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Chapter 2

Regular variation and tail measures

2.1 Regular variation of a real function
Definition 2.1.1 (Regular variation). A function U : R+ æ R+

is regularly varying (RV) if

÷fl œ R such that

’x > 0, lim
tæŒ

U(tx)
U(t) = x

fl
.

The parameter fl is called the regular variation index. We write ‘U œ RV (fl)’, meaning U is

RV with regular variation index fl. If fl = 0, U is called slowly varying.

Example 2.1 (Fréchet survival function):
U(x) = 1 ≠ �–(x) = 1 ≠ e

≠x
≠– is RV (≠–).

Example 2.2 (Generalized Pareto):
U(x) = (1 + “x)≠1/“ is RV (≠1/“).

Example 2.3 (Canonical: Pareto tail):
U(x) = x

≠–, x > 1, is RV (≠–).

Example 2.4 (slow variation):
U(x) = log(1 + x) is slowly varying. If limtæŒ f(t) = ¸ œ R, then f is slowly varying, the
converse is false.

Remark 2.1.2. Remind from last chapter that the max-domain of attraction condition (MDA)
is equivalent to condition (1.19) concerning the tail regularity, which is

1 ≠ F (t + ‡(t)x)
1 ≠ F (t) ≠≠≠æ

t¬xı

(1 + “x)≠1/“

+ .

This ‘resembles’ a RV condition. It will be shown that it is equivalent to regular variation of

U = 1 ≠ F in the case “ > 0.

Remark 2.1.3 (Equivalent formulation of RV). U is RV (fl) ≈∆ ÷L a slowly varying

function such that U(x) = x
fl
L(x).

(Proof: exercise)

Proposition 2.1.4 (A su�cient condition for RV)
If ÷h : R+ú æ R+ú

, measurable such that ’x > 0, limtæŒ
U(tx)
U(t) = h(x) then U is RV.
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Proof. (sketch of): Show that such h satisfies the Hamel equation h(xy) = h(x)h(y). ⌅

Proposition 2.1.5 (Another su�cient condition)
If U is non decreasing and if ÷(an)nØ0 œ R s.t. an æ +Œ, and a function h : R+ú æ R+ú

such that ’x > 0, limn nU(anx) = h(x) then U is RV.

Proof. Put n(t) = inf{n Ø 0 : an Ø t}. Then

U(an(t)≠1x)
U(an(t))

Æ U(tx)
U(t) Æ

U(an(t)x)
U(an(t)≠1) ,

and both sides of the sandwich converge to h(x). Using Proposition 2.1.4 concludes. ⌅

Exercise 2.1 (Reciprocal for Proposition 2.1.5):
Let F be a cdf and asssume that (1≠F ) œ RV (≠–), for some – < 0. Define U(t) = 1/(1≠F )(t)
and let an = U

Ω(n). Show that

n(1 ≠ F (anx)) æ x
≠–

, for x > 0, as t æ Œ. (2.1)

hint: consider the ratio 1≠F (anx)
1≠F (an) , and derive the limit of U(UΩ(n))/n.

Exercise 2.2 (regular variation and Fréchet domain of attraction):
Let F be a c.d.f. The goal is to show the following: ‘(1≠F ) is regularly varying with index ≠– < 0
if and only if

÷(an)nØ0 > 0 : F
n(an · ) æ �–, where �–(x) = e

≠x
≠–

, x > 0, (2.2)

and to characterize the possible sequences an, up to tail equivalence.

1. Show that (2.2) ∆ ’x > 0, F (x) < 1, F (anx) æ 1, and an æ Œ.

2. Prove that (2.2)∆ 1 ≠ F is RV (≠–).

3. Switching to the inverse function, show that (2.2)∆ an ≥
1

1
1≠F

2Ω
(n) as n æ Œ.

4. Check that if (1 ≠ F ) n(1 ≠ F (anx)) æ x
≠– for some sequence an, then (2.2) holds true.

Check that convergence also holds for any sequence ãn ≥ an. Conclude.

2.2 Karamata theorem and consequences
Idea: For integration purposes (of the kind

s Œ
x

U(t)dt or
s

x

0 U(t)dt), If U is RV (fl) then it
behaves as t ‘æ t

fl would, as x æ Œ. More precisely,

• if U(t) = t
fl and fl < ≠1,

s Œ
x

U(t)dt = ≠(fl + 1)≠1
x

fl+1 = ≠(fl + 1)≠1
xU(x).

