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Abstract

The statistical wave field theory mathematically establishes the statistical laws of the solu-
tions to the wave equation in a bounded domain. It provides the closed-form expressions of
the power distribution and the correlations of the wave field jointly over time, frequency and
space, which hold at high frequency and after many reflections, in terms of the geometry and
the specific admittance of the boundary surface. This theory was originally developed in the
particular case of mixing rooms, which are characterized by a diffuse wave field, based on
the theory of dynamical billiards and on Weyl-like asymptotic laws. Then it was extended
to the finite family of special polyhedra, where the wave field is anisotropic, based on a sim-
pler geometric approach related to mathematical crystallography. In this paper, we develop
a unified version of the theory dedicated to semi-mixing billiards. In the case of Robin’s
boundary condition, we show that such wave fields are characterized by a directional rever-
beration time that is independent of the receiver’s position but depends on its orientation,
and we provide its closed-form expression, which improves and generalizes Eyring’s formula
of the reverberation time in ergodic rooms.

Keywords: Statistical physics, wave equation, Helmholtz equation, reverberation

Contents

1 Introduction 2

2 Fundamentals of waves revisited 8
2.1 Main definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.2 Green’s function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.3 B-function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.4 Robin’s boundary condition . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

3 Semi-ergodic billiards 9

Email address: roland.badeau@telecom-paris.fr (Roland Badeau)

Preprint submitted to the Journal of the Acoustical Society of America June 17, 2026



4 Fundamentals of the statistical wave field theory 11
4.1 Wigner distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
4.2 Mathematical assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

5 Special statistical wave field theory 13

6 General statistical wave field theory 14
6.1 Asymptotic expansion of the pseudo spectral measure . . . . . . . . . . . . . 14
6.2 Wave vectors distortion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
6.3 Black holes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
6.4 Green’s function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
6.5 Source response . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
6.6 Simplification of the wave vectors distortion . . . . . . . . . . . . . . . . . . 18
6.7 Wigner distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

7 Conclusion 22

Appendix A 24
Appendix A.1 Interior points . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
Appendix A.2 Boundary points . . . . . . . . . . . . . . . . . . . . . . . . . . 24
Appendix A.3 Consolidated pseudo spectral measure . . . . . . . . . . . . . . . 25

Appendix B 26

Appendix C 28

Appendix D 29

Appendix E 30

1. Introduction

In the field of room acoustics, it is well known that when waves propagate in a bounded
three-dimensional (3D) space, after many reflections on the room boundaries, and at high
frequency, their collective behavior becomes stochastic, a physical phenomenon that is known
as late reverberation. When the room surfaces are rigid, there is no energy absorption, and
the wave field is diffuse in most common room shapes, which means that its statistics are
invariant over space under any translation (it is stationary), and any rotation (it is isotropic).
In the same kind of room shapes, when on the contrary there is energy absorption at the
boundary, then the sound power is still uniform in the room, but at fixed frequency it
decreases exponentially over time. Late reverberation is thus generally characterized by the
reverberation time, often denoted T60, which is a function of frequency, and which is defined
as the time it takes for the sound pressure level to reduce by 60 dB. During the 20th century,
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several researchers aimed to characterize mathematically various statistical properties of
reverberation, e.g., over time (Moorer, 1979), frequency (Schroeder, 1962), time-frequency
(Polack, 1988) and space (Cook et al., 1955). In particular, the reverberation time received
special attention, first with the empirical law proposed by Sabine at the end of the 19th
century from early experiments, which holds in highly reverberant rooms (Joyce, 1975), then
with the modified formula established by Eyring (1930), which holds when the absorption
at the boundary is larger, and later with the reverberation theory of Polack (1992).

The main mathematical framework that has been used to model late reverberation, and
to establish the closed-form formulas of the reverberation time, is the classical theory of dy-
namical billiards (Tabachnikov, 1995). Indeed, at high frequency, wave propagation can be
approximated in the classical limit by considering the trajectory of rays that undergo succes-
sive specular reflections on the domain’s boundary, similarly to optical rays (Kuttruff, 2014,
Chap. 4). The ray trajectory can then be interpreted as a dynamical billiard that, depending
on the boundary geometry, may follow different statistical properties. For instance, a classi-
cal billiard is ergodic when over time t, the position x(t) ∈ V and the unit direction vector
v(t) ∈ S(0, 1) of almost every ray trajectory are jointly uniformly distributed in the phase
space V ×S(0, 1), where the configuration space (or position space) V is the bounded volume
of the billiard, and the momentum space S(0, 1) is the unit sphere. In other respects, mixing
billiards, in addition to being ergodic, are such that two different rays that are arbitrarily
close in the phase space at t = 0 diverge completely after an asymptotically long elapsed
time. Under this assumption and when there is no energy absorption at the boundary, the
wave field statistics are independent of the receiver’s position and orientation in the room.
The wave field is thus stationary and isotropic, so the property of a diffuse sound field is
induced by the mixing property, which is directly related to the geometry of the room (Po-
lack, 1992). When on the contrary there is energy absorption at the room boundary, then
we retrieve the property of a uniform sound power that decreases exponentially over time
at fixed frequency, which allows us to define a reverberation time independent of the space
position and orientation in the room. In the room acoustics literature, various expressions
of the reverberation time in ergodic rooms have been obtained, based on the statistics of the
reflections and the mean free path (Joyce, 1978; Polack, 1992; Kuttruff, 2014; Polack, 2025).

Compared to these previous works, in a recent publication (Badeau, 2024), the author of
the present paper has opted for a radically different mathematical approach, which proved
to be more powerful than the usual methods based on the statistics of the reflections in
classical billiards. This innovative approach resulted in a whole new theory called statistical
wave field theory. This theory aims to establish mathematically the statistical laws of the
solutions to the wave equation in a bounded volume. It is the first theory of reverberation
that provides the closed-form expression of the power distribution and the correlations of
the wave field jointly over time, frequency and space, in terms of the geometry and the
specific admittance of the boundary surface. Its prediction of the reverberation time has
been verified by experiment (Prinn and Badeau, 2026). Mathematically, the statistical wave
field theory is closely related to the Sturm-Liouville theory. Indeed, the solutions to the
wave equation in a bounded domain are characterized by the Helmholtz equation that, along
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with its boundary conditions, forms a particular Sturm-Liouville problem (Al-Gwaiz, 2008).
The Sturm-Liouville theory shows that this problem admits a discrete set of solutions, called
eigenmodes (Kuttruff, 2014, Chap. 3). In several dimensions of space, the density of discrete
modes increases with the frequency, in a way that has been investigated mathematically
for the first time by Weyl (1911). Since then, a rich literature has been devoted to the
study of asymptotic expansions of the modal density as a function of frequency f when
f → +∞, in various space dimensions and various boundary conditions (Arendt et al.,
2009). The case of a 3D space and of the real Robin’s boundary condition, which is of special
interest to us, was addressed by the physicists Balian and Bloch (1970). Their approach was
based on the semiclassical approximation of quantum physics (Sieber et al., 1995; Brack and
Bhaduri, 1997), which also approximates wave propagation by considering the trajectory of
rays undergoing specular reflections, as in classical billiards. However, the mathematical
treatment of these reflections explicitly depends on Robin’s boundary condition, through
the multiple reflection expansion of the Green’s function, used by Balian and Bloch (1970)
and Sieber et al. (1995). In addition, such rays can pass through the boundary and re-enter
the billiard, as illustrated in Balian and Bloch (1972, Fig. 12). Consequently, contrary to
the classical theory of dynamical billiards, the semiclassical approximation is able to account
for the curvature of the boundary, through the two-reflection term of the series expansion
of the Green’s function, which allowed Balian and Bloch (1970) to pursue the asymptotic
expansion of the modal density up to the second order.

Interestingly, up to the first order of this asymptotic expansion, the statistical wave
field theory has permitted us to retrieve the previously mentioned statistical properties of
reverberation (Badeau, 2024). In addition, based on the mixing assumption, we showed
in Badeau (2024) that, if there is no energy absorption at the boundary surface, then the
asymptotic expansion of the smoothed modal density directly provides us with a closed-
form expression of the power spectrum of the stationary wave field. Indeed, because all
eigenmodes are uncorrelated and carry on average the same quantity of power when the
source position is random, the power spectrum is proportional to the smoothed modal density.
If on the contrary there is energy absorption, then the wave field is non-stationary, and
the theory proves that its statistics are actually related to the analytic continuation of
the smoothed modal density to the domain of complex frequencies. This simple idea has
permitted us, in Badeau (2025b), to extend the validity of the statistical wave field theory
by exploiting the second order curvature term of the asymptotic expansion calculated by
Balian and Bloch (1970), which accounts for the impact of a curved boundary surface on the
wave field statistics, and which makes the theory predictions hold at lower frequencies.

