() Normal Operators

We assume that the properties of linear operators (endomorphisms) H — H in
dimension d > 0 are well known, in particular the notions of determinant, diagonalization,
eigenvalues, and eigenvectors.

Recall that for an operator M : H — H, 1> € H is an eigenvector (nonzero)
associated with the eigenvalue (or spectral value) 2 € C if Miy> = Aly>. Every
eigenvalue A of M therefore provides a nonzero solution to the equation (M —A1)1y> = 0,
which amounts to saying that the matrix M — A1 is not invertible, or equivalently that
its determinant is zero: |M —A1| = 0. This determinant is a polynomial of degree d in A,
which has d complex roots. Consequently, the eigenvalues of M are uniquely determined
by the operator M, as the roots of this polynomial. For this A, the eigenspace H is
the subspace of H consisting of all vectors solving the equation My> = Ay, that is,
the kernel Ker(M — A1), which is also uniquely determined by M.

In quantum theory, we consider only normal operators in the following sense.

Definition. A (linear) operator M : H — H is normal if it is diagonalizable in an
orthonormal basis |a).

The orthonormal basis lay (a € A) is the basis of eigenvectors associated with the
eigenvalues 1, € C of M, which are the diagonal entries of M written in this basis.
According to the general expression of a matrix M = 3, , M, ,laXbl, the only nonzero
entries are the M, , = A,, and saying that M is normal amounts to saying that it can
be written in spectral decomposition form:

M = Z/la laXal
a

where the sum runs over the d = dim H elements of A.

The eigenvalues A, are uniquely determined by M but are not necessarily distinct;
there may be multiple eigenvalues. By writing 1> in the basis of the |a>, one finds that
the solutions of the equation MIy> = Aly) are the vectors spanned by the la)> for all
a € A such that A, = 1. These therefore form an orthonormal basis of the eigenspace
H,, and the multiplicity of the eigenvalue A is equal to its dimension dim 7.

By grouping the terms with the same eigenvalues in the expression Y, 1, laXal =
24 A(Xaj1,=1 1aXal), one obtains the canonical spectral decomposition:

M:Zﬂnﬂ
A

whose elements are uniquely determined by M: the sum ranges over the set of eigenvalues
(the spectrum) of M, and II, is the orthogonal projector IT; = ¥, -1 aXal onto
the eigenspace H), called the spectral projector associated with A.



Remark. By comparison, in the spectral decomposition M = }, A, laXal, the or-
thonormal eigenvectors |a) are not unique, because they depend on the choice of
orthonormal bases for each eigenspace. Even for a simple eigenvalue 1, for which
dim H,, = 1, the corresponding eigenvector |a) is determined only up to a phase (in
quantum theory, this corresponds to the same state).

The canonical spectral decomposition may be viewed as a generalization of the
resolution-of-the-identity formula, corresponding to the case M = 1, for which all

eigenvalues are equal to 1:
S
2

Moreover, since the bases of the eigenspaces H, that is, the la)> for which 1, = 4,
are disjoint subsets of the orthonormal basis of the |a) for the whole space H, these
eigenspaces are mutually orthogonal and we have the relations

I, ifa=2a,

00, =
il {0 ifA£ N

Thus, saying that M is normal amounts to saying that it can be decomposed in the
form M = }, A11,, where the spectral projectors satisfy the two conditions above:
ol =1 and Iy =0if A # 2.

Thanks to these properties, we will easily be able to compute matrix products of
the form

O FMY (Y e = > D) Tl = " f()() T,
A A A A

which amount to performing the products on the eigenvalues.

The point of the notion of a normal operator is that it makes it easy to translate
properties of an operator M into properties of the corresponding complex numbers
(eigenvalues) A. For example, the dual M* corresponds to the conjugate eigenvalues
A*, because by taking the conjugate transpose of the canonical spectral decomposition,

we get
M=) =) I
A A

since every orthogonal projector is its own dual (IT; = II;). Thus M* is diagonalizable
in the same orthonormal basis as M, with conjugate eigenvalues A*.
An important criterion for normality is given by the spectral theorem:

Theorem (spectral). M is normal (diagonalizable in an orthonormal basis) if and
only if it commutes with its dual:

MM* =M"M

(This commutativity relation is often taken as the definition of a normal operator.)



