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Solving the Finite Sum p

~ Training Problem




Optimization Sum of Terms

A Datum Function

fi(w) =€ (hy(2"),y") + AR(w)

Zé(hw(azi),yi)—l—)\R(w) = 12
— 1Zfz

Finite Sum Training Problem

-I- )\R(w))



The Training Problem

Solving the training problem: min = Z fi(w)

Reference method: Gradient descent

\% (% Zfi(w)) = %vai(w)

Gradient Descent Algorithm

Set w” = 0, choose a > 0.
tort=1,2,3,...,T

H_l_w __Zz 1vfz( )

Output w! !




Gradient Descent Example

1 1 1
=D

O wa=0.7




Gradient Descent Example

1 1 1
=D

O wa=0.7




Solving the training problem: min = Z fi(w)

Problem with Gradient Descent:
Each iteration requires computing a gradient V f;(w) for
each data point. One gradient for each cat on the internet!

Gradient Descent Algorithm

Set w” = 0, choose a > 0.
tort=1,2,3,...,T

wt+1_w __Zz 1vfz( )

Output w! !




Stochastic Gradient Descent

Is it possible to design a method that
uses only the gradient of a single data
function fi(w) at each iteration?



Stochastic Gradient Descent

Is it possible to design a method that
uses only the gradient of a single data
function fi(w) at each iteration?

Unbiased Estimate
Let j be a random index sampled from {1, .., n} selected

uniformly at random. Then

E; [Vf;(w EZVﬁ = Vf(w)



Stochastic Gradient Descent

Is it possible to design a method that
uses only the gradient of a single data
function fi(w) at each iteration?
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Let j be a random index sampled from {1, .., n} selected

uniformly at random. Then
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Stochastic Gradient Descent

Stochastic Gradient Descent Algorithm
Set w® = 0, choose a > 0.
fort=1,2,3,...,T

Sample j € {1,...,n}
wt = wt — aV f;(w?)
Output w! 1




Stochastic Gradient Descent
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Assumptions for
Convergence

Strong Convexity
A
fw) = f(y) + (VF),w—y) + Sllw = yll;

2(V f(w), w = w") = AMw - w*||3

EXE: Using that
min A 2
i (AL |0y — y|[3 < L[| A(w — p)|3
Show that
Umin(A)z
2

1 1
~||Aw — b3 > Z||Ay — b]|5 + (A" (Ay — b),w — y) + lw —yll3
2 2



Assumptions for
Conve rgence Often the same as

the regularization
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Assumptions for
Conve rgence Often the same as

the regularization

Strong Convexity parameter
A
fw) = f(y) + (VF),w—y) + Sllw = yll;

2V f(w),w —w") = A|jw —w*||3

Strong convexity

EXE: Using that
parameter!
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Show that
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Assumptions for
Conve rgence Often the same as

the regularization

Strong Convexity parameter
A
fw) = f(y) + (VF),w—y) + Sllw = yll;

20V f(w),w —w") 2 A|jw —w*||3

Strong convexity

EXE: Using that |
parameter!

Omin A 2
umin(A) |y — |12 < L)|A(w — )]|3
Show that
Umin(A)z

. 2
2 e — i3

1 1
§||Aw—b||§ > §||Ay—b||§ + (AT (Ay —b),w —y) +

Expected Bounded Stochastic Gradients
E[||Vf;(w")||5] < B?, for all iterates w" of SGD



Example of Strong Convexity

5

45¢

4t

35}

at

25}

2k

1.5}

1_

05}

Hinge loss + L2

1
max{0,1 —z} + §||x||3

0
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Complexity / Convergence

Theorem
If % > « > 0 then the iterates of the SGD method satisty

E[|[w’ - wr|5] < (1 - M) E [|lu® - wr|[3] + 5B

Shows that o &~ % Shows that o =~ 0



Proof:
lw'™ —w*|]5 = |[Jw" —w* —aVfj(w)|]3
= |Jw' —w*|[5 = 2a(V fj(w"), w" — w*) + ||V f;(w)][5.