In references Badeau (2024) and Badeau (2025b), we focused on mixing rooms, in which
the reverberation time is independent of the receiver’s position and orientation. However,
it is well known that in certain non-ergodic room geometries, the reverberation time is still
independent of the receiver’s position, but it does depend on its orientation (Alary, 2021). In
this case, it is sometimes referred to as the directional reverberation time (Bilbao and Alary,
2024). The characterization (Nolan et al., 2018; Xu et al., 2022), analysis (Berzborn and
Vorländer, 2021; Götz et al., 2023) and synthesis (Alary et al., 2019, 2024) of such anisotropic
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wave fields have recently received much attention in the room acoustics community, but
curiously, few works have been devoted to the physical modeling of anisotropic reverberation
(Meyer-Kahlen and Schlecht, 2024; Drechsler, 2012; Drechsler and Stephenson, 2012).

In room acoustics, the most famous anisotropic room is the shoebox room, whose geomet-
ric shape is that of a rectangular cuboid. The directional reverberation time in this shoebox
room has been investigated in Bilbao and Alary (2024). Then in Badeau (2025c), we have
shown the existence of a few other polyhedra whose properties are similar to those of the
rectangular cuboid. These so-called special polyhedra are neither mixing nor ergodic, but
rather integrable in the sense of Arnold’s theorem (Arnold and Avez, 1989). This means that
the Helmholtz equation can be solved in closed-form subject to various boundary conditions
(Dirichlet, Neumann, and even Robin in certain cases). Moreover, all the eigenfunctions are
trigonometric polynomials. Based on these closed-form solutions, deriving the equations of
the statistical wave field theory proved to be much easier than in the mixing case (Badeau,
2025c). This study of the special polyhedra permitted us to take a very important turn in
the development of the statistical wave field theory: we have shown that neither the mixing,
nor even the ergodic assumptions were actually necessary for this theory to apply, provided
that the discrete spectra of these special polyhedra are sufficiently smoothed in the wave
vector space.

In Badeau (2026), we then introduced three classes of classical billiards that are referred
to as semi-ergodic, weak semi-mixing, and strong semi-mixing, respectively, as these billiards
are ergodic, weak mixing, and strong mixing, respectively, in the configuration space, but not
necessarily in the momentum space. The general class of 3D semi-ergodic billiards is actually
very large: it is not restricted to 3D ergodic billiards and special polyhedra. For instance, it
includes all prisms whose basis is a two-dimensional (2D) ergodic billiard (possibly includ-
ing curved boundaries). It also includes all (possibly non-convex) polyhedra, whether their
dihedral angles are rational or irrational multiples of π. These billiards are characterized by
a directional measure σ defined on the set of unit direction vectors S(0, 1), which depends
on the particular billiard geometry, and whose closed-form expression involves a series ex-
pansion over a basis of real spherical harmonics. In addition, the subclass of semi-mixing
billiards corresponds to rooms where, through spectral smoothing, at high frequency and af-
ter many reflections, the wave field is wide sense stationary (WSS) but generally anisotropic
when there is no energy absorption, and where the reverberation time is independent of
the receiver’s position but may depend on its orientation when there is energy absorption.
Moreover, the resulting statistics of the anisotropic wave field naturally involve the direc-
tional measure σ. In this paper, we address the general case of Robin’s boundary condition,
which will allow us to provide, for the first time, the general closed-form expression of the
directional reverberation time that holds in semi-mixing rooms.

This paper is structured as follows. In the next section, we introduce some acronyms
and mathematical notations that will be used in the rest of the paper. Then in Sec. 2, we
recall a few fundamental notions regarding wave propagation that are needed to develop the
statistical wave field theory. In Sec. 3, we define the three classes of semi-ergodic, weak and
strong semi-mixing billiards, and we summarize the properties of their directional measure.
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In Sec. 4, we briefly present the Wigner time-frequency distribution that will be used to
characterize the second-order properties of non-stationary random processes, and we list the
three mathematical assumptions on which the statistical wave field theory relies. In Sec. 5,
we recall some key points of the special theory dedicated to Neumann’s boundary condition.
Then in Sec. 6, we present the general theory dedicated to Robin’s boundary condition.
The main results are summarized in Sec. 6.7. Finally, in Sec. 7 we summarize the main
contributions of this paper, and we propose a few perspectives for future work.

Acronyms and mathematical notations

Acronyms:

ACF Auto-covariance function

PCF Pseudo-covariance function

RIR Room impulse response

WSS Wide-sense stationary

Mathematical notations:
In this paper, the Greek letter ψ is used to denote any function of any variables (we do

not use the notation f that is usual in mathematics, because here f denotes the frequency).
Therefore, the same letter ψ may denote different functions of different variables in different
places of the paper, and it is not supposed to have any special physical meaning.

• ≜: equal by definition to
• N: set of whole numbers
• R, C: sets of real and complex numbers, respectively
• ı =

√
−1: imaginary unit

• R−: set of non-positive real numbers
• x (bold font), z (regular): vector and scalar, respectively
• [a, b]: closed interval, including a, b ∈ R
• A\B: relative complement (set difference) of set B in set A
• A ⊆ B: A is a subset of B, possibly equal to B
• V : closure of a subset V of R3

• |V |: Lebesgue measure (volume) of a subset V of R3

• λ = 1
|V | : mean density of image sources over space

• ∂V : boundary of a subset V of R3

• n(x) where x ∈ ∂V : outward normal to the boundary surface of subset V
• S(A): surface area of a 2-dimensional sub-manifold A of R3

• L(C): line length of a 1-dimensional sub-manifold C of R3

• ∥.∥2: Euclidean/Hermitian norm of a vector or a function
• z: complex conjugate of z ∈ C
• Re(z) (resp. Im(z)): real (resp. imaginary) part of a complex number z ∈ C
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• x⊤: transpose of vector x
• xH : conjugate transpose of vector x
• I: identity matrix
• A⊥: orthogonal complement of set A
• S(0, k): sphere centered at the origin and of radius k: S(0, k) = {k ∈ R3; ∥k∥2 = k}
• B(0, k): open ball centered at the origin and of radius k: B(0, k) = {k ∈ R3; ∥k∥2 < k}
• L2(V ) where V is a Borel subset of R3: Hilbert space of measurable functions f

supported in V , such that ∥f∥2 =
√∫

V
|f(x)|2dx < +∞

• S(Rn): Schwartz space of smooth functions on Rn, whose derivatives of all orders are
rapidly decreasing

• ⟨T |ψ⟩: value of the tempered distribution T on the test function ψ ∈ S(Rn)
• δ: Dirac delta function
• H(t): Heaviside function: H(t) = 1 ∀t > 0 and H(t) = 0 ∀t < 0
• sign(t): sign function: sign(t) = 1 ∀t > 0 and sign(t) = −1 ∀t < 0
• Jacϕ: Jacobian matrix of the multivariate function ϕ
• ∆ϕ(x): Laplacian of function ϕ(x)
• Yl,m(u) for l ∈ N, m ∈ {−l, . . . , l}, and u ∈ S(0, 1): real spherical harmonic of degree l

and order m;
• 1D direct and inverse Fourier transforms of a function ψ : R → C:

ψ̂(f) =
∫
t∈R ψ(t)e

−2ıπftdt

and ψ(t) =
∫
f∈R ψ̂(f)e

+2ıπftdf

• 3D direct and inverse Fourier transform of a function ψ : R3 → C:

ψ̂(k) =
∫
x∈R3 ψ(x)e

−2ıπk⊤xdx

and ψ(x) =
∫
k∈R3 ψ̂(k)e

+2ıπk⊤xdk

• E[X]: expected value of a random variable X
• Covariance of two complex random variables X and Y :

cov[X, Y ] = E[(X − E[X])(Y − E[Y ])]

• Pseudo-covariance of two complex random variables X and Y :

cov[X, Y ] = E[(X − E[X])(Y − E[Y ])]

• k ∈ R3: wave vector related to Neumann’s boundary condition
• κ ∈ C3: wave vector related to Robin’s boundary condition
• K: function that assigns κ to k
• κ =

√
κ⊤κ ∈ C: wave number related to Robin’s boundary condition

• k ∈ R: parameter of the Helmholtz equation under Robin’s boundary condition char-
acterized by the specific admittance β̂(x, k).
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2. Fundamentals of waves revisited

This section summarizes a few fundamental notions regarding wave propagation that are
needed in the rest of the paper. Most of these notions are well-known and are described for
instance in Morse and Ingard (1968). These and other notions were already presented in
more details in Badeau (2024, Sec. III).

