(1) Dirac Notation

The notation <@l for the inner product, with angle brackets (“brackets” in English),
inspired the physicist Paul Dirac to establish a formalism useful in quantum mechanics,
based on the notations “bra” <¢@| and “ket” 1>, which, put together, form the “bra-ket”
<PIY>. This formalism can in fact be applied to any mathematical description of spaces
equipped with an inner product. We describe this formalism here for Hermitian spaces
(the state spaces of our quantum systems).

Definition (ket notation). A vector y € H is called a ket and denoted 1¢>.

This notation simplifies certain expressions. For example, if an orthonormal basis
1p1>, 1d2>, ..., 1pq> of H is given, one can omit the Greek letter ¢ and denote the
basis vectors only by the indices themselves:

11>,12>,...,1d>

Here the indexing starts at 1, but nothing prevents us from indexing from 0 and writing
an orthonormal basis in dimension d in the form

10>, 11>, ...,1d=1>

One can even index by arbitrary finite sets; for example, one may write an orthonormal
basis in dimension 4 in the form

1V, 1@, |do), |4

without specifying any particular ordering of the indices.

Remark. The unit vector |0) should not be confused with the zero vector of H, which
we will always denote by 0.

Example. A system of dimension d = 2 is called a qubit (or g-bit), equipped with the
basis 10>, I1>. An arbitrary state of a qubit is therefore of the form

Wy = al0> + BIl>

where a, B € C. More generally, a system of arbitrary finite dimension d is sometimes
called a qudit (or g-dit), equipped with the standard basis 10y, 11y, ..., I[d—1>. An
arbitrary state is then written in the form

> =apl0y + a1l +--- +ag-11d—1>

with complex coefficients «;.



When H = H, denotes the state space of a system A, we will often identify A
with the set of d = dim A indices and write |a) (for every a € A) for the orthonormal
basis vectors, with no ordering of the indices specified. In the preceding example in
dimension 4, A = {¥, & de_ &} Similarly, for another system B, the basis vectors will
be denoted |b) (for every b € B), and so on. This notational simplification makes it
easy to distinguish states of different systems.

With Dirac notation, the expansion formula in the orthonormal basis of the
lay is written

Wy = Zaalm where @, = <aly>
a

(When the summation index is not further specified, we agree that the sum ranges over
all elements a € A.)

Remark. When a symbol denoting a state carries a diacritic, for example ¢ with a
prime, we will write either [¢)’ or 1> indifferently. There is no need to distinguish
between these two notations.

To avoid overburdening the notation, we will always write ||| (rather than |1y >]])
for the norm of the ket 1y>.

Definition (bra notation). For every ket 1> € H, we define the bra <y| to be the
linear functional that maps |1¢> € H to <yl € C.

This is indeed a linear functional, by linearity in the second argument of the inner
product. Thus, to every ket |> there corresponds a bra <y/|, which is a linear functional
acting on kets.

The expansion formula above shows that the coordinates a, of 1) in the basis
of the kets |a) are obtained by applying the corresponding bras <al to I):

@, = <al(ly>) = <aly>

The linear map ¢ € H +— (ay = <aly>)aes € C? (where d = dim H) is bijective, and
makes it possible to identify every Hermitian space of dimension d with the space C?
of complex d-tuples; and therefore to identify every quantum system of dimension d
with the data of d complex numbers.

The bras <¢| themselves form a vector space over C, where, by conjugate linearity
in the first argument of the inner product, a<¢l + B<¢’| = <a*¢ + B*¢’| for all scalars
a, B € C. This is the mathematical notion of duality: the space of bras is called the
dual of H and is denoted H*, and <¢| is the dual vector of |¢>, sometimes denoted
with a star:

Pl = 1¢>"

We will specify below the notation * in the most general case.

Example (of duality). The simplest example of a (complex) Hermitian space is C
itself equipped with the inner product <¢ly> = ¢*, where ¢, € C and the star *
denotes complex conjugation. The induced norm is ||| = Vg™ = |y| (absolute value
or modulus). The kets [ are simply complex numbers, and the bras <@| are the linear
functionals of multiplication by the complex conjugate ¢* of ¢, which are identified with
the conjugates ¢* of complex numbers. With this identification, the duality star in the
expression <¢| = [¢>* is here nothing but the usual notation for complex conjugation.



