Introduction to Machine Learning
and Stochastic Optimization

Robert M. Gower

s

zla—

INVENTEURS DU MONDE NUM ERIQUE

SroskE Spring School on Optimization and Data Science,
IN SCIENCE AND TECHNO Novi Saad, March 2017



An Introduction to
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Is There a Cat in the Photo?

Yes
-
No
z: Input /Feature y: Output/Target

Find mapping & that assigns the “correct” target to each input

h:xelX > y e R
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Example: Linear Regression for
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Example Hypothesis: Linear Model

hw(xl, $2) = W + T1W1 + T2W2 "= <

w, x)
Example Training Problem

i 2
min = E w (T}, x) y)
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Linear Regression for Height
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Linear Regression for Height
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g Other options
h aside from linear?
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Parametrizing the Hypothesis

Linear:

Polinomial:

Neural Net:

d
hy () = Z W;T;
i=0

d
hy () = Z Wi T T

1,7=0
U1

L1

V2
Y1
Vg

k exe :

v1 = sign(wi1z1 + wi2x2)

ve = 1/ (1 + exp(wygi1x1 + Wyox2))
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Let Yp = hw(x)

Loss Functions

/- RxR — R_|_
(Wn,y) — Lyn,y)

The Training Problem

min =+ ZE (hw(azi), yz)
1=1

weRd " 4

Why a Squared
Loss?



Let Yp = hw(ﬂ?)

Loss Functions

/- RxR — R_|_
(Wn,y) — Lyn,y)

The Training Problem

TR BUCRESRY

Why a Squared
Loss?

Typically a
convex function



Choosing the Loss Function
Let yp, 1= hy(2) U(yn, 1)

Quadratic Loss Uyn,y) = (Yn — 3/)2

1 Yn
K(yhal) 4
) 0 ifyn=y
1 Yn,Y) — .
Binary Loss 1 ify, £y
D
Yh

e(yh, 1)
Hinge lL.oss g(yha y) — H’laX{O, 1 — yhy} [

1 Yn
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Let yp := he(2) o 1)

Quadratic Loss Uyn,y) = (Yn — 3/)2
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y=1 in all
Choosing the Loss Function — [Hisues

Let yp := he(2) o 1)

Quadratic Loss Uyn,y) = (Yn — 3/)2

1 Ynh
Uyn,1) 4
1 Yn,Y) — .
Binary Loss 1 ify, £
— —-
1 Yh
e(yh, 1)
Hinge lL.oss g(yhv y) — H’laX{O, 1 — yhy} [
1 Yh

EXE: Plot the binary and hinge loss function in when ¢y = —1
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What happens when we do not have enough data?



Loss Functions

The Training Problem

f&ﬁrZﬁ V)

Is a notion of Loss enough?

What happens when we do not have enough data?



Overfitting and Model Complexity
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Overfitting and Model Complexity

A

Fitting 1% order polynomial
hy = wo + ”w1$ + WaX

2
w* = arg min - E
weRd ™
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Fitting 3" order polynomial
_ N\ i
By = D 0 W; T

o 2
w” = arg min - E
weRd ™



Overfitting and Model Complexity

Fitting 9™ order polynomial
_ N9 0
By = 0 0 W; T

. 2
w" = arg min = E
weRd "



Regularization

Regularizor Functions
R : Rd — R_|_
w —  R(w)

General Tralnmg Problem

min —ZE ) + AR(w)
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Regularization

Regularizor Functions

R : Rd — R_|_ Controls tradeoff
between fit and
w — R(w) complexity

General Training Problem

min = ZE ),v") + AR(w)
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Regularizor Functions

R : Rd — R_|_ Controls tradeoff
between fit and
w — R(w) complexity

General Trammg Problem

min —ZE ) + AR(w)

weR?
J \ J
Y Y
Goodness of fit, Penlizes
fidelity term ...etc complexity

Exe: 5
R(w) = ||w||5, |lwl||]1, ||lwl||p, other norms ...



Overfitting and Model Complexity
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Fitting k™ order polynomial
_ \k i
Ry, = ZZ o Wil
2 2
w" = arg min = E )"+ AlJw]|3
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Overfitting and Model Complexity

A
Y
® g For A big enough,
o o the solution is a 2™
® @ order polynomial
() [
%,
x -/

Fitting k™ order polynomial
_ \k i

w* = arg rggld—z y')” + Alwll3



Fxe: Ridge Regression

Linear hypothesis L2 regularizor
ho() = (w.z) = R(w) = |lul
L2 loss

Uyn,y) = (yn —y)*

Ridge Regression

min %Z )2 + \|wl|5

Rd
WIS 1=1



Exe: Support Vector Machines
Linear hypothesis L2 regularizor
ho() = (w.z) = R(w) = |lul

Hinge loss

U(yn,y) = max{0,1 — ypy}

\ 4

SVM with soft margin

n



Fxe: Logistic Regression

Linear hypothesis L2 regularizor
ho() = (w.z) = R(w) = |lul

Logistic loss

U(yn,y) = max{0,1 — ypy}

Logistic Regression

. 1 —y"(w,x" 2
1 In(1 + e~ ¥ (wz)y 4y
i, & D n(1+ 7)Aol
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