2.1. Main definitions
In a connected open domain V ⊆ R3, the homogeneous wave equation states that

∆p(x, t)− 1

c2
∂2p(x, t)

∂t2
= 0, (1)

where p(x, t) is the wave amplitude at position x ∈ V and time t ∈ R, ∆ is the Laplacian,
and c is the propagation speed of the wave. Applying the 1D Fourier transform w.r.t. time
to Eq. (1) yields the Helmholtz equation:

∆ϕ(x) + 4π2k2ϕ(x) = 0, (2)

where the scalar k = f
c

is the wave number and f denotes the frequency. We note that any
solution ϕ to Eq. (2) is an eigenfunction of the Laplace operator, of eigenvalue −4π2k2.

Given a punctual source position x0 ∈ V and a space position x ∈ V , we define the source
response p as the unique causal solution to the following inhomogeneous wave equation:
∀t ∈ R,

∆p(x,x0, t)−
1

c2
∂2p(x,x0, t)

∂t2
= −δ(x− x0)δ̇(t). (3)

Note that the right member of Eq. (3) involves the derivative of a Dirac delta function over
time, in order to account for the fact that the response of a physical source is always zero
at the zero frequency (Morse and Ingard, 1968, Chap. 7). Replacing the derivative δ̇(t)
with δ(t) in Eq. (3) would lead to the usual definition of the room impulse response (RIR)
h(x,x0, t) in room acoustics, which is the causal Green’s function of the wave equation
[Eq. (1)]. Therefore, the RIR h is the unique causal primitive of the source response p
defined in Eq. (3).

2.2. Green’s function
Given a punctual source position x0 ∈ V and a space position x ∈ V , a Green’s functionG

of the Helmholtz equation is a particular solution to the following inhomogeneous Helmholtz
equation:

∆G(x,x0, k) + 4π2k2G(x,x0, k) = −δ(x− x0). (4)
The inverse 1D Fourier transform of G w.r.t. frequency f = ck,

g(x,x0, t) =

∫
f∈R

G(x,x0,
f
c
) e2ıπftdf, (5)

is such that its time derivative ġ(x,x0, t) is a solution to Eq. (3). However, depending on
the choice of a particular solution G to Eq. (4), the function ġ(x,x0, t) may not be causal,
so in general ġ(x,x0, t) differs from the causal source response p(x,x0, t) by a function that
is a solution to the homogeneous wave equation [Eq. (1)].
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2.3. B-function
In the case of a connected domain V ⊂ R3 with boundaries, any Green’s function

G(x,x0, k) can generally be analytically continued in a mathematical vicinity D of V that
depends on the domain’s geometry and the boundary condition. In some cases, this extension
holds in the full space D = R3. The B-function on D ⊆ R3 is then defined as:

B(y,x0, k) = −
(
∆G(y,x0, k) + 4π2k2G(y,x0, k)

)
. (6)

By definition of the Green’s function G in Eq. (4), the restriction of the B-function to V is
δ(y − x0).

2.4. Robin’s boundary condition
Let us consider a connected domain V ⊂ R3, whose boundary ∂V is a Lipschitz continuous

2D manifold (i.e., ∂V is locally the graph of a Lipschitz function). The boundary ∂V is
characterized by the specific admittance β̂(x, k) ∈ C, which is an essentially bounded function
of the position x ∈ ∂V . Then Robin’s boundary condition of the Helmholtz equation [Eq. (2)]
states that

∀x ∈ ∂V,
∂φ(x, k)

∂n(x)
+ 2ıπkβ̂(x, k)φ(x, k) = 0, (7)

where ∂
∂n(x)

denotes partial differentiation in the direction of the outward normal n(x) to the
boundary surface at x. In the case of non-rigid surfaces, which absorb a part of the energy
of the incident wave, β̂(x, k) is complex and the real part of β̂(x, k) is positive. Then we
proved in Badeau (2025a) that when the domain V is bounded, the set of eigenfunctions and
generalized eigenfunctions of the complex Robin Laplacian is discrete and can be chosen to
form a pseudo-orthonormal Abel basis with brackets of the Hilbert space L2(V ), a notion that
is defined in Badeau (2025a, Sec. III A). However, when there is no energy absorption, β̂(x, k)
is purely imaginary, the Robin Laplacian is self-adjoint, and the set of eigenfunctions forms
an orthonormal basis of L2(V ). Also note that when k = 0, Eq. (7) reduces to Neumann’s
boundary condition.

In the rest of this paper, the wave vector will be denoted κ in the case of Robin’s boundary
condition, instead of notation k that will be dedicated to Neumann’s boundary condition,
in order to avoid any confusion, especially in Sec. 6, where the two notations will coexist. In
the same way, again in the Robin case, the wave number will be denoted κ ≜

√
κ⊤κ, and

should not be confused with the parameter k of the Helmholtz equation [Eq. (2)] under the
boundary condition in Eq. (7).

3. Semi-ergodic billiards

In this section, the three classes of semi-ergodic billiards mentioned in Sec. 1 are char-
acterized mathematically. In the definitions that follow, (x(t), v(t)) ∈ V × S(0, 1) denotes
the value in the phase space, at time t ≥ 0, of the ray trajectory that starts at initial po-
sition x(0) = x ∈ V and initial direction v(0) = v ∈ S(0, 1). In addition, σ(.|v) denotes a
probability measure over S(0, 1), which will be referred to as the directional measure.
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Definition 1 (Semi-ergodic billiards). A classical billiard is semi-ergodic if and only if, for
almost every ray trajectory and for any continuous function ψ defined on the phase space
V × S(0, 1),

limT→+∞
1
T

∫ T

0
ψ(x(t),v(t)) dt =

∫
u∈S(0,1)

∫
y∈V ψ(y,u)

dy
|V | dσ(u|v). (8)

Definition 2 (Weak semi-mixing billiards). A classical billiard is weak semi-mixing if and
only if, for any continuous function ψ and measurable function ϕ defined on the phase space
V × S(0, 1),

limT→+∞
1
T

∫ T

0

∣∣∣ ∫v∈S(0,1) ∫x∈V(
ψ(x(t),v(t))−

∫
u∈S(0,1)

∫
y∈V ψ(y,u)

dy
|V |dσ(u|v)

)
ϕ(x,v) dx

|V |
dS(v)
4π

∣∣∣dt = 0.
(9)

Definition 3 (Strong semi-mixing billiards). A classical billiard is strong semi-mixing (or
semi-mixing) if and only if, for any continuous function ψ and measurable function ϕ defined
on the phase space V × S(0, 1),

limt→+∞
∫
v∈S(0,1)

∫
x∈V ψ(x(t),v(t))ϕ(x,v)

dx
|V |

dS(v)
4π

=
∫
v∈S(0,1)

(∫
u∈S(0,1)

∫
y∈V ψ(y,u)

dy
|V |dσ(u|v)

) ∫
x∈V ϕ(x,v)

dx
|V |

dS(v)
4π

.
(10)

Note that all strong semi-mixing billiards are weak semi-mixing, and all weak semi-
mixing billiards are semi-ergodic. When the directional measure is isotropic (i.e., dσ(u|v) =
1
4π
dS(u) ∀v ∈ S(0, 1)), we retrieve the usual definitions of ergodic, weak mixing, and strong

mixing billiards, respectively. When on the contrary, the directional measure is not isotropic,
there are known examples of semi-ergodic and weak semi-mixing billiards. For instance,
the mathematical results presented in Arana-Herrera et al. (2025) can be extended in 3D
to show that not every, but almost every rational polyhedron (i.e., whose dihedral angles
are rational multiples of π), is not weak mixing, but rather weak semi -mixing. The rare
exceptions include the set of almost integrable polyhedra, which includes the four special
polyhedra (Badeau, 2025c), which are semi-ergodic, but not weak semi-mixing.

Let us now investigate the classical properties of semi-ergodic billiards introduced in
Definition 1. Equation (8) shows that the configuration space V and the momentum space
S(0, 1) are explored independently by almost every ray trajectory. Moreover, V is explored
uniformly over time, and S(0, 1) is explored according to the probability measure σ. More
precisely, if v = v(0) is the initial direction of the ray trajectory, then over time t the ray
explores the directions u ∈ S(0, 1) according to the probability measure dσ(u|v).