Taking expectation with respect to j Unbiased estimator

Ej [[lw™ —w*|3] = [lw'—w|5 —2a(V f(w'), w" —w*) + a?E; |||V f;(w)|[3]
< wt —w*||3 = 20V f(wh), w — w*) + o B?

Strong conv. < (1—oaN)||lwt —w*||3 + o?B?
Bounded

Taking total expectation Stoch grad

E[[lw™ —w*|l5] < (1-alE[[[w"—w[[3] +a?B?

= (1= o) Juw® — w5 + X (1 — ad)'a’ B
t

o 11 —apttt 1
: h g 1 —a))' =
Using the geometric series sum Z':O( Q) a\ a\

(1= aX) Hw? — w5 + § B

VAN

IA

E [|lw™ — w[[3]



Stochastic Gradient Descent
a =0.01




Stochastic Gradient Descent
a =0.1
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Stochastic Gradient Descent
a =0.2




Stochastic Gradient

Descent
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Complexity / Convergence

Theorem (Shrinking stepsize)

If oy = % then the iterates of the SGD method satisfy

4B?

E ([l — w|3] < =

Stochastic Gradient Descent Algorithm
Set w' =0,y = %
fort=1,2,3,...,T
Sor j € {1,...,n}
wtt = wt — a, V f;(w?)
Output w! 1




Complexity / Convergence

Theorem (Shrinking stepsize)

If oy = % then the iterates of the SGD method satisfy

4B?

t Sublinear convergence

E [|lw’ —w*z] <

Stochastic Gradient Descent Algorithm
Set w' =0,y = %
fort=1,2,3,...,T
Sor j € {1,...,n}
wtt = wt — a, V f;(w?)
Output w! 1




Complexity / Convergence

Theorem (Shrinking stepsize)

If oy = % then the iterates of the SGD method satisty

4B?

t Sublinear convergence

E [|lw’ —w*z] <

Stochastic Gradient Descent Algorithm
Set w' =0,y = %
fort=1,2,3,...,T
Sor j € {1,...,n}
wtt = wt — a, V f;(w?)

Output w! 1 Shrinking

Stepsize —




Comparison SGD vs GD

A
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time
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M. Schmidt, N. Le Roux, F. Bach (2016)
Mathematical Programming
Minimizing Finite Sums with the
Stochastic Average Gradient.
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Comparison SGD vs GD

A
log(error) \

GD

SGD

Stoch. Average
Gradient (SAG)

>
time
Maybe just an unbiased estimate is not enough.
N M. Schmidt, N. Le Roux, F. Bach (2016)
! Mathematical Programming
Adobe Minimizing Finite Sums with the
Stochastic Average Gradient.




Variance reduced

methods through
. Sketching




Build an Estimate of the
Gradient

Instead of using directly V f;(w") ~ V f(w")
= Use Vf,(w') to update estimate g; ~ ~Vfw') =
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Build an Estimate of the
Gradient

Instead of using directly V f;(w") ~ V f(w")
= Use Vf;(w") to update estimate g; ~ V') =

t+1 t

wt = w' — agt

We would like gradient estimate such that:

Unbiased E[gt] — Vf(wt)
oz gt~ Vf@)f o 0

wt —w*



Build an Estimate of the
Gradient

Instead of using directly V f;(w") ~ V f(w")
= Use Vf;(w") to update estimate g; ~ Vf(w") =

wttl = wt — agt

We would like gradient estimate such that:

Unbiased E[gt] _ V f(wt) ‘S|Ov1\}j?£).‘[‘|(|)§)1§mB(2)f
Comenses Ellg' Vi@ = 0

wt —w*



Example: The Stochastic
Average Gradient

Maintain J* ~ [V fi(w"), ..., Vf.(w")] and iterate
wt+1_wt_gzjt_wt_a ¢
— n i 9

1=1

Update J!’s by sampling j € {1,...,n} uniformly at random
and setting:

T JE=Vfi(wt) ifi=j
gt =gt if i # j

. M. Schmidt, N. Le Roux, F. Bach (2016)
! Mathematical Programming
Adobe Minimizing Finite Sums with the
Stochastic Average Gradient.




