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Chapter 2

Regular variation and tail measures

2.1 Regular variation of a real function

Definition 2.1.1 (Regular variation). A function U : RT™ — R* is regularly varying (RV) if
Jp € R such that

p

. Ulte)
vV >(),tll>1£1o 0w

The parameter p is called the regular variation index. We write ‘U € RV (p)’, meaning U is
RV with reqular variation index p. If p =0, U is called slowly varying.

Example 2.1 (Fréchet survival function):
Ur)=1-du(z) =1—e* " is RV (~a).

Example 2.2 (Generalized Pareto):
Ulz) = (14+~z)" Y7 is RV(—1/7).

Example 2.3 (Canonical: Pareto tail):
U(x)=2"% x>1,is RV(—a).

Example 2.4 (slow variation):
U(z) = log(1l + x) is slowly varying. If lim;,o f(t) = ¢ € R, then f is slowly varying, the
converse is false.

Remark 2.1.2. Remind from last chapter that the max-domain of attraction condition (MDA)
is equivalent to condition (1.19) concerning the tail reqularity, which is

1— F(t+o(t)z)

—1/v
1- F(1) o L+

This ‘resembles’ a RV condition. It will be shown that it is equivalent to reqular variation of
U=1-—F in the case v > 0.

Remark 2.1.3 (Equivalent formulation of RV). U is RV(p) <= 3L a slowly varying
function such that U(x) = xL(x).
(Proof: exercise)

Proposition 2.1.4 (A sufficient condition for RV)
If 3h : R™ — R™*, measurable such that Vx > 0,lim;_,o0 % = h(z) then U is RV.
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Proof. (sketch of): Show that such h satisfies the Hamel equation h(zy) = h(z)h(y). [ |

Proposition 2.1.5 (Another sufficient condition)
If U is non decreasing and if I(an)n>0 € R s.t. a, — +oo, and a function h : RT™* — R*T*
such that Vx > 0,lim, nU(a,x) = h(x) then U is RV.

Proof. Put n(t) = inf{n > 0: a, > t}. Then

Ul(an)-17) _Ultr) _ Ul(an )
Ulaney) — Ut) = Ulangy-1)’

and both sides of the sandwich converge to h(z). Using Proposition 2.1.4 concludes. |

Exercise 2.1 (Reciprocal for Proposition 2.1.5):
Let F' be a cdf and asssume that (1—-F) € RV (—a), for some o < 0. Define U(t) = 1/(1—F)(t)
and let a,, = U (n). Show that

n(l — F(apz)) — 2=, for x >0, as t — 0. (2.1)

hint: consider the ratio %&:Lf)) and derive the limit of U(U* (n))/n.

Exercise 2.2 (regular variation and Fréchet domain of attraction):
Let F' be a c.d.f. The goal is to show the following: ‘(1— F') is regularly varying with index —a < 0
if and only if

an)nz0 > 0: F™(ay * ) — P, where &, (z) =™ " 2 >0, (2.2)
and to characterize the possible sequences a,, up to tail equivalence.
1. Show that (2.2) = Vz >0, F(x) <1, F(apz) — 1, and a, — 0.
2. Prove that (2.2)= 1 — F'is RV (—a).

-
3. Switching to the inverse function, show that (2.2)= a,, ~ (ﬁ) (n) as n — 0.

4. Check that if (1 — F) n(1 — F(anx)) — x~¢ for some sequence a,, then (2.2) holds true.
Check that convergence also holds for any sequence a,, ~ a,. Conclude.

2.2 Karamata theorem and consequences

Idea: For integration purposes (of the kind [° U(t)dt or [j U(t)dt), If U is RV (p) then it
behaves as t — t” would, as x — co. More precisely,

o ifU()=tPand p< —1, [PUR#)dt = —(p+ 1) 2T = —(p+ 1) 2U(x).
o ifU()=t\and p>—1, [fU#)dt = (p+ 1) tart = (p+ 1) taU(2).
Karamata’s theorem says that the same is true as © — oo when U € RV (p).
Theorem 2.2.1 (Karamata)
Let U : RT — RT be a RV (p) function, s.t. [ U < ooVz > 0.
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1. If p>—1 thenx — [ U is RV(p+1) and

lim xe(I)
T—00 fO U

Conversely if (2.3) then U € RV (p).

