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Linear Systems




The Problem
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Assumption: The system is consistent (i.e., has a solution)




The Problem

r* := argmin ||z||5 subject to Ax =0b
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The Problem

(z,y)B := x' By, |z||p == V{z,2)B

B: Symmetric and positive
definite

r* := argmin ||z||5 subject to Ax =0b

As there are possibly multiple solutions, we
compute the solution with the least B-norm.



Randomized Methods




The return of old methods

Old methods (Kaczmarz 1937, Gauss-Seidel
1823) make a randomized return, why?

Suitable for large scale problems: short
recurrence, low iteration cost and low memory

Easy to implement
Easy to analyse, good complexity

Often fits in parallel/distributed architecture

Stochasticity inherent in problem
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Randomized Coordinate Descent

Leventhal, D., & Lewis, A. S. (2010). Randomized Methods for
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Randomized Sketching
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The Sketching Matrix
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W. B. Johnson and J. Lindenstrauss (1984). Contemporary Mathematics,

26, Extensions of Lipschitz mappings into a Hilbert space.
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David P. Woodruff (2014), Foundations and Trends® in Theoretical
Computer, Sketching as a Tool for Numerical Linear Algebra.
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3. Geometric Viewpoint
“Random Intersect”
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“Random Update”

Random Update
Vector

A
[ |

et =2t — BT1ATS(STAB AT S)TST (Azt — b)




4. Algebraic Viewpoint
“Random Update”

Random Update
Vector

|
[ |

et =2t — BT1ATS(STAB AT S)1ST (At — b)

Moore-Penrose
pseudo inverse

Fact: Every (not necessarily square) real matrix M
has a real pseudo-inverse M.



4. Algebraic Viewpoint
“Random Update”

Random Update
Vector

|
[ |

Tl = ot — B—lAngSTAB—lATs?TST(Axt —b)
|
Small 7 X T matrix

Moore-Penrose
pseudo inverse

Fact: Every (not necessarily square) real matrix M
has a real pseudo-inverse M.
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5. Analytic Viewpoint
“Random Fixed Point”

H := S(STAB 1ATS)TST ¢ Rmxm

o't —x* = (I — BT'ATHA) (2! — z*)
\ J
|

Random lteration
xt Matrix

z* + Null(57' A)
xt+1

B~YAT H A projects orthogonally onto Range(B~1ATS)
' + Range(B—1ATs) - B~ AT H A projects orthogonally onto Null(S7 A)






Complexity / Convergence
Theorem [GR‘15]
If 2' € Range(A”') and E[H] > 0 then
Ef||z" — 2*||g] < p'l]2” — 2¥[|5

where

p:=1-—\" (B7Y2ATE[H|AB~Y/?)

min



Complexity / Convergence

Theorem [GR‘15]

If 2 € Range(A’) and E[H] >~ 0 then

E(llz* — 2*[|5] < p'|l2” — 27||5

Smallest nonzero

where eigenvalue

p:=1-—\" (B7Y2ATE[H|AB~Y/?)

min
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H :=S(STAB~1ATS)TST

Special Choice of Parameters
B =1

1 e.el
EH] = — 1€
U mmp B i 2 A

1
m 1=1

= diag(||4:[3)



Case study of E[H]

H := S(STAB~1ATS)1sT

Special Choice of Parameters
B =1

|2

. # E[H
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m 1=1
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Case study of E[H]

H .=

S(STAB AT 5)f

Special Choice of Parameters

1
m

B =1

S = ¢!

# E[H]

f: ezeTi
ag (|| A; H )



Case study of E[H]

H =[s{(5"AB~" AT 5)1S™

Special Choice of Parameters

No zero rows in A » E[H] is positive definite



The rate: lower and upper
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The rate: lower and upper
bounds

Theorem [RG‘15]
E[H| >0 Insight: The

method is a
contraction
(without any
assumptions on S

$

T whatsoever). That
0<1— E[Rank(5" A) <p<l1 is, things can not
— Rank(A) — = get worse.

Insight: lower rank of A and great rank of S"A gives better
lower bound. In other words, when the dimension of the search
space in the “constrain and approximate” viewpoint grows.



Special Case:
Randomized
Kaczmarz Methoc!