In Badeau (2026, Sec. III), the directional measure σ was characterized as follows. For
all l ∈ N, let Y l denote the (2l + 1)-dimensional column vector of coefficients Yl,m, where
∀m ∈ {−l, . . . , l}, Yl,m denotes the real spherical harmonic of degree l and order m (Courant
and Hilbert, 2004). Then ∀l ∈ N, let Al be the (2l + 1) × (2l + 1) real symmetric positive
semidefinite matrix

Al = λ
∫
∂V

(
I −

( ∫
u∈S(0,1) Y l(u)Y l

(
u− 2(n(s)⊤u)n(s)

)⊤
dS(u)

))
dS(s), (11)

10



where I denotes the identity matrix. Then ∀v ∈ S(0, 1), the directional measure σ(S|v) of
any measurable subset S of the unit sphere S(0, 1) is expressed as

σ(S|v) = lim
L→+∞

∫
u∈S

σL(u,v)dS(u), (12)

where ∀L ∈ N,

σL(u,v) =
L∑
l=0

Y l(v)
⊤ProjKer(Al)

Y l(u). (13)

Since the series expansion over spherical harmonics in Eq. (13) is truncated to degree L,
u 7→ σL(u,v) can be interpreted as a smooth density function over S(0, 1), which can
equivalently be obtained by smoothing the (possibly discrete) directional measure σ defined
in Eq. (12), over the set of unit direction vectors u ∈ S(0, 1). Finally, we made in Badeau
(2026, Sec. III) the following remarks:

Remark 1 (Properties of function σL and measure σ). The bivariate function σL(u,v)
in Eq. (13) is a real-valued analytic function of u and v. It is symmetric (i.e., σL(v,u) =
σL(u,v)), even (i.e., σL(−u,−v) = σL(u,v)), and such that σL(u,u) ≥ 0. When L→ +∞,
σ in Eq. (12) is indeed a measure (i.e., σ(S|v) ≥ 0 ∀S ⊂ S(0, 1)). Finally, ∀v ∈ S(0, 1),
σ (S(0, 1)|v) = 1, and in the same way, ∀L ∈ N,

∫
u∈S(0,1) σL (u,v) dS(u) = 1. Therefore,

the directional measure σ and the smooth density function σL sum to one on S(0, 1), like a
probability measure and a probability density function, respectively.

Remark 2 (Ergodic billiards). In the particular case of ergodic billiards, Eqs. (12) and (13)
yield ∀u,v ∈ S(0, 1),

dσ(u|v) = 1
4π
dS(u). (14)

Remark 3 (Special polyhedra). In the case of special polyhedra, Eqs. (12) and (13) are
equivalent to

σ(u|v) = 1
|Dnh|

∑
Q∈Dnh

δS(0,1)(u,Qv),

where δS(0,1) denotes the Dirac distribution on the unit sphere, and Dnh is the finite dihedral
point group of isometries Q generated by all the reflections through the polyhedron’s faces.

4. Fundamentals of the statistical wave field theory

4.1. Wigner distribution
When there is energy absorption at the domain’s boundary, the causal source response p(x,x0, t),

introduced in Sec. 2.1, which is a function of the space position x ∈ V , the source position
x0 ∈ V , and time t ∈ R, is modeled as a non-stationary random process in Sec. 6, due to the
exponential damping of the eigenmodes over time. From Sec. 5, we will consider a random
process q(x,x0, t) that is equal to p(x,x0, t) for t ≥ 0 [see Eq. (35)]. In signal processing, the

11



standard tool for characterizing the second-order statistics of a non-stationary random pro-
cess is the Wigner distribution (Cohen, 1989), also known as the Wigner-Ville distribution,
which describes how the power of this random process is distributed in the time-frequency
plane. Let

Γq(x1,x2,x0, t1, t2) = cov[q(x1,x0, t1), q(x2,x0, t2)] (15)

denote the auto-covariance function (ACF) of the random process q(x,x0, t). Its cross-
Wigner distribution Wq is then defined as follows: ∀x1,x2,x0 ∈ V , ∀f, t ∈ R,

Wq(x1,x2,x0, f, t) =
∫
R Γq(x1,x2,x0, t+

τ
2
, t− τ

2
) e−2ıπfτdτ. (16)

The cross-Wigner distribution Wq(x1,x2,x0, f, t) in Eq. (16) can be interpreted as the co-
variance of the random process q between two positions x1 and x2, at fixed frequency f and
time t, when the source is located at x0.

In applications, it may be more convenient to consider the cross-Wigner distribution
of the RIR h(x,x0, t) rather than that of the random process q(x,x0, t). In Badeau (2026,
Sec. IV A), we showed that the general relationship betweenWq(x1,x2,x0, f, t) andWh(x1,x2,x0, f, t)
is

Wq(x1,x2,x0, f, t) =
(
4π2f 2 + 1

4
∂2

∂t2

)
Wh(x1,x2,x0, f, t). (17)

4.2. Mathematical assumptions
The statistical wave field theory relies on three mathematical assumptions:
• Assumption 1: the source’s position is a random variable uniformly distributed in V ;
• Assumption 2: the frequency f (or equivalently the wave number k) is large;
• Assumption 3: the mean and pseudo-covariances of the B-function are stationary.
These three assumptions are directly related to the properties of semi-mixing billiards

introduced in Definition 3. We refer the reader to Badeau (2026, Sec. IV B) for a detailed
explanation, in the particular case of Neumann’s boundary condition. Here, in the general
case of Robin’s boundary condition, we will just add that the second assumption is directly
related to the semiclassical approximation of quantum physics, in the way it is formulated
in Balian and Bloch (1970) and Sieber et al. (1995), i.e., κ→ +∞ but kβ̂(x,k)

κ
is an indepen-

dent parameter that does not tend to zero.
Regarding the third assumption, the B-function is assumed to be a complex pseudo-

stationary random process, which means that both its mean µB(k) = E[B(y,x0, k)] and its
pseudo-covariances cov[B(y+z,x0, k), B(y,x0, k)] are well-defined and do not depend on y.
Its stationary first and second order statistics are then characterized by the mean µB(k) = λ
(as proved in Badeau (2024, Sec. IV D 2)), the pseudo-covariance function (PCF) JB(z, k) ≜
cov[B(y+z,x0, k), B(y,x0, k)], and its 3D Fourier transform, the anisotropic pseudo spectral
measure ĴB(K, k), whose closed-form expression will be established in Sec. 6.1.
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5. Special statistical wave field theory

In Badeau (2026, Sec. V), we showed that in the case of Neumann’s boundary condition,
the Green’s function G(x,x0, k) is a WSS random process over space, of mean

µG(k) = − λ

4π2k2
, (18)

which admits the following spectral representation1:

G(x,x0, k) = µG(k) +
∫
k∈R3

∫
s∈V

e2ıπk⊤(x−s)

4π2(∥k∥22−k2)
dξ̂L(k, s), (19)

where notation L refers to the truncation of the series expansion over spherical harmonics
introduced in Sec. 3 to a finite degree L. In Eq. (19), which has the same form as Badeau
(2024, Eq. (81)), ξ̂L is a centered complex random measure with uncorrelated increments
dξ̂L(k, s) on R3 × V , which is Hermitian symmetric w.r.t. k, such that for any Borel sets
K ⊂ R3 and V ⊂ V ,

E
[(
ξ̂L(K,V)

)2]
= 0 and E

[∣∣∣ξ̂L(K,V)∣∣∣2] = Λ̂L(K,V), (20)

where the spectral measure Λ̂L on R3 × V was expressed in Eq. (B6) in Badeau (2026,
Appendix B):

Λ̂L(K,V) = λ2
(
|K||V|+ 1

4

∫
k∈K

∫
s∈V∩∂V

∫
u∈S(0,1)

δ
(
u⊤k

)
σL(u,n(s)) dS(u) dS(s) dk

)
,

(21)

and function σL was defined in Eq. (13). In the same way, we showed that the B-function is
a WSS random process of mean µB = λ, and of power spectrum

Γ̂L(k) = λ
(
1 + λ

4

∫
s∈∂V

( ∫
u∈S(0,1) δ

(
u⊤k

)
σL(u,n(s)) dS(u)

)
dS(s)

)
, (22)

which is such that for any Borel set K ⊂ R3,∫
k∈K

Γ̂L(k)dk = Λ̂L(K, V ) (23)

(Badeau, 2026, Eq. (B7) in Appendix B). From the spectral representation of the Green’s
function in Eq. (19), we were then able to deduce in Badeau (2026, Sec. V D) the (cross-
)Wigner distribution of the WSS source response, which was expressed as a function of the
power spectrum Γ̂L(k) in Eq. (22).

1Actually, the expression of the spectral representation in Eq. (19) was simplified in Badeau (2026, Sec. V),
by introducing the random measure dB̂L(k) =

∫
s∈V

dξ̂L(k, s), and by modifying the origin of the coordinate
system.
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6. General statistical wave field theory

The main purpose of the general statistical wave field theory is to show that Robin’s
boundary condition induces a non-linear distortion of the real wave vectors k related to Neu-
mann’s boundary condition. In particular, when there is energy absorption at the boundary
(i.e., when Re(β̂) > 0), the distorted Robin’s wave vectors κ are complex, the room response
p(x,x0, t) to a punctual source can be decomposed onto a set of plane waves e2ıπ(κ

⊤x+cκt)

and their complex conjugates [Eqs. (35) and (36)], where κ ≜
√
κ⊤κ denotes the complex

square root of κ⊤κ ∈ C with positive imaginary part (these plane waves have direction
Re(κ), frequencies ±cRe(κ) and temporal attenuation coefficient c Im(κ) > 0). In addition,
the general statistical wave field theory provides the closed-form expression of the non-linear
distortion that transforms the Neumann’s wave vectors k into the corresponding Robin’s
wave vectors κ [Eq. (39)].