=p+1. (2.3)

2. Ifp<—lofifp=1and [[°U < oo then x — [ °U is RV(p+ 1) and

. zU(x)
| =—p—1 2.4
Jm, ey = (2.4)
Conversely if (2.4) then U € RV (p).
Proof. See Resnick (1987), p. 17 or Resnick (2007), p. 25. [

Corollary 2.2.2 (Karamata representation)
A function L : RT — R is slowly varying if and only if

e Jdc:RT = R such that lime, c(z) = ¢ € (0,00), and

o Je:RT — R such that limy, €(z) =0,

L(z) = c(x) exp </1m G(tt)dt) (2.5)

Proof. The proof of the sufficiency of (2.5) is an easy exercise. For the converse, let L €
RV (0). From Karamata theorem, we have

xL(x)

such that

b(r) = —7——1 asx — oc.
Jo L
By definition of b we may write
b @ y L
L@ = 22 / L = b)exp{log 205y (2.6)
x Jo €T
But also
T d t
log Ox :/ &{log (/0 L) —logt}dt%—D (D : a constant)
z (L 1
:/ @_7 dt+ D (D :a constant)
LA\l

zh(t) —1
Ny QLU P
1 t
Setting €(t) = b(t) — 1, we have €(t) — 0 and the latter display combined with (2.6) yields

L(x) = b(],‘)eD exp { /j E(tt)dt},

i=c(z)—eP>0

which concludes the proof.
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Corollary 2.2.3 (Karamata representation of RV functions)
UeRV(p) <= U(x) = c(z)exp [} a(t)/tdt, for some functions c(z) — ¢ > 0 and o(t) — p.

Proof.
UeRV(p) < Ulx) = L(x)z”

— U(x) exp e( /tdt exp(plogz) (Corollary 2.2.2)

<~ U(x) eXp

H\H\

) + p)/tdt).

The Karamata representation will prove useful at the end of this chapter, for proving the
consistency of the Hill estimator (an estimator for the regular variation index).

2.3 Vague convergence of Radon measures

Most of the material of this section is borrowed from Resnick (1987), Chapter 3, which
contains detailed proofs.

2.3.1 The space of Radon measures

In this course, the ’extreme events’ will take place in a ‘nice’ space such as (0, 00) or (0, 00].
Later on, for multivariate extremes, a very convenient space will be E = [0, 00]¢ \ {0} where
0 = (0,...,0). The reason why we include +oo (via the Alexandroff’s compactification) is
that it makes the intervals [z, oo], for > 0 compact.

Remark 2.3.1 (Alexandroff’s space ). The space [0, 0] is defined as [0,00) U {400}, where
+oo is an arbitrary element which is greater than any element of [0,00). The order < on
[0,00) is thus extended to [0,00]. The topology on [0,00], i.e. the family of open sets then
consists of

o All sets V C [0,00) which are open sets for the usual topology (Euclidean) on R.
o All sets V C [0,00] such that +00 € V' and V¢ is compact in [0, c0).

After having compactified [0,00) at infinity, it is convenient to 'uncompactify’ it by removing
0. We obtain the space E = (0,00]. The idea behind is that we want tx — oo as t — oo for
all z € E.

Exercise 2.3:
Prove that the sets [a, 0c], for a > 0 are compact in E = (0, o0].

More generally, in the remainder of this course, we consider a space E which is locally
compact, second countable, Hausdorff (LCSCH). Locally compact means that each point in E
has a compact neighborhood. Second countable means that the topology on E has a countable
base. Finally, Hausdorff means that for any pair « # y € E, there exists disjoint open sets
U,V such that x € U and y € V. In the sequel E is endowed with the Borel o-field €.

Definition 2.3.2 (Radon measures). Y, @ V
SNAN'E
o g 2) £
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o A measure pi: (E,E) — [0,00] is called a Radon measure if for all compact st K C E,
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o We denote M(E) the set of all Radon measures on E.

e In particular, M(E) contains M,(E) the set of Radon point measures, i.e. measures of
the kind p = > ,cp 0z,; where D is countable, and (z;)icp € E has no accumulation

point. ) :}& |.,J’QJ~M"

s
2.3.2 Vague topology on M(E) ®
Let (pn)nen, p € M(E). The sequence (py,) converges vaguely to p if for all function f € Cx
(continuous with compact support), [ fdu, — [p fdu. We denote p, —> p. In the sequel
we denote u(f) := [ fdp. The topology associated to this notion of convergence is called the
vague topology on M(E), denoted by V. It is the topology generated by the evaluation maps
Ty :p— p(f), for f € Cx. A basis for V is the family of open sets

