depending
on the type of component affected. The choice between subclasses is made under
equi-probability.

e v-moves affect one component v, (t) of the concentration vector v. The pro-
posal density ¢, (v, (t),v),) is log-Normal, with mean parameter log(v,(t))

and standard-deviation parameter typically set to log(1 4 0.5%) (on the log
scale).

e Similarly, e-moves affect one eccentricity parameter e, (t). The proposal
density ge(en(t), e),) is a Beta density with mode at e,,(t). The latter is
constructed by fixing a recentring parameter €} (typically set to 0.2). Then,

the Beta parameters are

a1 = %+ (1- e:).em(t)] 63 a5 = [1 - (62 . e:).em(t)ﬂ 2.

*
e 66

During an e-move affecting e,,, the weights p* . and the last mean vector
p* ;. (in the W-parametrization) are modified according to the mapping I :

0 — .

e u-moves affect one of the k — 1 first mean vectors. Again, the subsequent
weights py, . and the last vector p? , in 1p* are modified according to T.
The proposal p* ,, follows a DM distribution with density g, (. (%), - ),
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constructed from the angular data wy.,. The mixture is multi-modal, with
one mode located at each angular data point, and weights penalizing the
distance between the considered data point and the current mean vector
K. ., (t). The precise construction is a generalization of the e-move distribu-
tion. More details are provided in Appendix D.

The acceptance probability for each regular move is classically given by (e.g.
for e-moves affecting the m** coordinate)

r(em(t), e%,) = min (1

4.2. Trans-dimensional moves

4.2.1. Split moves

This type of move is only proposed when k& < kpnax. A new mean vector u*_‘, i
is generated in a neighborhood of g, ; (), similarly to the proposal rule for the
p-moves, and the last eccentricity parameter e; is proposed according to the prior,
see Appendix D.2 for details. Finally, the last mean vector M 4 is deduced
from the re-parametrization map I.

4.2.2. Combine moves

These deterministic moves are allowed for & > 2. They simply consist in
removing the last component (. j_q, €x—1,v) from the W-parametrization. The
last mean vector p* , in the W- parametrization is thus the center of mass of the
two last mean vectors in the current state.

4.2.8. Acceptance ratio for trans-dimensional moves
From Green (1995), the posterior distribution is invariant under a trans-dimensional
move if we set the acceptance probability, for a split move, to

hg+ (W1;n)7r(9*) pc(k’ + 1)
’ h@f(wlzn)ﬂ-(et) ps(k)

—1
[q;l,,split(eta llf,k) e split (0t ek | Nf,k) qV,Split(eta V1:+1)] } )

Tgplit = Min {1

and, for a combine move, to

85



h@* (wlm)w(ﬁ*) ps(k — ].) < ...
" ho,(Wi)m(0:)  pe(k)

qu,split(e*v P k(t)) Ge,split (9*7 ek‘ P k(t)) QI/,split(e*v Vg (t))} ,

Tcombine = 1111 {1

where p.(k) and ps(k) are respectively the probability of choosing a combine
or a split move, when the current state is in ;. Namely, we have set ps = 15-1 +
%11<k<kmax and p. = lp—p, .. + %11<k<kmax' Note that the Jacobian appearing
in Green’s balance condition is, in our case, equal to one. Indeed, the additional
component is directly simulated, without further mapping.

4.83. Shuffle moves

These moves do not affect the density hy, but improve the convergence of the
algorithm. Without shuffling, the weights affected to the last component of the
mixture would have a tendency to decrease, as the number of mixture components
increases, by a stick breaking effect. Let k£ be the number of components at step ¢,
Yy = (. 1.5(t), pre(t), vik(t)). Let my, mo < k, and Ty, m, be the transposition
between elements indexed by m; and ma in ;. Let @mym, = I 0Ty my o L.
The proposal parameter is then defined by 60* = @, m, (0¢). The mapping ¢, m,
is differentiable, and we prove in Appendix C that, setting

hg= (W1.)m(0")
Tawgetay oo

as an acceptance probability for this move, the posterior is invariant under the
shuffle kernel. The involved Jacobian is (see Appendix D.3)

Tshuffle,m1,ms2 (et, 6*) = min (1

k—1 k—1 * *\2
Pm—1 T, (1 +en Tm)
|Tac(@m,ms e | = ; el (12)
P 71_:[1 (1 + €m Tm) 71_:[1 pm—l Tm

where the e, pf 1, T%’s (resp. the e, pm—1,Tm’s ) are relative to the proposal

parameter 6% = @, m, (0¢) (resp. 0;), and the T,,’s are defined in Proposition 1.
5. Ergodicity properties of the M-DMalgorithm

There is an abundant literature concerning asymptotic convergence of Markov
chains towards their objective distribution, see e.g. Meyn et al. (1993) for an
extensive exposition. In short, let 7 is an objective probability on (0,7), i.e. a
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distribution from which one wishes to generate a sample (here, 7 is the posterior m,
and © = Op). Let 7’s density with respect to some reference measure dn be known
up to a normalizing constant. We also denote 7 this un-normalized density.We
shall use a classical result (see e.g. Rosenthal, 2001; Roberts and Rosenthal, 2006;
Tierney, 1994): under regularity assumptions, if an aperiodic Markov chain is
generated by a transition kernel K(6, -) admitting 7 as an invariant probability
measure, and if K (0, -) is n-irreducible, then for 7-almost all starting value, the
law K™ (Ogtart, - ) defined by the n-step transition kernel converges in total variation
distance towards 7.

The regularity assumption is that 7 be countably generated. This is not too
restrictive, since it is true in any case where © is some Borel space and T is its Borel
o-field. In particular, this is true in our context, since ® can be identified with
a finite union of open subsets in finite dimensional euclidean spaces. Aperiodicity
means the state space cannot be finitely partitioned into subsets O1,...,04 (d > 1)
such that for 1 < ¢ < d and 6; € ©;, K(@i,@prl) =1, and for 0; € Oy, K(@d,@1)
= 1. Also, 7 is inwariant by K if V0 € ©,VA € T, [oK(0,A) dn(z) = 7(A).
Such a 7 is also called stationary. Finally, n-irreducibility stipulates that for all
set A C © such that n(A) > 0, for all @ € ©, for some t € N, K!(Ogar, A) > 0.

Convergence in total variation distance entails a mean ergodicity property that
can be used in conjunction with weak consistency. Namely, for all 7 integrable
function g, and for w-almost all starting value, it implies

1 T

72_901) — Ex(9), P, almost surely, (13)
t=1

where Py, represents the probability measure on (O, T®N) induced by the
Markov kernel and the initial state fst.t, and 6; is the random state at time ¢.
Note that, from Roberts and Rosenthal (2004) (¢f their remark following Corollary
6), aperiodicity is not required for (13). In our case, a natural choice for 7 is the
Lebesgue measure on the Euclidean co-product space ®p, defined by (10). In
order to verify that (13) holds for the M-DMalgorithm, we show in Appendix C
the following

Proposition 3. The M-DMalgorithm generates a n-irreducible, aperiodic Markov
chain admitting the posterior m, as an invariant probability measure.

The original part of the proof of Proposition 3 concerns the invariance of the
discrete shuffling kernel. Indeed, standard reversibility arguments are only valid
for continuous proposal kernels. In contrast, irreducibility and aperiodicity are
verified in a classical way and some ideas are in common e.g. with Roberts and
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Smith (1994) (in the context of the standard Gibbs sampler) and Guillotte et al.
(2011) (pp. 392-393, proofs 6.3.2 and 6.3.3, together with their Appendix A.5, for
a particular trans-dimensional Gibbs sampler). As noted by the latter authors, the
literature is scarce concerning general conditions for irreducibility and aperiodicity
in a trans-dimensional context. We thus provide a proof that suits our purposes.

The 7-null set on which (13) is not guaranteed may be problematic because
its extent is unknown. If, in addition to the properties listed in Proposition 3, a
Markov chain is Harris recurrent, then the result holds for all starting value. A
n-irreducible Markov chain with stationary distribution 7 is said Harris-recurrent
if for all A C O, such that n(A) > 0, the stopping time 74 = inf{N >1: 0y € A}
is almost surely finite for all starting value: Py, (74 < 00) = 1 for all Og¢ay. Full-
dimensional MH algorithms are Harris-recurrent under weak assumptions regarding
the support of the proposal distributions. A short and self contained proof was
recently proposed by Asmussen and Glynn (2010), see also e.g. Rosenthal (2001);
Roberts and Rosenthal (2004) or Roberts and Rosenthal (2006) for a review of
the properties of the class of MH-Gibbs and trans-dimensional MH algorithms.
Harris-recurrence is less easily achieved for the two latter classes than for the full-
dimensional MH algorithm, and the question is even stated as an open problem in
the case of coordinate mixing, trans-dimensional Markov chains (which is precisely
our framework, see paragraph ‘shuffle moves’ in the preceding section). Similarly to
Guillotte et al. (2011), we do not prove Harris-recurrence for the M-DMalgorithm.
In our case, the difficulty comes from discontinuities of the proposal density around
singular points where (5) does not hold. However, generating the starting value
according to the prior and noticing that 7 < 7, the starting value will almost-
surely not belong to the problematic set.

We now turn to practical implications of (13) (which itself derives from Propo-
sition 3). As discussed in section 3.3, for applied purpose, the quantity of interest
is often obtained as an integral of some bounded, continuous function g defined on
the simplex, with respect to the angular measure H. We thus define, for such a g,

i(0) = /S g(w)hg(w) dw
== (g, hg) .

The function § is bounded by ||g||~, and its continuity (for the weak topology)
may be verified: The arguments are the same as those leading to the continuity
of K, in the proof of Proposition 2. Note that standard arguments involving the
continuity of the inner product cannot be used instead, because hy does not belong
to the L? space corresponding to the inner product (i.e. hg is not integrable) if

(14)
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one Dirichlet exponent vy, 15, is less than 1/2.

As a consequence of the weak continuity, provided that the true measure hg
satisfies the assumptions of Proposition 2 (so that the posterior is weakly consistent
at hg), we have

Er, (9) s g(ho) = (g, ho) (ho-a.s) .

Combining this with (13) shows that

T
. .1
lim <hm TZ@’ hg;L)) =(g,ho)  (ho x Py, .-as.), (15)

n—oo \ T—oo
t=1

where n is the data sample size and 07 is the current state at time ¢ of the algorithm.

6. Convergence assessment

6.1. Choice of the monitored quantity

In this section, we propose a method to assess goodness-of-fit and monitor
MCMC convergence, i.e. to verify in practice that the double limit in (15) has
approximately been reached. The method also allows to check that the mixing
properties of the generated chains are good enough to provide a representative
sample from the posterior. Non-identifiability and shuffling prevent from monitor-
ing the parameter components generated by the algorithm. On the other hand,
there is no obvious way to visualize the evolution of the generated densities (hg, )
themselves. One solution is to extract suitable numerical quantities that represent
the generated densities, in relation to (15), and then to apply standard convergence
tests to the numerical representations. For example, in the bi-variate case, Boldi
and Davison (2007) monitor the evolution of the dependence measure correspond-
ing to the density hg,: §(0;) = fol min(w, 1 — w)hg, (w) dw. This quantity has an
analytical expression (using incomplete Beta functions) in the case d = 2 only.

The ideas developed here aim at proposing suitable ¢’s, for which g(0) =
(g, hg) in (15) can easily be derived in arbitrary dimension, and such that the M-
DMestimates % ZtT:1<g, hg,) can be compared to a reference value (the true value
(g, ho) for simulations or an empirical estimate in realistic cases). For this purpose,
it is very convenient to choose g in the set of bounded Dirichlet distributions, which
are those with parameters (u, v) verifying v u; > 1, for all i = 1, ..., d. To see this,
suppose that h and g are two Dirichlet densities with respective parameters (ju, V)
and (fi,7), and suppose that g is bounded, so that v f; > 1 for all ¢ < d. Then,
direct calculations yield the (rather complicated, but tractable) expression
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(g, 1) = /S g(w)h(w) dw

_ F(V) / H (ulu+u1y 1)— 1
H?— s

d =1
_ r<u>r<a> 1%, T() .
[, D)D) T (16)
::IH,V<IL71;)

where v/ = v+ —d >0 and p) = (v + v —1)/v.

In experiments with simulated data, the true hg may be a Dirichlet mixture, in
which case the reference (g, ho) has a similar expression. Indeed, there is no further
difficulty if the simple Dirichlet A in (16) is replaced with any DM density hg = hg
with § = (p, p,v). The quantity (g,0) := (g, hg) is then obtained as a convex
combination of Z,, ., (1, ) with weight vector p (see (E.1) in Appendix).

When hy is unkﬁown, an empirical mean estimator may be used instead: Con-
sider a function g and a data set Wy, as above. Then, note that (g, ho) = fsd gh=
Ep,(g), so that a classical non-parametric estimate of (g, ho) is

AnonP _ Zg (17)

In addition to a reference value, a reference error is needed. It is obtained as
the standard deviation §"°"F(g) (under ho) of the estimator gronP

6n0nP (

Warn (9)]" = = [En(6®) - Eno(@)?] . (19)

-7 7
A closed form when hg is a Dirichlet mixture is derived in Appendix E.2. Again, a
gnonP(g) _ 1 |:( Q)HODP ( nonP) :|1/2‘
The Dirichlet test functions g’s can be interpreted from a statistical point of
view, other than being a convenient computational tool. Take g as a highly peaked
Dirichlet (i.e. with large concentration v), with mean vector p € Sy. Then (g, ho)
is close to ho(p) and the (g, hy,)’s are close to hg, (). Thus, closeness of the
estimate % > (g, hg,) to the true value may be reformulated in terms of goodness-
of-fit of the posterior predictive density in a neighborhood of the simplex point

non parametric estimate is readily available:
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. In practice, this allows to check that the posterior predictive behaves well in
regions of interest (for example, in the regions where the observed angular data
concentrate). Thus, in this paper, the mean vectors for the Dirichlet test functions
g’s are drawn in the neighborhoods of the angular data points. More details are
gathered in Appendix E.1.

6.2. Assessing convergence in practice

For each case study, the M-DMalgorithm is ran J times (typically, J = 4
or J = 8) with starting values generated from the prior. A set of Dirichlet test
functions {gs,1 < ¢ < L} is randomly chosen from the data and convergence of
the j¥ chain (6;(j))¢>0 is monitored wia the mapped chain (<h9t(j),gg>)t. For the
sake of simplicity, we use the convergence assessment tools available in R package
coda. First, the stationarity of single mapped chains is investigated using the the
Heidelberger and Welch criterion, (Heidelberger and Welch, 1983). The latter is
based on a Cramer-von-Mises statistic and is implemented in R function heidel.diag.
Under the null hypothesis that the chain has reached its stationary domain, the
statistic has standard normal distribution. In a second step, only the stationary
chains are retained, and it must be checked that starting values have lost their
influence. For such a purpose, we use the diagnostic proposed by Gelman and
Rubin (1992) and implemented in R functions gelman.diag and gelman.plot. The
principle is to compare within-chain and inter-chain variances. The multivariate
Gelman ratio statistic R (shrink factor for the L-variate chains) converges to 1
under the null-hypothesis and a typical requirement is that Rg < 1.1.

Beside stationarity and mixing properties, goodness-of-fit (i.e. accuracy of the
density estimates) is of primarily interest. Let hy be the ‘true’ density and consider
a test function g. Discarding the first 77 iterations of each run and considering the
sub-samples obtained between iterations 77 + 1 and Ty ( T > T3 ), the estimate
of (g, hg) produced by the M-DMalgorithm, using the J' < J stationary chains,

1 J’ Ts
g = J’(TQ — Tl) Zl 72 <g) h9t(1)> .
J=1t=T1+1

Each term of the summation has analytical expression derived from (16). If hg is
belongs to the model (e.g. for a simulation experiment), the true value (g, ho) is
known and the ezact DM error is then

Alg) = 19 — (g, ho)! -
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As a summary, the error ratio

o) = ) (19)

may be used as a goodness-of fit indicator for the posterior mean estimates. Values
lower than one indicate that the DM estimate (for a given test function) is in the
expected range of the empirical estimator. If hg is unknown, goodness-of-fit may
still be assessed by comparing the model estimate with its empirical counterpart,
i.e. by replacing (g, ho) with §2°"P in (19) and §°°°F with its estimate 6"°*F. This

defines the empirical DM error A(g) and the empirical error ratio 7(g) = gni(ggg)'

7. Results

In this section, the re-parametrized algorithm is tested on a variety of simulated
data sets, and on the air quality data set recorded in Leeds, presented in the
introduction. Comparison is made with the original version of the algorithm.
For each data set, five Dirichlet test functions are randomly chosen. Only the
chains for which the minimum Heidelberger p-value (over the five test functions)
is greater than 0.01 are kept for further analysis. Then, the quality of convergence
is measured in terms of number J’ of stationary chains, and of mean Heidelberger
and Welches p-value hw (over the stationary chains and the five test functions).
Too low values indicate a lack of stationarity. The multivariate Gelman ratio
R summarizes the mixing properties, and goodness-of-fit is assessed using the
mean error ratio over the five test functions, computed over the stationary chains,
T = %Z?zl 7(gr), as well as the minimum and maximum ratios rmi, = ming r(ge),
Tmax = maxy 1(ge). For these error ratios, lower values indicate better fit.

7.1. Ezample: tri-variate simulated data

In this example, a sample of one hundred tri-variate points is simulated from
a three component DM distribution with parameter 6y = (g, po, o), with

0.3 0.2 0475
w=| 06 01 0175 |,
01 07 0.35 (20)

po = (5/12,1/4,0.5,1/3), and vy = (15, 11, 20).

Figure 3 compares the true density with the posterior predictive resulting from one
chain produced by the re-parametrized M-DMalgorithm. To save computational
time, only one out of 100 iterations were kept to compute the predictive density.
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For the other tests based on integration against Dirichlet densities, the thinning
interval was set to 10. The predictive angular density appears to reproduce well

w2

Figure 3: Predictive angular density contours (solid lines) obtained via the M-DMalgorithm, on
the two-dimensional simplex Ss, inferred with 100 simulated points (Gray points) simulated from
the true density (dotted lines) defined by (20).

the characteristics of the mixture. The contour lines of the predictive density
obtained with the original version of the DM model are very similar (not shown).
However, this visual check is not sufficient to assess the convergence of the chains.
For this purpose, we follow the procedure described in section 6.2. Four parallel
chains of 50000 iterations are run, using the re-parametrized algorithm and the
original one. The first 10000 iterations of each chain are discarded. Table 1
summarizes the convergence statistics introduced at the beginning of section 7.
Both algorithms perform well in terms of goodness-of-fit, as indicated by the error
ratios 7, Tmin, "max. For this data set, the original algorithm even yields better
estimates (after averaging over the different parallel chains). Also, in both cases,
all the chains are deemed stationary in terms of Heidelberger statistic. However,
in terms of mixing properties, summarized by the Gelman shrink factor Rq, the
original algorithm is outperformed by the re-parametrized version.

For a more immediate convergence diagnostic, Figure 4 shows the evolution
of the quantities (g, hg,(j)) (as defined in (14)), where j € {1,...,4} is the chain
index, and of the mean estimates g7 ; = %ZtST(g,hgt(j)), for one given test
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‘ J! % RG T (Tmina Tmax)
Re-parametrized | 4 0.40 1.01 0.52 (0.02,1.05)
Original 4 064 137 0.36 (0.02,0.72)

Table 1: Convergence assessment on tri-variate simulated data: comparison between the re-
parametrized algorithm (first line) and the original version (second line). From left to right:
number of stationary chains, mean Heidelberger p-values, multivariate Gelman shrink factor,
mean error ratio (minimum and maximum values), see section 6.2 for details.

function g. Clearly, the mixing properties differ between the two algorithms, so
that the original one should be ran with a larger number of iterations to span
properly the support of the posterior.

7.2. Ezxample: simulated five-dimensional data

We now turn to five dimensional problems. A 100-points data set is simulated
from a four-components DM distribution with parameters

0.1 0.5 0.2 0.18
0.1 02 02 024

po=1 01 01 01 03 |,
0.2 0.1 03 0.18
0.5 0.1 02 0.1

po = (0.2,0.1,0.2,0.5), vy = (30,40, 20,25).

Four parallel chains of length 200 x 10® are run in each model, from which the
first 80 x 103 are discarded. The same convergence diagnostic is performed as for
the three dimensional case, results are gathered in Table 2. Visually, the chains
in both versions of the algorithm evolve in a very similar way as in Figure 4.
The same conclusion can be drawn as in the tri-variate case. The only difference
is the number of simulations required to obtain good convergence statistics with
the M-DMalgorithm. The computational burden remains reasonable: the typical
run-time is of five minutes for one chain.

‘ J hw Rg r (Tmina Tmax)
Re-parametrized | 2 0.25 1.02 0.59 (0.06,1.41)
Original 3027 2.06 0.87(0.26,1.74)

Table 2: Convergence assessment on five-variate simulated data, with the same statistics as in
Table 1
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Figure 4: Convergence monitoring with three-dimensional data, with four parallel chains in
each model. Integration of the densities generated by the original DM model (left panel)
and by the re-parametrized version (right panel) against a Dirichlet density with parameter
v~ (7.67, 2.72, 4.60).

Gray lines: Evolution of (g, h,(;)). Black, solid lines: cumulative mean. Dashed line: true value
(g, ho). Dotted lines: true value +/- 1 theoretical standard deviation 62°"F of the empirical mean
estimate with n = 100 points.

One practical implication of the slow mixing on the original parametrization is
that posterior credible intervals are difficult to estimate. As an example, Figure 5
displays, for the two parametrizations, the estimated posterior mean of the bi-
variate angular density for the coordinates pair (3,5), obtained by marginalization
of the five-variate estimated density. The posterior credible band corresponds to
the point-wise 0.05 — 0.95 quantiles of the density. In both cases, the estimates are
obtained from the last 120.102 iterations of one chain. The estimated credible band
with the original algorithm is much thinner than it is with the re-parametrized one.
As a consequence, the true density is out of the interval for a large proportion of
angular points in (0, 1).
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Figure 5: Simulated five-dimensional data (100 points): Bi-variate angular posterior predictive
densities for the pair (3,5). Left panel: Original algorithm; Right panel: re-parametrized version.
Dash-dotted line: true density; solid line: posterior predictive; Gray area: posterior credible set
at level 0.9.

7.3. Case study: Leeds data set

This data set gathers daily maximum concentrations of five air pollutants:
particulate matter (PM10), nitrogen oxide (NO), nitrogen dioxide (NO2), ozone
(03), and sulfur dioxide (SO2). As noted e.g. by Heffernan and Tawn (2004),
the time series exhibits a daily cycle and short term temporal dependence, so
that daily maxima may be considered as independent in time. Following Cooley
et al. (2010), marginal distributions are estimated by fitting a generalized Pareto
distribution to the upper 0.7 quantile and using the empirical distribution for
the remaining observations. Marginal transformation into unit Fréchet is then
performed by probability integral mapping. The 100 largest observations (for the
L! norm) over the 498 non missing five-variate observations are retained for model
inference.

