(1) Operator Spaces and Norms

In this mathematical digression, we introduce Hermitian-space structures for linear
maps and operators, as well as several norms often used on these spaces.

Consider arbitrary linear maps between two Hermitian spaces: M, N : Hg — Hj.
The space of these linear maps is a vector space with canonical basis laXbl|, where
la> (a € A) and 1b> (b € B) are the respective standard orthonormal bases of Hy, of
dimension dy4, and Hp, of dimension dp.

Definition (Hilbert—Schmidt inner product). The inner product between M and
N : Hp — Hy is the form
(MINY = Tr(M*N).

Like the trace, this inner product does not depend on the choice of orthonormal
bases used to write M and N. Writing M and N in bases |a> and 1b), one obtains

(MINy = Z BDIM*NIbY = Z <bIM*1a> <aIN1by = Z alM1b>* <aIN1by ,
b a,b a,b

which is exactly the inner product of the ddp coefficients of the two matrices. In this
form, it is immediate that this is indeed an inner product.

One can check directly that this inner product is linear in the second argu-
ment: <MlaN + BN’> = a<MIN) + B<MIN’> for a,B € C; conjugate-symmetric:
(MINy = Tr(M*N) = Tr((M*N)*)" = Te(N*M)* = <KNIM>*; and positive definite,
since Tr(M*M) > 0 is the sum of the nonnegative eigenvalues of M*M > 0, and this
sum is zero only if all these eigenvalues are zero, that is, M*M = 0, or equivalently
M*Myy = 0 for every >, whence |[My||? = (yIM*M1y> = 0 and therefore M = 0.

Endowed with this inner product, the vector space of linear maps Hgy — Hj is a
Hermitian space. When d4 = dp, identifying Hs = Hp = H, the maps M and N are
square matrices, that is, operators H{ — HH, and the vector space of these operators
H — H, endowed with the inner product <MINY, is called the operator space.

Definition (Frobenius norm). The norm of M is the Euclidean norm associated
with the inner product <M|N>:

IM|| = V<MIMy = Tr(M*M).

It is sometimes called the Frobenius norm, indicated with an “F", ||M||F, in order to
distinguish it from other norms.

By the cyclic property of the trace, it can equivalently be written as || M| =
VTr(M*M) = \JTr(MM*). This norm is also denoted ||M||s because, writing M in




an orthonormal basis |a), one obtains

Ml = [>" [<aiMiby|?,
a,b

which is exactly the Euclidean norm of the dadp coefficients of M. This norm
VTr(M*M), denoted ||M||2, should not be confused with the trace norm Tr VM*M,
denoted ||M]||1, nor with the operator norm, denoted ||M]||| or ||M||w; see below.

Remark. The canonical basis laxbl (a € A, b € B), where |a> and |b> are the
respective standard orthonormal bases of H, and Hp, is also an orthonormal basis
for the Hilbert—Schmidt inner product:

(1a’xb"1)1(1axbl)y = Tr((1a’xb'1)*(laxb1)) = Tr(16"Xa'laxbl) = <a'lay<blb’> .

Remark (Orthonormality of pure states). The orthonormality property is identical
for pure states considered as vectors [¢/) € H, or as density operators [y Xy/|. Indeed,
by a computation similar to the one above,

(1pXPN) 1 (1 X 1)> = [Pl |2,

Remark (Orthogonality of positive semidefinite operators). More generally, if
M > 0and N > 0, then <MINY = Tr(MN) = 0 is equivalent to MN = NM = 0, by
the positivity property of the trace.

As in every Hermitian space, for the Hilbert—Schmidt inner product we have the
Cauchy—Schwarz inequality [<KMIN>| < ||M||||N]|, that is,

| Te(M*N)| < VTr(M*M)\Tr(N*N),

with equality if and only if M and N are proportional, together with the triangle
inequality for norms, ||M + N|| < ||[M]| + ||N]||.

Example. When M and N are observables (Hermitian operators), one recovers the spe-
cial case p = % of the Cauchy-Schwarz inequality for expectation values of observables,

| Tr(MNp)| < VTr(M2p) {Tr(N2p), that is,

[KMNY| < VAM2ZyV (N2,

The case of an arbitrary density operator p is a generalization of the Cauchy—Schwarz
inequality analogous to the case of random variables with respect to a given probability
distribution.

The Hermitian space of linear maps Hp — Ha can equivalently be viewed as a
Hermitian space of vectors, by means of the vectorization procedure.