• if U(t) = t
fl and fl > ≠1,

s
x

0 U(t)dt = (fl + 1)≠1
x

fl+1 = (fl + 1)≠1
xU(x).

Karamata’s theorem says that the same is true as x æ Œ when U œ RV (fl).

Theorem 2.2.1 (Karamata)
Let U : R+ ‘æ R+

be a RV (fl) function, s.t.
s

x

0 U < Œ’x > 0.
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1. If fl Ø ≠1 then x ‘æ
s

x

0 U is RV (fl + 1) and

lim
xæŒ

xU(x)s
x

0 U
= fl + 1. (2.3)

Conversely if (2.3) then U œ RV (fl).

2. If fl < ≠1 of if fl = 1 and
s Œ

1 U < Œ then x ‘æ
s Œ

x
U is RV (fl + 1) and

lim
xæŒ

xU(x)s Œ
x

U
= ≠fl ≠ 1. (2.4)

Conversely if (2.4) then U œ RV (fl).

Proof. See Resnick (1987), p. 17 or Resnick (2007), p. 25. ⌅

Corollary 2.2.2 (Karamata representation)
A function L : R+ æ R+

is slowly varying if and only if

• ÷c : R+ æ R+
such that limŒ c(x) = c œ (0, Œ), and

• ÷‘ : R+ æ R+
such that limŒ ‘(x) = 0,

such that

L(x) = c(x) exp
A ⁄

x

1

‘(t)
t

dt

B

. (2.5)

Proof. The proof of the su�ciency of (2.5) is an easy exercise. For the converse, let L œ
RV (0). From Karamata theorem, we have

b(x) := xL(x)s
x

0 L
æ 1 as x æ Œ.

By definition of b we may write

L(x) = b(x)
x

⁄
x

0
L = b(x) exp{log

s
x

0 L

x
} (2.6)

But also

log
s

x

0 L

x
=

⁄
x

1

d
dt

Ë
log

1 ⁄
t

0
L

2
≠ log t

È
dt + D (D : a constant)

=
⁄

x

1

A
L(t)
s

t

0 L
≠ 1

t

B

dt + D (D : a constant)

=
⁄

x

1

b(t) ≠ 1
t

dt + D

Setting ‘(t) = b(t) ≠ 1, we have ‘(t) æ 0 and the latter display combined with (2.6) yields

L(x) = b(x)eD

¸ ˚˙ ˝
:=c(x)æeD>0

exp
Ó ⁄

x

1

‘(t)
t

dt

Ô
,

which concludes the proof.
⌅
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Corollary 2.2.3 (Karamata representation of RV functions)
U œ RV (fl) ≈∆ U(x) = c(x) exp

s
x

1 –(t)/tdt, for some functions c(x) æ c > 0 and –(t) æ fl.

Proof.

U œ RV (fl) ≈∆ U(x) = L(x)xfl

≈∆ U(x) = c(x) exp
1 ⁄

x

1
‘(t)/tdt

2
exp(fl log x) (Corollary 2.2.2)

≈∆ U(x) = c(x) exp
1 ⁄

x

1
[‘(t) + fl]/tdt

2
.

⌅

The Karamata representation will prove useful at the end of this chapter, for proving the
consistency of the Hill estimator (an estimator for the regular variation index).

2.3 Vague convergence of Radon measures
Most of the material of this section is borrowed from Resnick (1987), Chapter 3, which
contains detailed proofs.

2.3.1 The space of Radon measures
In this course, the ’extreme events’ will take place in a ‘nice’ space such as (0, Œ) or (0, Œ].
Later on, for multivariate extremes, a very convenient space will be E = [0, Œ]d \ {0} where
0 = (0, . . . , 0). The reason why we include +Œ (via the Alexandro�’s compactification) is
that it makes the intervals [x, Œ], for x > 0 compact.