For those extremes, the convergence is slow. This may be due to the weak
dependence at asymptotic levels found by Heffernan and Tawn (2004), which en-
tails a concentration of the angular points near the boundaries of the simplex, so
that the estimated densities are often unbounded. Indeed, when v, pt; m < 1 for
some (i,7), the Dirichlet mixture density grows to infinity in the i vertice and
the likelihood is very sensitive to small perturbations of y;,,. Eight chains of 106
iterations each were generated, the first 4 10° iterations being discarded as a burn-
in period. For this data, convergence was slightly enhanced by modifying some
of the hyper-parameters for the prior and of the MCMC tuning parameters: the
maximum eccentricity ema, was set to 1 — 1073, while the maximum expectancy
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€mean.max tor the corresponding Beta distribution for the e,,’s was set to 0.9. (in-
stead of, respectively, 1 — 1076 and 0.99). As for the MCMC tuning parameters,
the recentring parameters ezplit for split-moves and €, for e-moves are respectively
set to 0.3 and 0.4 (instead of 0.5 and 0.2). Results are gathered in Table 3. Here,
the error ratio are computed using the empirical estimates §"°"" as a reference.
Again, mixing remains acceptable in the re-parametrized DM model, provided the
run length is long enough, contrary to the original version. Figure 6 shows the pro-
jection of the predictive density on three out of the ten two-dimensional simplex
faces. This example allows to verify that our estimates are close to those found by
Boldi and Davison (2007) using a non-Bayesian EM algorithm. Again, the mean
estimates obtained with the original MCMC algorithm are very similar but the
posterior 0.05 — 0.95 quantiles are thinner (not shown).

‘ J’ hw Rg r (Tmina Tmax)
Re-parametrized | 2 0.19 1.11 0.64 (0.05, 1.09)
Original 4 019 1.66 0.77 (0.12, 1.39)

Table 3: Convergence assessment on Leeds air quality data set, with the same statistics as in
Table 1.

s02
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Figure 6: Five dimensional Leeds data set: posterior predictive density. Black lines: projec-
tions of the predictive angular density defined on the four-dimensional simplex S5 onto the two-
dimensional faces. Gray dots: projections of the 100 points with greatest L' norm.

7.4. Prior influence

In this section, the influence of the prior specification is investigated. The re-
parametrized model is fitted on the same simulated five-dimensional data set as in
section 7.2, with different values for the hyper-parameters A, o, x,, Xe defined in
section 3.2. Also, we verify that defining the prior distribution of (u,e) jointly, as
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in section 3.2, leads to a substantially more reliable inference than when the p. ;’s
and the e;’s are a priori mutually independent. An alternative prior for ( u,e) is
thus defined so that all the mean vectors (resp. eccentricities) are independent
and uniformly distributed on the simplex (resp. the segment [0, emax]). For this
simplified prior, the shape hyper-parameter o, is varied in the same way as in the
preceding setting.

The default hyper-parameter values are set to

A=5, kpax = 15,
my, =1log(60), o2 =1log(1+5%), log(tmin)=—2, 10g(Vmax)= 5000,
Xe =11, emeanmax = 0.99 emax =1-10"9 y,=1.1.

Starting from this, the hyper-parameters A, o,, x,, X are perturbed, one at a time,
see Figure 7 for details. For each hyper-parameters value, four chains are run in
parallel, with a burn-in period of 80 x 102 followed by another period of 80 x 102 it-
erations. The same Dirichlet test functions as in section 7.2 are chosen. Goodness-
of-fit is assessed in terms of the average error ratio 7°M = %2221 rPM(gp) (left
panel of Figure 7) and mixing is checked via the multivariate Gelman ratio (right
panel) computed on the stationary chains only. On both panels, lower values
indicate better properties.

When p and e are a priori dependent, as in section 3.2, convergence and
goodness-of-fit are rather robust to hyper-parameters specification: First, the
hyper-parameter A ruling the number of components has a limited impact, only the
value A = 1 (which penalizes sharply the number of mixture components) damages
the goodness-of-fit. The number of mixture components does not explode for large
values of \ (Figure 8), which matches the findings of Boldi and Davison (2007) with
the original algorithm. The scores are also approximately constant over the stud-
ied range of the other hyper-parameters (Figure 7). Only the large value x, = 8
damages the mixing properties of the algorithm. The only case of instability is
observed with the simplified version of the prior on (u,e), for which the mixing
properties are generally poor. Note that the third Gelman ratio (corresponding to
o2 = log(1 + 2%)) is missing, because less than two chains passed the Heidelberger
test for this particular experiment. As a conclusion, the structure of the prior de-
fined in section 3.2 appears to result in mean estimates that are relatively robust
to the hyper-parameters specification, and to ensure better mixing properties than
the simplified version where p and e are a priori independent.
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Figure 7: Influence of the prior on the quality of the fit (left panel, mean error ratio #°™), and
on the chains’ mixing properties (right panel, multivariate potential scale reduction factor R¢).
o, simplified prior on ( w, e), influence of o, (variance of the shapes), o= € {log(14(0.5)?), log(1+
12),1log(1 +22), log(1 4 5%),log(1 + 10%),log(1 +20%)} (from left to right) ; [, dependent prior on
(e, e), influence of o, same values for 0,; o, influence of A (mean number of mixture components),
A €{1,3,5,7,10,12}; ¢, influence of x, (concentration of mean vectors), x,. € {0.5,1,1.5,2,4,8}
; A, influence of x. (concentration of eccentricities), x. € {0.5,1,1.1,1.5,3,6} ; Horizontal gray
line (right panel), level 1.1 for the Gelman ratio.

7.5. Comparison with other methods for bi-variate data

Here, the M-DMalgorithm is compared with other Bayesian models that have
already been proposed for the bi-variate case. Namely, comparison is made with
the original DM model and with the non-parametric Bayesian model for bi-variate
spectral measure from Guillotte et al. (2011). In the latter, the angular measure
is obtained as a smoothed version of a discrete distribution on (0, 1), allowing for
atomic masses on {0} and {1} and satisfying the moments constraint. The param-
eters’ randomness concerns the number and positions of the atoms on (0, 1) defin-
ing the underlying discrete distribution (to be smoothed), as well as the amount
of mass to be attributed to the boundary.

A simulation study is performed following the same pattern as in Guillotte
et al. (2011) and Einmahl and Segers (2009). Bi-variate data sets are simulated
from three multivariate extreme value distributions belonging respectively to the
Logistic model, to the Asymmetric Logistic model and to the DM model itself
(see Appendix F for details). These ‘true’ distributions are respectively denoted
Hy,, Hay, Hpyv. Contrary to the two other ones, the Asymmetric logistic distri-
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Figure 8: Influence of hyper-parameter A on the number & of mixture components generated by the
reversible-jump sampler. From left to right, evolution of & in the MCMC run, for A € {1, 3,12},
and a 100-points data set issues from four-components Dirichlet mixture.

bution has point masses at 0 and 1. For each H,, (m € {L,AL,DM}), 100 data
sets of size 1000 are simulated and the three Bayesian models are fitted. Following
Guillotte et al. (2011), for the non-parametric Bayesian model, a bi-variate thresh-
old u = (u,u) is chosen, with u equal to the theoretical 0.9 marginal quantile, and
the original algorithm is modified so that the marginal parameters are set to their
true values. The number of angular observations retained for fitting both versions
of the DM model is the same as the number of points in the upper square region
[u, 00) X [u, 00). In the bi-variate case, the cumulative distribution function (c.d.f.)
H itself is easily representable and we consider the point-wise posterior predictive
estimates H.

The number of MCMC steps is set to the conservative value of 5 x 10° for
the non-parametric model, and to 2 x 10° for both DM models. Figure 9 displays
three examples of fit with one data set generated respectively from a logistic, an
Asymmetric logistic and a DM distribution. The estimation errors H — H,, are
plotted. In this bi-variate setting, with this large number of iterations, the two
versions of the Dirichlet model produce very similar estimates, so that only the
ones from the re-parametrized version are displayed and compared to the non-
parametric counterpart. The possibility for point masses at the end points is an
advantage in favor of the non-parametric model, when the underlying distribution
presents such a feature (middle panel, Asymmetric logistic distribution). On the
other-hand, when the true distribution is continuous on [0, 1], this flexibility seems
to become a drawback: the posterior estimate grants some mass to {0} and {1},
whereas the true distribution does not.

For a more quantitative assessment, the performance of the posterior mean es-
timates H for a given ‘true’ H,, are compared in terms of mean integrated squared
error loss (MISE), which is MISE (H, Hy) = [y [H(w) — Hp(w)]? dw, and the
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Figure 9: Error of the predictive angular cdf (solid lines) on the segment [0,1]. From left to right:
data from a Logistic, an Asymmetric logistic and from a DM distribution. Solid line and gray
area: Dirichlet Mixture mean estimate and 0.1 — 0.9 posterior quantiles; dashed line and dashed
area: idem in the non-parametric model.

scores are averaged over the 100 data sets, for each underlying distribution. Ta-
ble 4 gathers the averaged MISE scores. For the sake of readability, the values
have been multiplied by 103. As could be expected, the non-parametric estimator
obtains the best score for the Asymmetric logistic model, because it allows point
masses at the segment end-points. In the two other cases (no mass on the bound-
ary), the converse is observed: the non-parametric estimate is outperformed by the
DM model, probably for the same reason that makes the non-parametric frame-
work preferable in the Asymmetric logistic case. As a conclusion for the bi-variate
case, there is no clear general advantage in favor of one model against the others,
and the original and re-parametrized versions of the DM model behave similarly,
provided that the number of MCMC steps is large enough.

Table 4: Averaged MISE scores for the three inferential schemes (standard error of the estimate)

True distribution Logistic ~ Asymmetric Logistic Dirichlet Mixture
Re-parametrized DM 0.57 (0.05) 3.45 (0.18) 1.17 (0.1)
Original DM 0.63 (0.04) 3.58 (0.17) 0.96 (0.07)
Non-parametric 1.28 (0.07) 1.07 (0.08) 2.25 (0.17)
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8. Discussion

In this paper, we demonstrate that Boldi and Davison (2007)’s model, can,
after a suitable re-parametrization, be used in a Bayesian framework to infer the
dependence structure between the largest observations of a multivariate data set
of moderate dimension. For bi-variate problems, the DM model’s performance
is comparable to that of the fully non-parametric Bayesian model introduced by
Guillotte et al. (2011): their relative goodness-of-fit scores depends on the true
spectral distribution. The presence of point masses at the end points of the in-
terval [0, 1] induces a better fit of Guillotte et al. (2011)’s model, whereas the
DM model obtains the best score when the true distribution is absolutely contin-
uous. In this bi-variate setting, the original and the re-parametrized versions of
the DM model produce very similar results, provided that the number of MCMC
iterations is large enough. In greater dimension, the main added value of the
re-parametrization is improved convergence of the reversible-jump algorithm, so
that the generated Markov chains correctly span the support of the posterior and
that estimated posterior credible sets are wider. Also, results for five-dimensional
simulated data sets of size 100 indicate a rather low sensitivity of mean estimates
to the specification of hyper-parameters: the mixing properties of the algorithm
are enhanced if some prior dependence is introduced between the location for the
mean vectors p and the weights, then the particular choice of hyper-parameters
within a reasonable range does not significantly influence neither goodness-of-fit
nor mixing properties.

The required computational effort is moderate; typical running times to issue
the posterior samples on a desktop machine range from less than three minutes
(for the three dimensional simulated data) to three hours (for the five dimensional
Leeds data set). We have not tested the model on greater dimensional data sets,
but much more than 100 data points would likely be needed to obtain reasonably
precise results, and the computational time would naturally increase.

Supplementary material

An R package implementing the algorithm and the convergence assessment
tools developed in this work has been prepared. It is available on demand to the
authors and is intended to be submitted to the CRAN package repository.
Appendix A. Re-parametrization of the Dirichlet Mixture model

Ezxpression for T,. Recall that, from the definition, p. = -,_y, and that by
(3), we have o = (1/d,...,1/d). Also, by associativity, for 1 <m < k — 1,
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Pm—1 VYm—-1 = Pm l"’-,m +Pm Ym-

Both weights defining the center of mass =,,_; are positive and, assuming (5),
Ym—1 is on the line segment joining <,, and p. ,, (see Figure 1 for the three-
dimensional case). Consequently,

Ftm >0, Vi = Ym—1 +tm(Vim—1 — K. )

With the notations of section 3, C,, = {z e {l,....d} © Yim—1— pim < O}.
Thus, for i ¢ Cp,, the map t — ~;m + t(Vim — ti,m) is non decreasing. Thus,
Vi & Cr, VYt > 0,%im + t (Vim — fim) > 0, whence

T =sup{t >0 : Vi€ Cm, Yign +t (Yijm — fim) > 0}

=supst>0: ¢ < min _ Jim
i€Cm Him — Yi;m

= min [ ———— | .
i€Cm Him — Vi,m
Proof of Proposition 1. The equivalence of the two parametrizations is immediate

from he argument preceding the proposition. Here, we derive the expression for

Dm, given the current center of mass -y,,_;, mean vector p. ,, and eccentricity

. _ emT;
€m, .€. Dm = Pm em”%mﬁl‘

Let hy a Dirichlet mixture density with parameter § = (u,,lzk_l, €l:k_1, 1/1;k) €
O. Let pr.g, p. i be the corresponding weights vector and the “last” mean vec-
tor in the original parametrization . Let m > 1 and suppose the p}s (Jj <
m) have been reconstructed, so that pp—1 = 1—3,_, pj. Since v, =

Pt APm . + Pm Y b With o1y (P + pm) = 1, we have

P D (B = Y1) + (L= o D) (Yo — Y1) =0,

whence

~1
Prn—1Pm (B = Ym) = Ym-1— Yim -
By assumption (5), p. ,, # V—1, 80 that v, # 7,,_1 and necessarily p. ,, —

103



Y 7 0. We thus have

=L — [ Ym — Ymall
Y — 1.l
emTm || Ym—1— K. mll
enTinll Ym—1 — Bl + 1Yot — .l
emTm
emTm +1°

Appendix B. Weak consistency of the posterior

The proof of Proposition 2 is an application of Schwartz’s theorem (Schwartz,
1965, Theorem 6.1, p.22). The latter requires that the sample space (S,S) be
a separable, complete metric space, which is obviously the case with the simplex
Sg endowed with the Euclidean metric and the Lebesgue o-field . Let M be
the set of absolutely continuous probability measures on .S w.r.t. to some reference
measure, which is in our case the Lebesgue measure on Sy = {(w1,...,w4_1) : w; >
0,9 1 w; < 1}. A dominated statistical model is a subset Mg = {hg,0 € O}
of M, indexed by some parameter space ©. In a non parametric context, © is
any measurable space with o-field 7. The mapping 6 — hg defines a pre-image
o-algebra 7’ on Mg, so that a prior m on T induces a prior 7’ on 7. For the sake
of simplicity, we drop the ’, so that 7 and m will respectively be used to denote
the o-field and the prior both on © and on Mg.

For us, © = Op (defined in (10) ) and 7T is the Borel o-field associated with
the topology induced by the Euclidean topology on the co-product space ©p.

In the following, it must be assumed that the function (w,0) — hg(w) is
(S x T)-measurable. This is the case when Mg is the DM model. As for random
variables, the infinite sequence (W), = {Wj, j > 0} corresponds to (i.i.d.) ran-
dom vectors following the density hg € M and Wy, = (Wy,..., W,) to a sample
of size n. Also, the same notation hg is used to refer to the distribution of W,
Wi., or W, (defined on the product o-fields). Finally, m, denotes the posterior
(- |Wi.y) on T. The notion of uniformly consistent sequence of tests is key to
establishing weak consistency. Consider the two sided hypothesis

Ho: h=hg versus Hi: heU°®,

where U C M and hg € U. Let (7,,)n>1 be a sequence of tests (i.e.: 7, is a function
of Wi, ), with 0 < 7,, < 1 aiming at testing Ho versus H;. Then, (7,), is said
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uniformly consistent if

En, (70) — 0, and hlean;CEh(Tn) vd 1.

Throughout her paper, Schwartz assumes that the model is identifiable. However,
since we focus on weak consistency, we shall only need one of her results which we
restate below for convenience and does not require identifiability. A self contained
proof of this theorem may be found in Ghosh and Ramamoorthi (2003).

Theorem 1. (L. Schwartz, 1965)
Let w a prior on T and hg € M. Let U C M containing hg, such that U N Mg be
T -measurable. If

e The application (w,0) — hg(w) is (S x T)-measurable,
e hq is in the KL support of ,

e There is a uniformly consistent sequence of tests for

Ho: h=hy wversus Hi: he M\U,

Then
m™(U N Me) — 1, hg-almost surely. (B.1)

The identifiability assumption is used in Schwartz’s paper to exhibit a uniformly
consistent sequence of test for metric neighborhoods. As we shall see, this is
unnecessary for our purposes, because we consider only weak neighborhoods of
the true density, so that uniformly consistent sequences of tests can always be
constructed. Let M be endowed with the Borelian o-field B(M) generated by
the weak topology on M. When © = Op is the truncated parameter space for
the DM model, it is easily verified that the intersections of open sets in M with
Mg are T-measurable (if g is some bounded, continuous function on Sy, the map
0 — de g hg is continuous on all compact subset of @p). Consequently, a prior
mon (Op,T) induces a prior 7 on (M, B(M)) defined by 7(U) = (U N Meg).
Again, the ™ is omitted and 7 denote both the prior on M and on ®p. As noted
e.g. in Ghosal et al. (1999), and shown in Ghosh and Ramamoorthi (2003), if U
is a weak neighborhood of hg in M, a uniformly consistent sequence of tests for
Ho versus H; is easily found. Indeed, any weak neighborhood may be obtained
as a finite intersection of U’s of the type {h : [gho — [gh < €}, for some g
bounded, continuous with 0 < ¢g < 1, so that, if 7,, is chosen as the indicator
function of the set {Wy,, : 23 7W, — [hog < €/2}, then (7,), is uniformly
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consistent. Consequently, for such a U, the two first hypotheses in Theorem 1
imply the existence of a uniformly consistent sequence of tests, so that m,(U) — 1.
For general weak neighborhoods V' = ﬂfz:l U,, where U, is as above, m,(V) — 1
as well.

Finally, since the sample space S is separable, the space of densities M is
separable for the weak topology (see Billingsley, 1999, Theorem 6.8, for a proof
that can easily be adapted to the case of absolutely continuous distributions). The
weak neighborhoods of hg in M thus have a countable basis and we can exhibit
aset Qp ¢ SN, with ho(Q) = 1, on which convergence (B.1) occurs for all
neighborhoods of hg. We have shown (see also Ghosh and Ramamoorthi, 2003,
chapter 4):

Corollary 1. Let w be a prior on (0,T), with the reqularity assumption:
B(M)N{hg,0 € O C T and (w,0) — hg(w) is (S x T)-measurable.
If hg is in the KL support of w, then the posterior is weakly consistent at hy.

Proposition 2 can now be proven.

Proof of Proposition 2. The regularity requirements for the corollary to apply are
met. Thus, we only need to show that the KL closure of ®p is included in the KL
support of w. Let hg € M be in the KL support of ®p. In other words, for any
e > 0, we assume the existence of a 6. € @p such that K L(hg, hg) < €.

Let € > 0 and K}, . a KL neighborhood of ho: Kpye ={h € M : KL(hg,h) <
e}. We need to show that 7(K}p, ) > 0. By assumption (stated in the proposition),
if U is a non empty open set in @ g, then 7(U) > 0. Consequently, it is enough to
exhibit a non empty open set U¢ C @ p (for the co-product Euclidean topology on
©p), such that U¢ C Kp, .

Let k < Epax such that . € ®;. Then there is a closed ball B, in ©; (for the
Euclidean metric), centered at 6, such that B, C ©y. Let

k:B. —RT
0 — KL(ho, hg) .

If we can show that & is continuous on B, for the Euclidean topology, then we are
done. Indeed, continuity implies the existence a neighborhood V¢ C B, around 6,
where k < €, i.e. such that V¢ € K, .. Then one may choose U¢ = @p NV,
where the intersection is non empty (clearly, ® g has no isolated points in ). Let
us now prove the continuity of k. Let
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g:B. xSy —R

(6.w) > tog (320 ) ha(w):

ho(w)
so that k(f) = f§ g(0,w) dw. The function ¢ is continuous in # for all w, and
measurable in w fgr all 6. By continuity of the Lebesgue integral, we only need to

show that g is uniformly dominated on B. by some integrable function go : Sq —
R*. For such purpose, let us define

amin:min{m’mum: m<k,i<d(p,e,r) GBE} >0,
amaxzmax{m7mym: m<k,i<d (p,e,r) EBG},

F _
Dyyin = min y (V) :m < k,i<d,(p,e,v)eB.p >0,
[Tim 1 T(tim vim)
I‘ _
Diax = max p] (Vm) :mgk,igd,(u,e, I/) € B.p .
Hi:l P(Mi,m Vm)

Note that, by compactness of B, the extrema are reached, which ensures positivity

of the infima. Hence, ¥( u,e, v) € B.,¥w € Sy, Vm < k,

0< Dmin H w;lmax_l < d1r1(W| ,l,l,,7m,I/m) < Dmax H w?minfl )
1<i<d 1<i<d

_ o
By convex combination, we also have, V0 € B,,Vw € Sy,

0 < Dpin Hw?ma"fl < hg(W) < Dmax Hw?m"‘*l .

1 1

Whence, by monotonicity of the log function, 3D, Ds > 0,

Dy + (amax — 1) Z log(w;) < log (hg(w)) < D + (@min — 1) Z log(w;) .

7

Let Cy = max { |D1|,|Dz| } and Co = max { |amin — 1], |amax — 1| }-
We have: V(0,w) € B. x Sq ,
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d
| log(he(w)| < C + 02\ 3 log(w;)
=1

Thus, V(0, w) € Be X Sq,

d
906, w)| < <| log(lo(w)| + C1 + G| 3 log(w)
i=1

) hQ(W)

Using the fact that, for a > —1, w — w®log(w) is integrable on (0, 1), with

= go(w) .

w oL%Ll(w‘”‘Jrl log(s) — 15:) as an anti derivative, go is integrable on Sy, so that

Kk is continuous on B, and the proof is complete. O

Appendix C. Ergodicity properties of the Markov chain generated by
the reversible jump algorithm.

In this section, @ = 7, denotes the posterior distribution and K is the M-DM
kernel as defined in section 4 as a mixture kernel (one component corresponding
to a given move choice).

Proof of Proposition 3.