Proof. First, if M = Y, AT, is normal, then M* = Y}, A* 1, and, by the properties of
spectral projectors,
MM = A0
1

Since A1* = |1]? = %A, the same calculation with the roles of M and M* interchanged
gives the relation MM* = M*M.

Conversely, assume that MM* = M*M, and consider an eigenvalue A of M and
the corresponding eigenspace H,. The eigenspace H is invariant under M since
Wy € Hy = Mgy = AlY> € H,. But, under the hypothesis MM* = M*M,
it is also invariant under M*, because ly> € Hy = MM*ly> = M*Mly) =
AM Wy = M*ly> € H,.

Let IT; be the orthogonal projector onto H,, and let IT; = 1 —1II, be the orthogonal
projector onto the orthogonal complement H:-, so that we have the orthogonality
relations IITy = II7I1; = 0. Since H; is invariant under M, with MII, = AIl,,
we have ITyMII; = 0. Moreover, since H, is invariant under M*, we also have
Iy M*TI; = 0, whence, by taking the dual, T MTII; = 0; this amounts to saying
that 7—(/1l is also invariant under M. Consequently, the two cross terms vanish in the
expansion

M = 1M1 = (T + TH)M(IT, + 1+) = T MTT, + I MTT, + T MITE + T M-

and what remains is
M= AT, + M’

where the operator M’ = 1y MTI; describes the restriction of M to the orthogonal
complement ?{j. Again, thanks to the vanishing of the cross terms HjMHﬂ =
I, MIIy =0, we get

M'M"™ =TT MITE MPTTE = TTEM (T - TL) MPTTE = TTEM M+
MM’ =TT M*TIE MITE = TTEMF(1 - T) MITE = TTEMFMTTE

so the operator M’ satisfies the same commutativity relation as M: M'M"™ = M"™*M’.
We can therefore proceed with M’ in the same way as with M, using an eigenvalue
A’ # A, to obtain the decomposition M = ATl + A’I1» + M”, and so on, until all
eigenvalues of M are exhausted and its canonical spectral decomposition is obtained;
this proves that M is normal. |

Definition. The operator M is Hermitian (or self-adjoint) if it is self-dual: M* = M.

A Hermitian operator is normal, because by the spectral theorem MM* = M? =
M*M. The spectral decompositions M = Y, ATl = M* = },; A* T1; are equal if and
only if the diagonal entries satisfy 1 = 1%, that is, A € R: all eigenvalues are real. We
therefore have the following.

Theorem (spectral, Hermitian case). M is Hermitian if and only if it is normal
(diagonalizable in an orthonormal basis) with real eigenvalues.

Remark. Analogously, an operator M is anti-Hermitian if M* = —M, which amounts
to saying that it is a normal operator (diagonalizable in an orthonormal basis) whose



eigenvalues are purely imaginary (because 4* = -4 &= A € iR). One can always
decompose an arbitrary operator (even a non-normal one) into Hermitian and anti-
Hermitian parts:
1 1
M = §(M+M*) +§(M—M*)

where %(M + M*) is Hermitian and %(M — M™) is anti-Hermitian.

Definition. The Hermitian form associated with the operator M is the map H — C
defined by <y IM > for every € H.

It is clear that the sesquilinear form <@IM1y> (for all ¢, € H) determines M
uniquely, since in particular one recovers the matrix entries <alM|b) in an orthonormal
basis. It is important to observe that the Hermitian form alone, <y IM1y> (for every
W € H), also determines the operator M uniquely. For this, it suffices to show that
WMy =0 for every ¢ € H implies M = 0, because then, for two arbitrary operators
M and N, the identity </ IMy> = <INy > amounts to saying that <y |(M — N)Iy> =
0 for every ¢ € H, whence M — N =0 and M = N.