Remark 2.3.1 (Alexandro�’s space ). The space [0, Œ] is defined as [0, Œ) fi {+Œ}, where

+Œ is an arbitrary element which is greater than any element of [0, Œ). The order Æ on

[0, Œ) is thus extended to [0, Œ]. The topology on [0, Œ], i.e. the family of open sets then

consists of

• All sets V µ [0, Œ) which are open sets for the usual topology (Euclidean) on R.

• All sets V µ [0, Œ] such that +Œ œ V and V
c

is compact in [0, Œ).

After having compactified [0, Œ) at infinity, it is convenient to ’uncompactify’ it by removing

0. We obtain the space E = (0, Œ]. The idea behind is that we want tx æ Œ as t æ Œ for

all x œ E.

Exercise 2.3:
Prove that the sets [a, Œ], for a > 0 are compact in E = (0, Œ].

More generally, in the remainder of this course, we consider a space E which is locally
compact, second countable, Hausdor� (LCSCH). Locally compact means that each point in E
has a compact neighborhood. Second countable means that the topology on E has a countable
base. Finally, Hausdor� means that for any pair x ”= y œ E, there exists disjoint open sets
U, V such that x œ U and y œ V . In the sequel E is endowed with the Borel ‡-field E .

Definition 2.3.2 (Radon measures).
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• A measure µ : (E, E) æ [0, Œ] is called a Radon measure if for all compact set K µ E,

µ(K) < Œ.

• We denote M(E) the set of all Radon measures on E.

• In particular, M(E) contains Mp(E) the set of Radon point measures, i.e. measures of

the kind µ =
q

iœD
”xi; where D is countable, and (xi)iœD œ E has no accumulation

point.

2.3.2 Vague topology on M(E)
Let (µn)nœN, µ œ M(E). The sequence (µn) converges vaguely to µ if for all function f œ CK

(continuous with compact support),
s

E fdµn æ
s

E fdµ. We denote µn

v≠æ µ. In the sequel
we denote µ(f) :=

s
E fdµ. The topology associated to this notion of convergence is called the

vague topology on M(E), denoted by V. It is the topology generated by the evaluation maps
Tf : µ ‘æ µ(f), for f œ CK . A basis for V is the family of open sets

Ó
V = {µ œ M(E) : ai < µ(fi) < bi, ’1 Æ i Æ k}, k œ N, ai < bi œ R, fi œ CK

Ô
.

It can be shown that (M(E), V) is a Polish space (separable, completely metrizable). Separable
means that it contains a dense sequence; completely metrizable means that one can construct
a distance on M(E) which is compatible with the topology, and for which M(E) becomes a
complete space.

Similarly to the case of weak convergence, we have a ‘Portmanteau theorem’

Theorem 2.3.3
The following are equivalent:

(i) µn

v≠æ µ.

(ii) µn(B) æ µ(B) for all set B such that B̄ is compact and µ(ˆB) = 0.

(iii) For all compact K µ E, lim sup µn(K) Æ µ(K) and for all open set G µ E, lim inf µn(G) Ø
µ(G).

2.3.3 Regular variation and vague convergence of tail measures
In this section E = (0, Œ].

Theorem 2.3.4
Let F be a c.d.f. and X ≥ F . The following are equivalent

(i) F belongs to the max-domain of attraction of �– (Fréchet distribution)

(ii) 1 ≠ F œ RV (≠–)

(iii) ÷(an)nØ0 : n(1 ≠ F (anx)) ≠≠≠æ
næŒ

x
≠–

.

(iv) µn( · ) := nP( X

an
œ ( · )) v≠æ ‹–( · ), where ‹–[x, Œ) = x

≠–
, x > 0.
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Proof. (ii) ≈∆ (iii) and (ii) ∆ (i) have been proven in Exercise 2.2. The fact that (i) ∆ (ii)
is shown in Resnick (1987), proposition 1.11 p. 54. The proof relies on Karamata’s theorem.
It remains to see why (iii) ≈∆ (iv). Assume (iv). Then for x > 0,

n(1 ≠ F (anx)) = nP(X/an œ (x, Œ))
= µn(x, Œ)
æ ‹–(x, Œ) = x

≠– by Theorem 2.3.3 (ii),

which proves (iii). Now assume (iii). On order to show that (iv) holds, we need to show that
for f œ CK , µn(f) æ ‹–(f). Let f œ CK . Let S = supp(f) = cl{x > 0 : f(x) > 0}, where
cl(A) = Ā denotes the closure of a set A. Necessarily 0 /œ S otherwise S would not be closed
in (0, Œ]. Thus S µ [”, Œ] for some ” > 0. Introduce the probability measures Pn on [”, Œ]
defined by