Aperiodicity

It is enough to verify that, if §; € ®p, then the probability of rejecting the proposal
is positive, i.e. K(6;{6;}) > 0. This is true, e.g. because the probability of
proposing a regular move is positive (and independent from 6;) and the acceptance
probability of a regular move is obviously strictly less than one.

n-irreducibility.

Here, the irreducibility measure is the Lebesgue measure on ® g, so that the prior
(hence, the posterior) and 7 are equivalent. In the sequel, let ©® ;. denote the index
set of k-mixtures of Dirichlet densities in the prior’s support: @, = OpNO;. We
need to show that, if Ogare € Oy and A C Op is such that 7(A) > 0, then there
is a i > 0 such that K*(fsart; A) > 0. The idea of the proof is very simple: we
may choose A as a 'rectangular’ subset of @ g/, for some k' < kpax. If k = k', we
shall exhibit a finite sequence of regular move types (one move for each direction)
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allowing to reach A from Og4¢. If k # K| it is easily verified that © g is accessible
from @ p,. For the sake of completeness, we detail the proof.

For § = (p,e,v) € Opy, Let us organize the components of 6 into 3k — 2
blocks (', ...,0%72) so that §™ is respectively equal to . o, (if1<m<k-1),
em—kmaxt1 (f & <m < 2k —2) or Vp—op..+2 (if 2k —1 < m < 3k — 2). Similarly,
we denote E; the factor of the product space @ py, corresponding to direction m,
so that @p, = Hzf;f E" . Without loss of generality, take A as a ‘rectangle’
A=T[=2Am, Am c Ep.

Assume first that Og.t € Opy, and consider a sequence of move choices
C1.3k—2 = C1,...,C3p—2, made of all the possible regular move choices. The prob-
ability of such a sequence starting from Ogart, is non zero. If 2™ € Ej*, let
0(0,2™) = (61,...,0m L 2™, 0™ .. 632) be the element of ©p, obtained
by replacing some 0™ with z™.

Finally, the probability of reaching A starting from Ogapt is

3k—2
H qf Tf <0t—179(9t—1,xt)) dzt- .. da’k2,

K3%72(0, Alcrgp—2) > /
Ar Asgp—2 11
where 00 = O, and for ! € Ef, 6, = 0(0,_1,2"), ¢, and r, being the cor-
responding proposal density and acceptance probability, and, V1 < m < 3k — 2,
0™ € Ay X x Ay xEX_ x---xEX . Since each term of the product in the inte-
grand is positive, we have K3*=2(0art, Alciisp—2) > 0. Thus, K3 72(Ggpart, A) > 0.
Assume now that Ogart ¢ Opr. In such a case, the probability of proposing
and accepting trans-dimensional moves until the chain reaches ®p,, is positive.
Consequently, ® g, is accessible from Og;,t, which completes the proof.

Invariance of the posterior distribution under the M-DM kernel

Since the whole M-DM kernel K is a weighted average of partial kernels de-
fined in section 4, it is enough to show that the posterior is invariant under each
of them. The invariance under trans-dimensional moves is ensured by the fact
that the acceptance ratios rgpli; and rcombine defined in section 4.2 satisfy Green
(1995)’s balance condition. Also, each ‘regular’ kernel K,,(f, -) (i.e. affecting
one ft. ,, ONe Vp Or One e, corresponds to a Metropolis-within-Gibbs partial
kernel, as defined e.g. in Roberts and Rosenthal (2006), so that, if we denote
Im(Kp,,0) C © the image of K,,(0, -), nm the reference Lebesgue measure on
Im(K,,,0), g the proposal density (w.r.t. 7,,) and r,, acceptance probability,
then, following Roberts and Rosenthal (2006, section 4), the so-called balance equa-
tion, 7(0)qm (0,0 )rm(6,0%) = 7(0%)qm (0, 0)r, (6%, 6), ensures the invariance of 7
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under K,,.
We only need to show the invariance under the shuffle moves.

Let 7(0) = Tshuffie,m,,m» (8, 0*) denote the acceptance probability of the shuffle move
as described in section 4.3, for a transposition @pm, m,, S0 that 6% = @, m,(0) =
©(0). Let Ky be the corresponding transition kernel (i.e., the transition kernel
conditionally to proposing a shuffle move affecting m; and ms). We derive a
sufficient condition on r for the posterior distribution 7, to be invariant under K.
The proposal kernel @), conditionally to the acceptance of the shuffle move, is the
point mass Qs(0, A) = d,(p)(A) = La(p(0)), for A C ©p. The shuffle kernel K
may thus be written as

K0, A) = r(0)14((0)) + (1~ r(6))La(6)
= r(O)1,-1(4)(6) + (1= 7(6))14(0) -

and the shifted measure of A is

Kymn(A) = /

v~ (4)
= [ 7 (o0 7 07 el ey 007+
/(1 —r(0))m,(0) do
A
= mn(A)+

/ T (971(0%)) (@7 (6%)) 1Jac() [ guy — 1(67)ma(67) d6” .
A

T (0)r(0) db + /A(l —r(0))m,(6) do

A sufficient condition to have Ky.m,(A) = m,(A) is thus that m, (0) r(0) |[Jac(p) |[;f =
r(6*)m, (0%) , or

r(0) _ m(0)
Vo € Op, =
r(0%)  m(0)
Now, since ¢ is the transposition of two components of the W-parametrization, we
have ¢ = ¢!, and

Y

[Jac(e) g (C.1)

\Jac(w)hg] |Jac(g0)|[9]
Jac(p)|ig = +/|Jac(e Jac(p)|g = - =
ac()l = y/Wactolg Haclolo =\ Facny— =\ Tacty)

0]
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so that (C.1) holds if we set r(6) to

r(0) = min <1, 7;7;((9(;)) |Jac(<,p)|[9})

Note that the above argument is not valid for general permutations of indices
©ma,...,my, unless the condition ¢ = ™! holds.

O

Appendix D. M-DM algorithm details

Appendiz D.1. Proposal distribution for u-moves

The proposal density g, (. ,(t), -) is a Dirichlet mixture constructed from
the data Wy, = (Wq,... ,Wn).

Gu . (1), Zp] diri(-| fow,, 7).
7j=1

The proposal parameters (P, ftw, V) are as follows: Let €, be a recentring param-
eter, typically set to 0.1. Then

Bow, = (1= €)W + éw o,

where v, = (1/d,...,1/d). is the centroid of the simplex. The concentration
parameter is set to 7 = d ; So that each component diri(- | fw,, 7) is bounded,
with mode at W . The welghts (p1,--.,pn) are defined so as to penalize the
distance between p. ,(t) and W; . Namely, p; is proportional to the density,
evaluated at W , of a Dirichlet distribution with mode at p. ,,,(t) . Again, we
define €, € (0,1/2) (typically, €, = 0.1), then 1, = (1 — €,) pr. ,,(t) + €,y and
vy, = d/e;,. Now, the un-normalized weight for the j th mean vector is

p; = diri(W} | By Oy)-

Finally, we normalize the vector and set p; = ;73/ 2?21 }:9j )

In short, the proposal mean vector u* ,, has a good chance to be drawn in a
small neighborhood of one data point W, which in turn should be located close
to the current mean vector p. ,(t).

Appendiz D.2. Proposal distribution for split moves

The proposal distribution for the new mean vector p* , is constructed similarly
to the p-moves distribution. Namely, the proposal density g, spii¢ is defined by
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spht ~ ~
q,u,spht Gta . E dlI‘l ’ I‘I‘Wja V)
=1

where the hwj’s and 7’s are the same as in the p-moves, and where the weights
f)jpht are defined in a similar way as the p;’s, except that the recentring parameter

€, = 0.1 is replaced with ¢ ~Spht = 0.5 (except for the fit on Leeds data where we
found that P = 0.3 was better) and that the ‘current mean vector’ p. ,(t)
is replaced with the last vector p. j(t) in the W-parametrization. Compared to
the p-moves, the proposal distribution is thus less concentrated around H.,k(t)-
The k" eccentricity parameter e, is generated, conditionally to the proposed mean
vector p” ., according to the prior distribution:

Gesplit(Or; | 17 ) = Te (| . 1515 BT gy €18) -

Finally, the last shape parameter v, | is generated according to the proposal dis-
tribution for regular v-moves, conditionally on v (t):

Ql/,split(eta ) = sz(’/k:(t)’ )

Appendiz D.3. Jacobian term in the acceptance ratio for shuffle moves

Here is derived the closed form of Jac(y) appearing in (12). The indices my, mo
are omitted, and we denote G the local diffeomorphism deduced from I':

G:0@p, CR¥* 2 - G(Op,) c R*2
(M-, 1:k—1> el:k—l,’/l:k) — (.u-,l:kflvpl:k—la’/l:k) .
Recall that ¢(§) = I'"! o 7 0 I'(f), where 7 is the transposition of the directions
corresponding to mj and mg, so that
Jac(p)g = Jac(G 1) ror(g) Jac(T)r(g) Jac(G)g -
The determinant of 7 is —1, so that

Jac(G)g

[Jac(p)g| = m

and we only need to compute Jac(G). The Jacobian matrix dG is of the form
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lg@-ne-n 0 0
dG = My, Mpe 0 )
0 0 1ps

Where 1g-1)-1) denotes the identity matrix on RE@-DE=D and M, . is the

Jacobian matrix (gf;)i](k relative to p and e. Hence, Jac(G) = | M, .|. Since py,

depends only on the { p. ;, e;: j < m}, we have

Op1
der 0 0
|Mp,€’ = . . X 0 )
Opg—1
* deg—1

whence

|Mp’e

k—1
_ Opm

From Proposition 1, we have

Opm o 0 emLm
dem  Oem Pm=17 4+ em T

Pm—1Tm

Note that this holds because p,,,—1 and T},, do not depend on e,,: they are functions
of the {uj,ej : j <m} only.
The desired Jacobian’s absolute value is thus

k— * k)2
Pm—1 Tm (1 +e T )
[Jac(e)l = [ > I o (D.1)
m—1 (1 + e'rnTm) me1 Pm-11tm

where the ¢*

s Pon_15 Ly, are relative to the proposal parameter 0% = (0).
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Appendix E. Convergence assessment by integration against Dirichlet
test functions

Appendiz E.1. Random choice of Dirichlet test functions

This section details the procedure followed to construct a set of Dirichlet test
functions {g, = diri(-| py,v¢), 1 < £ < L} that are used to monitor the chains
convergence in our simulation study.

Let Wi, = (Wq,..., W,,) be an angular data set on which the model is to
be fitted. In this study, we fix L = 5 and the fi,’s are chosen so that they cor-
respond to the dependence features of the data set (cf our remark preceding sec-
tion 6.2). Namely, the fi,’s are sampled among the angular data points as follows:
A maximum shape parameter Dy, is imposed, in order to exclude test functions
inducing too large a variance for the empirical estimator ¢"°"F. In this study, we
set vmax = 20d, where d is the dimension of the sample space. The n’ angular
points W; such that minj<;<q{W;;} > 1/Pmax are retained as candidate data
points, out of which L elements (wj,,...,w;, ) are drawn with equi-probability,
and we set 1, = wj,. Finally, a minimum value pj, = 5 * d is imposed for the
test’s shape parameter (in order to avoid too flat test functions for points near the
center of simplex), as well as a multiplying constant st = 1.001, then the ¢t
shape parameter is set to

~ Xtest ~
VZ = max ) Vmin .
ming <;<d Hie

Appendiz E.2. Theoretical standard deviation of the empirical estimate of Ep,(g),
for g a Dirichlet test function.

Here, it is assumed that hg = hyg is itself a Dirichlet mixture density. We already
have the expression for Eg(g) = Ep,(g) when g = diri(- | it,7) and 6 = (p, p, v):

k
Eg(g)z mez:u-,mvym(ﬂﬂ;) > (El)
m=1
where the Z . .., vm( 1, 7)’s are given by (16). To compute Eg(g?), we note that

92(') = Cﬁ,ﬁ diri(' ‘ :u,a’/) )

. _ o I ()2 [Micica T(/'1)
with v/ =20 —d, ' =20 p—1)/v and Cpp = ngisi 1)“(17,@)2 1< ?EZV’) #. The

analytic expression for (18) follows:
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1/2
k k 2
5ﬁonP —n /2 Cp,,ﬂ Z mel"",ﬂ%a”m(H’,V/) _ (Z mep,.’m,Vm(p/,f/)>

m=1 m=1

Appendix F. Bi-variate distributions used in the simulation study

In this section, expressions for multivariate extreme value distributions are
given for bi-variate vectors which uni-variate margins follow a unit-Fréchet dis-
tribution. For distributions of the logistic type, the angular density on (0,1) is
obtained using Theorem 1 from Coles and Tawn (1991) and the angular probabil-
ity measure H(w) follows by integration of the density between 0 and w € (0,1).

The first multivariate extreme value distribution used to generate data is a

logistic one, with cdf of the type F1(z1,22) = exp [— <z;1/T + zgl/T) ] , (r €
(0,1]),2; > 0. If r = 1, the two variable are independent, lower values correspond

to greater levels of dependence. For our simulation, we take r = 0.6.
The second distribution is an Asymmetric logistic one, characterized by the cdf

1-6 1-—6 0 1/r ) ks
puten ) e 55| (5) T (3) ]}

The corresponding angular measure is

1 I8 r— T r—
Hp,(w) = 5{1—}—91 — 0y — [Gi/ (1 —w)l/ ! —9;/ wt/ 1} X oo
r—1
Hi/r(l —w)l/r—i—Q;/Twl/r} } .

The logistic distribution corresponds to the special case 8; = 2 = 1. Other-
wise, the angular measure grants non-zero mass to the boundary points, Hay,({0}) =
(1 —03)/2 and Har,({1}) = (1 + 61)/2. In this study, we set r = 1/3, ; = 0.45,
02 = 0.55. For the logistic and the Asymmetric logistic distributions, data can
easily be simulated using e.g. the R package evd. The marginal parameters are set
in order to have unit-Fréchet margins, and the threshold (u, ) retained for fitting
the models is the theoretical marginal 0.9 quantile, i.e. u ~ 9.49. Conditionally
on exceeding u, each marginal variable approximately follows a Generalized Pareto
distribution (GPD): P(X; > x| X; > u) = (1+£24)~Y¢ (2 > u, j € {1,2}), with
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¢ =1 and 0 = u, so that the marginal parameters to be specified in Guillotte et al.
(2011)’s model are (¢, = 0.1,&; = 1,0 = u), where (; is the marginal probability
of an excess above u;, {; is the GPD shape parameter and o; is the scale parameter
for the GPD above u;. If n is the number of points belonging to the upper square
(u,00)?, then the Dirichlet mixture model is directly fitted on the angular data set
(Wir,Wio) = Ri_l(Xivl,Xiyg),with Ri = X;1+ X;2, 1 <i <n, corresponding to
the n points with largest radial component R.
The last angular distribution is a Dirichlet mixture Hpy with parameters

_(0.8 0.5 01 0.3

09 05 0.9 0_7) , p=(0.25,0.5,0.125,0.125), v = (20,0.9,1,50).

Angular data points W; = (W; 1, W;2) (1 < i < 1000) are easily simulated from
Hpy . To fit Guillotte et al. (2011)’s model, radial variables R; (1 < ¢ < 1000)
such that P(R; > r) = 1/r (r > 1) are generated independently from the W,’s.
The bi-variate points Y; = R;W; have marginal survival function P(Y;; > y) =
1/(2y). Then, the marginal 0.9 quantile for Y;; is @ = 5, and n is the number
of Y;’s belonging to (@,00)%. Again, the n angular points with largest radial
component are retained to fit the Dirichlet mixture model. To fit Guillotte et al.
(2011)’s model, the Y; ;’s exceeding @ are re-normalized (using probability integral
transform) into Generalized Pareto variables X ;’s with arbitrary threshold v = 10,
so that P(X;; > x| X;; >u) = (1 + (v — u)/u)~L. The Y;;’s below @ are treated
as left-censored data. Then, the marginal parameters for Guillotte et al. (2011)’s
model are ({, = 0.1,§; = 1,0; = 10), j € {1,2}.

Appendix G. Comparison with the original Dirichlet mixture model

Appendiz G.1. Erratum on the prior specification (Boldi and Davison, 2007)

In the original parametrization, the prior F}, on p is defined conditionally on
the number k& of mixture components and on the weights vector p, by successive
conditioning in the lexicographic order:

Fu(p. 150 v gk, p) = fralpn) fralp ) - fre—1(pie—1lpe—2) -
Ja—1—1(Bd—1 k—1|P1:d=1,1:—2) »

where f; ; is a uniform distribution on the largest interval ; ; (i < d—1, j < k—1)
allowing (3), and where the last column and the last line are deduced from the
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others according to (3) and ), yt;,m = 1. Boldi and Davison indicate zero as a
lower bound for I; ;. In fact, small values in the the first columns of p imply large
ones on the last column, which, in some cases, induce negative values on the last
line. It is left to the reader to verify that the correct lower bound for I; ; is

max O,pj_1 -t - Z Dm Mim — Z Pm (1= Sigm) )
m<j m€j+1,...,k

where Si,m = Zé<i Hem (1 <m< k)

Appendiz G.2. Prior specification and MCMC tuning parameters used in the sim-
ulations

For comparison with the re-parametrized inferential scheme, the original version
of the Bayesian model and the reversible-jump algorithm were re-implemented, fol-
lowing Boldi and Davison (2007) and Boldi (2004). For the sake of reproducibility,
the numerical values for the hyper-parameters and the MCMC tuning parameters
that were used in our simulations are gathered in this section.

The prior on the parameter ¢ = (k, p, p, v) is of the form

m() = m(k) mp(p [ k) Fu(p |k, p) mo (v | K) .

7 is a truncated Poisson distribution, with truncation bounds (kmin,kmax) =
(1,15) and intensity A\ = 3. m, is the uniform distribution on the simplex Sy,
i.e. the Dirichlet distribution with parameter « = v = (1,...,1). F, is de-
scribed in the preceding subsection, with the original error corrected. Finally, m,
is a product of truncated log-normal distribution, with same bounds as in the re-
parametrized version, log(v,,) € (—2,10g(5000)), Denoting (m,,o2) the mean and
variance for log(v,,), we set, following Boldi and Davison (2007) for the bi-variate
case (section 7.5), m, = log(2),0, = 50. However, for higher dimensional data,
we found that mixing properties and convergence were enhanced by setting these
hyper-parameters to the same value as in the re-parametrized version, so that m,
and o2 are respectively set to log(10 * (d + 1)) (where d is the dimension of the
data) and log(1 + 52) .

As for the MCMC scheme, we follow Boldi (2004), whose approach is sum-
marized in Boldi and Davison (2007), Appendix B. Three types of moves are al-
lowed, respectively called split, combine and MCMC. For the split and MCMC
moves, three typical move sizes are allowed: small, medium, big. The combine
moves are the simplest: a pair of mixture components (my,mz) is randomly cho-
sen, and the two corresponding mean vectors are combined into a single p. ),
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which is the center of mass for ((&. my;Pm1), (1., ma> Pms)), With weight pp,, =
Pmy + Pmy- Then, log(vp,) is drawn as a normal distribution with mean equal to
(1og(Vm, ) + 10g(¥m,))/2, and variance set to log(1 + (s)?), where s is respectively
equal to 0.1,0.3 and 0.5 for a small, a medium or a big move. During a split move,
one mixture component mg is split into two. For a big move, the proposal mean
vector fu. m, is uniformly distributed on Sg4. For small (resp. medium) moves,
. ms, follows a Dirichlet distribution with mode at . ,,,, and recentring param-
eter €, = 0.05, (resp. €, = 0.3), i.e. the mean vector for the proposal Dirichlet
distribution is €,(1/d,...,1/d)4+ (1 —1/€,) . m, and the concentration parameter
is v, = d/e,. The weight p,,, for the proposed component m; is determined by
drawing v € (0,1) and letting pp, = V pmy, then pp, = Pmy — Pm,- For a big
move, €, is uniformly distributed. Otherwise, it follows a Beta distribution, with
parameter (aj,a2) = 2/¢, [6,(1,1) + (1 — €,)(1,0))], with €, respectively equal to
0.05 and 0.3 for a small (resp. medium) move. The position of y. ,, is defined
so that the former mean vector . ,,, be the center of mass for the two proposals
[ my and g, m,. Finally, the shape parameters vy, , vp,, are proposed in a similar
way as in the combine moves, with the mean of the log-transformed variables set
to log(vm, ). During a MCMC move, a permutation {o(1),...,0(k)} of {1,...,k}
is randomly chosen (by sampling without replacement in {1,...,k}). Then, a com-
bine move followed by a split move is successively applied to each pair (o(7),0(j)),
forie{l,...,k—1}and je {i+1,...,k}.
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Chapitre 4

Estimation avec données
historiques censurées

La confrontation aux « vraies données » peut réserver des surprises. Le cas
d’étude hydrologique qui motive ce chapitre devait initialement avoir un role
illustratif des méthodes développées plus haut. Il est apparu assez vite que le
probléme, proposé par Benjamin Renard, de 'estimation de la loi jointe des
extrémes de quatre séries temporelles de débits, avec présence de censures,
nécessitait 'introduction d’outils statistiques supplémentaires.

Le probléme des données censurées est récurrent en statistique, et les
méthodes développées pour ce cas particulier ont une portée générale. Pour
faciliter la diffusion des résultats aussi bien dans la communauté hydrologique
que chez les statisticiens, il a été décidé de diviser le traitement de la question
en deux articles. Le modéle statistique, l'algorithme et la vérification de la
consistance du schéma d’augmentation de données ont été rédigés a part
et un premier article (section 4.1) a été soumis a une revue de statistique.
L’analyse détaillée des données des (GGardons a été réalisée dans un second
article (section 4.2) a soumettre trés prochainement a une revue d’hyrologie.

4.1 Modéle censuré
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SEMI-PARAMETRIC MODELLING OF EXCESSES ABOVE HIGH
MULTIVARIATE THRESHOLDS WITH CENSORED DATA

ANNE SABOURIN

ABSTRACT. One commonly encountered problem in statistical analysis of ex-
treme events is that very few data are available for inference. This issue is
all the more important in multivariate problems that the dependence structure
among extremes has to be inferred. In some cases, e.g. in environmental ap-
plications, it is sometimes possible to increase the sample size by taking into
account historical or incomplete series with partial censoring. In this work, a
semi-parametric Dirichlet mixture model for multivariate extremes is adapted
to the context of censored data and missing components. The censored like-
lihood, which is needed for Bayesian inference, has no analytic expression. A
data augmentation scheme is introduced, which avoids multivariate integration
of the Poisson process intensity over both the censored intervals and the failure
region above threshold.

Multivariate extremes; censored data; semi parametric Bayesian inference; mix-
ture models; Dirichlet mixture; reversible-jump algorithm.