T. Strohmer and R. J. Vershynin, (2009). A Randomized Kaczmarz
! Algorithm with Exponential Convergence Journal of Fourier
aove  Analysis and Applications, 15:262
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Randomized Kaczmarz:
derivation and rate

General Method

gt = gt — |B7lATS

(STAB~1ATS)1

ST (Axz! — b)

Special Choice of Parameters

B=1
P(S:ei):pi S:ei

Ai-ZIZt — bz

Ai:)T
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Randomized Kaczmarz:
derivation and rate

General Method

et = 2t — |BTtATS((STAB AT S)|[ST (Azt — b)

Special Choice of Parameters

S Nt o
P(S=e)=p; S=c¢ 1413 | =

Complexity Rate. All rows of A are nonzero = E[H] is nonsingular

t
Ai|)? * )\r—ll;un(ATA) %
p= 100 B - ot (1 2l Y a0 e
F F




Special Case:
Randomized

Leventhal, D., & Lewis, A. S. (2010). Randomized Methods for
! Linear Constraints: Convergence Rates and Conditioning.
aobe  Mathematics of Operations Research, 35(3), 641-654.
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Randomized Coordinate
Descent: derivation and rate

General Method

et = ot — |BTrATS[(STAB AT S)[ST (Azt — b)

Special Choice of Parameters

positive definite

(Ai;)T$t — bz
Aiz’

B=A
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Randomized Coordinate
Descent: derivation and rate

General Method

et = 2t — |BTtATS((STAB AT S)|[ST (Azt — b)

Special Choice of Parameters

positive definite

B=A
P(S:ei):pi S:ei

Complexity Rate A > 0= E[H] = diag(A11,..., Ann) =0

)\min(A) !
Aiz’ t_ * || 2 . O_ * |2
b= B Bl o] < (1- 22 e o




Theory recovers known and new
convergence results

Method B S Convergence Rate PO

T *
Randomized CD ATA P(S = e;) = 1413 1 — Amin (A A)

Least square 1A% ||AH%‘
2 Amin(AT A
Gaussian psd A S ~N(0,1) 1 — — ( 5 )
T ||AllF
2 Amin (AT A)

S ~N(0,1) 1 — —
m Al

Gaussian Kaczmarz I

*Leventhal, D., & Lewis, A. S. (2010). Randomized Methods for
! Linear Constraints: Convergence Rates and Conditioning.
Adobe Mathematics of Operations Research, 35(3), 641-654.
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Optimal methods

Optimal choice
max p = Ay, (B™/?ATEs p[H]AB™!/?)
A>0 Rank(A) =n any A

B A AT A I

Optimal S
Range(S) = Range(A~ 1 B'/?)

S with fixed range Optimal p/s

Prob[S = S;] = p;, -
fore=1,...,r




Optimal methods

Optimal choice

max p = A _1/2ATESND[H]AB_1/2)

B D mln(

A>0 Rank(A) =n any A

B A AT A I

Optimal S
Range(S) = Range(A~1 B'/?)

S with fixed range Optimal p/s tgleai{ t Difficult SDP

Prob|S = 5] = p;, - sub. to sz Vi(VIV) TV -t T

fore=1,...,r
V BY2ATS,  i=1,...,r
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Practical New Methods

One Shot Sketches
r* = arg, min||[ST Az — S*b

where ||z™ — 2|2 < (1 + €]
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Practical New Methods

One Shot Sketches

r* = arg,_ min||ST Az — STb||5
where ||z™ — 27||2 < (1 + €)||x™||
S Computing STA
Gaussian Matrix O(mnT)
Subsampled
Hadamard-Welsh O(mn log(T))
Countmin Sketch O(nnz(A))

Operations Research, 35(3), 641-654.

N. Ailon and B. Chazelle (2006). Approximate nearest neighbors
! and the fast Johnson-Lindenstrauss transform. Mathematics of
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where

[lz* = 2l < (14 )f]27]

Practical New Methods

One Shot Sketches

r* = arg,_ min||ST Az — STb||5

where ||z™ — 27||2 < (1 + €)||x™||

S Computing STA

Gaussian Matrix O(mnT)
Subsampled

Hadamard-Welsh O(mn log(T))

Countmin Sketch O(nnz(A))

Rademacher Sketch O(nnz(A))

Operations Research, 35(3), 641-654.

N. Ailon and B. Chazelle (2006). Approximate nearest neighbors
! and the fast Johnson-Lindenstrauss transform. Mathematics of
Adobe
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Conclusions

Unites many randomized methods under a single
framework

Improved convergence New lower bounds, less
assumptions, tightest results.

Design new methods S = Guassian, count-sketch,
Walsh-Hadamard ...etc

Optimal Sampling We can choose a sampling that
optimizes the convergence rate.
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Thank you,

Questions?
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