Pn(A) = µn(A)/µn[”, Œ], A µ [”, Œ],

(which is well defined because [”, Œ] is compact, thus µn[”, Œ] < Œ).
Using (iii), for all x > ”, Pn[x, Œ] æ (x/”)≠–. Thus, using the Portmanteau theorem for

probability measures, Pn converges weakly to P = ”
–
‹( · ). Now, f has compact support in

[”, Œ] implies that f is continuous and bounded on [”, Œ]. Thus, Pn(f) æ P (f), which yields
µn(f) æ µ(f). ⌅

2.3.4 Exercises
The following exercises are borrowed from Resnick (1987), chapter 3.4

Exercise 2.4:
Show that the following transformations are continuous:

1.
T1 : M(E) ◊ M(E) æ M(E)

(µ1, µ2) æ µ1 + µ2.

2.
T1 : M(E) ◊ (0, Œ) æ M(E)

(µ, ⁄) æ ⁄µ.

Exercise 2.5:
Let (xn)nœN, x in E and cn Æ 0, c > 0. Show that in M(E),

µn := cn”xn

v≠æ c”x

if and only if xn ≠≠≠æ
næŒ

x and cn ≠≠≠æ
næŒ

c.

Exercise 2.6:
Let mn =

q
iœNú n

≠1
”( i

n ) and let m be the lebesgue measure on (0, Œ). Show that mn

v≠æ m.
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2.4 Weak convergence of tail empirical measures
2.4.1 Random measures
Recall (M(E), V) is a topological space. Thus it has a Borel ‡-field M(E). It can be shown
by monotone class arguments that M(E) is generated by the evaluation maps Tf : µ ‘æ µ(f),
for f œ CK(E), or by the TF : µ ‘æ µ(F ), for F µ E closed. Thus

M(E) = ‡

Ó
Tf , f œ CK

Ô
= ‡

Ó
TF , F µ E, closed

Ô
.

Given a probability space (�, A,P), a random measure › is thus a measurable mapping
(�, A) æ (M(E), M(E)). A point process is a special case of such mapping, taking its value in
(Mp(E), Mp(E)),where Mp(E) is the trace ‡-field of M on Mp. The distribution of a random
measure › is entirely determined by the ’finite dimensional distributions’, i.e. by the laws of
the random vectors (›(f1), . . . , ›(fk)), where k œ N and fi œ CK , i Æ k.

A convenient tool for characterizing the law of random measures and their convergence in
distribution is the Laplace transform, defined next.

Definition 2.4.1 (Lapace transorm of a random measure). The Laplace transform of a ran-

dom measure › is the functional

L› : CK æ R

f ‘æ L›(f) = E
1
e

≠›(f)
2

=
⁄

�
e

≠
s

E f(x)›(Ê,dx) dP(Ê)

Since the law of a random vector X œ Rk is determined by its (usual) Laplace transform
t ‘æ E

1
e

≠Èt,XÍ
2
, it is easy to see that the Laplace transform of a random measure also

determines uniquely its distribution. In fact more is true: pointwise convergence of Laplace
transforms of a sequence (›n) determines weak convergence, as stated next.

2.4.2 Weak convergence in M(E)
Proposition 2.4.2 (Characterization of weak convergence)
Let (›n)nœN be a sequence of random measures on E. The following statements are equivalent

(i) ›n

w≠æ ›, i.e.’„ bounded continuous M(E) æ R, E (Ï(›n)) æ E (Ï(›)).

(ii) ’k œ N, ’(f1, . . . , fk) œ CK , (›n(f1), . . . , ›n(fk)) w≠æ (›(f1), . . . , ›(fk)).

(iii) ’f œ CK , L›n(f) æ L›(f) (pointwise convergence of the Laplace transforms)

Proof.