1. INTRODUCTION

Data censoring is a recurrent issue in multivariate statistical analysis of extreme
values. Observations may not be concomitantly extreme, so that the marginal
Pareto model does not apply to all the margins forming a jointly extreme obser-
vation. A ‘censored likelihood” approach (Smith, 1994; Ledford and Tawn, 1996;
Smith et al., 1997) allows to take into account such partially extreme data: co-
ordinates that do not exceed some large fixed threshold are simply considered as
left-censored. Further, in many applications, the scarcity of extreme data induces
a large amount of uncertainty in the estimation of the marginal parameters and
the dependence structure of extremes. To obtain larger sample sizes, one option is
to take into account longer series, but this results in a certain number of censored
and missing data. What motivated this work is a hydrological application: The
data set consists of water discharge at four neighbouring stations in the region
of the Gardons, in the south of France. Daily maxima have been systematically
recorded on the recent period (20*" c.) and historical information is also available:
unusually high water levels occurring before 1891 (the earliest one is dated from
1604) have been recorded and appear in the archives. A large part of the historical
data is censored: only major floods are recorded, sometimes as an interval (e.g.
‘the water level exceeded the parapet but the Mr. X’s house was spared’). These
events are followed by long periods during which nothing is known except that
the water level did not exceed that of the previous flood. Uni-variate analysis for
this data set has been carried on by Neppel et al. (2010). The aim of the present
paper is to propose a new methodology for inferring the multivariate structure of

Date: June 14, 2013.
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extremes using such censored data sets. The inferential framework is tested on
simulated data; a detailed analysis of the hydrological data is reserved for future
study.

One reason for estimating the dependence structure of extremes is that it pro-
vides probabilities of concomitant excesses of high thresholds by several variables,
such as e.g. the water level at different sites in a region of interest. Another reagon
is that neglecting the dependence between neighbouring sites may alter the estima-
tion of the marginal distributions of excesses, if one assumes that some parameters
characterising the margins are constant over a coherent region. This assumption is
the starting point of the so-called ‘regional frequency analysis’ in hydrology, which
intent is to use all the data recorded over a region of interest to estimate some
shared parameters. Our aim is to allow the combination of the two approaches
(regional and historical data analysis) by modelling altogether the marginal pa-
rameters and the dependence structure of multivariate peaks over thresholds when
the data are partially censored.

Under a standard assumption of multivariate regular variation (see Section 2),
the dependence structure of extremes is entirely determined by an angular measure
H, which is a finite measure on the unit sphere, and only has to satisfy a first
moments constraint. To wit, H is the distribution of the directional component of
re-scaled observations above high thresholds.

For applied purposes, it is common practice to use a parametric model of multi-
variate extremes. A widely used one is the Logistic model and its asymmetric and
nested extensions (Gumbel, 1960; Coles and Tawn, 1991; Stephenson, 2009, 2003).
In the logistic family, the dependence is represented wia the exponent function,
which is an integral form of the angular measure. The main advantage is that
the censored versions of the likelihood are readily available, but parameters are
subject to non linear constraints and structural modelling choices have to be made
a priori, e.g., by allowing only bi-variate or tri-variate dependence between closest
neighbours.

However, the family of admissible dependence structures is, by nature, too large
to be fully described by any parametric model. This pleads in favour of non
parametric inference (Einmahl et al., 2001; Einmahl and Segers, 2009; Guillotte
et al., 2011), or for semi-parametric compromises with the use of mixture models,
built from a potentially infinite number of parametric components, such as the
Dirichlet mixture model (DM), first introduced by Boldi and Davison (2007). They
have shown that it can approach arbitrarily well any valid angular measure for
extremes. A re-parametrised version of the DM model (Sabourin and Naveau,
2013) allows for Bayesian inference with a varying number of mixture components,
with data sets of moderate dimension (typically, d &~ 5).

When censoring occurs, the likelihood expression involves the integral of the
limiting density over rectangular regions. This constitutes a major impediment to
the use of non parametric Bayesian models constructed via the angular measure.
In this paper, the Bayesian DM model is adapted to the case of censored and
missing data. The MCMC algorithm described in Sabourin and Naveau (2013)
is modified to allow simultaneous inference of the dependence and marginal pa-
rameters. Instead of rectangular integration, a data augmentation scheme is used.
Thus, the parameter space is embedded into a larger one, on which MCMC sam-
pling is possible, and the Markov chain is built so that the posterior distribution on
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the original parameter space is obtained by marginalisation of the shift-invariant
measure defined on the augmented space.

The rest of this paper is organised as follows: Section 2 recalls the necessary
probabilistic background for extreme values modeling. A Poisson model for ex-
cesses is introduced, the main features of the Dirichlet mixture model and its
re-parametrised version are sketched and the Poisson joint likelihood for regular,
non censored data is written. Censoring is introduced in Section 3, leading to
a censored likelihood without analytic expression; The general principles of data
augmentation are recalled and a data augmentation scheme is proposed for the
problem under study. In Section 4, a reversible-jump MCMC algorithm allowing
Bayesian inference in moderate dimension is described. The method is illustrated
by a simulation study in Section 5 and Section 6 concludes.

2. MODEIL FOR THRESHOLD EXCESSES

2.1. Notations and probabilistic framework. In this paper, the sample space
is the d-dimensional Euclidean space R%, endowed with the Borel o-field. Let
(Y¢)en be independent, identically distributed (4.i.d.) random vectors in R?. To
avoid technicalities, each Yj, (j € {1,...d}) is assumed non negative. In what
follows, bold symbols denote vectors and 0 stands for Oga. The appropriate space
to deal with convergence of extremes is E = [0,00]? \ {0}. Weak convergence
is denoted by . The space M*(E) of non negative Radon measures on E is
endowed with the topology induced by vague convergence!, which is denoted by
Y. Thus M*(E) is a Polish space and can be endowed with the Borel o-field
AT (E) corresponding to the vague topology. In this context, letting (£2,.4, P) be
the underlying probability space, a random measure is a (A, .Z " (E))- measurable
map from © to MT(E). Unless otherwise mentioned, N (A) will denote the number
of points observed in a region A.

The minimal requirement for extreme value theory to apply is that the Y;’s be
in the domain of attraction (DOA) of a multivariate max-stable distribution G,
i.e. that there exist R? valued scaling sequences (a,) = (a1n,--.,aqn)n, (bn) =
(b1ns - -3 bdn)n, with aj, > 0, and a random vector Yo, with non degenerate
cumulative distribution function G, such that

n

Y _bn w
V—" "% Y. (2.1)

a n—00
t=1 n

Here, weak convergence occurs in E and \/ denotes the component-wise maximum
operator.

From Resnick (1987), Proposition 5.10, (2.1) is equivalent to the marginal dis-
tributions F}; belonging to the DOA of a uni-variate max-stable distribution, and
the Fréchet-transformed data

Xy = (—1/log(Fi(Y14)),...,—1/log(Fy(Yaz))) (2.2)

'If (An)n and A are elements of M*(E), vague convergence of A, to A means that, for all
relatively compact B C E such that A(0B) = 0, A, (B) — A(B).

124



being in the DOA of a multivariate max-stable law with unit-Fréchet margins.
The latter condition is equivalent to weak convergence of the point process of re-
scaled Fréchet variables towards a Poisson random measure (PRM) on [0, 1] x E.
More precisely, (2.1) and marginal convergence are equivalent to (see e.g. Resnick,
1987, 2007; Coles and Tawn, 1991):

n
Zn(i %, — PRM(£® ) (2.3)
=1 n’n
in MT([0,1] x E), where ¢ denotes the Lebesgue measure on R. The so-called
exponent measure X is homogeneous of order —1, which is conveniently expressed

in polar coordinates: let || - || be any norm on R%, and S, be the positive orthant
of the unit sphere for this norm. Then, the image measure of A by the polar
transformation x — (r,w) = (||x]||, ﬁ) € (0,00] x Sg, is a product measure.

Namely, identifying the image measure with A for the sake of conciseness, one may
write

AN(r, w) = 7% dr dH(w), (2.4)

where H is the angular measure and c is a positive normalising constant such that
H be a probability measure. Concentration of mass in the middle of the unit
sphere’s positive orthant indicates strong dependence at extreme levels, whereas
Dirac masses on the vertices characterises asymptotic independence. This paper
focuses on the case where H grants some mass to the interior of positive orthant,
so that all the variables are asymptotically dependent. Choosing the L; norm
lIx|[1 = Z?Zl ||, the unit sphere is the unit simplex: Sg = {(w1,...,wq) : w; >
0, Z;l:l wj =1}, and ¢ = d.

Due to the standard form of the X;’s, and to our choice of the L; norm, a
probability measure H on Sy is a valid angular measure if and only if

/ w dH(w) = = (1<j<d). (2.5)
Sy d

Note that (2.5) is the only constraint on H, so that the angular measure has no
reason to be part of any particular parametric family.

In the remainder of this paper, angular measure densities will be given with
respect to the d — 1 dimensional Lebesgue measure dw = dwy - - - dwg_1.

2.2. Statistical modeling. The following model for threshold excesses borrows
both from the point process approach (see e.g. Coles and Tawn, 1991) and from
the censored likelihood one (as e.g. in Ledford and Tawn, 1996). Considering
(2.3), one may define a high multivariate threshold v = (vy,...,v4) and, if n is the
number of observed data, consider the failure region Ay = E\ [0, v], where [0, v] =
[0,v1] x -+ x [0,v4] \ {0}. We call ‘excess above v’ any point in Ay, and ‘marginal
excess’ any Yj;; > vj. Marginal excesses are assumed to be independent and
identically distributed (i.i.d) according to a generalised Pareto distribution with
shape {; and scale 0. In the hydrological context of regional frequency analysis,
coherent regions are defined so that the shape parameter £ be chosen constant over
the considered sites. Thus, in the following, we assume & = --- = §; = £. Let
FY denote the 4% marginal distribution conditionally on Y; not exceeding v;. The
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marginal probability of exceeding the threshold is ¢; = P(Y; > v;) (1 < j < d).
The marginal parameters are gathered into a (d + 1)-dimensional vector

X = (log(al)a s 710g(ad)7 f) € Rd+1‘
The marginal model is thus

FXy) = P(Yj; <y|&, o)

N V£
1-G (1+652) 7 w2u), (26)
(1 -G (v) (y <vj).
It is common practice (Coles and Tawn, 1991; Davison and Smith, 1990) to use an

empirical estimate ¢ for the vector of probabilities of an excess, and to ignore any
estimation error. The Fréchet-rescaled multivariate threshold is

u="T(v) = —1/log(1 — ¢)
and does not depend on x. Applying the marginal transformations

TXw) = —1/10g (F(w)) .

the marginal variables X; = TX( Y;+) follow unit Fréchet distributions, P(X;; <

z) = exp(—1). The marginal transformations above threshold have inverse Jaco-
bian

1

-1+
T yj) =05 HG)™ 555261] {1_€Ij] ;

which will appear in the likelihood contribution of marginal excesses. In the sequel,
TX denotes the vector transformation: TX(y) = (77*(v1), .., T;*(va))-
Let us introduce, on the Fréchet scale, the region

1
Aun = ~TX(Ay) = [0,50\ [0, =] - x [0, 21,
and A, = Ay1. The (:w )T(lt) s such that X; € A, are assumed to be the points

of a Poisson process over [0,1] x Ay, with intensity measure as in (2.3). The
Poisson model is thus

Z 1. ~PRM(£ @ \) on [0,1] X Ayp, (2.7)

where A is of the form (2.4).

2.3. Dirichlet mixture angular measures. In this paper, the angular mea-
sure H is modelled by a Dirichlet mixture distribution (Boldi and Davison, 2007
Sabourin and Naveau, 2013).

A Dirichlet distribution can be characterised by a shape v € R and a centre of
mass i € Sy, so that its density is , for w € Sy,

d
F(V) wuujfl .

diriy (W) = ———— T v
= Tvpy) 5

(2.8)
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A parameter for a k-mixture is of the form

Y= ((pla---a]%)v(/*”-,lr"7“-,k>a(y17---al/k)) )

with weights p, > 0, such that > p, = 1. This is summarised by writing
P = (p1;k7 K. 1k I/l;k). The corresponding mixture density is

k
= prdiriy,, (W) (2.9)
m=1

Condition (2.5) is satisfied if and only if

meu m=0/d,...,1/d) . (2.10)

Which, in geometric terms, means that the centre of mass of the p. ;,,’s, with
weights p1.,,, must lie at the centre of the simplex. As mentioned in the intro-
duction, the family of Dirichlet mixture densities satisfying (2.10) is weakly dense
in the space of admissible angular measure, as established by Boldi and Davison
(2007). In addition, in a Bayesian framework, Sabourin and Naveau (2013) have
shown that the posterior is weakly consistent under mild conditions. These two
features put together make the Dirichlet mixture model an adequate candidate for
modeling the angular components of extremes.

2.4. Joint likelihood of uncensored data. Let 6 = (x,%) be the parameter
for the joint model. Since marginal transformations are applied in the Cartesian
coordinate system, it is convenient to express the Poisson likelihood in Cartesian
coordinates as well. In addition, censoring will involve integration along the Carte-
sian axes. Thus, one needs the expression for the density of the exponent measure
A with respect to the d- dimensional Lebesgue measure dx = dx;--- dxg, that is
(Coles and Tawn, 1991, Theorem 1),

@
dx
In particular, if h = hy is a Dirichlet mixture density as in (2.9), then

(x) =d.r~[Fn(w).

. ~(vm+1)

d
d)\ r 2
w Z dpm (Vm) mﬂj m Zl_j . (211)
m=1 Hj:l L (Vmtjm) j=1

Let t1,...,t,, be the times of occurrence of an excess, i.e. Yy € Ay. In the
simplified case where the Y;;’s are all observed and where the marginals F}’s
below threshold are known, the likelihood of the Poisson process is

Ly ({yi}i<i<n, ) o e Mo (Au) H{ d/\w (xt;) H JX (Wit } (2.12)

J ‘Y3, t; >UJ
where the exponential term follows from
_g([oal])-Aw(Au,n) — e_nAd)(Au) .
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3. CENSORED MODEL

Two types of censoring are present: first, data are partially observed, which
results in interval- or right-censoring. In addition, observed data points that exceed
at least one threshold in one direction do not necessarily exceed all thresholds, so
that the marginal extreme value model does not apply. Following Ledford and
Tawn (1996), those components are also considered as left-censored.

The resulting censoring process € is assumed to be non informative. This means
that (see also Gémez et al., 2004) that, if F' is the marginal c.d.f. for Y; and f is
the marginal density, then Y;’s distribution conditional on having observed only
the left and right censoring bounds (L, R) is f/[F(R) — F(L)]. This definition is
easily extended to the multivariate case by replacing F/(R) — F/(L) by the integral
of the density over the censored directions (see e.g. Schnedler, 2005, for a proof of
consistency of maximum censored likelihood estimators).

3.1. Observed data. This section accounts for ‘natural censoring’ which occurs
independently of the choice of an extreme threshold v by the statistician. The
observed process is denoted O = (Oy);, with Oy = (O1y4,...,Oq4+). Marginal data
Oj+ (1 < j < d) are classified into four types. Type 0 indicates a missing marginal
record, type 1 is that of ‘exact’ (uncensored) data, type 2 and 3 are reserved
respectively to right censored data, (when Yj; is known to be greater than some
lower bound L;), and to doubly censored data, (when Y ; is known to be comprised
between a lower (possibly 0) and an upper bound: Yj; € [L;, R;]).

Omitting the temporal index ¢, a marginal observation in direction j (1 < j < d)
is thus a 4-uple O; = (k;,Y}, Lj, R;), where £,Y, L and R stand respectively for
the data type, the recorded value (or some arbitrary value if k # 1, denoted NA),
the lower bound (set to 0 if missing), and the upper bound (set to +oo if missing).

In this context, the definition of the position of a marginal data relatively to a
given threshold v; requires some care. The different situations are summarised in
Figure 1. Oj; exceeds v; (left panel) if k; = 1 and Y; > vj, or if k; € {2,3} and
L; > v;. Similarly, O; is below v; if k; = 1 and Y; < vj;, or if k; = 3 and R; < vj.
If none of the above conditions hold, i.e. when censoring occurs with censoring
interval intersecting the threshold, the relative positions of Y; and v; are unknown,
and we say that O; has undetermined position with respect to v;.

For a multivariate observation Oy, if at least one coordinate is undetermined
or missing, and if the others are below the threshold, then O; has undetermined
position with respect to v.

3.2. Censoring observations below threshold. Since the marginal distribu-
tions F}"’s, conditional upon not exceeding v;, are unknown, the Xj;;’s such that
Yj+ < v; are not available. Instead of attempting to estimate the F’s, one can
choose to censor the components below threshold. Namely, for a raw observa-
tion Oj; = (kjt, Yje, Ljt, Rj¢), the corresponding ‘Fréchet transformed’ and cen-
sored one is denoted by C;ft = (Rjt, Xjt, Ljt, Rjt), and, letting by convention
T;X(NA) = NA, it is defined as follows (see Figure 2)

(3,NA) if Kjt = 1 and ijﬂg <y,

] ('%j,tan,t) = (O,NA) if Kjt = 2 and Lj,t <wj,
(/ﬁ}j7t, vat) otherwise.
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Discharge A

Type | (1) @) () @ @ @

Position | Above Below Undetermined

F1GURE 1. Position of marginal data points with respect to a mar-
ginal threshold v (horizontal line). Black dots: marginal data points
of type k = 1; vertical arrows: data of type x € {2, 3}.

.1':1‘ o O iij7t<Uj,
»t TX(Lji) otherwise.

. R _ Uj if Rth <y,
7t 77 (Rje)  otherwise.

Note that a marginal parameter x is admissible (in view of the observations) only
if all the Y} ;’s, R;;’s and L;;’s appearing in O; as argument of 7}X, belong to the
the Pareto domain defined by x.

By this construction, observations with undetermined position with respect to

v have all their marginal lower bounds L;; set to 0. They correspond to events of
type N([L, &) x o, %}0) = 0, where N is the empirical point process. The latter

Y
formulation allows to take them into account in the Poisson likelihood (section
3.3), instead of recording them as missing, which would induce a bias in favour of
the largest records. In practice, if the censoring process involves a small number
of censoring bounds, such situations generally occur more than once for a given

upper bound R;.

3.3. Poisson likelihood with censored and missing data. In presence of cen-
sored or missing components, the likelihood of the Poisson process involves partial
integration of the exponent measure A\ along the axes of the Cartesian coordinate
system, the integration being performed in the direction of the missing or censored
coordinates. The case where some coordinates are missing (not observed at all)
is easily covered: let 2 = {j1,...,j,} be the non missing coordinates (r < d).
Then, the exponent measure has a density with respect to the Lebesgue measure
on the vector space spanned by 2, which is obtained by integration of (2.11) in the
missing directions 2y = {s1,...,84—r} = {1,...,d} \ Z with integration bounds
set to (0,00). Here, the integral has an analytic expression, which is, from (2.8)
and (2.9),
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Observations Fréchet -
“partly below transformed,
threshold’ TX censored

Ficure 2. Example in the two-dimensional case of marginal
transformation and censoring below threshold, for data of marginal
types (1,1), (upper panel) (3,1) (middle panel) and (3,3) (lower
panel). In these three cases, observations are represented in black,
respectively by a dot, an horizontal arrow and a rectangle. The
Grey areas represent respectively the multivariate threshold v (left
side) and the Fréchet transformed one w (right side). The two up-
per panels correspond to observations above threshold, while the
lower panel shows an undetermined observation.

Oy (x dX
o) — / J(Z) dzeys..., dzs,
dxj, - - Oxj, {2:2j=0;(jED),2:ER* (€ %)} dx
k (v +1)
o3 (AT ()
=AU ’u]m i€z i€z
(3.1)
with
- Vm(l o Z M57m) ’ p’o,m = (1 - Z M&M)_l/‘l’-,m ’
EIS) SEDy
d (3.2)
= ;(1 - Z MS,m)pm
SED

This is the spectral measure associated with another angular Dirichlet mixture
distribution on S, with parameter % = (1), pu9,, p),).
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For the general case, let (¢;, i € {1,...,ny}) denote the temporal index set of
observations above threshold (at least for one component) and let CX = {C} }(i €
{1,...,ny}) be the corresponding ‘Fréchet transformed’ and censored data as
above. The number of undetermined data is n!, = Zil n; where 7' is the number
of undetermined temporal blocks, and n} is the number of undetermined observa-
tions in the 7" block, i.e. with common upper bound Rti-' In the sequel, for m > 0,
the set E \ [0, %Rt;] = Aﬁt’ .m is denoted Aj ,, and, by analogy with A, the set

m

E\ 0, Rt; | is simply called A}. Since the Poisson process is exchangeable, there is
no loss of generality in assuming that such blocks are formed of consecutive dates
(t,...,t,+n}—1). Finally, let n, be the number of observations below threshold.
The number of non missing days is thus

/ "
Nobs = Ny + Ny, + Ny

and the number of data with determined position with respect to v is
Ndet = Nv + nz .

Let {j1(t:) ..., Jru)(t:)} be the non-missing components (k;; # 0) in Oy,. The
censored likelihood is

I/
£0(0,0) = exp [ = naec My (Au) = 3 nidg(4])] x -+
i=1

T (‘)T(i))\w
1'131 { /{C’ftﬂl(ciﬁ) Oy (1) - 05, (1) ) H j (y],tl)}

35,6, >0

(3.3)
where (€,X); is the censoring process on the Fréchet scale, which transforms Fréchet
points x; in A, into censored observations C. Integration is performed in the cen-
sored, non-missing directions, and ¢; is the Lebesgue measure on the corresponding
subspace of R

The exponential terms in (3.3) have been obtained as a modification of those in
(2.12). Namely, n is replaced with ngps and the exponential term for the ‘deter-
mined’ data follows from

Ndet

22 (Aunss)| = o0 [ = o do(Au) ]

The additional term for ‘undetermined’ data is obtained as

t ot r—1 ’
PQ{N<|: [ , z+nz :|>(A;nb>20}:exp(_ nz >\’¢<A/an>>
TNobs TNobs ons TNobs rrons
= exp (—nj Ay (47)) -

The dimension of integration has been reduced with expression (3.1) for partial
integration in the directions of missing components (%;;, = 0). However, no closed
form is available for the remaining integration in the censored directions, nor for
the exponent measures of A,, and the A!’s.

oxp [ -
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3.4. Data augmentation. In a Bayesian context, one major objective is to gen-
erate parameter samples approximately distributed according to the posterior. In
clagsical MCMC algorithms, the value of the likelihood is needed to define the tran-
sition kernel of the Markov chain. Evaluating the integrated likelihood L, (O, #)
(either by a Gaussian quadrature method or a Monte-Carlo integration) at each
step of an MCMC algorithm would dramatically slow down the execution: the
dimension of integration can grow up to d, for each observation, and the shape
of the integrand varies from one iteration to another. In particular, large or low
values of the shape parameters v;,, in ¢ induce concentration of the integrand
around the centres p. ,, or unboundedness at the simplex boundaries. Another
technical issue arises from the terms e~ "det Av(Au) =75 Au (A7) in (2.12), which have
no analytic expression.