The property <y IMiyy =0 (V¢ € H) = M =0 is true if M is normal, because
then, in an orthonormal basis 1a) of eigenvectors, A, = <alMla) = 0 for every a implies
M = 0. Otherwise, since <¢/IM1y> = 0 implies <y IM* 1> = (g IM1y>)" =0, we get
WM £ M*) 1> = 0 for every ¢ € H, which implies M+ M* = 0 because the Hermitian
and anti-Hermitian parts of M are normal. Hence finally M = %(M+M*)+%(M—M*) =
0. We have proved the following.

Theorem. The Hermitian form <My (for every € H ) determines an arbitrary
operator M uniquely.

In particular, M is Hermitian if and only if, for every y € H, <y IM > = <y IM* 1>,
that is, <@ IMIy> = (WIMI>)", or equivalently <y IMIy> € R:

Theorem. M is Hermitian if and only if its Hermitian form is real-valued: <y/IM > € R
for every ¢ € H.

Remark. Analogously, M is anti-Hermitian if and only if its Hermitian form is purely
imaginary: <My € iR for every y € H.

Definition (Positivity and Léwner order). The operator M is positive (or non-
negative, equivalently positive semidefinite) if <y \M1y> > 0 for every € H. We then
write M > 0.

It is positive definite if <yIMy> > 0 for every nonzero € H. We then write
M > 0.
For convenience, for arbitrary Hermitian operators M, N, one often uses the Léwner
notation M > N (or N < M), which means M — N > 0 and defines a partial order.
Similarly, M > N (or N <M) if M —N > 0.

Remark. By replacing [/> by N1y in the definitions above, one establishes that, for
any operator N, if M is Hermitian then N*MN is also Hermitian, and M > 0 —
N*MN > 0.

Since <Y IM > > 0 implies <@ IMIy> € R, a positive (or positive definite) operator
is Hermitian, with eigenvalues 1, = <alM|a> that are nonnegative (respectively strictly
positive):



Theorem (spectral, positive case). M is positive semidefinite if and only if it is
normal (diagonalizable in an orthonormal basis) with nonnegative eigenvalues A > 0.

M is positive definite if and only if it is normal (diagonalizable in an orthonormal
basis) with strictly positive eigenvalues A > 0.

Remark. Even if M is not normal (and even if it is a rectangular matrix), the two
operators M*M and MM* are always positive semidefinite, since <WIM*MIyy =
My \Myy = ||My||> > 0 and (W IMM* 1y = MPWIM* > = ||M*y||? > 0.

Remark. An orthogonal projector IT already constitutes its own spectral decomposition
IT=0-Tp+1-1I;, where IT; = IT and 1y = T —IT is the projector onto the orthogonal
complement. Since the eigenvalues are 4 = 0 or 2 = 1, I is a positive Hermitian
operator (IT* = IT), satisfying I1? = T1. Conversely, every normal operator M satisfying
M = M? is such that Y, ATI; = 3, A%TI;, whence A = A%, thatis, A=0or A = 1.

Thus every orthogonal projector is characterized by being normal and idempo-
tent (equal to its square).

We have established that the spectral projectors I, in a spectral decomposition
satisfy the relations >, I1y = 1 and IT;IT;y = 0 if 2 # A’. The second condition is in
fact a consequence of the first. Indeed, assume that >, 1, = 1, and consider two
projectors I, and I/, where A # A’. Then ITy > 0, and I1; + [Ty < 1 (because the
difference is a sum of orthogonal projectors). Multiplying on the left and on the right
by T, we obtain IITyT1; > 0, but also I3 + IIT, 1T, < TI2, which simplifies to
IT, 11,11, < 0 since I1; = H/Ql. Thus I ITy 11, = I, Ty I = 0, that is, for every
>, I, T Iy = ITLe T ]|% = 0, whence TIIT; = 0. We have proved the
following theorem.

Theorem (orthogonal resolution of the identity). If a family of orthogonal
projectors sums to the identity, 3,11, = 1, then I}y = 0 for every A #+ A'.

