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Abstract

Conjugate Gradient (CG) algorithm and its variants are among
the most popular methods for iteratively solving linear systems. Their
adaptation for nonlinear optimization, the nonlinear CG methods, also
enjoys wide spread notoriety. Many available essays describe the al-
gorithm in a very algorithmic way; as a series of strange scalar and
vector multiplications that achieve the desired result. It is hard to
see the mathematics behind these cake recipes. Here we emphasize
a mathematical description and leave implementation issues separate
for, well, when we need to implement. We particularly enjoy writing
the method using oblique projections. This is useful, as mathematics
has a lot to say about projections and their properties. Preconditioned
and projected CG is also covered and an additional new method for
achieving conjugate directions by restarting CG method with a pre-
conditioner that “remembers” previous conjugate directions. For most
readers, we refer to the excellent, intuitive, though rather long expla-
nation offered by J. Shewchuk [6]. This essay, rather, offers a short
and painful description of the CG method.
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Disclaimer: This text is aimed at readers who need to quickly understand
details of the CG method. I personally wrote this essay as I needed to con-
sider a number of adaptations of the CG method to mesh with different
optimization methods. These alterations required understanding restricting
the search space, projecting the iterates, preconditioning, restarting, and a
mix of the above. Comments and suggestions are always welcome: gower-
robert@gmail.com.

1 CG through projections

The conjugate gradient method, by Hestenes and Stiefel [4], is an iterative
method for finding the solution to

1
min ¢(x) := min §xTAx —z7b, (1)

where z,b € R™ and A € R™™" is a positive definite matrix which guarantees
that the critical point defined by V¢(z) = Az — b = 0 is the unique solution.
Given a zy € R", the method iteratively finds xj, the minimum of ¢(z)
constrained to zy & Ky, where

Ky := span({V(xy), AV (xy),. .., A 'Ve(xg)}),

is the kth Krylov subspace. The Krylov subspaces are nested, in that K, C
Kry1, thus each xp,.; tends to be an improvement over the previous xy.
What is more, the solution to (1) is often encountered before reaching /C,.
This depends on the number of distinct eigenvalues of A.

Lemma 1. Let \; fori = 1,...,p be these distinct eigenvalues of A, then
K, is a p-dimensional subspace that contains the solution to (1).



Proof. As A is symmetric, R" is a direct sum of the Eigenspaces of A. Thus
we can decompose Vo(zg) = Zp L w; where w; is an eigenvector associated
toAj, for j=1,...,p. Let x = >0 | ;A" V() € K, it follows that
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The uniqueness of the \;’s guarantees that the system )7, (a;\}) = 1, for

j =1,...,p, has a unique solution o. Thus the solution z to (1) is in IC,.
Similar arguments show that {V¢(zo), ..., A?"'V¢(z0)} is a basis and K, is
p-dimensional subspace. O]

Restricting the search for a solution to K, is a good idea as it can be
a smaller space then the entire R™. But how to orderly search through the
Krylov subspaces and for £ < p use the solution restricted to Ky in calculating
the solution restricted to the next space K17 The answer is to search along
a basis of Ky of conjugate vectors in relation to A. Two vectors dy,ds € R
are A-conjugate if they are orthogonal in relation to the inner product defined
by A,

(dy,d3) 4 = (d1, Ady) = 0.

If the columns of Dy := [dy---d_,] € R™** form an A-conjugate basis of

K, then the minimization of ¢(x) over Ky, can be written as x, = Dy + o,
where

1 1
min —oT Ar — 27b = min —y" D} ADyy + 4" DIV ¢(x0).
Tr=Dryr+o yeRt 2
yrERF

Taking the gradient, the solution satisfies Df ADyyr = —DIVp(xg). The
matrix D ADy, is diagonal due to the conjugacy of the columns of Dy, so

the solution
i (di, Vo(xo))

=————= fori=0,...,k—1.
yk: <dz,d1>A ) or e ) )



Each element y! depends only on one conjugate direction d;, thus with an
additional conjugate direction dj € Kx1, the the minima of ¢(z) restricted
to Kpiq is

(dk, Vo(x0))

<dk‘v dk>A
= 1 — projy, Vo (o), (2)

Tp1 = To + Diyp — dy,

where pl"sz? = d(d" Ad)~'d”. The matrix proj;?A is an oblique projection
onto the space spanned by d, and it’s the solution to

projfAv =arg min |jv —y||a.
y€ span{d}

Conjugate directions allow us build upon previous Krylov restricted so-
lution x; by minimizing along dj, to find the next solution xj;. Though (2)
is correct, it is not the standard update formula used in the Conjugate Gra-
dient algorithms. Rather, as ¢(x) is a quadratic function the solution to
arg min, ¢(xy + ady) is achieved with

<V¢(Ik)7 dk>

ap .= —

<dk7 dk>A
Therefore
Vo(xy),d
Thy1 = T — %dk
» Ak ) 4
— 2 — projf, Vo(a). (3)

The projection is a handy tool, as it is highlights that z;,, results from a
minimization problem. The well known properties of projections can be also
be called upon, for instance, the above step from z; to xj is invariant under
scaling dy.