Both problems can be addressed with data augmentation methods (see e.g. Tan-
ner and Wong, 1987; Van Dyk and Meng, 2001). In what follows, [-] denotes the
distribution of random quantities as well as their density with respect to some
appropriate reference measure. Proportionality between o-finite measures is de-
noted by oc. Thus, [] is the prior density and [#]O]  [0]Ly (O, #) is the posterior.
The main idea is to define an augmentation space Z, and a probability measure
[-|O]4+, on the augmented space © x Z, conditional on the observations, which
may be sampled using classical MCMC methods, and which is consistent with the
‘objective’ on ©. That is, the posterior on © must be obtained by marginalisation
of [ |O]+7

[0]0] :é[z,910}+dz. (3.4)

Here, an intermediate variable Z is introduced, so that the full conditionals [Z|0, O]
and [0|Z, O] can be directly simulated as block proposals in a Metropolis-within-
Gibbs algorithm (Tierney, 1994). To ensure the marginalisation condition (3.4),
an appropriate function ¢(z) is defined so that the augmented density be of the
form

[2,0]0] o< [z, O|6]p(z) [6].

In this context, (3.4) is equivalent to

Ly(0,0) x /[z,O]Q]cp(z) dz (3.5)

In the end, a posterior sample from [#|O] is simply obtained by ignoring the Z-
components from the one produced with the ‘augmented’ Markov chain.

Here, the augmented data is Z = ({Zj, Yi<ny, Zy, {Z}}i<7/), where the Z;;,’s
replace the censored X ;,’s and where the Z’s are the points of independent Pois-
son processes which account for the exponential terms e~ "det Ao (Au) and e A (A7)
(i <ZI'). The joint density will factorise as

Il

[z, Ol0] = H {[ztw Ot;‘e]} [Z;’Q] H[Zﬂ@] )
i=1 i=1
and the functional ¢ will be of the form
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I/
pl2) = pulzy,) [ ] ¢ilz)
i=1

Let us get into details. In a first step, let us forget about the missing components in
the censored data above threshold, i.e., assume that {(j,¢;) : k4, =0} = @. For
i < ny,let Zc(i) = (j1(0), ..., 755000 )) be the set of non-missing, censored coordinates
in observation C¥ and 21(i) = 2(i) \ Zc(i) be the ‘exactly observed’ coordinates
(Kjt, = 1). Let us introduce the latent variables Z;, = (Zj 4,,...,Zj ) that
‘complete’ the censored coordinates in Cii_ . More formally, let

— 1
XtiNm]lAu('))\w(.)a

be an uncensored d-dimensional variable with Fréchet margins and dependence

structure given by Ay on A,. Then, Z, is defined conditionally on the observation
Oti J

[Zti|0ti79] = [(in,tia jc,t )|Ot s ]
= [(ng,tz jc,t )|Xt [Cgti(]_l(cz)ﬂﬁ]-

In practice, the full conditionals [Z;, |{Zst }s, O, 0] are functions of truncated
Beta distributions that can easily be sampled in a Gibbs step of the algorithm (see
Appendix A). The ‘completed’ data point (Z:,, Oy,) has density on Vect(Z.) x
Vect(Z1)

(3.6)

d)\
[Zti’oti|9] TZJ H JX yjt
VE Kjt; =1

where

Zjt; if j € @C(l) .

Now, with missing components Dy (i) = {j : k¢ = 0}, the integration in Dy(i) can
be performed analytically. Consequently, the uncensored Xy,’s are defined on the
quotient spaces E/Dy(i) and their distributions are proportional to the exponent

(i)
measures A\yo defined in (3.1), with density o%; (td) 6;\;” (-). At this stage, we

s = {’G"w) it € (i),

Ir () (8)
have treated the integral term of (3.3), since

ar(z)
z¢;, Oy,10] dl;(zy, / x)dl; x -
H/t 6] dti(z,) = H{ ey Ty Gy

Jr(iy (ti)

I1 J]X(yj,t)}-

7Y, >0

As for the exponential factors exp [—Ay(Aung., )] and exp [—nj Ay (AL)] (i <T'),
the augmentation variable Z,, and the Z.’s are defined as independent Poisson
processes and their Laplace transform plays a central role in the choice of ¢. Let
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us define a region Fy ., = {x € (RT)?: ||x|1 > minj(%)}, so that Ay png,, C

Eu nge. - Let us choose a multiplicative constant 7 > 0 and define a Poisson intensity
measure X'(-) =7 Ay ().

The augmentation process and the function ¢, are defined by

Z,, ~ PRM(N)on Ey ., , (3.7)

pu(zy) = (1 - 1/7)"ulAumged) | '

where 2z}, (Aqy ny,,) 1s the number of points forming Z;, which fall in Ay, ,,,,-

The Z’s and the ¢!’s are defined similarly, replacing nger with n) and wu;
with Ry ;. A full justification and simulation details are given in Appendix B,
in particular it is shown that (3.7) implies the consistency condition (3.5). Let
{Xus = (Pus» Wa o) s<nz, be the points of Z;, in Ey p,,,, the density of Z;, over
Eu7ndet iS

’

1 in(.iet Tud. u Td
[Z{u | ’(ﬁ} = N/‘ eM™rj<d¥j H thb(w&VS) . (38)
u* s=1 u,s

As a conclusion, the augmented density to be sampled by the MCMC algorithm
is

n’

1 z,, (Au,n I_, z' (A’ ,
12,0/0], = | [ 0] [[lle] | - (1 — 1/ hemae)t et

=1

ln‘[{ IO\ ) 11 Ji‘(yj,t)}. (3.9)

im1 0T T () 3:Y5,0>0;

4. MCMC ALGORITHM

4.1. Principle. The implemented algorithm is an adaptation of the one proposed
by Sabourin and Naveau (2013). It is a Metropolis-within-Gibbs algorithm with
reversible jumps (Green, 1995) between sub-models with a given number of Dirich-
let mixture components. The modified algorithm described here allows to handle
additional variables, namely the marginal parameters and the augmented data.

For MCMC based inference, one must be able to generate random samples of
1 and perturb a current state 1 to obtain a proposal ¥*. For such purpose, it is
convenient to re-parametrise the model, so that moment constraints on (p, p) are
automatically satisfied and the new parameter space becomes an unconstrained
product space. This construction facilitates the implementation of a hybrid Gibbs
algorithm. The main features of this re-parametrisation are recalled in Appendix C.
In the sequel, the unconstrained parameter is denoted ¢, and the joint parameter
0 denotes the concatenation of the marginal parameters and the unconstrained
dependence parameter: 6 = (x, ¢).

There are 9 different types of moves: one marginal move affecting the whole
set of marginal parameters, one augmentation move for updating the augmenting
data {Z;;,} and one normalising move updating the point processes Zj,, Z;,i <7’
involved in the computation of the exponential terms. The 6 remaining dependence
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moves affect the dependence parameter ¢ (whence 1, according to the mapping
¢ — 1 defined by (C.1) and (C.2)), and are followed by a normalising move in
order to improve the chain’s mixing properties.

4.2. Details. In this section, the proposal are denoted with a * and the current

state after ¢ iterations as a function of «. The proposal kernels are Q(60(¢), -) and
their density (in the case of continuous proposals) are ¢(0(¢), -). The acceptance
ratios are denoted . Additional notations distinguishing these objects defined in
each type of move are omitted.

For each particular move, the acceptance ratio is set in such a way, that the
unnormalised posterior measure [Z,0|O] defined in (3.9) on the augmented pa-
rameter space be invariant under the MCMC transition kernel. In a preliminary
step, likelihood optimisation is performed in the independent model (the likelihood
for one multivariate observation is the product of d Pareto densities). This pro-
vides starting values for the marginal parameters as well as a Hessian matrix H,
that may be used as the inverse of a reference covariance matrix when updating
the marginal parameters.

4.2.1. Marginal moves. The marginal parameter y is updated as a block: The
proposal is normal, with mean at x(¢) and co-variance matrix ¥ = § H !, with &
a scaling factor fixed by the user, that may typically be set around 0.5. Since the
proposal density is symmetric, and since this move does not modify the dependence
structure, neither the terms involving the proposal density, nor the point processes
Z', appear in acceptance ratio. The augmented components Xjﬂgi DRyt € {2,3}
are left unchanged, however, those such that %;;, = 1 are updated to 7;’; (Yj+,).
Letting X%: denote the resulting updated data points, the acceptance ratio is

H JJX* (}/},ti)
x(0) ’

j:}/jvti >vj J] (}/j,ti)

4.2.2. Augmentation moves. The augmented components {Z;+,} = {X;4, : j €
P:(1)} (c.f. (3.3)) are directly re-sampled, one coordinate at a time, from their
conditional distribution, given the other coordinates. More details about the sam-
pling procedure are gathered in appendix A. Again, the proposal parameters are
directly sampled from their full conditional distribution, and no other term in [-]4
is affected by the move, so that the acceptance ratio is set to o = 1.

4.2.3. Normalising moves. During this move, point processes
7 = {fo,Z;, igl”} )

as defined in the end of Section 3.3, are sampled. Their conditional distribution
depends on v only. The acceptance ratio is p(Z™*)/o(Z'(1)), i.e.

a=(1-1/7) [(Z) " (Aunges)— 2o (1) (Aunge) |+ i<z {(Zi)*(Ai)n;)fZi(L)(Aiyn;) .
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4.2.4. Dependence moves. These types of moves allow to update ¢(¢) (and conse-
quently also the original dependence parameter ¢ (¢). As in Sabourin and Naveau
(2013), six dependence moves are defined: p-moves, v-moves, e-moves, split-moves,
combine-moves and shuffle moves. The only difference is that there is not enough
angular data to be used during the p-moves and the split-moves as Dirichlet ker-
nels for the proposal distribution of some candidate p* ,, (where m = k() for a
split move). Indeed, most of the observations have at least one missing or cen-
sored coordinate, so that no ‘angle’ is available. Consequently, the proposal is
simply a Dirichlet distribution with mode at g . ,,,(¢), with re-centring parameter
0<e<05:

Q(“’-,m(L)a : ) = dirigﬁ*( ) ) )

with v* = (1—€)p. ,, +e (3,...,1). Each of these moves (except the shuffle move
which only affects the representation of the angular distribution) is systematically
followed by a normalising move, which improves the chain’s mixing properties.
This also avoids the computation of the ‘costly’ term involving the density of the
points forming Z’ in the likelihood ratio: indeed, the acceptance ratio for the two
consecutive moves (dependence move with proposal kernel ¢, see Sabourin and
Naveau (2013) for details, followed by a normalising move) is

9] a(6",0)
(00 a(6(0),6")

o /T){[(zu>*<Au,ndet>—zu<L><Au,ndet>]+z@ EARCIRE A

ny 3r(i))\¢* _ ar(i))\iﬁ(L) ~ -1
-'H{E)x o (Xul) [ale o (Xu (1)) ,

i=1 J1(3) Jr(i) (2) G) "

o =

X e

5. SIMULATION EXAMPLE

5.1. Experimental setting. This section illustrates the methodology with sim-
ulated data. The purpose is not to study in full generality model features such
as e.g the prior influence on the estimates, or the convergence on the estimates
with the sample size, which are likely to be quantitatively most dependent on the
censoring process. Instead, keeping in mind the application, the aim is to verify
that the algorithm provides reasonable estimates with a data set which ‘resembles’
the particular one which motivated this work.

To allow comparison with the default space-independent framework, Bayesian in-
ference is also performed in the independent model defined as follows: the marginal
models are the same as in (2.6), the Yj;,1 < j < 4 are assumed to be independent
and the shape parameters §;,1 < j < 4 are equal to each other. A Monte-Carlo
sampling scheme is straightforwardly implemented, following the same pattern as
defined in the marginal moves for the dependent model. Preliminary likelihood
maximisation is performed on the hydrological data, again assuming independence
between locations and imposing a common shape parameter (this latter hypothesis
not being rejected by a likelihood ratio test). Then, data is simulated in the model
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(2.7), with marginal parameters and threshold excess probabilities (for daily data)
approximately equal to the inferred ones, i.e.

¢~ (0.021,...,0.021), ¢£=04, log(oc)=(4.8,4.6,5.9,5.1),

for a total number of days n = 148401, which is the total number of days in
the original data. The four-variate dependence structure is chosen as a Dirichlet
mixture distribution hy,, where

0.1 0.7 0.1
0.1 0.1 0.4

v: p=1(0.2502505), p= 01 01 04]°¥= (70, 50, 80) .
0.7 0.1 0.1

A radial threshold for simulation on the Fréchet scale and the number of points
simulated above the latter are respectively set to rs = —1/log(l — max(()),
Nradexe = N * 4/rs. The remaining n — ny,q.exc points are arbitrarily scattered
below the radial threshold, so that the empirical probability of a radial excess is
4/rs, the exponent measure of the region {x € R*: ||z||; > rs}.

Afterwards, the data set is censored following the real data’s censoring pattern
, i.e. censoring occurs on the same days and on the same locations as for the
real data, with same censoring bounds (on the Fréchet scale), so that the data is
observed only if the censoring threshold is exceeded. Finally, in order to account
for the loss of information resulting from time dependence within the real data
(whereas the simulated data are time independent), only neg data out of n are
kept for inference, where neg = |n/mean cluster size] = 118911 (see Section 6
for an explanation about clusters). It should be noted that the vast majority of
data points are either censored or below the multivariate threshold. Here, the
threshold is arbitrarily set to the same value as the one defined for real data, i.e.
v = (300, 320,520, 380), yielding approximately equal probabilities of an excess
in each direction. Only n, = 162 points are above threshold v, from which only
6 have all their coordinates of type 1 (exact data). It should be noted that, in
such a context, a simplified inferential framework in which censored data would be
discarded is not an option: only 6 points would be available for inference. To fix
ideas, Figure 3 shows the allocation of the number of exact marginal coordinates
after censoring below threshold: most of the extracted data have only one exact
coordinate.

In addition to data above threshold, the number of undetermined blocks (made
of data which position with respect to the threshold is unknown) is Z’ = 39, with
block sizes varying between 1 and 39 845, and a total number of undetermined days
n, = 112676.

The bi-variate projections of the resulting data set are displayed in Figure 4.

5.2. Inference and results. The prior on the Dirichlet mixture distributions is
specified in a similar way as in Sabourin and Naveau (2013). The number & of mix-
ture components has truncated geometric distribution, [k] o (1 — %)k_l %]l[l,kmax] (k)
with upper bound k.« = 10 and mean parameter A = 4. Also, for the sake of sim-
plicity, all the marginal parameters are assumed to be a priori independent, with
normal distributions (after log-transformation of the scales). The shape parameter
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Ficure 3. Distribution of the number of exactly observed coordi-
nates above threshold in the simulated data set (#{j : k¢, j = 1}).

FIGURE 4. Bi-variate projection of the simulated data set after
censoring. White points correspond to pairs for which both coordi-
nates are observed. Superimposed Gray rectangles (resp. segments)
represent pairs for which both coordinates (resp. one coordinate)
are (is) censored. The white striped rectangle is the region below
the multivariate threshold v.

has standard normal distribution and the logarithms of the scales have mean and
standard deviation both equal to 5.

As for the augmentation Poisson process data, the multiplicative constant 7
involved in the Poisson intensity is set to 50. It appeared that smaller values of 7
(close to 1) considerably affected the mixing properties of the chains.
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Convergence of the dependence parameters ¢ (¢) can be monitored using func-
tionals based on integration of the simulated densities against Dirichlet test func-
tions (see Sabourin and Naveau, 2013, for details). To detect possible mixing
defects, six chains of 10 iterations each are run in parallel. Standard convergence
diagnostic tests are implemented in R (Heidelberger and Welch, 1983; Gelman and
Rubin, 1992), respectively testing for non-stationarity and poor mixing. The sta-
tionarity test detects three non-stationary chains out of six. The mixing properties
of the three retained ones, as measured by a variance ratio inter/intra chains, are
satisfying enough: all the potential scale reduction factors (Gelman and Rubin,
1992) are below 1.1.

Figure 5 displays the posterior predictive for bi-variate marginalisations of the
angular density (obtained via (3.2)), together with the true density and posterior
credible sets around the estimates. The estimated density captures reasonably well
the features of the true one and the posterior quantiles are rather concentrated
around the estimates. This is all the more satisfying that, at first view (Figure 4),
the censored data set used for estimation seems to convey little information about
the distribution of the angular components.

XU(X1+X2) XU(X1+X3) XU(X1+Xa)

FIGURE 5. Bi-variate angular predictive densities (thick black
line) with posterior credible sets (Gray regions) corresponding to
the posterior 0.05 — 0.95 quantiles, together with the true angular
density (dashed line).

As for the marginal parameter components (x(¢)),, the above mentioned station-
arity test detects only one non-stationary chain and the potential scale reduction
factors from the Gelman tests are also satisfying. Figure 6 shows the posterior
histogram of each marginal parameter, together with the prior density and the
posterior histogram obtained in the independent model.

The marginal estimates obtained under the spatial independence assumption
are less accurate than those obtained in the correctly specified model. Also, the
observed over-estimation of the scales, combined with an under-estimation of the
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F1GURE 6. Inference of marginal parameters: logarithms of the
scale parameters o; (four upper panels) and common shape pa-
rameter (lower panel). Gray bars and dash-dotted Gray vertical
lines, posterior histograms and posterior means using the Dirichlet
mixture model; black dashed bars and vertical lines: idem in the
independent model; black thick vertical lines: true values; Gray
striped area: prior density.

shape, corroborates the well known fact (Ribereau et al., 2011) that the maximum
likelihood estimates of these two parameters are negatively correlated.

For some applications, including hydrological risk analysis, return level plots
(i.e. quantile plots) are used to summarise the marginal estimates of extremes.
The return level @) for a return period 7" at location j where data are distributed
according to FJX and where there is no temporal dependence, is usually defined as
the 1 — 1/T-quantile of ij. Figure 7 compares the return levels obtained in the
dependent and the independent models, together with the true ones. The posterior
estimates in the dependent model are very close to the truth, relatively to to the
size of the credible intervals. In contrast, estimation in the independent model
under-estimates the return levels, and the true curve lies outside the posterior
quantiles at two locations out of four.
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FIGURE 7. Return level plots: Quantile versus logarithm (base 10)
of the return period at the four locations. Grey points: empirical
return level of observed threshold excesses; Black line: true curves;
Gray dashed line and shaded area: posterior mean and 0.05 — 0.95-
quantiles in the dependent model with Dirichlet mixture angular
structure; Black dash-dotted line and area: idem in the independent
model.
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6. CONCLUSION

In this work, a flexible semi-parametric Bayesian inferential scheme is proposed
to estimate the joint distribution of excesses above multivariate high thresholds,
when the data are censored. A simulation example is designed on the same pattern
as a real case borrowed from hydrology. Although the tuning of the MCMC
algorithm requires some care, taking into account all kinds of observations for
various censoring bounds allows to obtain satisfying estimates, despite the loss of
information relative to the angular structure induced by the censoring process.

The main methodological novelty consists in taking advantage of the condition-
ing and marginalising properties of the Dirichlet distributions, in order to simulate
augmentation data which ‘replace’ the missing ones. Also, exponential terms in
the likelihood with no explicit expressions are handled by sampling well chosen
functionals of augmentation Poisson processes. This new inferential framework
might open the road to statistical analysis of the extremes of data sets that would
otherwise have been deemed unworkable.

In the present paper, temporal dependence is not treated. In practice, time-
dependent series may still be analysed using ‘declustering’ methods, which allow
to fit the model to cluster maxima instead of the raw data. This classical approach
assumes that only short-term dependence is present, i.e. that a condition of mixing
type holds (condition D, see e.g. Leadbetter, 1983), so that cluster maxima may be
treated as independent observations. In particular, this is the approach adopted
in a forthcoming paper analysing data from the Gardons (France).
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APPENDIX A. CONDITIONAL DISTRIBUTION OF AUGMENTED DATA

In this section, the full conditional distribution of the augmented variables Z; ¢,
(Rjt; € {2,3}) is derived, given all the other variables, for an excess Oy, over
threshold. Recall the Zj,’s are defined in (3.6) as conditional components of a
random vector X;, with Fréchet margins and dependence structure determined by
1), conditionally to the observation Oy,.

Let us assume in a first step that no coordinate is missing (£;; # 0, Vj < d).
The full conditional distribution is

[Zjii |Oti7 {Z&ti}s;ﬁj? 9} i [Xjﬂfi [{X51ti7 S 7é ]}a w] :

In the remaining of the proof, we omit the temporal index t;. Suppose that ¢ is
a mixture of k& Dirichlet distributions, as in (2.9). For any bounded, continuous
function g defined on [ij,f%j], the conditional expectation of g(Z;) is, up to a
multiplicative constant,
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_ mzl . /LR g(%)hw»m(z}:%)(;ws) (d+1) zj )
Im

(A.1)
where the R;, L;’s are the Fréchet-transformed, censored bounds defined in section
3.2.

Each term I, (m < k for a mixture of & components) is

_ —(d+1) = (X s<aVm ps,m—1))

R;
m Sm—l
Imzvm/~ gay) [T =" > dz;
L

J s<d s<d
- —(vm+1)
R; 1
Um Us,m—
[ gla) ] >, da;
Lj s<d s<d

RJ
mg,m—1 —VUm—
ZWij/ glay)ay™ ™ (s +ay) T day

Lj

I'(vm VUm s,m_l .
where v, = %a Sj = Zs;éj zs and p; = Hsﬁ zsm” . Changing
s=1 mis,m

variable via w = z;/(x; + s;), the integration bounds are

Rj o Lj
st R s+ L

R =

and we have

s /R3 SU iU V""”j’m_l( L S )1 i 4
= j S ml o au
m = Tm P L I\1—u 1—u J (1 —u)?