Remark. The bras have been defined as linear maps from H to C. We can symmetrize
this point of view by also identifying kets with linear maps from C to H. Indeed,
ly> can be viewed as a linear map that sends @ € C to l¢>a € H. This is simply
multiplication of the vector by the scalar @, placed on the right rather than on the left.

In expressions made up of kets and bras, it is sometimes more convenient to place
scalars to the right of vectors rather than to the left. Thus the expansion formula in
the orthonormal basis of the |a> can also be written 1¢) = Y, la)<aly).

Definition. The outer product of ¢ and  is |pXy|.

It is product notation for the composition of the two linear maps <1, then |4>.
In other words, the outer product |¢Xy| is the map that sends |y) to IpXy1(1x>) =
X1 x>, that is, the ket 1¢> multiplied by the scalar <ix>.

Remark. Unlike the case of the inner product (scalar product) <¢ly>, the definition of
the outer product |¢Xy| does not require ¢ and 1> to belong to the same Hermitian
space. It is well defined for 1> € H and 1¢> € H’, in which case |¢pXy| is a linear
map from H to H’, two Hermitian spaces that need not have the same dimension.

Example. The orthogonal projection of ¥ onto V = Vect(¢) (a subspace of dimension
1) is Iy = <Pl > 1>, which can be written in the form ITy = [¢XXPly> with the inner
product placed on the right. Consequently, the orthogonal projector onto V = Vect(¢)
is nothing other than the outer product of ¢ with itself:

IT = |¢pX !

The orthogonal projection of  onto an arbitrary subspace V of dimension n is given
by the expansion formula in an orthonormal basis 141>, ..., 1¢,> of V:

Iy = <P1I> 1d1> + <P2aly> 192> + -+ + P> 1>
= 1P1XP1LIYD> + [PaX P2l + -+ - + [P XX Pu >
= (101X P11 + 1gaXPal + + - - + 1dpXPul ) 1>

The general form of the orthogonal projector onto <V is therefore

II =11 XP11 + 12X P2l + - - + | XDyl

where @1, ¢o, ..., ¢, are the vectors of an arbitrary orthonormal basis of V (this
expression does not depend on the choice of this basis). In the trivial case n = 0, this
expression remains valid with an empty sum, and the orthogonal projector onto the
zero subspace reduces to IT = 0.

In the special case where <V is the entire Hermitian space H, we have ITIy> = )
for every ¢, that is, IT = 1 (identity operator). This proves the

Theorem (Resolution of the identity). For every orthonormal basis lay (a € A) of

the space Ha,
Z laXal = 1
a



This resolution of the identity (also called the closure relation or completeness
relation) makes it easy to recover many useful expansion formulas. Thus, by expanding
the identity 1 to the left of the ket 1) = TIy>, we immediately recover the expansion
formula in the orthonormal basis:

Wy = Z layalyy = Zaa|a>
a a

where the a, = <aly) are the coordinates of the ket 1> in the orthonormal basis of
the 1ay (a € A).
By expanding the identity 1 to the right of the bra < = <11, we obtain the dual

expansion formula:
W= Wlaxal = ) aj<al
a

a

since <Ylay = <aly>* = @ by Hermitian symmetry of the inner product.
Finally, by expanding the identity in the middle of the inner product <¥1¢> = W 111¢),
we obtain the expansion formula for the inner product:

Wipy = Y Wlaxalgy = ) @i

a

where we have written 8, = <al@y for the coordinates of |¢>. It is easy to check that
this expression <a1B> = 3, a8, itself defines an inner product on C¢ between the
complex d-tuples @ = (@g)qea and B = (Ba)aca- Consequently, the bijective linear
map ¥ € H — @ = (@g)qea € C? preserves the inner product: Wl¢> = <alB>. In
particular, for 1¢)> = I, it also preserves the Euclidean norm:

lyll* = > el

a

hence ||| = |la||. It is therefore an isometry that constitutes an isomorphism of
Hermitian spaces:

Theorem. Every Hermitian space of dimension d is isomorphic to C¢, where the
isomorphism depends on the choice of the orthonormal basis (1a)aca.-

Dirac notation also makes it possible to describe simply an arbitrary linear map
between Hermitian spaces:

M:?‘{B—>7‘{A

which maps 1> € Hp to MIy> € Hya, which may also be denoted |My).