{V={ne ME):a; < p(fi) <bi, VI<i<khkeNa<beR,f € Cxc}.
= 0O V; \/;:,(lu.; a;(/u(g«)(bi
It can be shown that (M(E), V) is a Polish space (separable, completely metrizable). Separable
means that it contains a dense sequence; completely metrizable means that one can construct
a distance on M(E) which is compatible with the topology, and for which M(E) becomes a
complete space.
Similarly to the case of weak convergence, we have a ‘Portmanteau theorem’

Theorem 2.3.3
The following are equivalent:

(i) pn = .
(i) pn(B) — w(B) for all set B such that B is compact and u(0B) = 0.
(iii) For all compact K C E, limsup pn(K) < u(K) and for all open set G C E, liminf p,(G) >
n(G).

2.3.3 Regular variation and vague convergence of tail measures

In this sectimé E=(0,00]. )

Theorem 2.3.4

. o om \f“
.d.1. ~ F. ; ; | . oY
Let F be a c.d.f. and X ~ F. The following are equivalent /| § C") . épi DA
(i) F belongs to the maz-domain of attraction of ®, (Fréchet distribution) = Kﬁk)

(ii) 1 — F € RV(—a) e foit ()= (u)

(7ii) 3(an)n>o0 : n(1l — F(apz)) —— 7.

€ n—oo
(v) pn( *):= nP(% e ))\')1> Vo( ), where vg[z,00) =2~ % 2z > 0. C(J\vu-e/\!gdn

G /-.M[a\/ &Lt ;“(A‘P(a“))) -W e

€ - 32 4= |
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Proof. (ii) <= (iii) and (i) = (i) have been proven in Exercise 2.2. The fact that (i) = (i7)
is shown in Resnick (1987), proposition 1.11 p. 54. The proof relies on Karamata’s theorem.
It remains to see why (iii) <= (iv). Assume (iv). Then for x > 0,

n(l—F(anx))—nP(X/an (:U,oo)) )(k(@>/ {»? L (R o

— Vp(z,00) =2~ by Theorem 2.3.3 (ii), (’W I,‘ w-a B
({smﬁt Py 0. .

which proves (iii). Now assume (i7i). On order to show that (iv) holds, we need to show that
for f € Cx, un(f) = va(f). Let f € Cx. Let S = supp(f) = cl{x > 0: f(z) > 0}, where
cl(A) = A denotes the closure of a set A. Necessarily 0 ¢ S otherwise .S would not be closed

n (0,00]. Thus S C [, 00| for some § > 0. Introduce the probability measures P, on [d, 0] &
defined by ;7 — / M= fee

7 (o T PulA) = (A palbod], A (500,

G %e a3 J—LO

hw} (which is well defined because [, 0o] is compact, thus p,[d,00] < o0). ©O  § +=o

I3 Using (7i7), for all x > §, Py[x,00] — (x/§)™“. Thus, using the Portmanteau theorem for
M( (- F[““ ) probability measures, P,, converges weakly to P = 6“v(-). Now, f has compact support in
—x [0, oo] implies that f is continuous and bounded on [d, oc]. Thus, P,(f) — P(f), which yields

s ) = alh):

= = ot o E hi oANIFED
A . 2.3.4 ExerciseD ‘e S£ OS\fMM “’“\"A(::,'\G( — TR

S o ﬁ S (4-0) /ed\’zm( QL
ap X,Q _QMQL

The following exercises are borrowed from Resnick (1987), er 3. )

Exercise 2.4: . ¥ e e e Sun R{.

Show that the following transformations are continuous:

P(m/d))jd\n 1. V‘

N e | S
s )/ ) S ® (11, p12) —>M1+M2 3 o
_ '\) tp'? 2. )&% r&%\})% M) % (0.00) s N(E) # fK (D +])

(s A) = Ap.

Exercise 2.5:
Let (zp)nen,  in E and ¢, £ 0,c > 0. Show that in M(E),

CM7/O = CpOyg, 2 b,
if and only if z, —— x and ¢, —— c.
n—oo n—oo

Exercise 2.6:
Let my, = > iene n_lé(i) and let m be the lebesgue measure on (0,00). Shéw that m,, — m.

wasse to tole = 1

—
A
04 T |
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2.4 Weak convergence of tail empirical measures

2.4.1 Random measures

Recall (M(E), V) is a topological space. Thus it has a Borel o-field M(E). It can be shown
by monotone class arguments that M(E) is generated by the evaluation maps Tf ,u = u(f), »
for f € Cx(E), or by the Tp : p+— u(F), for F' C E closed. Thus J-{(g) et (G“‘r"l‘k

T bu w cphuine
A
| T Ac Rt
‘\AX ) Given a probability space (€2,.4,P), a random measure £ is thus a measurable mapping (T‘"
M\{' ((L,L,Qf (Q,A) = (M(E), M(E)). A point process is a special case of such mapping, taking its value in Lo Lﬂ
)

M(E) = O'{Tf,f € CK} = O'{TF,F CE, closed}.