1—u

R’
—m (1=t ) — S
= Ym pj Sj vm/(1 Mjﬂm) 1 / J g (1 7 ) uVmNj,m,—l(l _ U)Vm(l_ﬂj,m) du
L, —Uu
One recognises in the integrand the unnormalised density of a Beta random variable
Um ~ beta(am, bn,), with

Qm = VmMjm , by = Vm(l - Nj,m) +1;

Let IBg (2, y) denote the incomplete Beta function (i.e. the integral of the Beta
density) between truncation bounds x and y. The missing normalising constant in
the integrand is
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C(am + bm)
L(am)I'(bm)1Ba,, b,, (L}, R})
B I'(vm) 1
 Dmttn) T (vm (1 = jm)) BBa,, b, (L B (L = pm)
Finally, we have

Dy, =

R, s
I, =C,,.D,, g(=—1—

1 ) u’/’m/l/jnn_l(l _ u)”’m(l_ﬂ/jﬂn) du
L —u
J

with

L (i (1 = ptjn))
[Tty Tmttam)

so that that the conditional expectation (A.1) is that of a mixture

IBam,bm(L;aR})PjS vm{1=Hsm) ) (AQ)

Cm=(1- ,Uj,m) Ji

j
B ()10 Zuwsi} = 3 o a2 7))
m=1 m
with weights (p),)m<k
p;n = Pm Cm ) (A3)
where Cp, is given by (A.2).
As a conclusion, the conditional variable [Z;|O, Z,.;, 6] is a mixture distribution

of k components
’ Sij >
Prns Vim = : (A.4)
< ’ L =Um /1<m<k

In presence of missing coordinates Dy(i), (A.4) still holds, up to replacing the
mixture parameters (p, u,v) with (p°, u°, v%) as in (3.2), with multiplicative cor-
rective factors 1 — > icp (i) Hjm-

APPENDIX B. CONSISTENCY OF THE AUGMENTATION POISSON PROCESSES
!/ /
7.7,

For (3.5) to hold, it is sufficient to define Z,,Z., (i < Z’), independent, with
respective densities [z),|¢], [2;]1], together with ¢, (z,), ¢i(z,), such that
Epu(Z,)] = exp (—naet Ay (Au)) B.1)

E [@i(Z)] = exp (= Ay (47)) (i<T').
At this point, one may be tempted to define Z!, as a Poisson process with inten-

sity Ay on some E D Ay .., and ¢(Z,,) as the indicator ﬂz;(Au,nd D=0 with a sim-

ilar definition for the ¢)’s and the Z/’s. Indeed, one would have E [12'(Aumdec)=0 =

exp (—Ndet Ay (Aw)), as required. However, even if this construction is valid in the-
ory, it leads to a very large rate of rejection in the Metropolis algorithm: ¢ has too
much variability around its mean value and the proposal is systematically rejected
each time a point in the process falls in the failure region.

Here is detailed the alternative construction of Z), and ¢, which is used in
this paper. To wit, ¢, is a smoothed version of the above characteristic function.
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Recall that, if f is a bounded, continuous function defined on a nice space F and if
N is PRM()) on E, then the Laplace transform Lap y(f)=E(e~ V() is (Resnick,
1987, Chap. 3)

Lap(f) = exp (— fa- e—f@)dA(s)) |

where, for a random measure N = Ei]\;(lE) 1s,(+),

N(E)

N(f)—/Ede— S fsi).
=1

Let Ey ng,, be any region of E containing A, n,,, as e.g. the one defined in Sec-
tion 3.4. It is enough to find a function f,, on Ey ,,,, as above and an intensity
measure \ such that

/ (1= e~ F6)) AN (5) = Ap(Aumans) - (B2)
E

U,Ndet

Indeed, letting

Z!, ~ PRM(N) on Ey g, ,
pu(2) = exp(=2'(fu)) ,

one has E[p(Z,)|¢] = Lapz, (fu) = exp(—Ay(Au,nge ), as required by (B.1).
In order to satisfy (B.2), let us fix a multiplicative constant 7 > 1 and define

N()=7Ap(+),
fu(x) = —log(1 = 1/7)1a,,,,, (%)
Then, (B.2) holds. The points of Z., can easily be simulated (see Resnick, 1987,

Chap.3): the number of points N}, in Ey, p,,, is a Poisson random variable with
mean equal to

Td
N(E = —
( uvndet) I’Illnj (uJ /ndet) ’
and each point has density in polar coordinates equal to ﬁ:—ghw (w).
U:Ndet

To sum up, the desired functional ¢, is

oul(z)) = o801 Mzu(Aunge) — (1 — 1 /7)%u(Avnger) |
as defined in (3.7). As claimed above, for 7 close to one, ¢, (z,,) is close to
1z/(A )=0-

U:Ndet

APPENDIX C. RE-PARAMETRISATION OF THE DIRICHLET MIXTURE MODEL
FOR BAYESIAN INFERENCE

For the sake of completeness, the main features of the re-parametrisation intro-
duced by Sabourin and Naveau (2013), are recalled below.
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A Dirichlet mixture distribution with parameter 1) with £ mixture components,
subject to constraint (2.10) can be re-parametrised with an unconstrained param-
eter

¢ = (l’l‘~,1:k—17 €1:k—1, Vl:k) S (Sd)k_l X (07 1)k_1 X (R*+)ka
where the eccentricity parameter e = e1.;_1 rules the relative positions of partial
centres of mass «,,, defined by

Y p 70
" 1_ZJ 1p]g%;r1j !

from which the weights and the last Dirichlet kernel centre p. ;, can be sequentially

reconstructed. Namely, the moment constraint (2.10) says that v, = (é, cee %)
Now, for m > 1, by centroid decomposition, the simplex points p. ,,,v,,—1 and
~., are aligned (see Figure 8 which illustrates the bi-dimensional case), so that

there exists ¢ > 0, such that v, = v¥;,_1 +t (V-1 — K. m)-

FiGURE 8. Geometric construction of the partial centres of mass
on the simplex S3 at step m. The simplex points Vi, Ym—1 and mt"
kernel centre K belong to a common line and 7,,—1 lies between
Ym and . .

Let
Lm:SUP{8201 Ym-1+8(Ym_1 — 1. ,m ESd}a

which has analytic expression L,, = min;cc,, ML‘YIN where C,, is the index
m 7, m

set {ie{l A}t Yim—1 — ,ulm<0}
Finally, e, determlnes Y U

Ym = Ym-1 1 €m Ly, (’Ym—l - p‘-,m)' (Cl)

Thus, given e and g, 1.1, the positions of the 7,, (1 <m < k—1) are known, the
last centre of mass is pu. j, = v;_; by definition, and the weights are sequentially

reconstructed via
. C.2
Z pj 1 + em m ( )
j<m

The main advantage of this geometric construction is that the parameter space
® = (Sg)F 1 x (0,1)k~! x (R*T)* is an unconstrained product space, on which it
is easy to define a prior, and which can be spanned by a MCMC algorithm with
relatively simple proposal distributions. Indeed, the proposals will automatically
belong to the parameter space, because there remains no constraint of type (2.10).
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4.2 Analyse des données des Gardons
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COMBINING REGIONAL ESTIMATION AND HISTORICAL
FLOODS: A MULTIVARIATE SEMI-PARAMETRIC
PEAKS-OVER-THRESHOLD MODEL WITH CENSORED DATA

A. SABOURIN AND B. RENARD

Multivariate extremes; censored data; semi-parametric Bayesian inference; mix-
ture models; reversible-jump algorithm

ABSTRACT. The estimation of extreme flood quantiles is challenging due to
the relative scarcity of extreme data compared to typical target return periods.
Several approaches have been developed over the years to face this challenge,
including regional estimation and the use of historical flood data. This paper in-
vestigates the combination of both approaches using a multivariate peaks-over-
threshold model, that allows estimating altogether the intersite dependence
structure and the marginal distributions at each site. The joint distribution
of extremes at several sites is constructed using a semi-parametric Dirichlet
Mixture model. The existence of partially missing and censored observations
(historical data) is accounted for within a data augmentation scheme. This
model is applied to a case study involving four catchments in Southern France,
for which historical data are available since 1604. The comparison of mar-
ginal estimates from four versions of the model (with or without regionalizing
the shape parameter; using or ignoring historical floods) highlights significant
differences in terms of return level estimates. Moreover, the availability of his-
torical data on several nearby catchments allows investigating the asymptotic
dependence properties of extreme floods. Catchments display a a significant
amount of asymptotic dependence, calling for adapted multivariate statistical
models.

1. INTRODUCTION

Statistical analysis of extremes of uni-variate hydrological time series is a rela-
tively well chartered problem. Two main representations can be used in the context
of extreme value theory (e.g. Madsen et al., 1997b; Coles, 2001): block maxima
(typically, annual maxima) can be modeled using a Generalized Extreme Value
(GEV) distribution (see e.g. Hosking, 1985), while flood peaks over a high thresh-
old (POT) are commonly modeled with a Generalized Pareto (GP) distribution
(see e.g. Hosking and Wallis, 1987; Davison and Smith, 1990; Lang et al., 1999).
One major issue in at-site flood frequency analysis is related to data scarcity (Nep-
pel et al., 2010): as an illustration, most of the recorded flood time series in France
are less than 50 years long, whereas flood return periods of interest are typically
well above 100 years. Moreover, an additional challenge arises if one is interested in
multivariate extremes at several locations. A complete understanding of the joint
behavior of extremes at different locations requires to model their dependence
structure as well. While there exists a multivariate extreme value theory (e.g.

Date: September 19, 2013.
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Coles and Tawn, 1991; De Haan and De Ronde, 1998), its practical application is
much more challenging than with standard univariate approaches.

1.1. Regional estimation. In order to address the issue of data scarcity in at-
site flood frequency analysis, hydrologists have developed methods to jointly use
data from several sites: this is known as Regional Frequency Analysis (RFA) (e.g.
Hosking and Wallis, 1997; Madsen and Rosbjerg, 1997; Madsen et al., 1997a).
The basis of RFA is to assume that some parameters governing the distributions of
extremes remain constant at the regional scale (see e.g. the 'Index Flood’ approach
of Dalrymple, 1960). All extreme values recorded at neighboring stations can
hence be used to estimate the regional parameters, which increases the number of
available data.

The joint use of data from several sites induces a technical difficulty: the spatial
dependence between sites has to be modeled. A common assumption has been
to simply ignore spatial dependence by assuming that the observations recorded
simultaneously at different sites are independent, which is often unrealistic (see
Stedinger, 1983; Hosking and Wallis, 1988; Madsen and Rosbjerg, 1997, for ap-
praisals of this assumption). An alternative approach uses elliptical copulas to
describe spatial dependence (Renard and Lang, 2007; Renard, 2011). While this
approach allows moving beyond the spatial independence assumption, it is not
fully satisfying. Indeed, such copula models are not compatible with multivariate
extreme value theory (Resnick, 1987, 2007; Beirlant et al., 2004). This may alter
uncertainty assessments about regional parameters (in particular for shape param-
eters) and, in turn, about extreme quantiles. In this context, using a dependence
model compatible with multivariate extreme value theory is of interest.

1.2. Historical data. Beside regional analysis methods, an alternative way to
reduce uncertainty is to take into account historical flood records to complement
the systematic streamflow measurements over the recent period (see e.g. Stedinger
and Cohn, 1986; O’Connel et al., 2002; Parent and Bernier, 2003; Reis and Ste-
dinger, 2005; Naulet et al., 2005; Neppel et al., 2010; Payrastre et al., 2011). This
results in a certain amount of censored and missing data, so that any likelihood-
based inference ought to be conducted using a censored version of the likelihood
function. Also, in a regional POT context, some observations may not be comn-
comitantly extreme at each location, so that the marginal GP distribution does
not apply to them. A ‘censored likelihood’ inferential framework for extremes has
been introduced to take into account such observations (Smith, 1994; Ledford and
Tawn, 1996; Smith et al., 1997). The information carried by partially censored data
is likely to be all the more relevant in a multivariate, dependent context, where
information at one well gauged location can be transferred to poorly measured
ones.

1.3. Multivariate modeling. The family of admissible dependence structures
between extreme events is, by nature, too large to be fully described by any para-
metric model (see further discussion in section 3.2). For applied purposes, it is
common to restrict the dependence model to a parametric sub-class, such as, for
example, the Logistic model and its asymmetric and nested extensions (Gumbel,
1960; Coles and Tawn, 1991; Stephenson, 2003, 2009). The main practical ad-
vantage is that the censored versions of the likelihood are readily available, but
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parameters are subject to non-linear constraints and structural modeling choices
have to be made a priori, e.g., by allowing only bi-variate or tri-variate dependence
between closest neighbors. An alternative to parametric modeling is to resort to
‘semi-parametric’ mixture models (some would say ‘non-parametric’ because it can
approach any dependence structure): the distribution function characterizing the
dependence structure is written as a weighted average of an arbitrarily large num-
ber of simple parametric components. This allows keeping the practical advantages
of a parametric representation while providing a more flexible model.

1.4. Objectives: Combining historical data and regional analysis. Our
aim is to combine regional analysis and historical data by modeling altogether
the marginal distributions and the dependence structure of excesses above large
thresholds at neighboring locations with partially censored data. Combined his-
torical /regional approaches have been explored by a few authors (Tasker and Ste-
dinger, 1987, 1989; Jin and Stedinger, 1989; Gaume et al., 2010). This paper builds
on this previous work and extends it to a multivariate POT context, where each
d-variate observation corresponds to concomitant streamflows recorded at d sites.
This is to be compared with the multivariate annual maxima approach, where each
d-variate observation corresponds to componentwise annual maxima that may have
been recorded during distinct extreme episodes.

In this paper, a multivariate POT model is implemented in order to combine
regional estimation and historical data. This model is used to investigate two sci-
entific questions. Firstly, the relative impact of regional and historical information
on marginal quantile estimates at each site is investigated. Secondly, the existence
of historical data describing exceptional flood events at several nearby catchments
provides an unique opportunity to investigate the nature and the strength of inter-
site dependence at very high levels (which would not be possible using short series
of systematic data only).

Multivariate POT modeling is implemented in a Bayesian, semi-parametric con-
text. The dependence structure is described using a Dirichlet Mixture ( DM )
model. The DM model was first introduced by Boldi and Davison (2007), and
its reparametrized version (Sabourin and Naveau, 2013) allows for Bayesian infer-
ence with a varying number of mixture components. A complete description of the
model and of the reversible-jump Markov Chain Monte-Carlo ( MCMC ) algorithm
used for inference with non censored data is given in Sabourin and Naveau (2013).
The adaptation of the inferential framework to the case of partially censored and
missing data is fully described from a statistical point of view in a forthcoming
paper’. One practical advantage of this mixture model is that no additional struc-
tural modeling choice needs to be made, which allows to cover an arbitrary wide
range of dependence structures. In this work, we aim at modeling the multivariate
distribution of d = 4 locations. However, the methods presented here are theoreti-
cally valid in any dimension, and computationally realistic in moderate dimensions
(say d <10 ).

The remainder of this paper is organized as follows: the dataset under consider-
ation is described in Section 2, and a multivariate declustering scheme is proposed

1Sabourin, Al ‘Semi-parametric  modelling of excesses above high multi-

variate thresholds with censored data’, submitted, preprint available online at
http://wuw.lsce.ipsl.fr/Phocea/Pisp/index.php?nom=anne.sabourin
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to handle temporal dependence. Section 3 summarizes the main features of the
multivariate POT model and describes the inferential algorithm. In Section 4, the
model is fitted to the data and results are described. Section 5 discusses the main
limitations of this study and proposes avenues for improvement, while Section 6
summarizes the main findings of this study.

2. HYDROLOGICAL DATA

2.1. Overview. The dataset under consideration consists of discharge recorded in
the area of the ‘Gardons’, in the south of France. Four catchments (Anduze, 540
km?, Ales, 320 km?, Mialet, 219 km?, and Saint-Jean,154 km?) are considered.
They are located relatively close to each other (see Figure 1). Discharge data (in
m3.s71) were reconstructed by Neppel et al. (2010) from systematic measurements
(recent period) and historical floods. Neppel et al. (2010) estimated separately the
marginal uni-variate extreme value distributions for yearly maximum discharges,
taking into account measurement and reconstruction errors arising from the con-
version of water levels into discharge. The earliest record dates back to 1604,
September 10" and the latest was made in 2010, December 31%¢.

In this work, since we are more interested in the dependence structure between
simultaneous records than between yearly maxima, we model multivariate excesses
over threshold, and the variable of interest becomes (up to declustering) the daily
peakflow. Of course, most of the N = 14841 daily peaklflows are censored (e.g.,
most historical data are only known to be smaller than the yearly maximum for
the considered year). For the sake of simplicity, we do not take into account any
possible measurement errors.
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FicurE 1. Hydrological map of the area of the Gardons, France
(Neppel et al., 2010)

The geographic proximity of the four considered stations suggests dependence at
high levels. This is visually confirmed by the pairwise plots in Figure 3, obtained
after declustering (see Section 2).

The marginal data are classified into four different types, numbered from 0 to
3: ‘0’ denotes missing data, ‘1’ indicate an ‘exact’ record. Data of type 2’ are
right-censored: the discharge is known to be greater than a given value. Finally,
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type ‘3’ data are left- and right-censored: the discharge is known to be comprised
between a lower (possibly 0) and an upper bound. Most data on the historical
period are of type 3. In the sequel, j (1 < j < d) denotes the location index and
t (1 <t < n)is used for the the temporal one. A marginal observation Oj; is
a 4-uple O;+ = (kjt,Yit, Lit, Rjt) € {0,1,2,3} x R3, where k,Y, L and R stand
respectively for the data type, the recorded discharge (or some arbitrary value if
k # 1, which we denote NA), the lower bound (set to 0 if missing), and the upper
bound (set to 400 if missing).

2.2. Data pre-processing: extracting cluster maxima. Temporal depen-
dence is handled by declustering, i.e. by fitting the model to cluster maxima
instead of the raw daily data. The underlying assumption is that only short term
dependence is present at extreme levels, so that excesses above high thresholds
occur in clusters. Cluster maxima are treated as independent data to which a
model for threshold excesses may be fitted. For an introduction to declustering
techniques, the reader may refer to Coles (2001) (Chap.5). For more details, see
e.g. Leadbetter (1983), or Davison and Smith (1990) for applications when the
quantities of interest are cluster maxima. Also, Ferro and Segers (2003) propose
a method for identifying the optimal cluster size, after estimating the extremal
index. However, this latter approach relies heavily on ‘inter-arrival times’, which
are not easily available in our context of censored data. In this study, we adopt a
simple ‘run declustering’ approach, following Coles and Tawn (1991) or Nadarajah
(2001) : a multivariate declustering threshold v = (v1,...v4) is specified (typically,
v = (300, 320, 520, 380) respectively for Saint-Jean, Mialet, Anduze and Ales), as
well as a duration 7 representative of the hydrological features of the catchment
(typically 7 = 3 days). Following common practice (Coles, 2001), the thresh-
olds are chosen in regions of stability of the maximum likelihood estimates of the
marginal parameters.

In a censored data context, a marginal data O;; exceeds v; (resp. is below v;)
if kj; =1 and Y, > vj (resp. Y, < wvj), orif kj; € {2,3} and L;; > v; (resp.
kit = 3 and Rj; < v;). If none of these conditions holds, we say that the data
point has undetermined position with respect to the threshold. This is typically the
case when some censoring intervals intersect the declustering thresholds whereas
no coordinate is above threshold.

A cluster is initiated when at least one marginal observation O;; exceeds the
corresponding marginal threshold v;. It ends only when, during at least 7 succes-
sive days, all marginal observations are either below their corresponding threshold,
or have undetermined position. Let {t;,1 < ¢ < ny} be the temporal indices of
cluster starting dates. A cluster maximum C;/i is the component-wise ‘maximum’
over a cluster duration [t;,...,t; +r]. Its definition require special care in the con-
text of censoring: the marginal cluster maximum is C}/;, = (m}fti, Vi, LYy RXM)?

Vv
j7ti )
type E;{ti is that of the ‘largest’ record over the duration. More precisely, omitting

the temporal index, if Y} > LY, then #7 = 1. Otherwise, if L} < R}, then «} is
set to = 3; otherwise, if L}/ > 0, then /@}/ = 2 ; If none of the above holds, then the
4™ cluster coordinate is missing and Iﬁ}/ =0.

with Y]\’éz = maxy,<¢<t,+r{Yj+} and similar definitions for L R}‘/,ti' The marginal
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Figure 2 shows the uni-variate projections of the multivariate declustering scheme,
at each location. Points and segments below the declustering threshold indicate
situations when the threshold was not exceeded at the considered location but at
another one.

Anticipating Section 3, marginal cluster maxima below threshold are censored in
the statistical analysis, so that their marginal types are always set to 3, with lower
bound at zero and upper bound at the threshold. This approach, fully described
e.g. in Ledford and Tawn (1996), prevents from having to estimate the marginal
distribution below threshold, which does not participate in the dependence struc-
ture of extremes.

St Jean Mialet
— —
L 5 £
™M o (92} 8
£ 8 £ o
~ — N
(] ()
2 2
gq g8
C 8 o -
Q= R U
a [a)
Ou o
T 1. 1. 1. 1. 1.1 1T 1 1T 1T 1T 71T 1T T T T1 T 1. 1. 1.1 1.1 1T 1 1T 1T 1 1T 1T T 71T 11
1604 1668 1733 1797 1861 1925 1989 1604 1668 1733 1797 1861 1925 1989
Year Year
Anduze Ales
% 8 9 R
= Q =~
oM © a2 8
£ o £ 8
- S ~ «
[PN=} ()
o < o
g 2o
T o c S
L o £ o
o Q o -
2 % ®lege B
a e [a)
o o
T 1 T 1 1T 17T T T T T T T T T T T T 1 T T T T T T T T T T T T T T T T T 1 1
1604 1668 1733 1797 1861 1925 1989 1604 1668 1733 1797 1861 1925 1989
Year Year

FiGuRrE 2. Extracted peaks-over-threshold at the four considered
stations. Violet segments and areas represent data of type 2 and 3
available before declustering. Missing days are shown in red. Grey
segments (resp. black points) are data of type 2 and 3 (resp. 1)
belonging to an extracted multivariate cluster. The declustering
threshold is represented by the horizontal black line. Vertical Grey
lines are drawn at days which are missing at the considered location
but which belong to a cluster, due to a threshold excess at another
location.

After declustering and censoring below threshold, the data set is made of n, =
125 d-variate cluster maxima {Cy,1 < i < n,}. The empirical mean cluster size
is 7 = 1.248, which is to be used as a normalizing constant for the number of
inter-cluster days. Namely, m dependent inter-cluster observations contribute to
the likelihood as m/7 independent ones would do (see e.g. Beirlant et al. (2004),
Chap. 10 or Coles (2001), Chap. 8). As for those inter-cluster observations,
npel = 7562 data points are below thresholds and only 9 days are completely
missing (no recording at any location). The remaining nl, = 140674 days are
undetermined, and must be taken into account in the likelihood expression. They
can be classified into 34 homogeneous temporal blocks (i.e. all the days within a
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given block contain the same information), typically, between two recorded annual
maxima. The block sizes are n/(1 <14 < 34), so that Z?il n, =nl.

Figure 3 shows bi-variate plots of the extracted cluster maxima together with un-
determined blocks. Exact data are represented by points; One coordinate missing
or censored yields a segment and censoring at both locations results in a rectangle.
The plots show the asymmetrical nature of the problem under study: the quantity
of available data varies from one pair to another (compare, e.g., the number of
points available respectively for the pair Saint-Jean/Mialet and Saint-Jean/Alés).
Joint modeling of excesses thus appears as a way of transferring information from
one location to another. Also, the most extreme observations seem to occur si-
multaneously (by pairs): They are more numerous in the upper right corners than
near the axes, which suggests the use of a dependence structure model for asymp-
totically dependent data such as the Dirichlet mixture (see Section 3.2).
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FiGurE 3. Bi-variate plots of the 124 simultaneous stream-flow
records (censored cluster maxima) at the four stations, and of the 34
undetermined data blocks defined in section 2.2, over the whole pe-
riod 1604-2010. Points represent exact data, gray lines and squares
respectively represent data for which one (resp. two) coordinate(s)
is (are) censored. Data superposition is represented by increased
darkness. The striped rectangle at the origin is the region where
all coordinates are below threshold.