The two Hermitian spaces H, and Hp need not have the same dimension; we
write d4 = dim Hy4 and dp = dim Hp. The resolution of the identity in Hj, is written
T4 = X, laXal, where the |ay form an orthonormal basis of H4 and where 14 is
the identity map of H4. The corresponding resolution in Hp is written similarly as
15 = 2, IbXbl. By expanding the two identities in the product (composition of maps)
M = 1,M1p, we obtain

M =" 1axalMibxbi = > Mqplaxbi
a,b acA,beB



where
M, = <alM1b>

are the coefficients (or entries) of M for the two orthonormal bases (la)),ca and
(1b>)pep. Thus, in these given bases, we can identify the map M with the matrix of the
d x dp coefficients (<alM|b)),eapep- These are the coefficients, in the orthonormal
basis of the |a), of the images under M of the orthonormal vectors |b).

When a particular ordering is specified for the indices a and b, for instance the
ordered index sets A = {1,2,...,da} and B = {1,2,...,dp}, we can arrange the
coefficients M;; (i =1,...,da, j =1,...,dg) of the matrix M in an array, where the
entry M;; = <ilM1j> is placed at the intersection of the ith row and the jth column:

IMIly oo UML)y -+ <LIMidpy
M=\ dMIly --- <dIMIj>
Al M1y o ds\M\dpg>

We thus identify the linear map M with its (rectangular) matrix M € C44%ds of size
dy x dp (with ds rows and dp columns), which depends on the choice of the bases
lay> and |b)> of the two spaces H, and Hp. Since

M=) My lij]
i

the outer product 1iX 1 is nothing other than the d4 X dg matrix with a single nonzero
entry, equal to 1, located at the intersection of the ith row and the jth column:

0O --- 0 --- 0
liXjl =10 1
0 .......... 0

The space of linear maps Hp — Hjy is thus identified with the space of complex
matrices of size dj X dp, for which the [iX | form a basis.

The product MN of two linear maps N : He — Hg and M : Hg — Hy is the
composite map MN : He — Hy (sometimes denoted MoN). lts coefficients are
the <alMNIc), which, by inserting the resolution of the identity 15 = Y, 1bXbI into
the expression MN = M1gN, are computed by the matrix product formula on the
coefficients:

@MNicy = " <alMibXbINic>
b

which is the familiar formula (MN),. = X, MupNp.. When a particular ordering is
specified for the indices, for example A = {1,2,...,da} and B = {1,2,...,dg}, the
matrix product is computed by arranging the two matrices M and N according to
the usual matrix multiplication procedure, in which the entries of the rows of M are
multiplied by those of the columns of N and summed.



Since a ket 1> (in a Hermitian space H of dimension d) can be identified with a
linear map C — H, where dim C = 1, it can in particular be written as a matrix of size
d x 1, that is, as a column vector that depends on the choice of the orthonormal basis
lay of H (the orthonormal basis of C consists only of the scalar 1). The coefficients
of > =3, laXaly) are simply the coordinates <alyy - 1 = <alyy in the basis of the
la>.

For a particular ordering of the indices such as A = {1, 2, ..., d}, the coefficients
a; = lY) are placed in the order i = 1,2,...,d, and the decomposition > =
Yiailiy = Y 1iXily> makes it possible to identify ) with the column vector of
coordinates

dr>
>
W = )

dly>

In particular, 17 is simply the column vector with a single nonzero entry, equal to 1, in
position i:
0

li> =11

0
The 1> form the standard basis (also called the canonical basis, or the computational
basis) of C¥.
The image, under a linear map M (a ds x dp matrix), of a ket ¢y € C is
My € C%, whose coefficients are

@My = <alM1gly> = Z aIMIbXKbip>
b

which are computed by the usual matrix—column-vector product procedure. In particular,
Mij> (j=1,...,dp) is simply the jth column of the matrix M.