The Stochastic Average

Gradient,
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The Stochastic Average

Gradient,
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How to prove this converges? Is this the only option?




Introducing the Jacobian

min f(w def : Z fi(w

weR



Introducing the Jacobian

min f(uw def 1 Z £ (w

weR



Introducing the Jacobian
of 1
wHEHPI{ldf df Zfz

F(w) = (fi(w),..., fo(w))

DF(w) = (V fi(w),...,Vfn(w))

1
Vfw) = EDF(w)l, where 1" = (1,1,...,1) € R"

V f(w) is a dense linear
meassurement of DF(w)



The Stochastic Average
Gradient

Maintain J* ~ [V fi(w?),..., V. (w")] = DF(w") and iterate

mn
«
wt“:wt——g Jf
n 4
1=1

Update J!’s by sampling j € {1,...,n} uniformly at random
and setting:

)=Vt =g
N A if § #

Is this the only option? How to prove this converges?



The Stochastic Average
Gradient

Maintain J* ~ [V fi(w?),..., V. (w")] = DF(w") and iterate
wit = w! — a Z Jf Estimate of +DF(w')1
n 1=1

Update J!’s by sampling j € {1,...,n} uniformly at random
and setting:

)=Vt =g
N A if § #

Is this the only option? How to prove this converges?



The Stochastic Average
Gradient

Maintain J* ~ [V fi(w?),..., V. (w")] = DF(w") and iterate
wit = w! — a Z J7 Estimate of +DF(w')1
n 1=1

Update J!’s by sampling j € {1,...,n} uniformly at random

and setting: Stoch. Linear
Measurement DF(wt)ej
gt _ J,f:Vfi(wt) if1 =9
' Jt=J! if § £ j

Is this the only option? How to prove this converges?



Stochastic Sparse Sketches

Sparse Stochastic Matrix
S € R™™" a sparse matrix and 7 < d

S ~ D fixed distribution

Stochastic Sketch
DF(w)S = Z DF(w)S.;
=1



Stochastic Sparse Sketches

Sparse Stochastic Matrix
S € R a sparse matrix and 7 < d

S ~ D fixed distribution

Stochastic Sketch
DF(w)S = Z DF(w)S.;
=1

Eg: SGD Sketch

S = e; € R? the jth unit coordinate vector

1

DF(x)$ = V f;(w)



Stochastic Sparse Sketches

Eg: Mini-batch SGD Sketch
S=1Ic€R"™7" where C C {1,...,n}

DF(w)S =[Vfc,(w),...,Vfc, (w)]

Exe. 7=3,n=6, S=

0

o

OO = OO O

0
i
0

0

0

1)

and DF(w)S = [V fi(w), V fa(w), V fs(w)]

Many examples: Sparse Rademacher matrices, sampling with

replacement, nonuniform...etc



A Jacobian Based Method

Maintain Jacobian Estimate Sample Stochastic Sketch

Jt—l ~ DF(wt—l) S ~7D
DF(w")S




A Jacobian Based Method

Maintain Jacobian Estimate Sample Stochastic Sketch
Jt—l ~ DF(wt—l) S ~ D
DF(w")S

1

Improved Guess

J' =~ DF(uw")



A Jacobian Based Method

Jacobian Sketching Algorithm

Set a > 0, w! =0, J% € R¥x"
Fort=1,...,T
Sample S ~ D
Calculate Sketch DF (w')S
Update J* using DF(w?)S and Jt~1
Calculate g* = 1.J'1
Step wt™! = w' — ag’.
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A Jacobian Based Method

Jacobian Sketching Algorithm

Set a > 0, w! =0, J% € R¥x"
Fort=1,...,T
Sample S ~ D
Calculate Sketch DF (w')S
? Update J* using DF(w?)S and Jt~1
Calculate g* = 1.J'1
Step wtt! = w' — ag’.