3. MULTIVARIATE PEAKS-OVER-THRESHOLD MODEL

This section provides a short description of the statistical model used for esti-
mating the joint distribution of excesses above high thresholds. A more exhaustive
statistical description is given in the above mentioned forthcoming paper. For an
overview of statistical modeling of extremes in hydrology, the reader may refer e.g.
to Katz et al. (2002). Also, Davison and Smith (1990) focus on the uni-variate case
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and Coles and Tawn (1991) review the most classical multivariate extreme value
models.

3.1. Marginal model. After declustering, the extracted cluster maxima are as-
sumed to be independent from each other. Their margins (values of the cluster
maxima at each location considered separately) can be modeled by a General-
ized Pareto distribution above threshold, provided that the latter is chosen high
enough (Davison and Smith, 1990; Coles, 2001). Let Y]vtL be the (possibly unob-
served) maximum water discharge at station j, in cluster ¢ and let F’ ; the marginal
cumulative distribution function (c.d.f.) below threshold. The marginal probabil-
ity of an excess above threshold is denoted ¢; (1 < j < d). Following common
practice (e.g. Coles and Tawn, 1991; Davison and Smith, 1990; Ledford and Tawn,
1996), ¢; is identified with its empirical estimate fj, which is obtained as the
proportion of intra-cluster days (after uni-variate declustering) among the non-
missing days for the considered margin and threshold. For v as above, it yields
¢ ~ (0.0021, 0.0022, 0.0022, 0.0020).
The marginal models are thus

FO7 () =PV, <ulgo),  (1<j<d)
LNl
1—¢ (1+fﬂ'yaj]) Uy 2 vy),
(1- Cj)ng(y) (if y < Uj).

The marginal parameters are gathered into a 2d-dimensional vector

x = (log(o1),...,log(cq), &1, .-, &a) »

and the uni-variate c.d.f.’s are denoted by F\.
In a context of regional frequency analysis, it is further assumed that the shape
parameter of the marginal GP distributions is identical for all catchments, i.e.

§1=-=%&.

3.2. Dependence structure. In order to apply probabilistic results from multi-

variate extreme value theory, it is convenient to handle Fréchet distributed variables
1

Xjt;, so that P(Xj4, < x) =e =, x > 0. This is achieved by defining a marginal

transformation

7;X(y) = —1/log (F}‘(y)) )

and letting X4, = 7?‘ (Yj+;)- The dependence structure is then defined between the
Fréchet-transformed data. One key assumption underlying multivariate extreme
value models is that random vectors Yy = (Yi4,...,Yy,) are regularly varying (see
e.g. Resnick, 1987, 2007; Beirlant et al., 2004; Coles and Tawn, 1991). Multivariate
regular variation (MRV) can be expressed as a radial homogeneity property of the
distribution of the largest observations: For any region A C (R*)¢ bounded away
from 0, if we denote r.A = {x € R?: Ix € A}, then, for large ro’s and for r > ro,
MRYV and transformations to unit-Fréchet imply that

rP(X er.A) ~ ro P(X € r9.A). (1)

r0—+00,7>T0

157



Switching to a pseudo-polar coordinates system, let R = Z?Zl X denote the

radius and W = (%, ceey %) denote the angular component of the Fréchet re-
scaled data. In this context, W is a point on the simplex Sy: Z?:l W; =1, W; >

0. Then (1) implies that, for any angular region B C S,
P(WeB|R>r) — H(B) (2)
r0—>00

where H is the so-called ‘angular probability measure’, i.e. the distribution of the
angles corresponding to large radii. Since in addition, P(R > rg) ~ %, the
To— 00

joint behavior of large excesses is entirely determined by H.

As an illustration of this notion of angular distribution, Figure 4 shows two
examples of simulated bi-variate data sets, with two different angular distributions
and same Pareto-distributed radii. H’s density is represented by the pale red area.
In the left panel, H has most of its mass near the end points of the simplex (which
is, in dimension 2, the segment [(1,0),(0,1)], represented in blue on Figure 4)
and the extremes are weakly dependent, so that events which are large in both
components are scarce. In the limit case where H is concentrated at the end-points
of the simplex (not shown), the pair is said to be asymptotically independent. In
contrast, the right panel shows a case of strong dependence: H is concentrated
near the middle point of the simplex and extremes occur mostly simultaneously.

10

X2
10
X2

X1 X1

Ficure 4. Two Examples of bivariate dependence structures of
excesses above a radial threshold.

Grey points: simulated bivariate data. Pale red area: density of
the angular distribution. Blue point: one randomly chosen angle
W, corresponding to the observation X (black point).

Contrary to the limit distribution of uni-variate excesses, H does not have to
belong to any particular parametric family. The only constraint on H is due to
the standard form of the X;’s: H is a valid angular distribution if and only if

| wtwm =1 G<i<a). 3)
Sa

In this paper, H is chosen in the Dirichlet mixture model (Boldi and Davison,
2007), which can approach any valid angular distribution. In short, a Dirichlet
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distribution with shape v € R™ and center of mass u € Sy has density

diri, (W) = L) ﬁ wit
Vi T d 100 J '
[T T(vpy) j=1
The density of a Dirichlet mixture distribution is therefore a weighted average of
Dirichlet densities. A parameter for a k-mixture is thus of the form

= ((pl,...,pk),(,u,’l,...,u,7k),(y1,...,yk)),

with weights pp, > 0, Y. pm = 1, which will be denoted by ¢ = (plzk, K. 1k I/l;k).
The corresponding mixture density is

k
hy (W) = Z D diri,,#._m (w) .
m=1

As for the moment constraint (3), it is satisfied if and only if

k
S bt = (1/d,...,1/d) . (4)
m=1

In other terms, the center of mass of the p. ;.,,’s, with weights p1.,,,, must lie at
the center of the simplex.

3.3. Estimation using censored data. Data censorship is the main technical
issue in this paper. This section exposes the matter as briefly as possible. For
the sake of readability, technical details and full statistical justification have been
gathered in the above mentioned unpublished paper.

In order to account for cenored data overlapping threshold and censored or
missing components in the likelihood expression, it is convenient to write the model
in terms of a Poisson point process, with intensity measure determined by H. More
precisely, after marginal standardization, the time series of excesses above large
thresholds can be described as a Poisson point process (PRM),

n
Z]l(t,Xt) ~ PRM(ds x d\) on [0,n] x Ay,
t=1

where n is the length of the observation period, A, is the ‘extreme’ region on
the Fréchet scale, Ay, = [0,00]% \ [0,u1] X --- X [0,ug], above Fréchet thresholds
uj = 7}X(vj) = —1/log(1—¢;). The notation ds stands for the Lebesgue measure
on [0,1] and A is the so-called ‘exponent measure’, which is related to the angular
distribution’s density h via

d

dA _

&(x) = d.h(w)r— (@D (7“ = ij , W= x/r) .
j=1

This Poisson model has been widely used for statistical modeling of extremes
(Coles, 2001; Coles and Tawn, 1991; Joe et al., 1992). The major advantage in our
context is that it allows to take into account the undetermined data (which cannot
be ascertained to be below nor above threshold), as they correspond to events of
the kind

N {1,844 nl] e (10,001 0. 7Ry )] - [0.T (Rag)]) } = 0.
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where N{ -} is the number of points from the Poisson process in a given region.

In our context, h is a Dirichlet mixture density: h = hy,. Let 6 = (x, ) represent
the parameter for the joint model, and Ay be the Poisson intensity associated with
hy. The likelihood in the Poisson model, in the absence of censoring, is

Ly (vharent) x {2 T Bwal} 6

i=1 JiYj,t,>0;

The JJX’S are the Jacobian terms accounting for the transformation y — x.

The likelihood function in presence of such undetermined data and of censored
data above threshold is obtained by integration of (5) in the direction of censorship.
These integrals do not have a closed form expression. In a Bayesian context, a
Markov Chain Monte-Carlo (MCMC) algorithm is built in order to sample from
the posterior distribution, and the censored likelihood is involved at each iteration.
Rather than using numerical approximations, whose bias may be difficult to assess,
one option is to use a data augmentation framework (see e.g. Tanner and Wong,
1987; Van Dyk and Meng, 2001). The main idea is to draw the missing coordinates
from their full conditional distribution in a Gibbs-step of the MCMC algorithm.
Again, technicalities are omitted here.

4. RESULTS

In this section, the multivariate extreme model with Dirichlet mixture depen-
dence structure is fitted to the data from the Gardons, including all historical data
and assuming a regional shape parameter. This regional hypothesis is confirmed
(not rejected) by a likelihood ratio test: the p-value of the x? statistic is 0.16. To
assess the added value of taking into account historical data on the one hand, and
of a regional analysis on the other hand, inference is also made without the re-
gional shape assumption and considering only the systematic measurement period
(starting from January, 1892). Thus, in total, four model fits are performed.

For each of the four experiments, 6 chains of 10° iterations are run in parallel,
which requires a moderate computation time?. Using parallel chains allow to check
convergence using standard stationarity and mixing tests (Heidelberger and Welch
(1983)’s test , Gelman and Rubin (1992)’s variance ratio test), available in the
R statistical software. In the remainder of this section, all posterior predictive
estimates are computed using the last 8 10° iterations of the chain obtaining the
best stationarity score.

Figure 5 shows posterior histograms of the marginal parameters, together with
the prior density. The posterior distributions are much more concentrated than
the priors, indicating that marginal parameters are identifiable in each model.
Also, the shape and scale panels are almost symmetric: a posterior distribution
granting most weight to comparatively high shape parameters concentrates on
comparatively low scales. This corroborates the fact that frequentist estimates
of the shape and the scale parameter are negatively correlated (Ribereau et al.,
2011). In the regional model as well as in the local one, the posterior variance of
each parameter is reduced when taking into account historical data (except for the

2The execution time ranged from approximately 3h30’ to 4h30" for each chain on a standard
processor Intel 3.2 GHz.
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scale parameter at Anduze, for the local model). This confirms the general fact
that taking into account more data tends to reduce the uncertainty of parameter
estimates.
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FIGURE 5. Prior and posterior distributions of the shape parameter
(upper panel) and of the logarithm of the scale parameter (lower
panel) at the four locations, estimated with or without historical
data, in a regional framework or not.

Figure 6 shows posterior mean estimates of the return levels at each location,
together with credible intervals based on posterior 0.05 — 0.95 quantiles, in the
four inferential frameworks. The return levels appear to be very sensitive to model
choice: overall, taking into account the whole period increases the estimated return
levels. In terms of mean estimate, the effect of imposing a global shape param-
eter varies from one station to another, as expected. For those return levels, the
posterior credibility intervals seem to depend more on the mean return levels than
on the choice of a regional or local framework. This seems at odds with the pre-
vious findings of reduced intervals for marginal parameters. However, one must
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note that the width of return level credibility intervals depends not only on that
of the parameters, but also on the value of the mean estimates. Larger parameter
estimates involve larger uncertainty in terms of return levels.
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FI1GURE 6. Return level plots at each location using four inferential
frameworks with 90% posterior quantiles. Dotted lines and hatched
areas: data from he recent period only; Solid lines and shaded
area: Full data set; Black lines and Grey area: Regional analysis,
global shape parameter; Red lines and shaded red area: local shape
parameters. Black (resp. Red) points: observed data plotted at
the corresponding empirical return period using the whole (resp.
recent) data set.

In addition to uni-variate quantities of interest such as marginal parameters
or return level curves, having estimated the dependence structure gives access
to multivariate quantities. Figure 7 shows the posterior mean estimates of the
angular density. Since the four-variate version of the angular distribution cannot
be easily represented, the bivariate marginal versions of the angular distribution are
displayed instead. Here, the unit simplex (which was the diagonal blue segment in
Figure 4) is represented by the horizontal axis, so that H is a distribution function
on [0,1]. As could be expected in view of Figure 3, extremes are rather strongly
dependent. Moreover, the posterior distribution is overall well concentrated around
the mean estimate.

The predictive angular distribution allows to estimate conditional probabilities
of exceedance of high thresholds. As an example, figure 8 displays, for the six
pairs 1 < j < ¢ < 4, the posterior estimates of the conditional tail distribution
functions P(Y;Y > y|Y; > v;) at location i, conditioned upon an excess of the
threshold v; at another location j. The predictive tail functions in the DM model
concur with the empirical estimates for moderate values of y. For larger values,
the empirical error grows and no empirical estimate exists outside the observed
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FIGURE 7. Posterior predictive bi-variate angular densities (black
lines) with posterior 0.05 — 0.95 quantiles (Grey areas).

domain. However, the DM estimates are still defined and the size of the error
region remains comparatively small.
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Finally, one commonly used measure of dependence at asymptotically high levels

between pairs of locations is defined by (Coles et al., 1999):
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o P(Xi>$,Xj>ZE)_ .
Xij = m]i)rgo P(XJ N :L') = wlgIolo P(XZ > |Xj > $),

where X;, X; are the Fréchet-transformed variables at locations ¢ and j. Since
X; and X are identically distributed, x;; = X, From its definition, x; ; is
comprised between 0 and 1; small values indicate weak dependence at high levels
whereas values close to 1 are characteristic of strong dependence. In the extreme
case x = 0, the variables are asymptotically independent. In the case of Dirichlet
mixtures, X; ; has an explicit expression formed of incomplete Beta functions (Boldi
and Davison, 2007, eq. (9)). Figure 9 shows posterior box-plots of x for the
six pairs. The strength of the dependence and the amount of uncertainty varies
from one pair to another, but mean estimates are overall large (greater than 0.4),
indicating strong asymptotic dependence.

|

dependence measure 'Chi
0.5 0.6
\
\

0.4

0.3
I

T T T T T T
StJean-Mialet Stlean-Anduze Stlean-Ales  Mialet-Anduze Mialet-Ales Anduze-Ales

FIGURE 9. Dependence measure ; ; for the six pairs of locations:
Posterior box-plot.

In order to verify the consistency of those results with observed data, empirical
quantities P(X; > x| X; > x) have been computed and are displayed in Figure 10.
More precisely, it is easy to see that

P(X; > a|X; > a) = PV} > (F )" o FXw)|Y} > ),

where F}, X are the marginal cdf for location i and j, and the Y}, Y;"’s are the
observed data (cluster maxima). In Figure 10, the conditioning thresholds y are
the observed values of the conditioning variable Yjv above the initial threshold v;,
of which the estimated return period (abscissa of the red points) is taken as its
mean estimate using the marginal parameter components of the posterior sample.
For each such y, (FX)"!o ij(y) is estimated by its posterior mean value, again
computed from the marginal posterior sample. Then, the conditional probability of
an excess by Y, (Y-axis value of the red points) is computed empirically. In theory,
as the return period increases, the red points should come closer to the horizontal
black line, which is the mean estimate of x computed in the Dirichlet mixture
dependence model, as in Figure 9. Note that in the Dirichlet model, the limiting
value x is already reached at finite levels because the conditional probability of an
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excess on the Fréchet scale, P(X; > z|X; > x), is constant in 2. On the contrary,
in an asymptoticallly independent model, the conditional exceeedance probability
whould be decreasing towards zero. Results in Figure 10 are comforting: the mean
values of x obtained from the Dirichet model are within the error regions of the
empirical estimates. The latter are very large, compared to the posterior quantiles
from the Dirichlet mixture, which illustrates the usefulness of an extreme value
model for computing conditional probabilities of an excess.

This result has implications for computing the return periods of joint excesses
of high thresholds. Consider, for example, the 10 years marginal return levels
at two stations, (q1,¢2). If the excesses above these threhsolds were assumed to
be independent, taking into account short term temporal dependence (the mean
cluster size is 7 = 1.248), the return period for the joint excess (Y} > ¢1, Yy > o)
would be 10? * (365/7) = 29247.8 years. On the contrary, accounting for spatial
dependence, for example between the two first stations (St Jean and Mialet), yields
an estimated return period for a joint excess of 10/x; 5 = 10/0.645 = 15.5 years.

P(excess at St Jean | excess at Mialet) P( excess at St Jean | excess at Anduze ) P( excess at St Jean | excess at Ales)
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FiGure 10. Observed conditional probability of exceedance of
equally scaled thresholds. Red points: empirical estimates of con-
ditional excesses; pale red regions, empirical standard error; hor-
izontal black line and gray area, posterior mean and 0.05 — 0.95
quantiles of the theoretical value in the DM model.

5. DISCUSSION

This section lists the limitations of the model used in this paper and discusses
directions for improvement.

5.1. Impact of systematic rating curve errors. The use of historical data al-
lows extending the period of record and hence the availability of extreme flood
events. However, historical data are also usually much more uncertain than recent
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systematic data, for two reasons: (i) the precision of historical water stages is lim-
ited; (ii) the transformation of these stage values into discharge values is generally
based on a rating curve derived using a hydraulic model, which may induce large
systematic errors.

The model used in the present paper ignores systematic errors (ii). This is
because we focused on multivariate aspects through the use of the DM model
to describe intersite dependence. However, systematic errors may have a non-
negligible impact on marginal quantile estimates, as discussed by Neppel et al.
(2010). Moreover, in a multivariate context, the impact of systematic errors on
the estimation of the dependence structure is unclear at this stage and requires
further evaluation. Future work will therefore aim at incorporating an explicit
treatment of systematic errors, using models such as those discussed by Reis and
Stedinger (2005) or Neppel et al. (2010).

5.2. Comparing several models for intersite dependence. The DM model
used in this paper to describe intersite dependence is a valid dependence model
according to multivariate extreme value theory (MEVT). Many alternative ap-
proaches, not necessarily MEVT-compatible, have been proposed in the hydrolog-
ical literature on regional estimation methods. Such approaches include simply
ignoring dependence (e.g. Dalrymple, 1960), the concept of ’equivalent number of
sites’ (Reed et al., 1999) or the use of copulas (e.g. Renard, 2011). This raises
the question of the influence of the approach used to describe dependence on the
following estimates:

e Marginal estimates, typically quantile estimates at each site. While the
impact of ignoring dependence altogether has been studied by several au-
thors (Stedinger, 1983; Hosking and Wallis, 1988; Madsen and Rosbjerg,
1997; Renard and Lang, 2007), the impact of alternative dependence mod-
els is less clear. In particular, since marginal estimates do not directly use
the dependence model, it remains to be established whether or not differ-
ent dependence models (e.g. asymptotically dependent vs. asymptotically
independent) yield significantly different results.

e Joint or conditional estimates, as illustrated in Figures 3, 8 and 10 for
instance. The dependence model obviously plays a much more important
role in this case.

Such comparison has not been attempted in this paper because the use of censored
historical data makes the application of standard methods like copulas much more
challenging.

5.3. The treatment of intersite dependence in a highly dimensional con-
text. As illustrated in the case study, the DM model is applicable in moderate
dimension d=4. However, such semi-parametric approach is not geared toward
highly-dimensional contexts (e.g. spatial rainfall using dozens or hundreds of rain
gauges, or gridded data sets). Practical approaches for highly-dimensional multi-
variate extremes have been mostly proposed in the context of block maxima, using
the theory of max-stable processes (De Haan, 1984; Smith, 1990; Schlather, 2002;
Westra and Sisson, 2011). Estimation procedures e.g. using composite likelihood
methods exist for such processes (Padoan et al., 2010), along with descriptive tools
e.g. to define and estimate extremal dependence coefficients such as the madogram
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(Cooley et al., 2006). However, the development of models adapted to peaks-over-
threshold is still an area of active research in a highly-dimensional spatial context
and full modeling (which would e.¢g allow simulation of joint excesses) remain
elusive. Recent theoretical advances (Ferreira and de Haan, 2012; Dombry and
Ribatet, 2013) give cause to hope for, and expect, future development of spatial
peaks-over-threshold models.

6. CONCLUSION

This paper illustrates the use of a multivariate peaks-over-threshold model to
combine regional estimation and historical floods. This model is based on a semi-
parametric Dirichlet Mixture to describe intersite dependence, while Generalized
Pareto distributions are used for margins. A data augmentation scheme is used to
enable the inclusion of censored historical flood data. The model is applied to four
catchments in Southern France where historical flood data are available.

The first objective of this case study was to assess the relative impact of regional
and historical information on marginal quantile estimates at each site. The main
results can be summarized as follows:

e Over the four considered versions of the model, the version ignoring his-
torical floods and performing local estimation yields estimates that may
strongly differ from the other versions. The three other versions (which
either use historical floods or perform regional estimation or both) yield
more consistent estimates. This illustrates the benefit of extending the
at-site sample using either historical or regional information, or both.

e Compared with the most complete version of the model (which enables both
historical floods and regional estimation), the version only implementing
regional estimation (but ignoring historical floods) yields smaller estimates
of the shape parameter, and hence smaller quantiles. This result is likely
specific to this particular data set, for which many large floods have been
recorded during the historical period.

e Compared with the most complete version of the model, the version using
historical floods but implementing local estimation yields higher quantiles
for three catchments but lower quantiles on the fourth.

e The uncertainty in parameter estimates generally decreases when more in-
formation (regional, historical or both) is included in the inference. How-
ever, this does not necessarily result in smaller uncertainty in quantile
estimates. This is because this uncertainty does not only depends on the
uncertainty in parameter estimates, but also on the value taken by the pa-
rameters. In particular, a precise but large shape parameter may result in
more uncertain quantiles than a more imprecise but lower shape parameter.