Remark. Another (more concise) way to view the action of M on the basis vectors
by of Hp is to write

M=Mig= ) MibXbl = > IMbXbl
b b

where one reads off in the columns the action |Mb) of M on each input basis vector
1b>.

Similarly, since a bra <1 is a linear map H — C, where dimC = 1, it can be
written as a matrix of size 1 X d, that is, as a row vector that depends on the
choice of the orthonormal basis lay of H (the orthonormal basis of C consists only
of the scalar 1). The coefficients of <y = 3, <YlaXal are simply the coordinates
1-<ylay = <Ylad = <aly)>* in the basis of the <al.



For a particular ordering of the indices such as A = {1, 2, ..., d}, the coefficients
a; = <yli> are placed in the order i = 1,2,...,d, and the dual decomposition formula
Pl = Y a<il = 3; <ily>*<il makes it possible to identify <y with the row vector of
coordinates
W= (KL>y* Qg -+ diydY)

In particular, <il is simply the row vector with a single nonzero entry, equal to 1, in
position i:
=0 - 1 - 0

Thus, if > = 3; a;li) and 1¢> = 3, Bili>, we can write, in the standard basis:

B
Wl=(af oy --- af) and ¢y = '8:2
B
and their inner product is nothing other than the product of the row vector by the
column vector:

B1
. B
Wiy = (o5 a3 o ay)|" =D aip
Ba l

Similarly, for a linear map M (a d4 X dp matrix) and |¥) € C94, the bra <yIM is a
row vector with coefficients

WIMIby = W1 M1by = Z WlaxXalMiby

a

which are computed by the usual row-vector-matrix product procedure. In particular,
GIM (i =1,...,dya) is the ith row of the matrix M.

Definition. The dual (or adjoint) of the linear map M : Hg — Hy is the map
M* : Hy — Hp such that, for all |¢> € Hy and ¥y € Hp,

WIM 19> = <PpIMIY>"
where the star on the right-hand side denotes complex conjugation.

Remark. This condition can also be written in the form W/ IM*¢> = <PIMy>*, that
is, by conjugate symmetry, (W IM*¢p> = <My1p>.

For given orthonormal bases |a) of H, and 1b) of Hp, the definition implies
<bIM*1ay = <alM1b)*

The coefficients of the matrix of the dual M*, of size dgp X d 4, are therefore given by the
formula (M*)p, = (Myp)*, where the coefficients M, are conjugated and transposed.
The matrix M* is therefore the conjugate transpose of M (sometimes denoted M).



Conversely, once the conjugate-transpose matrix has been defined for a given choice
of bases, the corresponding linear map M* : H,y — Hp indeed satisfies

WIM* 16> = i1 gM*1 10> =Z<t/f|b><b|M*|a><a|¢>>
a,b

=Z<¢Ia>*<a|M|b>*<blt//>* = AT AMT Iy = HIM YY"
a,b

for all 1¢> € Hy and 1y € Hp. The dual M* is therefore always well defined and
uniquely characterized by this conjugate-transpose condition, for every choice of bases.
Since the initial matrix M is recovered as the conjugate transpose of its conjugate
transpose M*, we have
M* =M

Example. We recover the special case of bra—ket duality: 1¥>* = <l, where the
conjugate transpose of a column vector with complex entries is the row vector of
conjugate entries. Taking the conjugate transpose once again, we also have /1" = ).

In the special case ds = dg = 1 of a matrix reduced to a scalar, M* is simply the
complex conjugate of M.

The dual (MN)* of the product MN has coefficients

<cl(MN)*lay = <alMNicy* = Z alM1b>*bINicy*
b

= Z<c|N*|b> bIM*1a> = <cIN*M*|a>
b

which shows that
(MN)* = N*M"

and more generally (M1Ms---M,)* = M ---M;M]: the dual of a product is the
reversed product of the duals.

Example. The dual of the outer product I¢Xy/1 is (I¢Xw1)* = (¥ 1)*(14>)* = W XPl,
the outer product in the reverse order. In particular (I¢X@1)* = 1¢X Pl and, more
generally, every projector I1 = |¢1 X@11 + 12X ol + - - - + 19, X P! is its own dual:

In=11"