6.1. Asymptotic expansion of the pseudo spectral measure
At finite degree L, the closed-form expression of the anisotropic pseudo spectrum ĴL is

derived in Appendix A:

ĴL(κ, k) = λ
(
1 + λ

4π

∫
s∈∂V

∫
u∈S(0,1)(

π (1 + 2 sign(Im(k β̂(s, k)))) δ
(
u⊤κ

)
− ı

u⊤κ+kβ̂(s,k)
+ ı

u⊤κ−kβ̂(s,k)

)
×σL(u,n(s))dS(u) dS(s)

)
,

(24)

where function σL was defined in Eq. (13).
In the same way as in Badeau (2026, Sec. V A), it can be easily proved that if kβ̂(s, k) /∈ R,

then the pseudo spectrum ĴL(κ, k) is an analytic function of κ on R3\{0}, therefore function
κ 7→ ĴL(κ, k) can be analytically continued in a vicinity of R3\{0} in C3. When L → +∞,
the sequence of analytic functions ĴL(κ, k) converges in the sense of distributions to the
pseudo spectral measure ĴB of the WSS B-function, which is defined as ∀K ⊂ R3,

ĴB(K, k) =
∫
κ∈K λ

(
1 + λ

4π

∫
s∈∂V

∫
u∈S(0,1)(

π (1 + 2 sign(Im(k β̂(s, k)))) δ
(
u⊤κ

)
− ı

u⊤κ+kβ̂(s,k)
+ ı

u⊤κ−kβ̂(s,k)

)
×dσ(u|n(s)) dS(s)

)
dκ,

(25)

where the directional measure σ was expressed in Eq. (12). Note that the pseudo spectral
measure ĴB in Eq. (25) is actually a complex measure when the specific admittance β̂ is not
purely imaginary.

6.2. Wave vectors distortion
In Appendix B, it is proved that the power spectrum Γ̂L(k) in Eq. (22) and the analytic

continuation of the pseudo spectrum ĴL(κ, k) in Eq. (24) are related through the equation

Γ̂L(k) = ĴL(KL(k, k), k) det (JacKL
(k, k)) , (26)
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where JacKL
(k, k) denotes the Jacobian matrix of the wave vectors distortion function KL :

R3 × C → C3, which, asymptotically at high frequency, satisfies the implicit equation:

KL(k, k) = k + ı λ
4π

∫
s∈∂V

( ∫
u∈S(0,1) u ln

(
u⊤KL(k,k)+k β̂(s,k)

u⊤KL(k,k)−k β̂(s,k)

)
σL(u,n(s)) dS(u)

)
dS(s).

(27)
Equation (27) thus holds as a first order asymptotic expansion when ∥k∥2 → +∞. Function
KL has the following symmetry properties: ∀k ∈ R3, ∀k ∈ C,

KL(k,−k) = KL(k, k) (28)

and
KL(−k, k) = −KL(k, k). (29)

Finally, we can make L tend to infinity in Eq. (27), which yields

K(k, k) = k + ı λ
4π

∫
s∈∂V

( ∫
u∈S(0,1) u ln

(
u⊤K(k,k)+k β̂(s,k)

u⊤K(k,k)−k β̂(s,k)

)
dσ(u|n(s))

)
dS(s), (30)

where the directional measure σ was expressed in Eq. (12). As explained in Remarks 2 and 3,
Eq. (30) encompasses both particular cases of mixing billiards and of special polyhedra, since
it generalizes the closed-form expressions of the wave vectors distortion in Badeau (2025c,
Secs. VI C and VII).

6.3. Black holes

D(K)

k0(k)

(a) Mixing (isotropic) room

D(KL)

kL(k)

(b) Rectangular room, L < +∞

D(K)

(c) Rectangular room, L = +∞

Figure 1: Domain of the wave vectors distortion function: green represents domain; white represents singu-
larity.

It is shown in Appendix B that, when the series expansion over the basis of real spherical
harmonics is truncated to a finite degree L ∈ N, i.e., when the power and pseudo spectra are
locally smoothed in the direction set S(0, 1), then the domain D(KL) of the wave vectors
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distortion KL introduced in Eq. (27) extends to infinity, which means that its complement
R3\D(KL) is a bounded subset of R3. Therefore, the function KL is always well-defined at
high frequency (i.e., when f → +∞). In addition, the set R3\D(KL) contains singularities
of function KL, in the sense that this function is not well-defined on R3\D(KL). At first
stance, one might believe that this is because the implicit equation (27) does not admit any
solution KL(k, k) ∈ C when k ∈ R3\D(KL). However, in fact, this is rather the contrary:
the function KL is not well-defined on R3\D(KL) because the implicit equation (27) admits
several solutions KL(k, k) ∈ C when k ∈ R3\D(KL) (an example will be provided below).

It can be shown that ∀L ∈ N, the shape of D(KL) only depends on the geometry
of the room, not on the particular value of the specific admittance2 (different cases are
represented in Fig. 1). Moreover, there is a sequence of numbers {kL(k) ≥ 0}L∈N such
that ∀L ∈ N, R3\D(KL) ⊂ B(0, kL(k)) and reciprocally, R3\B(0, kL(k)) ⊂ D(KL). In a
mixing (i.e., isotropic) room, all kL(k) are equal to k0(k) (the domain D(K) of the mixing
room is illustrated in Fig. 1(a), its boundary is the circle of radius k0(k)). However, in
non-isotropic rooms, depending on the room geometry, the sequence of numbers kL(k) may
be increasing and such that limL→+∞ kL(k) = +∞ (the domain D(KL) of the rectangular
room is illustrated in Fig. 1(b) for L < +∞, along with the circle of radius kL(k), and
when L → +∞, the domain D(K) is illustrated in Fig. 1(c)). For such geometries, the set
R3\D(K), where K denotes the function introduced in Eq. (30), is unbounded, which means
that singularities appear even at high frequency (as illustrated in Fig. 1(c)). This is, e.g., the
case of all the special polyhedra that we investigated in Badeau (2025c, Sec. VI).

If in addition Im(β̂(s, k)) > 0, which corresponds to a compliance boundary surface,
i.e., a surface with the impedance of a spring as explained in Kuttruff (2014, p. 81), then
we showed in Badeau (2025c, Sec. VI) that the singularities in R3\D(K) behave like "black
holes", in the sense that the power carried by the wave vectors that "fall" into these black
holes stays trapped inside. Be aware that these black holes are different from the acoustic
black holes in structures (Mironov and Pislyakov, 2002; Pelat et al., 2020), although these
two types of black holes share similar properties, as we will show below. In the rest of
this section, we investigate the particular case of the rectangular cuboid, in order to better
understand the physical properties of the black holes that appear in the general statistical
wave field theory.

So, let us consider a rectangular cuboid whose faces are orthogonal to the three axes
l ∈ {1, 2, 3} of the Cartesian coordinate system. We assume that the specific admittance
is uniform on every face of the cuboid, and for simplicity we further assume that the two
parallel faces of the cuboid that are orthogonal to every direction l share the same value
β̂l(k). Then the entries Kl(k, k) of vector K(k, k) in Eq. (30) are such that:

Kl(k, k) = kl + ıλSl

2π
ln
(

Kl(k,k)+kβ̂l(k)

Kl(k,k)−kβ̂l(k)

)
. (31)

If β̂l(k) = ı̂bl(k) with b̂l(k) > 0, then in particular β̂l(k) is purely imaginary, so there is no

2The author was able to prove this statement in the specific case of the rectangular cuboid and assumes
that it remains valid in the general case.
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energy absorption at the two parallel faces of the cuboid that are orthogonal to direction l,
and we could expect the wave field to be stationary over space in direction l. However, for
kl = 0, Eq. (31) admits two purely imaginary solutions Kl(k, k) = ±ıx, where x ∈ R is the
unique positive solution to the implicit equation

x = λSl

2π
ln
(

x+kb̂l(k)

x−kb̂l(k)

)
.

When k b̂l(k) → +∞, it can be easily shown that x admits the asymptotic expansion

x = kb̂l(k)
(
1 + 2 exp

(
−2πkb̂l(k)

λSl

))
.

In particular, the two solutions Kl(k, k) to Eq. (31) are such that

Kl(k, k) ∼
kb̂l(k)→+∞

±ıkb̂l(k).