• (ii) ≈∆ (iii) comes from standard properties of weak convergence in Rk. Assume (ii)
and fix f œ CK . Then letting Xn = ›n(f) and X = ›(f), we have

L›n(f) = E
1
e

≠›n(f)
2

= LXn(1) æ LX(1),

where the latter convergence comes from the fact that pointwise convergence of the
Laplace transform of random variables is equivalent to their weak convergence. This
proves (iii).
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Conversely, assume (iii) and notice that the Laplace transform of the random vector
Xn = (›n(f1), . . . , ›n(fk)) is, for t œ Rk,

LXn(t) = E
1
e

≠Èt,X
2

= E
1
e

≠
q

i
ti›n(fi)

2
= E

1
e

≠›n(
q

i
tifi)

2
= L›n

A
ÿ

i

tifi

B

.

Since
q

i
tifi œ Ck, the right-hand-side converges to L›(

q
tifi) = LX(t), where X =

(›(f1), . . . , ›(fk)) and the proof of (iii) ∆ (ii) is complete.

• (i) ∆ (ii) is a direct application of the continuous mapping theorem applied to the
mapping T : µ ‘æ (µ(f1), . . . , µ(fk)), which is continuous by definition of the vague
topology.

• (ii) ∆ (i) :
Assume (ii). We need to show that (›n)nœN is (a) relatively compact (i.e.that its closure
is compact for the weak topology of weak convergence in M(E)), and (b) the limits of
any two converging subsequence coincide in distribution.
(b) is an easy exercise: it is enough to show that for two possible limits ›

1
, ›

2,

P
1
ai < ›

1(fi) < bi, 1 Æ i Æ k, ai < bi

2
= P

1
ai < ›

2(fi) < bi, 1 Æ i Æ k, ai < bi

2
.

(a) requires more care. Since M(E) is a separable, metric space, the Prohorov’s theorem
applies (tightness implies relative compactness). It is thus enough to show that (›n) is
tight. To do this, use Lemma 3.20 p.153 in Resnick (1987): a su�cient condition is that
›n(f)nœN be tight, for all fixed f œ CK . Now the latter condition is satisfied because
›n(f) converges weakly in R.

⌅

2.4.3 Tail measure and tail empirical measure
In this section E = (0, Œ]. Recall from Theorem 2.3.4 that for a c.d.f. F and X ≥ F , the
following equivalence:

• 1 ≠ F is RV (≠–), (i.e. ÷(an)nØ0 : n(1 ≠ F (anx) æ x
≠–)

≈∆

• µn

v≠æ ‹–, where µn(A) = nP(X/an œ A), A µ (0, Œ] and ‹–[x, Œ] = x
≠–

, x > 0.

We now define the empirical version of µn, and we shall see that this empirical version (a
random measure) converges in distribution to ‹– as well, under the same assumptions.

Definition 2.4.3 (tail empirical measure). Let F be a c.d.f. on R+
and X, (Xi)iœN

i.i.d.≥ F .

Let (an)nœN > 0 a sequence of positive numbers.

Consider a sequence of integers k(n)nœN œ N, such that k(n) ≠≠≠æ
næŒ

Œ and
k(n)

n
≠≠≠æ
næŒ

0.

Write k instead of k(n) for convenience. The tail empirical measure associated to F and the

sequence (an) is the random point measure

‹n,k = 1
k

kÿ

i=1
”Ó

Xi
aÂn/kÊ

Ô
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Proposition 2.4.4 (weak CV of the tail empirical measure)
If F œ RV (≠–) and (an)nØ0 > 0 is such that µn

v≠æ ‹–, then the tail empirical measures

converge weakly in M+(E),
‹n,k

w≠æ ‹–.

Proposition 2.4.4 means that the tail empirical measure is a consistent estimator for the
tail measure.

Proof. (sketch of) According to Proposition 2.4.2, we need to show that L‹k,–(f) æ L”‹–
(f) =

e
≠‹–(f), for f œ CK .

. . .
⌅

Exercise 2.7:
Let {Xk,n, 1 Æ k Æ n, n Ø 1} be random elements of E such that for each n, the (Xk,n, k Æ n)
are i.i.d. Let (an)nØ0 > 0 be a sequence such that an ≠≠≠æ

næŒ
Œ and let µ œ M(E). Define

›n = 1
an

q
n

k=1 ”Xk,n (a random measure) and µn = n

an
P

!
X1,n œ · "

. Show that

µn

v≠æ µ ≈∆ ›n

w≠æ µ in M(E).

