(1) Tensor Products of Operators

Definition. The tensor product of two linear maps M : Hy — Hx and N : Hg —
Hp: is the unique linear map

MQ®N : Hys @ Hg — Ha @ Hp:
such that, for all vectors 4> € Ha and 1> € Hp,
(MN)(IWa>®1Wp>) = Mya> @ Nig.

This linear map is uniquely determined by its image on any orthonormal basis |ab)
of Hy ® Hp, since

(M ® N)laby = (M ® N)(la> ® 1bY) = Mlay ® N1b>.

Remark. The image of M ® N is therefore spanned by the vectors Mia> ® Niby; it is
the tensor product of the images of M and N, whose dimension is the product of the
dimensions of the images, that is, the product of the ranks ryry of M and N. The
rank of the tensor product M ® N is therefore ryen = ryury.

By its definition, the tensor product M ® N of linear maps is evidently bilinear in
its arguments (linear in M and linear in N).

Let la> (a € A), 1a’> (@’ € A”), 1b> (b € B), and |b’y (b’ € B’) denote orthonormal
bases of Hy, Har, Hp, and Hp:, of dimensions da, da, dg, and dp, respectively. For
these bases, we may therefore identify M ® N with a matrix of size dy dp X dadp
whose coefficients are

a’b’'\M ® Niaby = (<a'I ® <b'1)(Mla> ® NIby) = <a'IMlay <b"IN1b> .

In other words, if we write M = 3 /car gea Marala’Xal and N = 3 cpr pep Norplb' XD,
then
M&N= > > MyNyplad'h'Xabl.
a’ceA’,acA b’eB’,beB

This matrix M ® N is called the Kronecker product of the matrices M and N;
for given bases, it is identified with the tensor product of the two linear maps M and
N. When a particular order is specified for the indices a and b, for example the ordered
index sets A = {1,2,...,da} and B ={1,2,...,dg}, the indices ab = (a,b) € AX B
are ordered lexicographically. Setting a;; = <IM1j> and By = <kINI> for the
coefficients of the matrices M and N, respectively, the matrix M ® N is written in the
form of a block matrix:

a1 o A4y, Bi1 - Pl aigN - a1a,N
: : Q : : :
Adyl ' Adyds Bag.1 - Bdy.dg g AN - @g,.aN



that is, expanding:

@11B11 - a11Blag @1,4,P11 - aLdBldg
al,l,éde,l e a’l,l,B.de,dB al,dA,dez,l e a’l,dA,édB,,dB
Qg 1P11 Xd , 1P1,dp Xd v daP11 7 Qdg.diPldg

CYdA/,l.,BdB/,l e adA/,llédB/,dB adA/,d,:\,BdB/,l e Cl’dA/,dA;BdB/,dB

Remark. In the special case ds = dp = 1, by identifying 14> and > with linear
maps C — H, and C — ‘Hjp, respectively, we recover the definition of the tensor
product 4 ® ¥>, which may be viewed as a special Kronecker product.

As in this special case, the Kronecker product is not commutative in general:
MQ®N # NQ®M; the two matrices contain the same entries but in different arrangements.

Example. The map <al® 13, applied to a vector I¥> = 3,/ , @a pla’>1b> of Hy ® Hp,
gives
g = (Kal @ Tp)I¥y = Z Zaa"b <ala’y 1glby = Zaa,blb> € Hp.
a b b
We can therefore write [¥> = 3, 1a) ® 1¢,>. The operator <al ® 1p takes the partial

coordinate only along the orthonormal basis vector |ay of Hyu, producing a vector
l¢p,> € Hp. By a similar calculation,

(laXal @ 1p)I¥> = la> @ 1¢s>.
The operator laXal ® 1p partially projects |¥) € Hy ® Hp onto the basis vector |a).

Given two other linear maps M’ : Hy» — Hp» and N’ : Hp — Hp», one can
define the products (by composition) MM : Hy — Ha» and N'N : Hg — Hpr. The
Kronecker product M'M @ N’'N : Hs ® Hp — Ha» ® Hp» has coefficients (in the
orthonormal bases of the spaces under consideration):

a"b"IM'M ® N'Nlaby = <a”"IM'M|a> <b”IN'N\b)
= Z @ \M\a'y<d\Mlia> Z b IN'1b'y<b'IN1bY
a’ b’
= Z @"b"\M’' ® N'1a'b’><a’b’'\M ® Nlab) .
a’,b’

These are precisely the coefficients of the matrix product of M’ ® N’ by M ® N. We
have proved the following fundamental theorem.