(M,(E), M,(E)),where M, (E) is the trace o-field of M on M,,. The distribution of a random
— K At Y~ measure ¢ is entirely determined by the “finite dimensional distributions’, 7.e. by the laws of

St - tl}@jrmwnr/va:mﬂ%?f(n)),wnerekelﬂand Ji ECr 1t < k.

/7‘-"/\ C C ‘ convenient tool for characterizing the law of random measures and their convergence in
Q} ?\ v |dis"cributiom is the Laplace transform, defined next.

(_/ _ )\QI) @‘7)eﬁnition 2.4.1 (Lapace transorm of a random measure). The Laplace transform of a ran-

om measure £ is the functional
ﬁg : CK — R
f Le(f) =E (e—E(f)> — / e~ [ F(@)é(w,dz) dP(w)
Q

Since the law of a random vector X € R¥ is determined by its (usual) Laplace transform
t — E (e‘<t’X>), it is easy to see that the Laplace transform of a random measure also

determines uniquely its distribution. In fact more is true: pointwise convergence of Laplace

transforms of a sequence (&) determlnes weak convergence, as stated next. ﬁ
i ot dadhonme = S0 (q st Seftuaien pan (& (N gen vobets (3(,&) 3(«&) k
2.4.2 Weak convergence in M(E)

Proposition 2.4.2 (Characterization of weak convergence)
Let (&,)nen be a sequence of random measures on E. The following statements are equivalent

(i) & = €, i.eVo bounded continuous M(E) — R, E(@fn)) —E (é(g))

(ii) Yk € NY(fi, .., fr) € Ciey (n(f1)s- - &nlfi)) = (E(f1)s-- - E(fi))-
(11t) Vf € Ci, Le, (f) = Le(f) (pointwise convergence of the Laplace transforms)

Proof.

o (ii) <= (iii) comes from standard properties of weak convergence in R¥. Assume (i7)
and fix f € Cx. Then letting X,, = &,(f) and X = £(f), we have

Le (f)=E <€_§n(f)()xi Lx, (1) = Lx(1), = ;f’i L‘ﬁ)

bl ot L‘ ’
where the latter convergence comes from theNfact that pointwise convergence of the

Laplace transform of random variables is equivalent to their weak convergence. This
proves (ii).







o bale
/70/# 0t (

Conversely, assume (iii) and notice that the Laplace transform of the random vector

X = (1), alfr) i, for t € RY, _Pe €y 5
~ s
L (1) tXa e 2 tiﬁn(fz-)> =E (e—fn(zitifi)) :& <; tifi) :

Since 3, tifi € C, the right-hand-side converges to L¢(3°tifi) = Lx(t), where X =
(&(f1),-..,&(fx)) and the proof of (iii) = (i7) is complete. —

) is a direct application of the continuous mapping theorem applied to the

- r‘-:‘*;’ﬁ (/ mapping which is contlnuous by definition of the vague

V\"n = t 1 < ‘k

Y Yy X (ela oPOToRY > s AR ven f‘“ 7k ,(“l’ ]R“b\g’) ot T::(T by o Lf"(’ﬁ )d"?
e e e (id) = (i) : A T (T I =0 -4Aw et das U

*¢;§

s"‘é

« ¢

“u
(

~labr w5 £€ Assume (ii). We need to show that (&, )nen is (a) relatively compact (i.e.that its closure

is compact for the weak topology of weak convergence in M(E)), and (b) the limits of
any two converging subsequence coincide in distribution.

¢ (x (b) is an easy exercise: it is enough to show that for two possible limits ¢!, €2,
~

99 ,

- L P(Bene T 7’10«. L)

) requires more care. Since M(E) is a sepgdable, metric space, the Prohorov’s theorem
applies (tightness implies relative compactness). It is thus enough to show that (&) is
tlght To do this, use Lemma 3.20 p.153 in Resnick (1987): a sufficient condition is that

nEN be tight, for all fixed f € Cx. Now the latter condition is satisfied because

>7 ¢[/[2 (ai < & fz)<bl,1<z<kal<b> P 0 < €() < b1 S0 < ko <by).