Definition (Vectorization). Given orthonormal bases |ay (a € A) and by (b € B)
of Hy and Hp, respectively, the vectorization of the ds X dg matrix

M= Z M, plaxbl
a,b

of the linear map Hg — Hy is the vector

vec(M) = Z Map1b>lay € Hg ® Hy.
a,b



The vectorization vec() is therefore the unique linear map that sends laXb| to
Ibylay. It depends on the choice of bases and simply consists in stacking the columns
of M into a vector of dimension dadp. Since the coefficients are unchanged, this is
a bijective map that identifies M with vec(M), and conversely through the inverse
map vec (), which constructs a d4 X dg matrix column by column from a vector
of length dadp. Moreover, this vectorization preserves the inner product, since if
M =73, Miplaxbl and N = 3, , Nqplaxbl, then

(MIN> = Z M} ,Nap = <vec(M)Ivec(N)> .
a,b

It also preserves the norm, ||M|| = |[vec(M)]|; it is an isometry. Thus we have the
following result.

Theorem. Vectorization is an isomorphism of Hermitian spaces.

Example. The vectorizations of the Kraus matrices K; of a channel ‘W are the vectors
I;> of a decomposition C(‘W) = 3, I¥;Xy;| of the Choi matrix:

vec(K;) = 1>

Remark (Row vectorization). One can also define the vectorization vec’ as the
unique linear map that sends laXb| to lay1b). In this case, the rows of M are transposed
and stacked as columns in the vector vec’ (M) € Hy ® Hp. Thus vec’ (M) = vec(M?),
where M'" denotes the transpose of M.

Thus, if M = 3, , My plaXbl, then vec' (M) = 3., , My pla>1b>, with the indices a
and b in the same order; this makes some computations easier than with vec(M), even
though the computations are equivalent.

Example. The singular value decomposition of M = }; 0; 1i> 4<ilp is identified
by vec” with the Schmidt decomposition of the row-vectorized form: vec’(M) =
2. 07 10> ali>p. The Schmidt rank of vec’(M) is the rank of the matrix M.

Remark (Ket notation for a matrix). A simplified notation for the column vector-
ization vec(M), also used for the row vectorization vec’ (M), is the ket notation |M>.
This notation is justified by the fact that in both cases

(MIN> = > M ,Na
a,b

denotes both the Hilbert—Schmidt inner product of two matrices Tr(M*N) and the
ordinary inner product in the space Hp ® Hy (for vec) or Hy ® Hp (for vec’).

We now fix the notation IM> = vec' (M) = 3, , My pla>1b). Since IMby = M|b) =
>a Mg pla>, we obtain the useful formula

\M> = Z|Mb>|b>.
b

Similarly, considering the transpose M’ = 3., , M, plbXal, one has IM'ay = M'|ay =
>p My p1by, whence

M) = Z layIM'a>.
a



We can then easily compute the action of a product operator R® S = (14,9 S)(R® 15p)
on IMy € Hy ® Hg. On the one hand, (R ® Tg)IM)> = Y, (R ® 1p)IMby1by =
>» IRMDbY\bY = IRM>; on the other hand, (14 ® S)IM) = Y ,(14® S)ladIM'ay =
Yala>ISM'ay = IMS"y. Combining the two gives the formula

(R®S)IMy = |RMS">.

The inner product <M|R ® SIN) is therefore written as the Hilbert—Schmidt inner
product <MIRNS'>, which gives the following formula.

Theorem (Ando identity). For all rectangular matrices M,N : Hg — H,, and
operators R on Hy and S on Hsp,

(MIR ® SIN> = Tr(M*RNS").

The space of operators on H is a Hermitian space with canonical orthonormal basis
la’Xal (a,a’ € A). However, these operators are not themselves Hermitian, except
when a = a’. One can find an orthonormal basis of Hermitian operators from the
canonical orthonormal basis by observing that, for a # a’, la’Xal decomposes into
Hermitian and anti-Hermitian parts:

la’Xal + laXa’l N l,la’XaI — laXa'l
2 20 ’

where the two normalized operators, of norm 1,

/7
la Xal =

la’Xal + laXa’l and la’Xal — laXa'l

V2 V2i
are Hermitian. The same operators are recovered, up to a sign for the second
one, by exchanging the roles of a and a’, and they therefore span the same space
Vect(la’Xal, laXa’l). Moreover, since la’Xal and laXa’l are orthogonal (a # a’), these
two Hermitian operators are also orthogonal:

<(la"Xal + laxa')(la"Xal —laXa’'l)y =1-0+0-1=0.