Theorem (Product Formula). The tensor product is multiplicative: with the notation
above, products of tensor products are the tensor products of the products:

(M@ N')(M®N) = M'M ® N'N.
More generally, by applying this formula successively,
(M1 ® N1)(M2® N2) - -+ (M, ® Ny) = (MiMz -+ - My) @ (N1N2 - - Ny).



Example. By interpreting the vectors 4> and I¥p> as linear maps C — Hy and
C — Hp, we recover the formula

(M @ N)(Iga> ® Ip>) = Miya> ® Nip),
which served to define M ® N, as a special case of the product formula.

Remark (Block extraction). Consider an arbitrary matrix M of size dadp X dadsp,
representing a linear map M : Hy ® Hp — Hy @ Hp:, written in (rectangular) blocks
of size dp' X dp:
Miy; -+ Mg,
M=| |,
Mg,1 -+ My, .a,

where the M, , denote the ds-ds blocks extracted from M.
In the special case M = M ® N, by looking at the Kronecker product one simply has

M, , =<d'IMliay N,

where <a’IMla> = a, 4 is a scalar. This can be written directly in terms of the matrix
M ® N as
Ma’,a = (<a,| ® 1]B’)(M ® N)(Ia) ® 1]3)

by the product formula. In the general case, M is always a linear combination of tensor
products of the form M ® N (more specifically, of 1a’b’Xab| = |a’Xal ® 1b"Xb1). By
linearity, we obtain the block-extraction formula:

Ma’,a = (<a,| ® ]]B/)M(|a> ® ]]B)

This is a generalization of the formula M, , = <a’IM|a) giving the entries of a matrix
M, which corresponds to the case dg = dgr = 1. In the special case where the domain
is one-dimensional, M may be identified with a column vector W) = 3, , aqplad>1b);
its a-th block is the vector 1¢,> = >, @q.p1b>. We recover the formula

9> = (Kal @ 1p)I1¥>.

Another way to see the construction of a matrix by blocks M, , is to note that
the matrix with the single block M, ,, all other blocks being zero, corresponds to
the tensor product la’Xal ® M, 4, because |a’Xal has just one nonzero coefficient,
equal to 1, at the intersection of row a’ and column a. Thus, by linearity, we have the
block-composition formula:

M= )" 1a'Xal ® My 4,

a’,a
from which we recover the block-extraction formula

(a1 ® 1p)M(la> ® 15) = My ,.



Remark. One can easily generalize what has just been explained to the tensor product
of several maps M1 ® My ® --- ® M, where M : H; — H,, which defines a linear
map

HIQH® - QH, > H@H; ® - @ H,.

This tensor product is associative and satisfies the product formula
Mi@Ms®---M,)(NN®N2®---®N,) = M{N|1 ® MosNo® --- @ M,N,,.

In what follows, we will always reduce to the simple case of the tensor product of
two maps M ® N by using associativity. For example, the tensor product M| ® Mo ® M35
of three maps can be viewed as (M; ® M2) ® M3, or equivalently as M} ® (M ® M3).

In the rest of this chapter we consider linear operators (endomorphisms) M : Hy —
Hy and N : Hp — Hp, so that M ® N is also a linear operator Hy ® Hpg — H @ Hp
represented by a square matrix of size dadp X dadp. When interpreting M ® N on
the compound system AB, one can view M ® N as the simultaneous application of
the operator M to system A and of the operator N to system B. Indeed, specifying
(M@ N)(Iya> ®Wp>) = Miy4> @ Niyg> amounts to specifying the states My 4>
and Ny p) separately.

Example. In particular, M ® 1p applies the operator M to system A and does nothing
(applies the identity operator) to system B. Likewise, 14 ® N applies N to B and does
nothing to A.

Example. In the special case in which one of the dimensions d4 or dp is equal to 1,
say dp = 1, the operators on Hp are scalars @, and the tensor product M ® a simply
amounts to multiplication by the scalar a: M ® @ = aM.