(#('(n) :S(f) 3[{ " ) converges weakly in R. Aé;ﬂg_,Q_-. ¥, St - >_Q: ) p gg\é c K > L

X \.;Dld;v s 2K

(3 () um) b( " s

(LQJAA

2.4.3 Tail meagure and tail empirical measure

In this section E = (0, 00]. Recall from Theorem 2.3.4 that for a c.d.f. F and X ~ F, the
following equivalence:

e 1—Fis RV(—a), (i.e. I(an)n>0 : n(1l — Flapz) = %)
—

o lin — Va, where pi,(A) = nP(X/a, € A), A C (0,00] and v,[z,00] = 27 2 > 0.

We now define the empirical version of p,, and we shall see that this empirical version (a
random measure) converges in distribution to v, as well, under the same assumptions.
Definition 2.4.3 (tail empirical measure). Let F be a c.d.f. on RT and X, (X;)ien o)
Let (an)nen > 0 a sequence of positive numbers.

Consider a sequence of integers k(n)pen € N, such that k(n) —— oo and @ — 0.
n—oo n—oo
Write k instead of k(n) for convenience. The tail empirical measure associated to F' and the

sequence (ay) is the random point measure .

"Y\/ e \ISD"L'
Unk =720 x, ' e sh g— L
| Zl {ai} /) \ Abé_t 1 Qo.\ﬁ?
e Mp(O) o)) 5 |
V(-5 g oo

m g./(/\fa,(/ qu

WM@\WL o =
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C.a..\. MQ p(a‘\"B_’) r
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Proposition 2.4.4 (weak CV of the tail empirical measure)

If F € RV(—a) and (an)n>0 > 0 is such that up, 5 o then the tail empirical measures
converge weakly in My (E), _ ~
Un, k N oo FDK L"\(‘f""]: ~

Proposition 2.4.4 means that the tail empirical measure is a consistent estimator for the
tail measure.

Proof. (sketch of) According to Proposition 2.4.2, we need to show that £,, (f) = Ls,, (f) =
e ) for f e Ck.

f\)r\__U.,\\,L (LQWE_,

Exercise 2.7:
Let {X},,1 <k <n,n>1} be random elements of £ such that for each n, the (X}, k < n)
are i.i.d. Let (ap)n>0 > 0 be a sequence such that a, — = and let p € M(E). Define

En = i > k=10x,, (a random measure) and u,, = ;-P (X1, € * ). Show that

fn = p = & > win M(E).

2.4.4 Statistical application: Hill estimator

The Hill estimator is a classical estimator of the tail index a. Many other estimators exist

(Pickand’s estimator, CFG estimator, ...). In this course we limit ourselves to studying

the consistency of the Hill estimator. Notice that sharper results exist such as asymptotic

normality or concentration inequalities under additional regularity assumptions on the tails. O
The idea behind the estimator is the following: Notice first that ~= _ - ( —x

— - |
/ Volz,00]z7 de = 1/a. f v ATl —
The Hill estimator aims at approaching the quantity 1/«. The heuristic is to successively
replace v, with p,, then a,, by a quantile, then p,, with its empirical version vy, as follows

Vo(x, 00 & n(l — F(apz )) =nP(X/a, > x)

R Vg ple,00] = 1
Z:l {aln/kJ }

Now take a,, = (1/(1—F))"(n) = F*(1—1/n) (see exercise 2.2 for the reason of this choice),
and replace F* (1 —k/n) with its empirical version, which is the the k** largest order statistic
X(k)v so that |n/k| = X( ) - We get / N NU‘*{'(“Q o f""—

X 1_ Oox_lua x, 00 M,KQ" 0
XU)>/ >((1)> )() a /100 _ll(n ] - i
%J ?k kt"‘zam %/1 T k;l{X(k) >‘az}d:n X;/,“‘)‘
5)()( St 7
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N.B Here the order statistics are ranked in decreasing order, X (1) > Xy > -+ > X(5).

Proposition 2.4.5 (Hill estimator)

Let X, (X‘)”d F, where 1 — F € RV (—a), for some a > 0. Let k = k(n) — such
that k/n —— 0. The Hill estimator, d db
at k/n —= e Hill estimator, defined by e i /' w"«..jt
k
— X
1/an Zlog (Z Q/ (7N é
CN o I

is a consistent estimator of 1/, i.e. it converges in probability to 1/c.