Thus, as soon as we have a resolution of the identity (closure relation) >, I, = 1,
the projectors I1, are necessarily projectors onto orthogonal subspaces, and there can
be at most as many of them as the dimension d of H. Consequently, the number of
such projectors cannot exceed the dimension of the space.

Definition. The operator U is unitary if it is invertible and its inverse is its dual:
ut=u.

A unitary operator is normal, by the spectral theorem, because UU* = 1 = U*U.
Conversely, if UU* = 1, then taking determinants gives det(U) det(U*) = | det(U)|? =
1, so U is invertible and U™! = U~'UU* = U*: U is unitary. Similarly, the relation
U*U = 1 implies that U is unitary. The three conditions UU* = 1, U*U = 1, and
U~! = U* are therefore equivalent.

The product of the spectral decompositions U = }}; A1y and U* = Y}, A* 1, gives
UU* = 3, AT, = 3, |4)?T1;. Consequently, U is unitary if and only if it is normal
with eigenvalues satisfying 1| = 1 (in other words, A € U, where U denotes the unit
circle of C).



Theorem (spectral, unitary case). U is unitary if and only if it is normal (diagonal-
izable in an orthonormal basis) with eigenvalues of modulus 1.

By the characterization of the associated Hermitian form, U is unitary if and only if
WU UW> = Wily> = i, that s, [UY]1* = [ly1* for every y € H:

Theorem. U is unitary if and only if it preserves the norm: ||Uy|| = ||| for every
veH.

More generally, it preserves the inner product, because for all ¢,y € H, <UpIUy> =
PHIUUW> = <PITIY> = <Pl

Remark. If the [i> (say fori = 1,. .., d) denote the vectors of the canonical orthonormal
basis, the condition U*U = 1 amounts to saying that

N e 1 ifi=j

AUilUjy = aiuulyy = .
0 otherwise.

In other words, the d columns U|j) of the matrix U are orthonormal. Similarly,
the condition UU* = 1 amounts to saying that the d rows <i|U of the matrix U are
orthonormal.

Thus the vectors |u;» = Uli> form a new orthonormal basis, in which the matrix of
an arbitrary operator M is the matrix of coefficients

wilMiu;y = KUIMIU j> = <ilU*MUIj> .

This amounts to saying that the matrix of the operator M in the new orthonormal
basis of the |u;> is equal to U*MU.

In particular, M is normal if and only if there exists a unitary operator U such that
U*MU = A is diagonal, where the diagonal entries are the eigenvalues A; associated
with the eigenvectors |u;):

A1

T
0

Since U™! = U*, we can invert the relation: M = UAU*, which is equivalent to the
spectral decomposition M = 3 ; A;lu; Xu;!.

U'MU=A=

ey

The following table summarizes the different types of operators:

normal MM*=M'M A*=|1?=214 21e€C
unitary MM* =M*'M =1 A7 =1 1eU
Hermitian M =M A=A A€eR
anti-Hermitian M*=-M A" =-A1 A €iR
positive M=>0 A1=20 AeRy
positive definite M >0 1>0 A1eR:

projector M>=M 2 =2 A€{0,1}



We can pursue the analogy between a normal operator and the set of its eigenvalues
for any functional calculus on an operator, thanks to the following definition:

Definition. For every normal operator M = Y, A11,, and for every real- or complex-
valued function f whose domain contains the eigenvalues A € C, we define

FM) =" F() T,
A

This notation is compatible with the usual notation for operators, for example:
fQ) =2 f(M)=3,2"T1; = M* is the dual of M;
fQ) =A% f(M)=3,22T) = (3, A11;)? = M? is the usual square of M;

fQ) =" f(M) = X, A", = (X A))" = M" (calculation by induction) is the
nth power of M;

f(A) a polynomial in A: by linearity, f(M) is the corresponding polynomial in M;

fQ) =1 f(M) =3, Iy = M~ is the inverse of M (if M is invertible, that is,
if no eigenvalue is zero), because MM = > A = 1.

