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A Historical Perspective on the
Schiitzenherger-van-Trees Inequality: A
Posterior Uncertainty Principle

The Bayesian Cramér-Rao Bound (BCRB) is generally attributed to Van Trees
who published it in 1968. According to Stigler’s law of eponymy, no scientific
discovery is named after its first discoverer. This is the case not only for the
Cramér-Rao bound itself—due in particular to the French mathematicians
Fréchet and Darmois—but also for the van Trees inequality: The French
physician, geneticist, epidemiologist and mathematician Marcel-Paul (Marco)
Schiitzenberger, in a paper of just fifteen lines written in 1956 (see picture)—
more than a decade before van Trees—nhad not only derived the BCRB but, as a

close examination of

his proof shows, used
a very original
approach based on
the Weyl-Heisenberg
uncertainty principle
on the square root of
the posterior
distribution. The work
of Olivier Rioul is not
only correcting the

historical facts

321¢. M. P. Schiitzenberger: A generalization of the Fréchet-Cramér
inequality to the case of Bayes estimation.

Let f(x) be the a priori density function of x; g(y| %) the conditional density func-
tion of y. For fixed x, the set of # independent y-variates is represented by s. The
density function of z is f’(z) and g’ (x]x) is the a posteriori denmy function of x, for
given 2. The a posteriori variance of the Bayes estimate is o = [(x—£)%’ (x|2)dx and
v’—E.v —fn "(g)ds is its average over 5. F=f(3f(x)/ax)? (/(x))"dz G=E,G: with

-f«a/azwlx»'(wlx» Uy 6'=EG] with G = [((0/0x)y (x| ) (e(z| ) 1.
The usual assumptions on f and g, which insure that F, G;, G, are finite are made.
Since 0= F'= [((3/3x)f'(2))*(f'(s))~'ds, it is easily seen that F+4nG=G' (Third Lon-
don Symposium on Information Theory 1955, p. 18). Furthermore, it is a classical
result that v'G' 21. Thus u’-E,v Z(E1/v,) )"E(E.G’ )~t=(F+4nG)™t, which is the
desired mequahty that tends to the usual form when # goes to infinity. It reduces to
an equality if and only if v’-v =(G4) for all z, that is, if and only if g’(x|s) is gaus-
sian with variance mdependent of . If, furthermore, y-x-t has a distribution k(f)
independent of x, this implies that f(x) and k(¢) are also gaussian. (This work was sup-
ported in part by the Army (Signal Corps), the Air Force (Office of Scientific Research,
Air R h and Devel d), and the Navy (Office of Naval Re-
search).) (Received November 5, 1956.)

surrounding the Schiitzenberger-Van Trees inequality but also drawing
inspiration from the Schiitzenberger's original idea to propose new
developments and extends Schiitzenberger’s approach to Fisher information
matrices, which opens up new perspectives.

Theorem 1 (Schiitzenberger’s Inequality (BCRB)). Let X|O be a reg-
ular Bayesian statistical model. The quadratic (mean-squared error) risk R 2
E,o{(0(X)—0)(0(X)—0)} is lower bounded (in Loewner order’s sense) by the in-

verse of the joint Fisher information matriz J £ E, g {V log p(X,0)Vtlog p(X,0) } :

Proof. Tt is well known that the quadratic (mean-squared error) risk is mini-
mized for the MMSE estimator, given by the mean of the posterior distribuition
0*(x) = E(0|z). Therefore, it suffices to prove the inequality on the minimal risk
min R = E, Cov(f|x), where Cov(0|z) = Egj,{(0 —E(0|x))(0 —E(6|x))"} is the co-
variance matrix of the postcrwr The (matrix) Weyl-Heisenberg 1ncquahty (a.k.a.
uncertainty principle) Ry.p > va applied to the function f(0) = \/p(0|z) for
fixed z, reads, after making a changc of variable 0 + 0 — E( 0\90 Cov(f|z) >
4RV\/W Now since Wp(f|x) 2WV]) flx), we have RV\/W =
1 Eg{Vlogp(0|z)Vtlog p(0lz)} = fJ (), which gives Cov(f|z) > J(x)~" for
any fixed data vector x, where the posterior Fisher information matriz: J(T) E
Eg|,{V log p(0]2)V* logp(e\:l:)} satisfies the relation J = E, J(z), as is easily
checked. Taking the expectation over the unconditional law p(z) and applying
the operator convexity of the function A — A~! concludes: R > E, Cov(f|z) >
E,(J(z)"1) > (B, J(2)) ' =31
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