That means that the plane waves of the wave vectors K(k, k) are actually not station-
ary over space in direction l; on the contrary, their magnitudes vary exponentially as
exp(±2πkb̂l(k)xl). Since we assumed that kb̂l(k) → +∞, this implies that the energy of
these plane waves is trapped in the neighborhood of the two parallel faces of the cuboid that
are orthogonal to direction l. This example illustrates the physical behavior of black holes in
the general statistical wave field theory: a part of the energy of the wave field is trapped in
the neighborhood of the boundary surface, and is never reflected to the interior of the room.
Moreover, such black holes may exist even with the use of nonabsorbing materials only, the
absorption being caused by the energy accumulation at the boundary, rather than by the
energy transformation to heat, similarly to acoustic black holes in structures (Mironov and
Pislyakov, 2002).

6.4. Green’s function
From the mathematical developments in Secs. 6.1 and 6.2, the following spectral repre-

sentation of the Green’s function is derived in Appendix C:

G(x,x0, k) = µG(k) +
∫
k∈D(KL)

∫
s∈V

e2ıπKL(k,k)⊤(x−s)

4π2(KL(k,k)⊤KL(k,k)−k2)
dξ̂L(k, s), (32)

where ξ̂L is the same complex random measure as in Eq. (19), and µG(k) was expressed in
Eq. (18).

6.5. Source response
Let κL(k) ∈ C be the unique complex solution to the equation

κL(k) =
√
KL(k, κL(k))⊤KL(k, κL(k)) (33)
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with both non-negative real and imaginary parts3, and let us define the function

κL(k) = KL(k, κL(k)). (34)

In Appendix D, based on the spectral representation of the Green’s function in Eq. (32),
the causal source response p introduced in Eq. (3) is expressed as

p(x,x0, t) = H(t) q(x,x0, t), (35)

where the random process q is defined by the following spectral representation:

q(x,x0, t) = c2
(
λ+Re

( ∫
k∈D(KL)

∫
s∈V e

2ıπ(κL(k)
⊤(x−s)+c κL(k)t)dξ̂L(k, s)

))
. (36)

6.6. Simplification of the wave vectors distortion
Substituting Eqs. (27) and (33) into Eq. (34) yields the wave vectors distortion at finite

degree L:

κL(k) = k + ı λ
4π

∫
s∈∂V

( ∫
u∈S(0,1) u ln

(
u⊤κL(k)+κL(k) β̂(s,κL(k))

u⊤κL(k)−κL(k) β̂(s,κL(k))

)
σL(u,n(s)) dS(u)

)
dS(s),

(37)
where κL(k) ∈ C is the wave numbers distortion:

κL(k) =
√
κL(k)⊤κL(k). (38)

When L→ +∞, the density function σL tends to the directional measure σ in the sense
of Eq. (12). Equations (37)-(38) then yield the asymptotic wave vectors distortion

κ(k) = k + ı λ
4π

∫
s∈∂V

( ∫
u∈S(0,1) u ln

(
u⊤κ(k)+κ(k) β̂(s,κ(k))

u⊤κ(k)−κ(k) β̂(s,κ(k))

)
dσ(u|n(s))

)
dS(s), (39)

where κ(k) ∈ C denotes the asymptotic wave numbers distortion:

κ(k) =
√
κ(k)⊤κ(k). (40)

As explained in Sec. 6.3, depending on the room geometry, the set R3\D(κ) may be un-
bounded, which means that singularities may appear in the wave vectors distortion of
Eq. (39), even at high frequency. In R3\D(κ), the system of implicit equations (39)-(40)
admits several solutions, which may give rise to black holes in the case of a compliance
boundary surface (see Sec. 6.3). Computing these solutions requires a numerical solver.

3The proof of the existence and uniqueness of the solution with both non-negative real and imaginary
parts is a bit lengthy and not essential to our discussion, so we just sketch it quickly here. In the right
member of Eq. (33), there exist two square roots of opposite signs. If both are purely imaginary, then their
real part is zero and there is one with positive imaginary part, which ends the proof. Otherwise, we can define
κL(k) as the one with positive real part. Then proving that its imaginary part is non-negative is equivalent
to proving that Im(κL(k)

2) ≥ 0. The latter inequality holds asymptotically (when ∥k∥ → +∞), and it can
be proved by substituting Eq. (27) and the inequalities Re(κL(k)) > 0 and Re(β̂) ≥ 0 into Eq. (33).
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However, when the series expansion over the basis of real spherical harmonics is truncated
to a finite degree L, in the same way as in Sec. 6.3, there is a sequence of numbers {kL ≥
0}L∈N such that ∀L ∈ N, R3\D(κL) ⊂ B(0, kL) and reciprocally, R3\B(0, kL) ⊂ D(κL). In
a mixing (i.e., isotropic) room, all kL are equal to k0. However, in non-isotropic rooms,
depending on the room geometry, the sequence of numbers kL may be increasing and such
that limL→+∞ kL = +∞. In all cases, it can be shown as in Appendix B that in R3\B(0, kL),
κL(k)− k is bounded, and so is κL(k)− ∥k∥2. Thus if limk→+∞

dβ̂(s,k)
dk

= 0, then

β̂(s, κL(k)) ∼
∥k∥2→+∞

β̂(s, ∥k∥2).

Therefore, when k → +∞, the set of implicit equations (37)-(38) is asymptotically equivalent
to the following set of explicit equations:

κL(k) = k + ı λ
4π

∫
s∈∂V

∫
u∈S(0,1) u ln

(
u⊤k+∥k∥2 β̂(s,∥k∥2)
u⊤k−∥k∥2 β̂(s,∥k∥2)

)
σL(u,n(s)) dS(u)dS(s), (41)

and

κL(k) = ∥k∥2 + ı λ
4π

∫
s∈∂V

∫
u∈S(0,1)

u⊤k
∥k∥2 ln

(
u⊤k+∥k∥2β̂(s,∥k∥2)
u⊤k−∥k∥2β̂(s,∥k∥2)

)
σL(u,n(s))dS(u)dS(s).

(42)
With this new system of equations, there is no need for a numerical solver. However, the
reader should keep in mind that the approximation involved in equations (41)-(42) elimi-
nates any possible singularity by enforcing angular smoothing in the wave vector space. In
particular, it cannot account for black holes. Moreover, this approximation holds only at
frequencies f > ckL, where, depending on the room geometry, the sequence kL may tend to
infinity when L→ +∞. For such geometries, the higher L, the lower the angular smoothing
in the wave vector space, and the higher ∥k∥ must be for equations (41)-(42) to hold.

6.7. Wigner distribution
The asymptotic expansion of the cross-Wigner distribution of the random process q,

which holds when f → +∞, is derived in Appendix E from the spectral representation in
Eq. (36):

Wq(x1,x2,x0, f, t) =
c3

4

∫
k∈S(0, f

c
)
e−2αL(k)t+2ıπk⊤(x1−x2)Γ̂κL

(x1+x2

2
,k) dS(k), (43)

where αL(k) is the anisotropic temporal attenuation:

αL(k) ≜ 2πc Im(κL(k))

= λc
4

∫
s∈∂V

( ∫
u∈S(0,1)

u⊤k
∥k∥2 ln

(∣∣∣u⊤k+∥k∥2 β̂(s,∥k∥2)
u⊤k−∥k∥2 β̂(s,∥k∥2)

∣∣∣2)σL(u,n(s)) dS(u))dS(s),
(44)

which is obtained from Eq. (42). In Eq. (43), the distorted power spectrum Γ̂κL
(x,k) is a

smooth function of both x and k:

Γ̂κL
(x,k) =

∫
s∈V e

−4πIm(κL(k))
⊤(x−s) dΛ̂0

L((ReκL)
−1(k),s)

|det(JacReKL((ReκL)
−1(k)))| , (45)
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where function κL(k) was expressed in Eq. (41), and Λ̂0
L(k,V) denotes the smooth density

w.r.t. k of the spectral measure Λ̂L(K,V) defined in Eq. (21):

Λ̂0
L(k,V) = λ2

(
|V|+ 1

4

∫
s∈V∩∂V

∫
u∈S(0,1) δ

(
u⊤k

)
σL(u,n(s)) dS(u) dS(s)

)
, (46)

which is such that
Λ̂L(K,V) =

∫
k∈K

∫
s∈V

dΛ̂0
L(k, s)dk.

Note that, when β̂ = 0, the closed-form expression of the distorted power spectrum Γ̂κL
(x,k)

in Eq. (45) reduces to that of the power spectrum Γ̂L(k) in Eq. (22), which was derived in
the case of Neumann’s boundary condition.