2.4.4 Statistical application: Hill estimator
The Hill estimator is a classical estimator of the tail index –. Many other estimators exist
(Pickand’s estimator, CFG estimator, . . . ). In this course we limit ourselves to studying
the consistency of the Hill estimator. Notice that sharper results exist such as asymptotic
normality or concentration inequalities under additional regularity assumptions on the tails.

The idea behind the estimator is the following: Notice first that
⁄ Œ

1
‹–[x, Œ]x≠1dx = 1/–.

The Hill estimator aims at approaching the quantity 1/–. The heuristic is to successively
replace ‹– with µn, then an by a quantile, then µn with its empirical version ‹k,n, as follows

‹–(x, Œ] ¥ n(1 ≠ F (anx)) = nP (X/an > x)

¥ ‹k,n[x, Œ] = 1
k

nÿ

i=1

I
Xi

aÂn/kÊ
> x

J

Now take an = (1/(1≠F ))Ω(n) = F
Ω(1≠1/n) (see exercise 2.2 for the reason of this choice),

and replace F
Ω(1≠k/n) with its empirical version, which is the the k

th largest order statistic
X(k), so that aÂn/kÊ ¥ X(n≠k) . We get

1
–

=
⁄ Œ

1
x

≠1
‹–(x, Œ]

¥
⁄ Œ

1
x

≠1 1
k

nÿ

i=1

I
Xi

X(k)
> x

J

dx

= 1
k

nÿ

i=1

⁄ Œ

1
x

≠1
;

x <
X(k)
Xi

<
dx

= 1
k

kÿ

i=1
log

X(i)
X(k)
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N.B Here the order statistics are ranked in decreasing order, X(1) Ø X(2) Ø · · · Ø X(n).

Proposition 2.4.5 (Hill estimator)
Let X, (Xi)

i.i.d.≥ F , where 1 ≠ F œ RV (≠–), for some – > 0. Let k = k(n) ≠≠≠æ
næŒ

Œ such

that k/n ≠≠≠æ
næŒ

0. The Hill estimator, defined by

‰1/–
n

= 1
k

kÿ

i=1
log

X(i)
X(k)

is a consistent estimator of 1/–, i.e. it converges in probability to 1/–.

Proof. The proof follows the lines from Resnick (2007). Remind that a(t) = aÂtÊ. To alleviate
notations, we denote

‹n = 1
k

kÿ

i=1
”) Xi

a(n/k)
* (= ‹n,k)

‹̂n = 1
k

kÿ

i=1
”Ó

Xi
X(k)

Ô

According to the arguments leading to the statement, ‰1/–
n

=
s Œ

1 x
≠1

‹̂n[x, Œ]dx and
1/– =

s Œ
1 x

≠1
‹–[x, Œ]dx. We need to show that

⁄ Œ

1
x

≠1
‹̂n[x, Œ]dx

P≠≠≠æ
næŒ

⁄ Œ

1
x

≠1
‹–[x, Œ]dx. (2.7)

1. Behavior of the order statistics
We show that

X(k)
a(n/k)

P≠≠æ 1. (2.8)

Indeed for ‘ > 0,

P
3----

X(k)
a(n/k) ≠ 1

---- > ‘

4
= P

3
X(k)

a(n/k) > 1 + ‘

4
+ P

3
X(k)

a(n/k) < 1 ≠ ‘

4

= P
A

1
k

nÿ

i=1
” Xi

a(n/k)
(1 + ‘, Œ

B

> 1] + P
A

1
k

nÿ

i=1
” Xi

a(n/k)
(1 ≠ ‘, Œ

B

< 1]

= P(‹n(1 + ‘, Œ] > 1) + P (‹n(1 ≠ ‘, Œ) < 1]

Now, Proposition 2.4.4 implies that ‹n(1 + ‘, Œ] P≠æ (1 + ‘)≠–
< 1 and ‹n(1 ≠ ‘, Œ] P≠æ

(1 ≠ ‘)≠–
< 1. Whence, the latter display converges to zero and (2.8) is proved.

2. Convergence of ‹̂n in probability in M+(0, Œ]
Notice first that

‹̂n( · ) = ‹n

3
X(k)

a(n/k) ·
4

.