~ +DF(w)1




Updating the Jacobian
Estimate:
Sketch and project



Updating the Jacobian
Estimate:
Sketch and project

J'S = DF(w")S,

S ~7D



Updating the Jacobian
Estimate:
Sketch and project

Jt =arg min ||J— J71]2
5 min | 13

J'S = DFWw"Ys, S~D



Updating the Jacobian
Estimate:
Sketch and project

Sketch and Project the Jacobian

J'=arg min ||J— J71]2
¢ min | 12

J'S = DFWw"YSs, S~D

Y



Updating the Jacobian
Estimate:
Sketch and project

Sketch and Project the Jacobian

Jt =arg min ||J— J712
gJE]RanH Ih

J'S = DFWw"YSs, S~D

Y

RMG and Peter Richtarik (2015)

A Randomized iterative methods for
linear systems
Adobe SIAM Journal on Matrix Analysis and

Applications 36(4)




Exercise

J! —arg min ||J — Jt7H|?
gJGRanH |7

subject to JS = DF(w")S

Show that the solution J'is given by
Solution: = yv _ ji=1 _ (Jt=1 _ DP(w'))S(STS)~1ST

Proof: The Lagrangian is given by



Exercise

J! —arg min ||J — Jt7H|?
gJGRanH |7

subject to JS = DF(w")S

Show that the solution J'is given by
Solution: = yv _ ji=1 _ (Jt=1 _ DP(w'))S(STS)~1ST

Proof: The Lagrangian is given by
LLY) = T = J7H 3+ (Y, (DF — )S)
1T = I 4 (VST DF — )

1
2



Exercise

J! —arg min ||J — Jt7H|?
gjeRanH |7

subject to JS = DF(w")S

Show that the solution J'is given by
Solutlon:  p_ jt—1 _ (jt=1 _ DF(wt))S(STS) 15T

Proof: The Lagrangian is given by
LLY) = T = J7H 3+ (Y, (DF — )S)

= §IT = IR+ (VST DF - )

Differentiating in J and setting to zero: y gl — j_ jt—1



Exercise

J! —arg min ||J — Jt7H|?
gjeRanH |7

subject to JS = DF(w")S

Show that the solution J'is given by
Solutlon:  p_ jt—1 _ (jt=1 _ DF(wt))S(STS) 15T

Proof: The Lagrangian is given by
LLY) = T = J7H 3+ (Y, (DF — )S)

= §IT = IR+ (VST DF - )

Differentiating in J and setting to zero: y gl — j_ jt—1

Right multiplying by S(STS)_1 gives: Y = (DF' — Jt_l)S(STS)_l



Exercise

J! —arg min ||J — Jt7H|?
gjeRanH |7

subject to JS = DF(w")S

Show that the solution J'is given by
Solutlon:  p_ jt—1 _ (jt=1 _ DF(wt))S(STS) 15T

Proof: The Lagrangian is given by
LLY) = T = J7H 3+ (Y, (DF — )S)

= §IT = IR+ (VST DF - )

Differentiating in J and setting to zero: y gl — j_ jt—1

Right multiplying by S(STS)_1 gives: Y = (DF' — Jt_l)S(STS)_l

Substituting (1) into (2) gives the solution.



Sketch and project the

Jacobian
Jt — . J— Jt—l 2
arg _min || |7
subject to JS = DF(w")S
Solution:

Jt=Jt=t —(J'7! — DF(w*))S(S'8)~ts’

1
g' = EJHl = %(ﬂ—1 — DF(w"))S(S'8)"ts"1



Sketch and project the

Jacobian
Jt — . J— Jt—l 2
arg _min || |7
subject to JS = DF(w")S
Solution:

Jt=Jt=t —(J'7! — DF(w*))S(S'8)~ts’

1
g' = EJHl = %(J’f—1 — DF(w"))S(S'8)"ts"1

If n =1 then g’ = 1J'1



Sketch and project the

Jacobian
Jt=arg min (17 ="l
subject to JS = DF(w")S
Solution:

Jt=J7 - (J - DFE@w')S(s'wte)Tts iyt

1
gt = —Jt711 — L= — DF(wt)S(STW18)~18Tw—11

n n



Sketch and project the

Jacobian
Jt — . J— Jt—l 2
arg _min || |7
subject to JS = DF(w")S
Solution:

Jt=Jt=t —(J'7! — DF(w*))S(S'8)~ts’

1
g' = EJHl = %(ﬂ—1 — DF(w"))S(S'8)"ts"1



Sketch and project the

Jacobian
Jt — . J— Jt—l 2
arg _min || |7
subject to JS = DF(w")S
Solution:

Jt=J7 —(J - DF(w')S(S'8)"1Ss" =: Ps

1
g' = EJHl = %(J’f—1 — DF(w"))S(S'8)"ts"1



Unbiased Condition

Lemma. If (%, 1) is an eigenpair of E[Pg| then

Es[g'] = V f(w®)

consequently g’ is an unbiased estimator.

Proof: ¢'=g""'— %(Jt_1 — DF(w")S(S's)"ts"1
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Unbiased Condition

Lemma. If (%, 1) is an eigenpair of E[Pg| then

Es[g'] = V f(w®)

consequently g’ is an unbiased estimator.

Proof: g¢'=g¢"""— %(Jt_1 — DF(w")S(S's)"ts"1

|
Q

gt - g(ﬂ—l ~ DF(w')Es[S(ST9)™'s]1
|

Jt 11——J’f ' — DF(w')1 Ps

//1'1_;J/M/1+ —DF(w = Vf(w')

=
"
Q
=
|

3|*—‘3|*—‘

e



Exercise

1
Let P|S =¢;] = — for ¢ = 1,...,n. Show that
n

E[Ps]1 = E[S(STS)"18T]1 = 1

n

Proof:



Exercise

1
Let P|S =¢;] = — for ¢ = 1,...,n. Show that
n

E[Ps]1 = E[S(STS)"18T]1 = 1

n

Proof:



Exercise

1
Let P[S =e¢;] = — for ¢ = 1,...,n. Show that
n

E[Ps]1 = E[S(STS)"18T]1 = 1

n

Proof:  E[g(sTS)"1sT]L = Yo, Lol

n
1
= —E eieiTl
n -
1=1

1 1
= ZJ1=-1
n n



A Jacobian Based Method

Archetype Jacobian Sketching Algorithm

Choose distribution D and unbiased n > 0

Set a > 0, w! =0, J° € R¥x™

Fort=1,...,7T
Sample S ~ D
Calculate Sketch DF(w")S
Update Jt = Jt=t — (J=! — DF(w'))S(S'S)~1s"
Calculate ¢! = 2 J'711 — Z(J*=! — DF(w"))S(STS)"1S"1
Step w!™! = w! — ag




A Jacobian Based Method

Archetype Jacobian Sketching Algorithm

Choose distribution D and unbiased n > 0

Set a > 0, w! =0, J° € R¥x™

Fort=1,...,7T
Sample S ~ D
Calculate Sketch DF(w")S
Update Jt = Jt=t — (J=! — DF(w'))S(S'S)~1s"
Calculate ¢! = £ J'711 — Z(J*=! — DF(w"))S(S'S)"1S"1
Step w'™ = w' — ag’

Looks expensive and
complicated. Investigate



Example: minibatch-SAGA

Let C C {1,..., n} with |C| =7 and P[S = I¢| = —

Exe. 7=3,n =06,

g —

E

0

o

O o= OO O

0

0

1)

Homework:

1
E[Ps]l = 1
n

(7)

and DF(w)S = [V fi(w), V fa(w), V fe(w)]



Example: minibatch-SAGA

. Homework:
Let C C {1,...,n} with |C|:Tand]P[S:IC]:W ]E[ps]lzzl
r n
1 0 0
(O 0 O\
Bxe. =3,n=6 S=| | o| and DF(w)S = [Vfi(w).V fsw), V fo(w)]
0 0 O
\0 0 1/

ij(wt) if 3 € C,

Jt = o oY
J; if g £ C.

Jacobain update
] {

Gradiant estimate

. 1 _
g'=—J'T ==} (ST = V5w
jel



"Proving Convergence of

Variance reduced
- methods
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