Thus, starting from the orthonormal basis of the |a’Xal, by replacing, whenever a # a’,

each pair |a’Xal, laXa’l by the pair |“/X“|\7§|“X“/|, il"/xal\gaxa'l, one obtains an

orthonormal basis of Hermitian operators.

Theorem (Canonical Hermitian basis). An orthonormal basis of Hermitian operators
for the operator space is formed by the operators |aXal and, for each unordered pair
{a,a’} with a # da’, the operators

la’Xal + laXa'l ila’Xal —ilaXa’l

N and 7%

Specifying an order on the indices, for example k,¢ =1,...,d where d = dim H,
this canonical Hermitian basis consists of the d? operators

|k Xkl (k =0),
|k><f|+2|€><k| (k < 5)’

il X el=il EX k]
7 (k> ?).



Remark. This orthonormal basis spans the entire space of arbitrary operators, which
are linear combinations of these basis elements with complex coefficients. By contrast,
the set of Hermitian operators M = M* is a real inner-product space with the
induced inner product <M|NY = Tr(MN), because if M and N are Hermitian, then
aM + BN is Hermitian as well for all @, 8 € R.

This real inner-product space is also spanned by the canonical Hermitian basis,
but with coefficients restricted to real numbers. Indeed, since the inner product
(MINY = Tr(MN) = Tr(NM) = <NIM>* is necessarily real for Hermitian M, N, every
Hermitian operator is a linear combination with real coefficients of the operators in the
canonical Hermitian basis. One can therefore identify the real inner-product space of
Hermitian operators with the space RY’ where d = dim .

Example (Characterization of a quantum channel). A superoperator (a linear
map on operators) is uniquely determined by its action on the operators in the canonical
basis |a’Xal, that is, by its Choi matrix. But it is also uniquely determined by its action
on the operators of a basis of Hermitian operators; it is therefore completely determined
when it is defined only for Hermitian operators.

Moreover, every Hermitian operator M = M* can be written as the difference
M = M* — M~ of positive semidefinite operators, its Hahn—Jordan decomposition. A
superoperator is therefore completely determined, by linearity, when it is defined only
for positive semidefinite operators, and even, still by linearity, only for density operators,
that is, positive semidefinite operators with unit trace. A quantum channel ‘W, as a
linear map, is therefore indeed determined by its action ‘W (p) on an arbitrary density
operator p.

Remark (Decomposition into pure states). It is sometimes convenient to express
each canonical operator |kX{| as a linear combination of density operators of the form
Iy Xy, that is, pure states. WWe may restrict to the case k < £. On the one hand, 1kX¢|
is the half-sum of its Hermitian and anti-Hermitian parts:
kXl + 1€Xk] 3 l_ilkaI —i1eXk|

2 2 ’
where we recognize the canonical Hermitian operators. On the other hand, observe that

(1> + 1) (kI + <L1) = 1kXkl + 1€XCL + (kXL + 1€XkI),
(lk> + 116>) (<kl = i<€1) = lkXkl + 1€XL) — (ilkXE) — i1€Xk]).

kXt =

Substituting gives
1 1 1
lkX€] = §(|k> + 16>) (kI + <L1) — §|k><k| - §|€><€|

i i i
—(1k £ kI —i<€)) — =lkXxXkl — =I€XL).
+2(| >+ il6y) (Kkl —i<Ll) 2| Xkl 2| XL|

_ 1+

" _ 1>+l
Writing the pure states [+) = 7

and |+i) = 5 we obtain the pure-state

decomposition formula
eXOl = 14X+ + 0 - 1+ix+il = B kxkr — L exe,
which shows that a channel is uniquely determined by its action on the d? pure states

k>, %, and % (k <?).



The Frobenius norm on the operator space can be written as ||M||o = v Tr(|M|?),
where |M| = VM*M is the absolute value of M, which appears in the polar decomposi-
tion M = U|M| with U unitary. Since the eigenvalues of |M| are the singular values
o7 > 0 of M, one can also identify

IMllz = D o2 =llorlla

as the Euclidean norm of the vector o= = (07); of singular values of M. The generalization
to p-norms of order p > 1 suggests the following definition.