Consider the operator
T : M(0, Œ] ◊ Rú

+ æ M(0, Œ]
(µ, x) ‘æ µ(x · ).
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Then ‹̂n = T

1
‹n,

X(k)
a(n/k)

2
. It can be shown (SeeResnick (2007), p. 83) that T is continuous

at (‹–, x) for x > 0 (see Resnick (2007) p. 84). Then (2.8) combined with the continuous
mapping theorem yields

‹̂n

P≠æ ‹– in M(0, Œ]. (2.9)

3. Convergence of
s Œ

1 x
≠1

‹̂n[x, Œ]dx We are ready to prove (2.7). For M > 0, (2.7) is
equivalent to

⁄
M

1
x

≠1
‹̂n[x, Œ]dx

¸ ˚˙ ˝
AM,n

+
⁄ Œ

M

x
≠1

‹̂n[x, Œ]dx

¸ ˚˙ ˝
BM,n

P≠æ
⁄

M

1
x

≠1
‹–[x, Œ]dx

¸ ˚˙ ˝
AM

+
⁄ Œ

M

x
≠1

‹–[x, Œ]dx

¸ ˚˙ ˝
BM

(2.10)

• For any fixed M > 0, the mapping µ ‘æ
s

M

1 x
≠1

µ[x, Œ]dx is continuous on M(0, Œ].
To see this, notice that the integrand is a decreasing function of x, so that the integral
can be framed between to Riemann sums. In addition, µn

v≠æ µ implies that for fixed
x > 0 which is not an atom of µ, µn[x, Œ] æ µ[x, Œ].

• The continuous mapping theorem combined with (2.9) thus implies that AM,n

P≠æ AM ,
for any fixed M .

• Since limMæŒ BM = 0, it is enough to show that for any ‘ > 0, ÷M0 > 1 such that
’M Ø M0 ,

lim
n

P(BM,n > ‘) Æ ”. (2.11)

Let M > 1 and ÷ > 0. We have

P(BM,n > ‘) = P
3

BM,n > ‘,

----
X(k)

a(n/k) ≠ 1
---- > ÷

4

¸ ˚˙ ˝
p

1
n,M

+P
3

BM,n > ‘,

----
X(k)

a(n/k) ≠ 1
---- Æ ÷

4

¸ ˚˙ ˝
p

2
n,M

.

From (2.8), p
1
n,M

Æ P
1--- X(k)

a(n/k) ≠ 1
--- > ÷

2
æ 0 as n æ Œ. Also ,

p
2
n,M = P

3⁄ Œ

M

x
≠1

‹n

5
X(k)

a(n/k)x, Œ
6

dx > ‘ ,

----
X(k)

a(n/k) ≠ 1
---- Æ ÷

4

Æ P
3⁄ Œ

M

x
≠1

‹n [(1 ≠ ÷)x, Œ] dx > ‘

4

= P
A⁄ Œ

M(1≠÷)
y

≠1
‹n [y, Œ] dy > ‘

B

Markov
Æ 1

‘
E

A⁄ Œ

M(1≠÷)
x

≠1
‹n [x, Œ] dx

B

= 1
‘

⁄ Œ

M(1≠÷)
x

≠1 n

k
(1 ≠ F ) (a(n/k)x) dx

= 1
‘

n

k

⁄ Œ

M(1≠÷)a(n/k)
x

≠1(1 ≠ F ) (x)
¸ ˚˙ ˝

U(x)

dx
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The function U in the latter integrand is RV (≠– ≠ 1), so Karamata theorem implies
that

s Œ
T

U ≥ TU(T )/–, with TU(T ) = (1 ≠ F )(T ), i.e.

1
‘

n

k

⁄ Œ

M(1≠÷)a(n/k)
x

≠1(1 ≠ F ) (x) dx ≥næŒ
1
‘

n

k
(1 ≠ F )

1
M(1 ≠ ÷)a(n/k)

2

≠≠≠æ
næŒ

1
‘

‹–

Ë
M(1 ≠ ÷), Œ

È

= 1
‘

(M(1 ≠ ÷))≠–

Choosing M0 large enough so that the latter quantity is less than ”/2 for M = M0
shows (2.11) and concludes the proof.

⌅
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