But how to obtain a basis of A-conjugate directions? The same way
we obtain any orthogonal basis: use Gram-Schmidt procedure with the in-
ner product (,),. Starting with a given set of linearly independent vectors
ro,...,Tr € R™ that span Ky, and conjugate directions dy,...,d,_; that
span K, the next conjugate direction d; can be obtained by “projecting
out” the components of r; that are in Ky using the Gram—Schmidt process,



where ry = dy and

dk =Tk — d

=0 <dj7dJ>A ’
k-1 1

=7, — d-pTArk
= (djidy) y 7
k-1

= (I - proj; A)ry
j=0

This is a computationally expensive way of obtaining d; and would be sig-
nificantly cheaper if the inner product of 7, with most of the Qd; vectors
are zero. Selecting: 7, = —V¢(xy) = b — Axy does just that, for zy is the
minima restricted to Ky, thus r, € K C (AKy_1)* and ry is orthogonal
to each {Ady,...,Ad,_1}. Now calculating the next conjugate direction is
reduced to performing a single projection

dp = (I — projfkilA)m. (4)

The vectors 7y are known as the residuals, as ||7%]| is a measure how close we
are to optimality, where ||ry|| = 0 signifies we have encountered the solution.
The vectors d; are known as the search directions.

Finally, to efficiently calculate the r; gradients, we use

ng(mk + Ozkdk) - V¢(I’k) =Tk —Tk+1 = OzkAdk

This to can be written as a projection and allows for the calculating of the
ri’s iteratively with

rk—&-l =Tk — OékAdk

dTTk
=1y — Adj—"—
g " (dy, di) 4
= (I - Aprojfk)rk. (5)

Collecting the updates of zy, (3), di (4) and 7, (5) we have the Conjugate
Gradient Algorithm (1.1). The calculation of the conjugate search directions
can also be written in a single formula

dps1 = (I — projka)([ — Aprojz?k)rk.



Input: 79 =po = Voé(zg), k = 0 and tolerance € € R .

1 repeat

2 Ter1 = (I — Aprojfk)rk

3 Tht1 = T + proj:?krk

4 dpyr = (I —projg A)riga

5 kE=k+1

6 until |[|74] > €||rol|
Output: zj.

Algorithm 1.1: CG: Conjugate Gradient Method

1.1 Affine restrictions and Preconditioning

How do we minimize ¢(x) but restricted to an affine space zq ® Z, where
xo € R" and Z C R" is a subspace? This situation arises when we have to
minimize ¢(z) subject to linear constraints, say, Bx = d where B € R™*"
and d € R™.

Let P : R™ — Z be any surjective linear function. Our restricted problem
is equivalent to

min _ ¢(z) = min T PTAPz/2 + 77 PV é(x0) =: ¢(7), (6)

r€xo®PR" ZER"

We could now apply the standard CG method to ¢(Z) to obtain a conver-
gent sequence {Zy}r, but for most applications of interest, P is only known
implicitly and calculating PT AP is expensive. Thus we will examine what
happens when we apply the CG method to ¢(z), then try to lift these results
to the untransformed space z, = PZp + x9. Let d,, and 7, be the search
directions and residuals at iteration & of the CG method applied to ¢(z),
and Zo = 0 the initial point. The CG method is initiated with 7y = —V¢(0)
and P, = To. Left multiplying the Z; update (3) by P and summing z, to
both sides

Tpy1 = Prp + 10
= Pxp +x9 + PprojngAP?k
= w4 + Pdy(d, PTAPdy) " d, 7.

Suggestively, defining dj, = Pdj, and 7, = P77}, allows us to apply a standard



CG step in xy

_1=T
Thy1 = Tk + dk(dgAdk) 1dk PTTk
=z + projdAkrk.

The r,’s are also residuals in the untransformed space

PTT’k = ?k
= —PT(APz, + Vé(x0))
= —PT<V¢(SL’Q + Pfk))

The di’s and r’s have some of the same properties as they would in the
standard CG method. The d’s are A—conjugate

df Ad; = d, PTAPd; =0, ifi < k.
The r;’s are orthogonal to previous search directions

T’gdz = Tgpgz

=74d; =0, fori<k.