We can also recover other definitions:
f(1) =Re(Q) = %(/1 +A1%): Re(A) = %(A + A*) is the Hermitian part of A.

f(A) =ilm(Q) = %(/1 —A%): iIm(A) = %(A — A*) is the anti-Hermitian part of A (so
Im(A) is Hermitian).

f) =¥a: fM >0, VM = Y, VATI, is the positive square root of M, which satisfies
VM > 0 and (VM)? = M.

f) =12 = Vaas: |M| = VMM* = NM*M = Y, |A|T1, is the absolute value of M,
which is positive: |[M| > 0.

f(A) = exp(A): exp(M) = ¥, exp(d) I1;, which we write as e™ in the natural base e.
One can check that this definition coincides with the exponential of the matrix
M defined by a series expansion.

f(A) = et If M is Hermitian, e = 3, ¢/ 11, is unitary.
Conversely, a unitary operator U = 3, 111, where 1 = ¢ € U, can be written
in the form
U = ¢©

where ® = Y}, 011y is Hermitian (each spectral projector I, coincides with the
corresponding spectral projector Iy, the eigenspaces being identical).

fQ) =logA: If M > 0, logM = Y, logAIl,, written In M in the natural base,
is Hermitian. The matrix logarithm logM (M > 0) satisfies the identities
log(M™) = —logM and explogM = M. If M is Hermitian, we also have
expM >0 and logexpM = M.



f(A) =Tg(A) = 1,eg: (indicator function of the set E): 1g(M) = X cg 1 is also
called a spectral projector, and coincides with IT, if the set E reduces to the
singleton {A}. For notational convenience, we may write 1g(M) = 1yck.

If E = C, we recover the resolution of the identity 1 for the constant function f
equal to 1, which justifies the notation 1 for the identity operator.

f(A) =sgna: If M is Hermitian, sgn M = Y ;sgn A11, is the sign of M, which is
the difference of the two spectral projectors sgn M = 150 — Ty<0. We have
the relations M = |M|sgn M, |M| = M sgn M, and, for invertible M, sgn M =
M|"'M = M|M|™' = |\ MM~ = M~ |M|.

f(A) = A= max(4,0), f(1) = A = max(-1,0): If M is Hermitian, its positive and
negative parts M*= M1y,-9 and M~= —M 1, are positive operators. We
have the decompositions M = M* — M~ (sometimes called the Hahn—Jordan
decomposition) and |M| = M* + M~.

In all these examples, operators of the form f(M), g(M), etc. are simultaneously
diagonalizable in the same orthonormal basis, and therefore they commute pairwise,
since

FMgM) = 3" F()Z) T = > gD F(A) Ty = g(M) f(M).
P A

So far, all the operators considered have involved only a single operator M, but this
type of calculation can be generalized to the case of several normal operators M;, where
i ranges over an index set 1. We have the following important result:

Theorem (simultaneous diagonalization). The normal operators M; (i € I) are
simultaneously diagonalizable in the same orthonormal basis:

M=) mi . (Yiel)
A

if and only if they commute pairwise: M;M; = M;M; for all i, j € I.

Proof. Suppose that M; = Y, m; 2 I1, for every i, where the m; , denote the eigenvalues
of M;. Then, by the properties of spectral projectors,

Ml'Mj = Zm,-,,pmj,,l H/VHA = Zmi,ﬂmj,ﬂl'h.
A4 A

Since m; m; = mjm; 4, the same calculation with the roles of i and j interchanged
gives the commutation relation M;M; = M;M;. Notice that each eigenspace H, in
these spectral decompositions is common to all the M;, and is therefore invariant under
all the M;.

Conversely, suppose that M;M; = M;M,; for all i, j. The whole space H is obviously
invariant under all the M;, but we may consider a subspace H’ of H that is invariant
under all the M; and has minimal dimension d’ > 0 (such a subspace H’ need not be
unique). For each i, we may consider the restriction of M; to H’, which is an operator
H’' — H’. This operator has an eigenvalue A;, and the corresponding eigenspace
H,, € H’ is invariant under M;, since ly> € H, = M) = 4;ly> € H,,. But,



under the assumption M;M; = M;M;, it is also invariant under every M;, for every j,
because

Wy e Hy, = MiMjlWy> = MiMly> = LMjly> = M;ly> € H,,.