The second objective was to investigate the nature of asymptotic dependence in
this flood data set, by taking advantage of the existence of extremely high joint
exceedances in the historical data. Results in terms of predictive angular density
suggest the existence of such dependence between every pairs of catchments of
asymmetrical nature: some pairs are more dependent than others at asymptotic
levels. In addition, the Dirichlet Mixture model allows to compute bi-variate con-
ditional probabilities of large threshold exceedances, which are poorly estimated
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with empirical methods. The limiting values of the conditional probabilities, the-
oretically obtained with increasing thresholds, are substantially non zero (they
range between 0.4 and 0.65), which confirms the strength and the asymmetry of
pairwise asymptotic dependence for this data set and induces multivariate return
periods much shorter than they would be in the asymptotically independent case.
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Chapitre 5

Conclusion

5.1 Résumé de la thése et discussion

Cette thése est consacrée au développement de méthodes d’inférence bayé-
sienne pour les extrémes multivariés, dans des modéles aussi élargis que
possible, c¢’est a dire, faisant peu d’hypothéses a priori sur la structure de
dépendance asymptotique. Dans un premier temps, une méthode a été pro-
posée pour prendre en compte les estimations issues de plusieurs modéles
d’extrémes existants, sans nécessairement avoir a choisir un seul modéle. En
utilisant le cadre du Bayesian model averaging, les différentes mesures angu-
laires prédictives a posteriori peuvent étre moyennées en fonction du poids
a posteriori de chaque modeéle. L’estimateur obtenu correspond & 1’estima-
teur de moyenne a posteriori dans I'union disjointe des modéles moyennés.
Le support de la loi a posteriori est plus large que dans chacun des modéles,
ce qui permet potentiellement de mieux représenter 'incertitude. En pra-
tique, on peut comparer la performance des estimateurs a l'aide de regles
de scores (scoring rules, Gneiting et Raftery (2007)). On constate sur des
données simulées que les estimateurs obtenus avec le BMA obtiennent en
moyenne de meilleurs scores que les estimateurs obtenus par sélection de mo-
déle. Cependant, lorsque la taille de ’échantillon augmente, la loi a posteriori
se concentre autour de la vraie distribution, ou, dans le cas (fréquent) ou le
modéle est mal spécifié (c’est a dire, lorsque la vraie loi des observations
n’appartient a aucun des modéles moyennés), dans les régions du « modéle
union » a plus faible distance (au sens de la divergence de Kullback-Leibler)
de la vraie distribution. Lorsque cette région est réduite a un point, ceci re-
vient a « sélectionner » le modéle qui le contient. Le BMA implémenté avec
un nombre fini de modéles ne permet donc pas de produire des estimateurs
approchant n’importe quelle mesure angulaire.

Cette limitation peut étre contournée par l'utilisation d’un modéle de
mélange de Dirichlet dont le nombre maximal de composants est élevé. En
théorie, ceci revient & implémenter le BMA avec un grand nombre de sous-
modéles, chacun étant un mélange a nombre fixé de composants. En pra-
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tique, l'inférence a lieu de maniére trés différente : au lieu d’estimer la loi
a posteriori dans chaque sous-modéle séparément, on utilise un algorithme
permettant d’échantillonner directement la loi a posteriori dans le modéle
union, en effectuant des « sauts » réversibles d’un sous-modéle & 'autre, d’oti
le nom de reversible-jump algorithm. La difficulté majeure rencontrée avec
ce modéle et 1'algorithme initialement proposés par Boldi et Davison (2007),
tenait a la nécessité de construire des paramétres de mélange vérifiant une
contrainte barycentrique, pour que la mesure angulaire satisfasse la contrainte
de moments (1.16). Dans la deuxiéme partie de cette thése, la contrainte sur
les paramétres est levée par une re-paramétrisation du modéle. Sous cette
nouvelle forme, la contrainte de moments est automatiquement satisfaite et
chaque sous-modéle (& nombre fixé de composants) est un espace produit.
Ceci permet de construire un algorithme a sauts réversibles dont les « sauts »
sont définis simplement par I’ajout ou le retrait d’un composant, et dont les
mouvements « intra modéle » peuvent étre définis de maniére flexible, en
fonction des données. Sur le plan théorique, le caractére ¢-irréductible de
la chaine de Markov correspondant a l’algorithme ainsi construit est éta-
bli. Les expériences menées sur des données simulées et réelles montrent que
les propriétés de « mixing » de la chaine de Markov sont considérablement
améliorées par rapport a la version originale de I’algorithme. Concernant les
propriétés asymptotiques du modéle, la consistance faible de la loi a poste-
riori est prouvée pour les cas ot la vraie distribution appartient a 'adhérence
de Kullback du modéle. Le temps a manqué pour délimiter I’étendue de cette
adhérence. Il semble possible de montrer que les mesures angulaires a den-
sité h bornée, ou telles que fsd hlog(h) < oo, en font partie, en utilisant
par exemple une approximation uniforme par des polynomes de Bernstein
sur le simplexe (Lorentz, 1953, chapitre 2.9) et en généralisant la preuve de
Petrone et Wasserman (2002) au cas multivarié. La question reste ouverte
pour les mesures angulaires non dominées, ou a distance de Kullback infinie
de la mesure de Lebesgue.

Le troisiéme volet de cette thése consiste a utiliser le modéle de mélange
de Dirichlet re-paramétré pour estimer la loi jointe des crues dans la région
des Gardons, dans le sud de la France, en utilisant des crues historiques. Les
données anciennes sont, pour la plupart, censurées, et le seuil de censure est
variable dans le temps. Cette variabilité du seuil, ainsi que I'incertitude sur
le caractére « extréme » ou non de certaines données, induite par la censure,
sont prises en compte dans le cadre d’un modéle de Poisson sur les régions
« loin de lorigine ». Une des conséquences de la censure est 'absence d’ex-
pression explicite pour la vraisemblance, qui s’écrit comme une intégrale,
sur des régions rectangulaires, de la vraisemblance classique d’'un processus
de Poisson. Cette difficulté de taille pour I'implémentation d’un algorithme
MCMC est traitée par « augmentation de données », c’est-a-dire en introdui-
sant des variables d’augmentation qui « remplacent » les données manquantes
ou censurées et dont on connait la loi conditionnellement aux autres données
et aux paramétres. Ces données virtuelles sont traitées comme des parameétres
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supplémentaires a échantillonner. Ceci revient a augmenter la dimension de
I'espace des paramétres et ralentit la convergence de l'algorithme, mais les
temps d’exécution pour des données de dimension modérée (quatre ou cing)
restent raisonnables (quelques heures sur un ordinateur de bureau). Le mo-
deéle est validé sur des données simulées, puis censurées d’aprés un schéma
semblable au schéma de censure des Gardons.

Un des objectifs de cette modélisation, d’un point de vue hydrologique,
était d’améliorer 'estimation des paramétres des lois marginales par la prise
en compte des données plus anciennes, et mesurées sur I’ensemble des sites
de la région, en faisant I’hypothése d’un parameétre de forme pour les lois
de Pareto constant a l’échelle régionale. En effet, un dépassement de seuil
enregistré sur une des stations, associé a une structure de dépendance, ap-
porte une information sur 'intensité d’un éventuel dépassement de seuil aux
sites voisins. L’ajustement du modéle sur les données des Gardons montre
que les estimations de niveaux de retour (quantiles extrémes) varient consi-
dérablement selon que ’on prend en compte ou non les données historiques
censurées. En terme de marges d’incertitude, la distribution a posteriori des
parameétres marginaux se concentre avec l'inclusion des données historiques.
Celle des niveaux de retour s’élargit pour les périodes de retour les plus éle-
vées, ce qui peut s’expliquer par le fait que I’écart type du niveau de retour ne
dépend pas que de celui des paramétres marginaux : I'incertitude augmente
avec la valeur du niveau estimé.

Concernant la structure de dépendance, les résultats indiquent des ni-
veaux élevés de dépendance asymptotique entre les paires de stations, en
terme de mesure de dépendance, définie par la probabilité conditionnelle de
dépassement de seuils identiques sur I'échelle de Fréchet, x; ; = lim, oo P(X; >
x| X; > z). Les estimateurs de x obtenus par moyenne a posteriori dans le
modéle de mélange de Dirichlet varient entre 0.4 et 0.6, sur une échelle de
0 (indépendance asymptotique) a 1 (dépendance totale), selon la paire de
stations considérée. Au vu de ces résultats, il n’a pas été jugé nécessaire de
mener des tests d’indépendance asymptotique (Hiisler et Li, 2009; Tsai et al.,
2013). Cependant, sur des jeux de données dont la dépendance asymptotique
serait moins évidente, la présence de censures empécherait d’appliquer tels
quels les tests existants. La construction de tests adaptés & des données cen-
surées reste a faire. Concernant la question de 'indépendance asymptotique,
dans toute cette thése, on s’est intéressé aux modéles multivariés dans les-
quels il y a dépendance asymptotique entre toutes les variables, de sorte que
la totalité de la masse angulaire est portée par 'intérieur du simplexe. Un
premier pas vers 'affaiblissement de cette hypothése serait d’autoriser une
concentration de la masse sur les faces du simplexe, ce pour quoi les propriétés
de marginalisation des lois de Dirichlet devraient pouvoir étre exploitées.

Enfin, outre 'amélioration de la connaissance statistique des caractéris-
tiques du bassin versant, une application possible du modéle de Dirichlet
concerne la simulation d’événements extrémes sur de petites échelles spa-
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tiales, et pourrait permettre par exemple d’inclure un module « événement
orageux » dans un simulateur de pluies. Cette piste n’a pas été explorée, mais
le fait que les lois conditionnelles et marginales dans un modéle de Dirichlet
se calculent facilement devrait faciliter la tache.

Trois packages R ont été développés, 'un pour I'implémentation du BMA,
I’autre pour 'algorithme & sauts réversibles échantillonnant la loi a posteriori
dans le mélange de Dirichlet, un troisiéme pour 'adaptation du mélange de
Dirichlet aux données censurées. Ils doivent étre soumis aux dépots CRAN,
éventuellement sous la forme d’un package commun.

5.2 Perspectives

Une attention particuliére a été accordée au modele de mélange de Dirichlet
et une perspective prometteuse ouverte par ce modéle concerne I'extension a
la grande dimension et aux processus extrémes. Pour les applications faisant
intervenir des données de grande dimension (les points d’une grille d’un mo-
deéle climatique par exemple et les problémes d’extrémes spatiaux en général),
le modéle de Dirichlet, dans sa forme présente, n’est pas adapté. Le « Fléau
de la dimension » induirait vraisemblablement une grande imprécision (un
manque de concentration de la loi a posteriori) et ralentirait dramatiquement
I’algorithme d’échantillonnage de type Gibbs. Une question naturelle : est-il
toutefois possible d’utiliser le cadre des mélanges de Dirichlet pour des es-
paces de grande dimension, tout en restreignant 1’espace des paramétres a
titre de compensation ? J’envisage, si les conditions le permettent, de pour-
suivre mes travaux dans cette direction.

La recherche d’une telle généralisation spatiale est extrémement tentante,
car les lois de Dirichlet ne sont que des cas particuliers, en dimension finie,
des processus de Dirichlet. Ces derniers peuvent par exemple étre définis sur
un espace compact, typiquement une région S, fermée, bornée dans le plan,
ou un ensemble dénombrable (les points d’une grille). En toute généralité,
soit (5,8) un espace mesuré, supposé CMS. L’espace P(S) des lois de pro-
babilité sur S, muni de la topologie de la convergence faible, est polonais et
sa tribu borélienne est engendrée par les « projections » fini-dimensionnelles
P — (P(Ay),...,P(Ag)). Un processus de Dirichlet DP,, dont le « para-
métre » est la mesure (finie sur S) «( ), est alors une mesure de probabilité
aléatoire, définie par ses lois fini-dimensionnelles. Plus précisément, on dit
qu’une mesure aléatoire P, définie sur S, est distribuée selon un proces-
sus de Dirichlet DP, si, pour toute partition Si,...,S; de S, le vecteur
(P(S1),...,P(Sq)) suit une loi de Dirichlet de paramétre (a(S1), ..., a(Sq))
(voir par exemple Ghosh et Ramamoorthi, 2003, chapitre 3).

Les processus de Dirichlet sont trés communément employés en statistique
bayésienne non paramétrique, en tant que prior sur P(.S). Ici, ils pourraient
intervenir en tant que loi des observations. En effet, on peut représenter la
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distribution d’une certaine quantité d’intérét sur une région de 'espace, par
exemple le cumul de précipitations journaliéres, par une mesure aléatoire. On
peut alors s’intéresser a la répartition des précipitations sur une telle région,
conditionnellement & un dépassement d’un seuil élevé par une fonctionnelle
adaptée, par exemple la quantité de précipitations intégrées sur la région.
Cette répartition aléatoire conditionnelle peut alors étre modélisée par un
processus, ou un mélange de processus de Dirichlet.

Ceci contribuerait au développement de modéles d’extrémes définis par
des dépassements simultanés de seuils élevés, appelés, dans le cas de la di-
mension infinie, des Processus de Pareto Généralisés (GPP, Generalized Pa-
reto Process) (Ferreira et de Haan, 2012). Ces derniers sont la contrepartie
des processus max-stables, obtenue en considérant les dépassements de seuils
élevés a la place des maxima de blocs de grande taille. Les processus max-
stables ont regu une attention considérable ces derniéres années (De Haan,
1984; Smith, 1990; Schlather, 2002; Westra et Sisson, 2011; Padoan et al.,
2010). Les trajectoires de tels processus (les réalisations), peuvent légitime-
ment servir de modéle pour les maxima de blocs de grande taille, calculés
« composante par composante ». Ainsi, elles ne correspondent pas a des réa-
lisations observées du processus sous-jacent. Cette approche est adaptée a
certaines questions ayant trait a la gestion des risques naturels, I'exemple
typique étant de connaitre la probabilité de dépassement par le niveau de
la mer, d’une digue cotiére, en au moins un endroit de la digue, au moins
une fois sur un nombre d’années n grand. En revanche, pour certaines ap-
plications, la question est de modéliser (estimer et simuler) les réalisations
effectives de champs spatiaux prenant de trés grandes valeurs.

Revenons a ’exemple classique des pluies extrémes a ’échelle d’une ré-
gion. L’occurrence simultanée de précipitations intenses en plusieurs points
d’intérét est susceptible de provoquer les dommages les plus importants. Par
ailleurs, pour les besoins de la modélisation météorologique ou hydrologique,
le recours aux simulateurs de pluies est fréquent. Pour simuler des pluies
éventuellement intenses, la connaissance de la structure spatiale des réalisa-
tions effectives des champs de pluies, conditionnellement & un excés de seuil
(a définir), est nécessaire.

La simulation directe de tels champs est une question délicate, et une
solution partielle consiste a générer un processus max-stable appartenant
au méme domaine d’attraction (Buishand et al., 2008). Dans le cadre des
processus continus, la difficulté de la simulation directe & partir de la mesure
angulaire vient de I’obligation pour I’« angle » d’appartenir a la sphére unité.
En d’autres termes, 'emploi de la norme sup pour définir la sphére unité
dans 'espace des processus oblige a simuler un processus V(s)scs tel que
supseg V(s) = 1 presque siirement. Cette contrainte est liée au choix du seuil,
ce qui revient, dans le cas spatial, a définir une fonction de coit £ sur I'espace
des trajectoires et a déclarer « extrémes » les réalisations correspondant &
de grandes valeurs de L. Une premiére étape vers un affaiblissement de la
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contrainte précédente consiste & admettre plusieurs fonctions de coit, sous
une hypothése de continuité par rapport a la norme uniforme. Dombry et
Ribatet (2013) montrent que dans ce cas, les mesures spectrales (et la loi
des angles) correspondant aux différents coiits se déduisent facilement les
unes des autres. Une question presque ouverte consiste & se demander s’il
est possible d’abandonner I’hypothése de continuité des trajectoires et de
travailler a la place sur un espace de mesures.

Cette piste est partiellement explorée par Boldi (2004) dans sa thése de
doctorat. Aprés avoir divisé la région d’intérét S en une partition formée de
sous-régions homogénes S, ..., Sy, un mélange de Dirichlet en dimension d
est ajusté. Le principal probléme est qu’une fois la partition imposée, 1’esti-
mation concerne seulement les paramétres o, (S1), ..., am(Sq) (m < k, pour
un mélange de processus de Dirichlet a k composants ay, ..., ax), de sorte
qu’on ne peut faire de prédiction sur une région A n’appartenant pas a la
partition d’origine. Une possibilité serait de spécifier un modéle sur les «,,,
par exemple en imposant une forme gaussienne ou triangulaire, puis d’in-
férer les hyper-paramétres gouvernant 1’échelle et la localisation, de sorte
que a,,(A) serait accessible pour toute région A. L’inconvénient apparent est
que cela restreint I'espace des mesures angulaires possibles, mais la possibi-
lité d’augmenter le nombre de composants du mélange est prometteuse pour
contourner cette difficulté.

D’un point de vue théorique, le cadre des extrémes multivariés ne s’étend
pas tel quel aux espaces de mesures, notamment parce que l'espace des me-
sures réguliéres sur un ouvert de R? n’est pas localement compact, propriété
pourtant nécessaire dans 1’établissement classique de I’équivalence entre va-
riation réguliére, convergence des exces vers un processus de Poisson et attrac-
tion des maxima. Cependant la notion de variation réguliéres des mesures sur
R? s’étend a des mesures définies sur tout espace métrique séparable, complet
(Hult et Lindskog, 2006), en particulier I’espace des mesures positives régu-
lieres M, (E). Les travaux de Hult et Lindskog (2006); Ferreira et de Haan
(2012); Dombry et Ribatet (2013) se concentrent sur les espaces de processus
continus. La direction des mesures aléatoires reste encore a explorer.
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Annexe A

Note sur la formule de Bayes

L’objectif de cette note est de montrer que I’hypotheése 1 faite en section 1.3.1
est vérifiée sous une condition trés faible. On verra que la mesurabilité de
Papplication partielle p, : 6 — py(x) a lieu presque partout, dans un sens
a préciser, sous une condition trés générale sur I'espace des observations, a
savoir

Hypothése 2.
La tribu des observations X est engendré par une collection dénombrable
d’ensembles.

Cette derniére hypothése est en particulier vérifiée si ’espace des obser-
vations est CMS. Notons que I’hypothése de régularité assurant l'existence
de la loi conditionnelle concerne X et non 7, comme on pourrait s’y attendre
au vu du théoréme classique de désintégration (voir e.g. Kallenberg, 1997,
théoréme 5.3).

On va montrer que py(z) est presque partout égale a une dérivée de
Radon-Nikodym d’une mesure jointe sur X x © par rapport a une mesure
de référence, comme suggéré dans Schervish (1995), probléme 1.9. Dans la
suite,les o-algébres sont toujours considérées comme complétes pour la me-
sure considérée, de sorte que les sous-ensembles d’ensembles négligeables sont
toujours mesurables.

Soit A la mesure sur X ® T définie par

VAe X, VBeT, MAxB)= / Po(A) dr(6) .
B

Lemme 1. La mesure jointe X est absolument continue par rapport a v X .

Démonstration. Soit G € X @ T et, pour 6 € O, soit Gy la f-section {z €
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X : (z,0) € G}. On a immédiatement

vxm(G)=0 = / /G dv(z)dn(f#) =0 (Tonelli-Fubini)

= / G9
= v Gg) =0, mp.s.
= Py(G m-p.s. (since Py < v, m-ps. )

:>/P9 =0

O

La dérivée de Radon de A\ par rapport a v x 7 est donc bien définie.
Notons-la f(z,0). Par définition, f est X ® T-mesurable et f, : 0 — f(z,0)
est v-presque partout T-mesurable (Fubini-Tonelli pour mesures complétes,
voir par exemple Folland, 1984, théoréme 2.39). Le résultat principal peut
maintenant étre énoncé.

Théoréme 9. La dérivée de Radon f(z,0) = 72-(x,0) et la vraisemblance
po(z) coincident, dans le sens suivant : Il emste un ensemble m-négligeable
N C O, tel que, pour tout § € © \ N, pour tout x en dehors d’un ensemble
v-négligeable Ny, f(x,0) = po(z).

Ainsi, le modéle Pg est m-presque-partout inchangé si ['on remplace la
vraisemblance pg par sa version T -mesurable fy.

La preuve utilise le lemme suivant

Lemme 2. VA € X, IN, € T, n(Ny) =0, tel que

v € ¢, /A polz) dv(z) — /A (@, 0) dv(z)

Démonstration. Soit A comme dans 'énoncé et B € T.
D’une part,

A x B) = /B /A APy () dr(6)
_ /B /A po(@) dv(z)dn(0) (P < v, 7ps.) (A1)
D’autre part,
AA x B) = /@XX Laxp(z,0)

:/B/Af(gj,e)dy(a:)dﬂ(e) (Tonelli-Fubini) (A.2)

dA
dv x 7

(x,0) d(v x 7)(x,0)
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En combinant (A.2) et (A.1), on obtient

/B{/Ape(ai)dv(x)} dw(&):/B [/Af(g;’g)dy(%)} dr(0)

Ceci étant vrai pour tout B € T, le résultat suit. ]

La preuve du théoréme 9 utilise le lemme précédent et un argument de
classe monotone (ou théoréme A —7 de Dynkin, voir par exemple Kallenberg,
1997, théoréme 1.1)

Preuve du Théoréeme 9. 11 suffit de montrer que 'ensemble de mesure nulle
N4 du lemme 2 ne dépend pas de A. D’aprés 'hypothése 2, il existe une
collection dénombrable A = {A,,,n € N} de parties de X qui engendre X.
Soit C I'ensemble des intersections finies d’éléments de A. La famille C est
encore dénombrable, et 'on peut écrire C = {C,,,n € N}. De plus, C est un
m-systéme (elle est stable par intersections finies) qui engendre X. D’aprés le
lemme 2, pour tout n € N, il existe N,, € T, 7(N,) = 0, tel que

w0 ¢ N, /C (@, 0) dv(z) dr(6) = / po() dv(z) dr(6)

Cn

Posons N = J,,cn Cn- A nouveau, m(N) = 0.

Soit D I'ensemble des parties D C X ayant la propriété désirée, a savoir
tels que

W0 ¢ N, /D (@, 0) dv(z) dr(0) = /D po() d(z) dr(6).

Par construction, on a C C D. De plus, on vérifie facilement que D est stable
par unions dénombrables et différences propres, et que X € D. Ainsi, D est
une classe monotone, et par le lemme de classe monotone, D contient la tribu
engendrée o(C) = T.

En conclusion, pour tout # ¢ N, pour tout A € X,

/A F(,0) dv(z) dr(6) = /A po(a) dv(z) dr(6),

de sorte que, pour tout # ¢ N, les mesures sur X' de densités respectives py( -)
et f(-,0) par rapport & v définissent la méme mesure, d’ou le résultat. [
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Liste des symboles

(-)+ Partie positive, page 10

V Opérateur maximum (terme a terme), page 11

Cr Ensemble des fonctions continues, positives, & support compact, page 18
% (F) Ensemble des points de continuité de la fonction F', page 12

DA(G) Domaine d’attraction (des maxima) de la loi G, page 14

DAE(Q) Domaine d’attraction des exces de la loi @, page 12

¢ Mesure de Lebesgue sur R ou R?, page 11

Cy Ensemble des fonctions continues bornées, page 11

N Ensemble des entiers naturels, page 10

R Droite réelle, page 10

4, Convergence faible des mesures de probabilité, page 11
RN Convergence vague des mesures de Radon, page 18

e Inverse généralisée de la fonction croissante f, page 16

M, Ensemble des mesures boréliennes, positives, finies sur les compacts (mesures de
Radon), page 18

DM  Dirichlet mixture, page 24

f-d.r.  Fonction de répartition, page 11

CMS Espace métrique séparable et complet, page 18
GEV  Generalized Extreme Value distribution, page 14
GPD Generalized Pareto Distribution, page 13

POT Peaks-over-threshold, caractérisation des extrémes par la loi des excés au-dessus
de seuils élevés, page 5
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