Definition (Schatten norms). For every p > 1, the Schatten p-norm ||M||, is
defined by

1Ml = (Te(MIP)) 7 = (3 o) = ol

This definition extends by taking the limit as p — +oo:

||M||co = hrn ||M||p— hm ||0'||p—rnaX0',

The p-norm is indeed positive definite: [|[M]||, > 0, with equality [|M]|, = 0 if and
only if M =0, and positively homogeneous: [[aM||, = |a|||M||, for every scalar & € C.
(The third norm property, the triangle inequality, is presented below.)

Remark. Since |M| = VM*M and |M|' = VM M* have the same singular values o7,
either |M| or |M| can be used in the definition.

Consider finite orders ¢ > p > 1. If we normalize o = then o/ < 1, hence

||0'|| '
U’? < U’f for all ¢ > p. Summlng gives ||U’||Z < ||U’||p = 1, that is, ||o”||, <
1 < |lollg < llo]lp: the p-norms ||M]|, = |lo°]|, are decreasing (nonincreasing) as
p increases. The inequality ||o7||c = max; 0y < ||o||,, is immediate in the case g = +o0.

Moreover, the classical Holder inequality for finite 1 < p < g gives ||l =
S0l 1< (S0 (8 )/ = o1, whenee ol < rPYalo],,
where one can take r to be the number of nonzero smgular values, that is, the rank
of M. Again, the inequality ||o]|, < 7|0l = (r max; 0-1_1’)1/17 is immediate in the
case g = +o0. We have obtained the following result.

Theorem (Equivalence of p-norms). For every operator M of rank r, and every

q>p, _
IMIly < IMIl, < r/P=Ha) M.

In particular, the p-norm is decreasing (in the nonstrict sense) in p > 1. Bounding r
by the dimension of the space, we deduce that the Schatten p-norms are equivalent.

Example. In particular, [|[M||1 < Vr|[M||2 and [|[M]l2 < Vr||M]|w.

In order to generalize the Cauchy—Schwarz inequality |[<KMINY| < ||M||2]|N]|2 to p-
norms, one has to deal with the difficulty that the positive semidefinite operators |M| and
|N| do not commute in general and, consequently, cannot be diagonalized in the same
o;thonormal basis in order to apply the classical Holder inequality <oIt> < ||l lITll4

(1—, + % = 1) to the respective singular values oy and 7; of M and N.



For simplicity, we restrict to the case of operators M and N (represented by square
matrices) with polar decompositions M = U|M| and N = V|N|, where U and V are
unitary. (The case of linear maps represented by rectangular matrices can be generalized
by extending the notion of polar decomposition with partial isometries U and V.)

The operator inner product <M|N> can be written as

(MINy = Te(M*N) = Te(IM|U"VIN|) = Te(|M|-W-IN]) = > o3 GIW-|NJii5 ,

where W = U*V is unitary and where we have used the spectral decomposition
|M| = Y; o:1liXil. The classical Holder inequality applies for %+$ =1(1< p,q < +x),
and, up to exchanging the roles of p and ¢, we may assume that ¢ is finite. We obtain
the inequality
[KMIN>| < Zmﬂ' < lloliplitlly = IMIplITllg,
i

where the coefficients 7; = |[<iIW-|N|li>| = [<W*il |N| 1i>]| are, in general, not equal to
the singular values of N.

Observe that the vectors |w;> = W*|i> also form an orthonormal basis, since W* is
unitary. To obtain diagonal entries of |N|, we apply the Cauchy—Schwarz inequality

[<BIINY>| = [<VINT IV INTs | < IIWINIgN - ININTE I = V<or INT1¢>v <t [N 1o,

which gives

7= [<wil [N 15| < AV <wil [N| widV/<il [N| 1i>.

Now, for every orthonormal basis i, the diagonal entries <il |N| i) of |N| written
in this basis decompose over the singular values of N, that is, the eigenvalues v, > 0
of |N|, with spectral decomposition |N| = X, vilkXkl:

GILN 1Y = 3 <Lk <kliy vi = X |<klid|Pvy.
k k

This is a convex combination of the vy, since 3, [<kli>|> = [|i]|> = 1. As the function
f(x) =x7 (g = 1) is convex, the convexity inequality gives

(<t INT1i>) T < D [<kii> v = Gt INJ9 10>
k

Applying this to the two orthonormal bases [i> and |w;> gives

78 <A Kwil IN[9 1wy /<l N 10

Summing over i and applying a variant of the Cauchy-Schwarz inequality for positive

numbers, >, \X7y; < v/ 2 xiv/2; yi (Cauchy’s inequality), we obtain
1
I7lly < (VX INJYTEING) Y9 = (V]

We have obtained the following theorem.