By conjugating the relation
<a'b’'|M ® Nlab) = <a'IM|a> <b'IN\b> ,
one obtains the relation
<ab|(M ® N)*1a’b"y = <alM"1a’y <bIN*|b">
for the dual (conjugate-transpose) operators, hence the following result.

Theorem (Dual of a Tensor Product). The dual of a tensor product is the tensor
product of the duals:
(M®N)"=M*"®N".

The determinant of the matrix M ® N is denoted by |M ® N|. Since it does not
depend on the chosen basis, taking the orthonormal vectors |ab) in reverse lexicographic
order gives [M ® N| = [N ® M|: the order of the factors does not matter. By the
product formula,

M®N =(14,M)® (Nlp) = (14 @ N)(M ® 1p),



and hence
IM@N|=|Ta@N|- IM®Tg|=|14@N|-|1p® M|.

Now, from the definition of the Kronecker product as a block matrix, it follows
immediately that |14 ® N| = |N|% and likewise |13 ® M| = |M|%8, yielding the
following result.

Theorem (Determinant of a Tensor Product).
M ®N| = |M|"|N|",

where the exponent of |M| is the size of N, and the exponent of |N| is the size of M.

It follows from the determinant formula that M ® N is invertible (has nonzero
determinant) if and only if M and N are invertible. In this case, by the product formula,

Tag=1a0T=(MMHe(NN"H=MeN) (M eN),
which gives the inversion formula

(MeN)'=M1eN

If M and N are normal operators, then MM* = M*M and NN* = N*N. Hence,
by the Product Formula and the duality theorem,

(M®N)(M®N)"=(M®N)(M*® N*)
=MM*® NN*
=M"M®N*N
=(M"®@N*)(M®N)
=(M®N)*(M®N),

so the tensor product M ® N is itself normal. We can make its spectral decomposition
explicit: if, in orthonormal bases of eigenvectors, M = Y, A,1aXal and N = Y, up|bXbl,
then by bilinearity

M&N=> Zb:ﬁ““” laxal ® 1bXb| = Zb:ﬂayb labXabl,
a a,

where we have used the Product Formula laXal ® |IbXb| = labXab|. This spectral
decomposition of M ® N shows that the eigenvalues of M ® N are all the pairwise
products A,u;, of the eigenvalues of M and N.

Remark. We recover the fact that the determinant of M®AN is the product [, , daptp =
(ITa ) (ITp pp) 4 = M| |N |42,

Observing that |A4] = |up] = 1 = |Adaup| = 1, Au, up € R = Agup € R, Ag, up >
0= Agup =0, Ag, up > 0 = Agup > 0, and Ay, up € {0,1} = A up € {0,1}, we
obtain, by the characterizations of the different types of operators, the following results.



Theorem.

M ® N is normal

M ® N is unitary

M ® N is Hermitian

M ® N s positive

M ® N is positive definite

M ® N is an orthogonal projector.

M and N are normal

M and N are unitary

M and N are Hermitian

M and N are positive

M and N are positive definite

M and N are orthogonal projectors

LUrret

Remark. For every real- or complex-valued function f whose domain contains the
relevant eigenvalues and their products, and which is multiplicative, meaning f(Au) =
f(2) f(u), the spectral decomposition M ® N = 3, , Aqptp labXab| gives

F(M®N) =Y f(da)f () labXabl = f(M) @ f(N).
a,b
In particular, this recovers the formulas (M @ N)* = M* ® N* for f(1) = A* and
(M®N) ' =M"1@N! for f(1) = A~!. We also have, for f(1) = V2,

VM @ N = VM @ VN

if M and N are positive.

Remark (Unitary Evolution of a Compound System). A compound system AB
undergoes a unitary evolution U just as in the case of a single system, with a square
unitary matrix U of size dadp. If each system undergoes a separate evolution (A
undergoes a unitary evolution U4 and B a unitary evolution Ug), the compound system
as a whole undergoes a unitary evolution of the form

U=Us®Up,
which is indeed unitary, as one sees directly from the Product Formula:
U'U=U,0Up)(Us®@Up) =UUs@UzUp =14 1p=1.

If one of the systems undergoes a unitary evolution while nothing changes for the other
system, say a unitary operation Uy is performed on A and B remains unchanged, then
the compound system AB undergoes a unitary evolution of the form

U=Us® 1.

These considerations generalize easily to several systems ABC - - - .