If in addition we assume that dβ̂(s,k)
dk

= o( 1
k
), then Eq. (45) yields the following first order

expansion:

Γ̂κL
(x,k)

= λ2

(1 +

λ
∫
s∈∂V

∫
u∈S(0,1)

 (u⊤k)2−∥k∥22
2π

Im

(
β̂(s,∥k∥2)

(u⊤k)2−∥k∥22β̂(s,∥k∥2)
2

)
+

sign(Im(β̂(s,∥k∥2))δ
(

u⊤k
∥k∥2

)
2

σL(u,n(s))dS(u)dS(s)

∥k∥2


×
∫
s∈V e

−4πIm(κL(k))
⊤(x−s)ds+

∫
s∈∂V e−4πIm(κL(k))⊤(x−s)

∫
u∈S(0,1) δ

(
u⊤k
∥k∥2

)
σL(u,n(s)) dS(u) dS(s)

4∥k∥2

)
.

(47)
Finally, when x1 = x2 = x, Eq. (43) yields the expression of the power distribution

jointly over space, frequency and time:

Wq(x,x,x0, f, t) =
c3

4

∫
k∈S(0, f

c
)
e−2αL(k)t Γ̂κL

(x,k) dS(k). (48)

In the case of mixing billiards that we addressed in Badeau (2024, Sec. VI F), we showed
that the cross-Wigner distribution was factorizable as the product of a function of space and
a function of time at fixed frequency f , as in Polack’s formula (Polack, 1988). So in mixing
rooms, the power distribution at any frequency f decreases exponentially over time. However,
in the anisotropic case, the cross-Wigner distribution Wq(x1,x2,x0, f, t) in Eq. (43) can no
longer be factorized in the same way. So it is no longer an exponential function of time. In
particular, the temporal profile of the power distribution Wq(x,x,x0, f, t) in Eq. (48) at any
frequency f is rather a linear combination of infinitely many decreasing exponentials. We
thus retrieve a well-known result in room acoustics: the time decay in non-ergodic rooms is
not exponential [see, e.g., (Kanev, 2012; Kuttruff, 2014)]. Nevertheless, Eq. (44) permits us
to establish an important result that was unknown so far: the closed-form expression of the
directional reverberation time in semi-ergodic rooms:

T60(k) ≜
3 ln(10)
αL(k)

= 24 ln(10)
c

|V |
−2

∫
s∈∂V

(∫
u∈S(0,1) ln

(
1−a

(
s,∥k∥2, |u

⊤k|
∥k∥2

))
|u⊤k|
∥k∥2

σL(u,n(s)) dS(u)
)
dS(s)

, (49)

where a(s, k, γ) = 1 −
∣∣∣γ−β̂(s,k)

γ+β̂(s,k)

∣∣∣2. Physically, Eq. (49) can be interpreted as follows: for a
plane wave of wave vector k and for any point s ∈ ∂V on the boundary surface,
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• the outward normal n(s) of the boundary surface at s is seen, through the successive
reflections of the plane wave over the boundary surface, as a random vector u ∈ S(0, 1),
of probability density function σL(u,n(s)) over the unit sphere S(0, 1) (see Remark 1);

• the angle of incidence θ of the plane wave on the boundary surface at s is such that
cos(θ) = u⊤k

∥k∥2 ;
• | cos(θ)|dS(s) is the apparent area of the surface element dS(s) for the plane wave;
• a(s, ∥k∥2, | cos(θ)|) ∈ [0, 1] is the absorption coefficient of the boundary surface at

point s, frequency f = c∥k∥2, and angle θ.
Note that Eq. (49) can be rewritten in the same form as Eyring’s formula (Eyring, 1930)

as expressed in Badeau (2024, Sec. III F 2), except that in the case of anisotropic wave fields,
T60(k) depends not only on the norm of wave vector k, but also on its direction:

T60(k) =
24 ln(10)

c
|V |

−
∫
s∈∂V ln(1−a(s,k))dS(s)

, (50)

where the average directional absorption coefficient a(s,k) is defined as

a(s,k) = 1− e
2
∫
u∈S(0,1) ln

(
1−a

(
s,∥k∥2, |u

⊤k|
∥k∥2

))
|u⊤k|
∥k∥2

σL(u,n(s)) dS(u)
, (51)

which involves a geometric mean over all angles of incidence. In the isotropic case, σL(u,v) =
1
4π

as shown in Eq. (14), then T60(k) and a(s,k) depend only on k = ∥k∥2, and Eq. (50)
reduces exactly to the Eyring-like formula presented in Badeau (2024, Eq. (41)). Moreover,
Eq. (51) reduces to Badeau (2024, Eqs. (125)-(126)).

In other respects, in the general anisotropic case, when the average directional absorption
coefficient a(s,k) is small, Eqs. (50) and (51) yield

T60(k) =
24 ln(10)

c
|V |∫

s∈∂V a(s,k)dS(s)
(52)

and
a(s,k) = 2

∫
u∈S(0,1) a

(
s, ∥k∥2, |u

⊤k|
∥k∥2

)
|u⊤k|
∥k∥2 σL(u,n(s)) dS(u), (53)

which now involve an arithmetic mean over all angles of incidence. Then, again in the
particular isotropic case, T60(k) and a(s,k) depend only on k = ∥k∥2, and Eq. (52) reduces
exactly to Sabine’s formula (Badeau, 2024, Eq. (40)). Moreover, Eq. (53) can be rewritten
in the form a(s, k) =

∫ π
2

θ=0
a(s, k, cos(θ)) sin(2θ) dθ, which is exactly the Paris formula of the

average absorption coefficient for a random, uniformly and isotropically distributed sound
incidence, as expressed in Kuttruff (2014, p. 55) and Morse and Ingard (1968, p. 580). We
can thus conclude that Eq. (51) is both more accurate and more general than the Paris
formula, because it also holds at higher absorption and in anisotropic rooms.

In the particular case of the rectangular cuboid, Eq. (49) is very close to Bilbao and
Alary (2024, Eq. (34)). Actually, Eq. (49) would exactly reduce to Bilbao and Alary (2024,
Eq. (34)) if the probability measure σL(u,n(s))dS(u) were replaced by its limit dσ(u,n(s))
when L → ∞. However, doing so would be inconsistent because the singularities in the
wave vector space would be eliminated without applying angular smoothing. We can thus
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conclude that Bilbao and Alary (2024, Eq. (34)) is almost accurate, except that it does
not account for the existence of black holes in the rectangular cuboid. This is due to the
approach used by the authors, based on the image source method, which only provides an
approximation of the wave field in the case of Robin’s boundary condition.

Finally, as already discussed in Sec. 4.1, it may be more convenient in applications to
consider the cross-Wigner distribution of the RIR h(x,x0, t) rather than that of the random
process q(x,x0, t). By substituting Eq. (17) into Eq. (43), we thus get the asymptotic
expansion of Wh(x1,x2,x0, f, t), which holds when f → +∞:

Wh(x1,x2,x0, f, t) =
c3

4

∫
k∈S(0, f

c
)
e−2αL(k)t+2ıπk⊤(x1−x2)

4π2f2+αL(k)2
Γ̂κL

(x1+x2

2
,k) dS(k).

7. Conclusion

In this paper, we extended the statistical wave field theory presented in Badeau (2024)
to the class of semi-mixing billiards introduced in Badeau (2026), in the general case of
Robin’s boundary condition. We have shown that when there is energy absorption at the
boundary, contrary to the mixing case, at fixed frequency in these semi-mixing billiards, the
power distribution is no longer an exponential function of time: the temporal profile of the
power distribution is rather a linear combination of infinitely many decreasing exponentials.
We thus retrieved a well-known fact in room acoustics: the time decay in non-ergodic rooms
is not exponential (Kanev, 2012; Kuttruff, 2014). However, we were able to show that
such anisotropic wave fields are characterized by a directional reverberation time that is
independent of the receiver’s position but depends on its orientation, and we have provided
its closed-form expression [Eq. (49)], which improves and generalizes both Eyring’s formula of
the reverberation time in ergodic rooms (Eyring, 1930), and Bilbao and Alary’s formula of the
directional reverberation time in the shoebox room (Bilbao and Alary, 2024). We showed that
this general formula of the directional reverberation time could be interpreted by means of
simple physical arguments involving the statistics of the successive reflections of plane waves
over the boundary surface, which are directly related to the statistics of the ray trajectories in
the underlying classical billiard. Nevertheless, we believe that deriving this formula directly
from such simple physical considerations, without the help of the statistical wave field theory,
would have been hardly feasible. Finally, this study of directional reverberation resulted in
the definition a directional absorption coefficient of the surfaces, which is explicitly related
to the specific admittance of Robin’s boundary condition.