Since H), € H’ is invariant under all the M;, and H’ has minimal dimension 4" > 0
among the subspaces with this property, we necessarily have H’ = Hj,, and this holds
for every i.

Writing IT” for the orthogonal projector onto H’, we can therefore write all the
spectral decompositions of the M; in the form

Ml' = /ll'H/ + Ml,

for every i, where the same projector IT” is common to all these decompositions. Since
these are spectral decompositions involving projectors onto mutually orthogonal spaces,
the cross terms vanish: TI'M/ = M1’ = 0 for every i, and M;M; = 4;A;I1" + Ml.’M]’. for
all i, j. Consequently, the remaining operators M/ (which represent the restrictions of
the M; to the orthogonal complement H’*) still commute pairwise. We may therefore
proceed for the M in the same way as for the M;, to obtain the decomposition
M; = LI + X117 + M, and so on, until all the spectral decompositions of the
M; have been obtained with the same orthogonal projectors, that is, a simultaneous
diagonalization of all the M; in a single orthonormal basis. |

Example. If two normal operators M, N commute, they have simultaneous spectral
decompositions
M = Zm,llh N = ZnAH,l.
Pl 1

It follows that M + N and M N are also normal, with respective eigenvalues m, + n,
and m_ n;, and we have, for example, the formulas eM*V = eMeN and, if M, N > 0,
In(MN) =InM +1nN.

More generally, if we have a finite number of normal operators A; that commute

pairwise, then
exp Z A = l_[ exp A;
i i
log nAi = Z log A; if A; > 0 for every i.
i i

Remark (Uniqueness of the Hahn—Jordan decomposition). The decomposition
M = M* — M~ is the unique decomposition of a Hermitian matrix M as a difference
of two positive semidefinite operators M = P — Q (P,Q > 0) such that PQ = 0.
Indeed, we do have M*M~ = 0; conversely, if PQ = 0 and M = P — Q, then also
QP = (PQ)* = 0, and therefore MP = P2 = PM and MQ = -Q% = QM: P and Q
commute with M, and are diagonalizable in the same orthonormal basis of eigenvectors
of M. For every eigenvalue A of M, we then have the decomposition 4 = Ap — Ao
with ApAp =0, where 1p > 0 and Ap > O are the respective eigenvalues of P and Q
associated with the same eigenvector. It follows easily that Ap = A% and 1p = 17,
whence P = M* and Q = M~.



Example. We recover as a special case the situation where the operators are all
functions of a single normal operator M:

M; = fi(M),

because, as we have already observed, the M; have simultaneous spectral decompositions
by definition of f;(M), and therefore commute pairwise.

In fact, this is the general case. If the M; commute pairwise, write their simultaneous
spectral decompositions in the form

M; = Z m; 1)
1
and consider, for example, the normal operator

M:Z/llh,
A

where the values of A are distinct in this sum (any other operator with distinct eigenvalues
m, would do). We can then always find, for each index i, a function f; such that

fi() =m;y for every A.

For example, we can define f; as an interpolation polynomial of degree < d (a Lagrange
or Newton polynomial) that takes the value m;, at each distinct point A (among at
most d = dim ‘H distinct points). We then have M; = f;(M) for every i. We have
proved the following theorem.

Theorem (polynomial representation). The normal operators M; commute pairwise
(equivalently, are simultaneously diagonalizable in the same orthonormal basis) if and
only if they are functions of a single normal operator M :

Mi = fl(M)’
where f; may be chosen as a polynomial of degree < d (whose coefficients depend on
M;).

Remark. This theorem and the preceding one are valid for an infinite family of operators
M; (even an uncountable family).

In particular, in the case of a single operator, every function f(M) can be written
as f(M) = P(M), where P is a polynomial of degree < d (which depends on M itself).