Theorem (Holder inequality for operators). /le? + é =1, where1 < p,q < +,
then
[KMIN>| < IM]IpINlg-



By analogy with the classical case, one can verify that equality holds in Holder's
inequality for finite p,q if [N|?7 = ¢c|M|P (where ¢ > 0) with U = V, because then
INI§ = cllM]l}; and

(MIN> = Tr(IM| - IN]) = /4 Te(|MP1*T) = MM = M1, IVl

If one of the two orders is infinite, for example p = 1 and g = o, equality holds, for
instance, if |[N| = ¢1 with ¢ > 0 and the polar unitaries are aligned, because then
INllo = ¢ and Tx(|M] - [N]) = c[[M]]1.

In all cases, one can always choose the proportionality constant ¢ so that || N||, =
1, and ||M]|, is then the maximum value of [<MIN>|, which gives the following
characterization.

Theorem (Linearization of the p-norm by duality). lf% +% =1, where 1 <

p,q < +oo, then
IM||, = max [<MIN>|.
INllg=1

Because of this property, the norms || - ||, and || - ||, with Il) + % =1, are said to be
dual. The triangle inequality for operator p-norms follows immediately, just as in the
classical case of vector p-norms. Indeed, since |<M + NIL)| < |[<MIL)| + |<NIL>|, we
have

M+ NJ, = ”1L1|1|ax1|<M+NIL>| < max1|<MlL>|+ max |[<NILY| = [[M]l, + [IN]lp,
q= q=

LIl ILll4=1
which gives the triangle inequality for p-norms, or Minkowski inequality:
M+ Nllp < IM]l, + INl.

Example (Operator norm ||M||). Write M = U|M|, where U is unitary, and write
the spectral decomposition |M| = Y, 0;liXil. Since U preserves the norm, for every
vector 1> we have

Myl = NUIMIG I = 1M1 = Y o2l P < (max o)l
i

which shows that [|[My|| < ||M|||l¥|], with equality if 1> lies in the eigenspace of
|M| corresponding to a maximal singular value. Consequently, ||M||« is the operator
norm (also called the spectral norm) of M, for the usual Euclidean norm ||[¢/|| = |l |2
on vectors:

[M|leo = max oy = max [|[My|],
i =1

which is sometimes denoted ||M||| (triple norm).

Example (Trace norm ||M||;). The trace norm

”M”l :TI'|M| =TrVM*M =Tr VMM*:ZO-I

is very widely used in quantum information theory. The trace norm ||M||; and the
operator norm ||M||« are dual.



Writing the polar decomposition M = U|M|, where U is unitary, and the spectral
decomposition |M| = }; 0yliXil, we have

Tr(M) = Te(U|M|) = Y o Tr(Ulixil) = Y oy <lUli>
i i

where the diagonal coefficients of U all have modulus at most 1, whence the trace
triangle inequality
| Te(M)| < Tr M| = ||M]|1,

with equality, in particular, if U = 1, that is, if M > 0.

Remark. In the special case where M is Hermitian, one can recover the trace triangle
inequality from the convexity inequality for the function f(x) = |x|: |Tr(M)| =
| > @My | < Y, |<iIM1iy| < Tr(|M]). In this special Hermitian case, the inequality
is also immediate from the Hahn—Jordan decomposition: | Tr(M)| = | Tr M*=Tr M~| <
TrM*+TeM™ =Te(M*+ M™) =Tr |M]|.

We can generalize the trace triangle inequality to every unitary matrix V:
[<VIM>| = [Tr(V'M)| < [IM]]1,

because in the preceding proof, V*U is still unitary; equality holds if V = U. We
therefore have the following characterization.

Theorem (Characterization of the trace norm).

IM||; = max [KMIU|.
U unitary

This characterization of the trace norm is stronger than the one by duality, ||M]|; =

”]rvrﬁax1 [<MIN>Y|, since every unitary U satisfies ||U]| = 1.

Remark. One can also use the characterization of the trace norm to show the triangle
inequality ||M + N||1 < ||M]|1 + ||N||1, as we did above using duality of the p-norms.

Remark. If M is an operator on Hs ® Hp, the identity-tracing formula Trp((U* ®
15)M) = U* Trg M gives, by taking the trace over A,

UI'Trg M) = U ® 151M> .
Therefore
|TrgM|1 = max [<KUITrgMy| = max [KU® 15IM>|
U unitary U unitary
< max [KUM>| = ||M]|;.

U unitary

The trace norm decreases (does not increase) under a partial trace.