In contrast to standard CG properties, the r’s are mutually PPT-conjugate
instead of simply orthogonal

riPPTr; =77, =0, fori<k. (7)
To calculate the dy’s, left multiplying by P the update to dj
Pdyy = P(I - projy A" PTAP)Fyy,
=(I- PprojngAPPA)PFkH
= (I - projg‘kA)PPTrk.
Thus by substituting line 4 in the Conjugate Gradients Algorithm 1.1 for
dj1 = (I — projy A)PP"ry, (8)

results in the PCG method (the projected conjugate gradients method) in
Algorithm 1.2. The stopping criteria is now based on a relative decrease of



Input: PPT € R™" ro = py = PPTV¢(xg),k =0 and tolerance € € R,

1 repeat

2 Tey1 = (I — Aprojﬁlk)rk

3 Tyl = Tk + projé?krk

4 dpr1= (I — projka)PPTTkﬂ

5 k=k+1

6 until ||| ppr > €||rol|ppr
Output: z,.

Algorithm 1.2: The PCG method: Projected Conjugate Gradients

the projected residual. It would not do to use the residual as a stopping
criteria, as there is no longer any guarantee of ||ry|| converging to zero!
As a single equation

dyy1 = (I — projy A)PPT (I — Aprojj )ry

which is remarkably similar to the BFGS search direction [2], where PPT is
a given previous approximation to a Hessian matrix, then the next BFGS
search direction is

dkalGS = —projj?krk + (I — projj?kA)PPT(] — Aprojg‘k)rk.

In the case that S = R", then P is a change of coordinates and is cho-
sen to precondition the system. When Z is a proper subspace, P acts as
a submersion. In either case, PPT can be chosen to improve the spectral
properties of PTAP because A\(PTAP) U {0} = A\(PPTA), where A\(A) de-
notes the set of eigenvalues of A. The number of iteration required by the
Conjugate Gradient Algorithm 1.1 to reach the exact solution is equal to, at
most, the number of distinct eigenvalues in A\(PT AP). Thus ideally we would
like PPT to be an approximate inverse of A so that PPT A has eigenvalues
concentrated around one, and PPT is referred to a the preconditioning ma-
trix. Often the notation is M~! = PPT, emphasizing that it is some sort of
estimate of the inverse.

When Z is a proper subspace, slightly abusing notation, let Z € R"*? be
a matrix who’s columns form a basis of the subspace Z. As P is a linear
submersion, it must be of the form P = ZH where H € R?*? is nonsingular.
As ZT AZ is also nonsingular

MPTAP) = NHY"ZTAZH) = N\(HH" ZT AZ).

8



Thus HH? should be chosen to act as a preconditioner of the matrix Z7 AZ.
For this special matrix, precondtioners of the form HH? = (ZTGZ)™' ~
(ZTAZ)™! have shown to be successful [Keller2000|, where G € R™ ",
In this case PPT = Z(ZTGZ)™'Z = proj$ which is similar to an oblique
projection, in that PPT(GZ) = Z. Note that in this development, nor A
nor G need be positive definite, but instead, only Z7AZ and Z7GZ need be
positive definite.

1.1.1 Linear constrained case

Let zp & Z = {x | Bx = d}. The initial point z, is feasible point: Bz, = d.
The objective is to minimize ¢(x) restricted to xo @ Ker(B).

Note that to execute Algorithm 1.2, we do not need the whole ma-
trix PPT, but instead, we only need to know how to apply PPT to the
residual vectors ri. As shown by Gould, Hribar and Nocedal [3], when
the affine subspace is defined by a linear constraint Bx = d, we can im-
plicitly apply PPT = proj$ without calculating Z = Ker(B). In fact, as
PPTr = PPTGG~'r, which is a projection of G~1r given by

1 _
PPy = arg{ﬂnelélj]x — G|

.1
— arg min —o' Gz — 277
Bxz=0 2

To solve the above, we form the associated Lagrangian

1
L(x,pu) = éxTGx —a'r+ 2" BTy,

where p € R™. Differentiating in 4 and z

G BT [z r
5 0]l g
This system, also known as a KKT system, can be solved in a number of
efficient ways so long as G is positive definite and by factorizing B, see [5].
Of course, one could model our original problem (6) as a KKT system. But
if A is not positive definite, but only Z7AZ = 0, then solving the KKT

system is expensive. In this case, using the Projected CG Algorithm 1.2
where PPTr;; is calculated by solving (9) becomes worthwhile.



1.2 Restarting with remembering preconditioners

In certain circumstances, it can be advantageous to stop the CG iterations
and restart on a given point Zy. In other words, apply the standard CG
method to
A(r — %) =be Ar = b+ AZg =: b.