Proof. The proof follows the lines from Resnick (2007). Remind that a(t) = a|;j. To alleviate
notations, we denote

25

i=1 a(n}.k) }

25{ X(k>}

According to the arguments leading to the statement, 1//\04n = [ 270z, 00]dz and
1/a= [ 27 w[z, 00]dz. We need to show that

(: Vn,k)

/ z 10, [z, co]dx T) 7 [z, oo]da. (2.7)
1 n—oo J1

1. Behavior of the order statistics
We show that X
(k) P
— 1. (2.8)
(n/k)

S

Indeed for € > 0,

P gﬁo”‘”)”( f((/;l>>1+€>+ﬂ”<ai%<1—e)

o WMNAS

nts n — “
1+e Pk b P<1Z5 X, (1+€’oo>>1]+P<li J x; (l—e,oo><1]

i=1 a(n/k)

—_

a, Ytk\ =P(vp(l+ €00 >1)+P(r,(1 —¢€,00) <1

Now, Proposition 2.4.4 implies that vy, (1 + €, 0] R (I1+¢e)7 < 1 and v,(1 — €,00] L,

(1 — €)™ < 1. Whence, the latter display converges to zero and (2.8) is proved. A e
J}m

2. Convergence of 7, in probability in M (0, cc] (e :)M /“/‘ :; )(0‘)
Notice first that )
A A VA
) et
o~ 170 [‘/”7 L @{ 15 ' X: y(k v “\v ?AAWL{L
Consider the operator e = { _h- an /k. j ,JJ o
T M(0, 0] X R, —>M(0 ~
(s @) = plx - ).

7 (a aaj

7—/»(3:\ :/‘(""4\ ~
A= 1%; N ? €H>



T(Q Ym)

X (k) o e

U & «J L?
U ) T

7 0 1 ’ i>

Then o,|= T(yn, %) It can be shown (SeeResnick (2007), p. 83) that T is contmuous

at (va, ) for z > 0 (see Resnick (2007) p. 84). Then (2.8) combined with the continuous

mapping theorem yields

D D> e in M(0,00)]. (2.9)

3. Convergence of [°z71D,[z,00]dz We are ready to prove (2.7). For M > 0, (2.7) is
equivalent to

/ T, 00 dx—l—/ nlx, ooldx —>/ [:L',oo}dx—i-/ Vv [z, 0o]dx
1 M

Apion M,n Anr B

(2.10)

o For any fixed M > 0, the mapping p — flM o~ [z, co]dx is continuous on M(0, oc].
To see this, notice that the integrand is a decreasing function of x, so that the integral
can be framed between to Riemann sums. In addition, p,, — p implies that for fixed
x > 0 which is not an atom of u, py[z, co] — plz, o0].

o The continuous mapping theorem combined with (2.9) thus implies that Az, A M,
for any fixed M.

e Since limps .o By = 0, it is enough to show that for any € > 0,3My > 1 such that

VM > MO )
liyrln]P’(BMyn >¢€) <. (2.11)
Let M > 1 and > 0. We have
P(Burpn > €) =P (BMn e | 2w 1' > n> +P <BMn e | 2w 1‘ < 77) .
’ ’ a(n/k) " la(n/k) B
p,l%M pi,]\/l

a(n/;)g) —1’ >77> — 0 as n — co. Also

o0 X
-1 (k)
/M T Uy [a(n/k)x,oo} dr > ¢,
/ (1 =)z, 00] dz > e)
=P / Yy~ vy, o0] dy > 6)

/OO [z, 00] dx)

M(1=n)

/M afl%(l — F)(a(n/k)x)dz
(1=n)

n / 11— F) (2) d
k M(l—n)a(n/k)T

afi% ~1]n)

Al o]
3
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The function U in the latter integrand is RV (—«a — 1), so Karamata theorem implies
that [[°U ~ TU(T)/c, with TU(T) = (1 — F)(T), i.e.

- - 711 = F) (2)dz ~pooo

1 n [ 1
€ k Jm@a—n)a(n/k) €

Z(1=F)(M(1 = na(n/k))

—
n—oo

1
€

Vo [M(l — n)joo]

1
(M1 —n)~*

Choosing M, large enough so that the latter quantity is less than §/2 for M = M,
shows (2.11) and concludes the proof.
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