This can switch the search to a different set of Krylov subspaces. We have
used this property in an article “Action constrained quasi-Newton meth-
ods”. Let dy...d, and ry, ..., r, be a set of conjugate and residual directions.
Suppose we have a point T, € R™ with a gradient 7¢ = V¢(Zo) such that
To € IC;rl =span{ro, ...,7,}. Furthermore, suppose we have a symmetric
preconditioner M ! that “remembers” all previous conjugate directions

dJAM™' =d}, forj=1,....p. (10)

In quasi-Newton methods, this property is referred to the quadratic hered-
itary property and is satisfied by all metric matrices of the Broyden family
after p iterations [1] on convex quadratic functions. By then starting the
PCG iterations with 7y and dy = M ~'7, we generate vectors do, . . . ,Jq such
that dy ... dp_1, do, . . . ,Jq are a conjugate set.

proof: The proof is by induction on d]TAJi =0 and d]Tfi =0for1<j<p
and 1 < i < ¢q. For i = 0, the spectral properties of M~! and 7, € IC;rl
guarantee that

dj Ady = d AM "7
:d;‘-rf():(), fory=1,...,p.

Supposing the induction hypothesis is true for ¢ and all 0 < 57 < p, us-
ing (5) to calculate the next residual 74, then by induction

d?fiﬂ = df(f - APTOJ.Z%)E

= d;fpfi (by induction dJTAcZZ- = 0)
=0. (by induction d;‘rﬂ- = 0)

10



Using (8) to substitute d;;;

dj Adiy = dj A(I — projg A)M ™7y
= d]TAM_le-H (by induction d;FAcL =0)
= d; i1 by (10)
=0. O

The conjugate directions that result from using a remembering precon-
ditioner are not necessary the same as those generated by the CG method.
Though they still serve as search directions that can be used to iteratively
minimize ¢(x) as in Algorithm 1.3. On iteration k, the subroutine update_remember
on line 7 updates the preconditioner M ~! so (10) holds for all search direc-
tions d;, 1 =1,... k.

Input: M1 € R™" rg=pyg = M~ 'Ve(xg),k=0,m=1,M €N,
e € Ry, D = {0}, AD = {0}

1 repeat
<T’k, ’I"k>M_1
’ o <dk7 dk>A
3 Tht1 = Tk — o Ady
4 Th+1 = Tk + Oékdk
5 D «+ dk—i—l’ AD Adk+1
6 if m = M then
7 M~! =update _remember(M !, D, AD)
8 diy1 = M rpgq
5 m=0,D = {0}, AD = {0}
10 else
11 djsr = M_lrkH + <7“k+1,7“k:+1>M—1d
<Tk7 74/€>M*1
12 end

13 k=k+1m=m+1
14 until ||rg|| > €l|ro]|
Output: z,_;.
Algorithm 1.3: Restarting Conjugate Gradients method

11



2 Implementing

We focus on implementing the PCG Algorithm 1.2 as this covers all cases,

in that, with PPT = I it is the standard CG method, with PPT = M1,

where M~ is an approximate inverse, it is the Preconditioned CG method.
First we say goodbye to our projection notation, for v € R™

, dfv
proﬁkv:< b d,.

dp, dic) 4

To further simplify computations, we need two identities. For the first, recall
that ry € Ki_, thus using (8)

o A T
) - ’ di—1 r
(g, di) <7“k (I —proj; A)PP k>
dl  PPTry
<dk—1dk—1>A

= (TkyTk) ppr - (11)

This identity applied to the 7 update (5) and x update (3) results in lines 3
and 4 of the implemented PCG method in Algorithm 2.1.
The second identity relies rearranging (5) to see that

= (rg, T — (rg, dj—
{ri i) ppr = (T o)

Th+1 =Tk — —(iizc,jcik): Ady,
Thy T
=1 — ﬁfldk. (12)
Equivalently
Ady, = T’k—TkH’
673
where oy, = %. Using this to substitute Ady, and recalling that (ry, rx1+1) ppr =

0 (see (7)), the second identity is

<Tk+1;Adk>PPT _ _(Tk+1»7”k+1>ppT < <dk7dk>A )
(di, di) 4 (di, di) 4 (TkyTk) ppr
_ (Tk+1,7”k+1>ppT. (13)

(T, Tk) ppr

12



This identity

dpr1 = (I — projj?kA)PPTrk

_ ppTy, 4 T ppr ) (14)
(TksTh) ppr

The search directions are updated using the above on line (6) of Algo-

rithm (2.1).

Input: PPT € R™" ro = py = PPTV¢(xg),k =0 and tolerance € € R,
1 repeat

{ris k) ppr
2 ap = ~——
<dk7 dk>A
3 Tht1 = T — o Ady

Tp1 = Tk + agdy,

(Tht1, Ths1) ppr
5 dgy1 = PPTryyq + : PP dy,

<Tk’rk>PPT
7 until (7| ppr > €||roll ppr
Output: z,_;.

Algorithm 2.1: Implemented Projected Conjugate Gradients
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