Regarding the experimental verification of the theory presented in this paper, the predic-
tion of the isotropic reverberation time in mixing rooms, which is a particular case of Eq. (49),
has already been proved accurate in Prinn and Badeau (2026), where it was compared to
various numerical models. In addition, the prediction of the directional reverberation time
in anisotropic rooms by Eq. (49) is accurate in the case of special polyhedra, because in
this case the wave vectors distortion in Eq. (30) matches exactly the existing closed-form
expressions of the eigenfunctions (Badeau, 2025c). Moreover, in the particular case of the
rectangular cuboid, Eq. (49) reduces to Bilbao and Alary (2024, Eq. (34)), which was de-
rived in a completely different way. Finally, in order to further validate Eq. (49), it would
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be possible to perform numerical simulations of anisotropic rooms that are not integrable,
such as any rational polyhedron that is not one of the special polyhedra.

In summary, the contributions of the statistical wave field theory to the field of room
acoustics are numerous:

• it provides a unified framework that encompasses all the previously known statistical
properties of late reverberation, including the reverberation time (Sec. 6.7);

• it provides a global description of the wave field, through the closed-form expression
of its power distribution and correlations over time, frequency and space (Sec. 6.7
and (Badeau, 2026, Sec. V D));

• it is applicable to a large class of room shapes : the anisotropic version of the theory
presented in this paper goes beyond the original class of mixing billiards (Secs. 1 and 3);

• it is more accurate than the existing approaches based on the statistics of reflections
in classical billiards, thanks to the semiclassical approximation of quantum physics
(Secs. 1 and 4.2);

• it reveals the existence of black holes, which behave like those of general relativity: a
part of the energy is trapped in the vicinity of the domain’s boundary (Sec. 6.3).

In future work, an obvious application of the anisotropic version of the statistical wave
field theory is the analysis and synthesis of directional reverberation, which seems to be a
topical issue, considering the many related references that we mentioned in the introduction,
including a recent PhD thesis (Alary, 2021). In other respects, the formulas of the directional
reverberation time presented in Sec. 6.7 pave the way for a possible estimation of the physical
parameters (directional absorption, admittance) of various materials from late reverberation
measurements.

The theoretical work presented in this paper could also be extended in various ways. For
instance, as we already showed in Badeau (2025b), pursuing the asymptotic expansion of the
(pseudo) spectral measure, and thus of the wave vectors distortion, beyond the first order
term, is of much interest because it allows the theory predictions to hold at lower frequencies.
So far, we have already investigated in Badeau (2025b) the isotropic second-order curvature
term in mixing billiards, which accounts for the impact of a curved boundary surface on
the wave field statistics, under both Neumann and Robin’s boundary conditions. This work
could be generalized to the class of semi-mixing billiards that we considered here. In other
respects, we also have investigated the anisotropic second-order edge term, which accounts
for edge diffusion, in Badeau (2025c), in the particular case of special polyhedra and under
Neumann’s boundary condition. This work could be generalized to the class of semi-mixing
billiards, and also to Robin’s boundary condition.
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Appendix A.

In this appendix, we derive the closed-form expression of the anisotropic pseudo spec-
trum ĴL, which was given in Eq. (24). As in Badeau (2024, Sec. VI A), we start by considering
a local version ĴL(K,V , k) of the pseudo spectral measure ĴB(K, k) introduced in Sec. 4.2,
first in a vicinity V ⊂ V of any interior point s ∈ V (Sec. Appendix A.1), then in a vicinity
V ⊂ V of any boundary point s ∈ ∂V (Sec. Appendix A.2), before introducing the consoli-
dated expression of the pseudo spectral measure ĴL(K,V , k) that holds in any region V ⊆ V

(Sec. Appendix A.3). The closed-form expression of ĴL is finally obtained for V = V .

Appendix A.1. Interior points
In a vicinity V ⊂ V of a point s ∈ V , by using the mathematical developments in Badeau

(2024, Sec. VI A 1), we get Ĵ (κ,V , k) = λ2|V|, hence the following expression of the pseudo
spectral measure:

ĴL(K,V , k) = λ2|K||V|. (A.1)

In Appendix A.2, the directional measure σ expressed in Eq. (12) will be replaced by
its truncation to a finite degree L defined in Eq. (13). The notation ĴL instead of Ĵ in
Eq. (A.1) reflects this dependence on the degree L. Note that this pseudo spectral measure
ĴL is innately isotropic (it corresponds to free field propagation), so that its expression is
not affected by the successive reflections over the billiard’s boundary.

Appendix A.2. Boundary points
As done in Balian and Bloch (1970, Sec. III-A), we now use the plane approximation:

the boundary surface in the vicinity V of a point s ∈ ∂V , i.e., V ∩ ∂V , is approximated by
V ∩ T (s), where T (s) is the plane tangent to ∂V at s. This approximation is justified at
high frequency (second assumption in Sec. 4.2). By using the mathematical developments
in Badeau (2024, Sec. VI A 2), we get

Ĵ (κ,V , k) = λ2
(
|V|+ S(V∩T (s))

4π

(
1

ın(s)⊤κ
− πδ(n(s)⊤κ) + 2ı

n(s)⊤κ−kβ̂(s,k)

))
. (A.2)

Then, by proceeding exactly in the same way as we did in Badeau (2026, Subsection 2
of Appendix B), we get from Eq. (A.2) the closed-form expression of the pseudo spectral
measure ĴL on R3 × V :

ĴL(K,V , k) = λ2
(
|K||V|+ S(V∩T (s))

4π

∫
κ∈K

∫
u∈S(0,1)(

−πδ
(
u⊤κ

)
− ı

u⊤κ+kβ̂(s,k)
+ ı

u⊤κ−kβ̂(s,k)

)
σL(u,n(s)) dS(u) dκ

)
.

(A.3)
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Note that this equation follows from the expression of the B-function in a half-space de-
limited by a plane boundary [Eq. (29) in Badeau (2024)], which holds only when Im(k β̂(s, k)) <

0, therefore Eq. (A.3) also holds only when Im(k β̂(s, k)) < 0. In Badeau (2024, Sec. VI C),
in the particular case of mixing billiards, the analyticity of the Green’s function G(x,x0, k)
permitted us to get the closed-form expression of its spectral representation that holds
∀β̂(s, k) ∈ C, without needing to calculate ĴL(K,V , k) for Im(k β̂(s, k)) > 0. Here how-
ever, in order to investigate the general case of anisotropic wave fields in every detail, we
provide the expression of ĴL(K,V , k) that holds in all cases.

First, let us define the function

ψ(x, z) = ln

(
x+ z

x− z

)
(A.4)

for x ∈ R and z ∈ C− R. Then, note that when x→ 0,

x+ z

x− z
= −

(
1 +

2Re(z)

|z|2 x

)
+ ı

2Im(z)

|z|2 x+O(x2).

Because of the discontinuity of the principal branch of the complex logarithm on R−, we
deduce that limx→0+ ψ(x, z) = +ıπ sign(Im(z)), whereas limx→0− ψ(x, z) = −ıπ sign(Im(z)).
Therefore, the derivative of function ψ w.r.t. x in the sense of distributions is

ψ′(x, z) =
1

x+ z
− 1

x− z
+ ı2π sign(Im(z)) δ(x). (A.5)

In particular, we note that when z → 0, ψ(x, z) → 0 ∀x ∈ R\{0}, therefore ψ′(x, z) → 0 in
the sense of distributions. Based on this remark, Eq. (A.3), which holds when Im(k β̂(s, k)) <
0, can be rewritten in the following form:

ĴL(K,V , k) = λ2
(
|K||V|+ S(V∩T (s))

4π

∫
κ∈K

∫
u∈S(0,1)(

π (1 + 2 sign(Im(k β̂(s, k)))) δ
(
u⊤κ

)
− ı

u⊤κ+kβ̂(s,k)
+ ı

u⊤κ−kβ̂(s,k)

)
×σL(u,n(s)) dS(u) dκ

)
.

(A.6)

Indeed, when β̂(s, k) → 0, Eq. (A.6) shows that ĴL(K,V , k) converges as expected to the
spectral measure Λ̂L(K,V) in Badeau (2026, Eq. (B6)), which was established in the case
of Neumann’s boundary condition. By continuation of the analytic terms in Eq. (A.6), and
because ĴL(K,V , k) must also converge to Λ̂L(K,V) when Im(k β̂(s, k)) > 0, we conclude
that Eq. (A.6) is actually the correct expression of the pseudo spectral measure ĴL(K,V , k)
that holds ∀β̂(s, k) ∈ C.

Appendix A.3. Consolidated pseudo spectral measure
In the same way as we did in Badeau (2024, Sec. VI A 3), by integrating over all points

s ∈ V , we get from Eqs. (A.1) and (A.6) the consolidated expression of the pseudo spectral
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measure on R3 × V :

ĴL(K,V , k) = λ2
(
|K||V|+ 1

4π

∫
κ∈K

∫
s∈V∩∂V

∫
u∈S(0,1)(

π (1 + 2 sign(Im(k β̂(s, k)))) δ
(
u⊤κ

)
− ı

u⊤κ+kβ̂(s,k)
+ ı

u⊤κ−kβ̂(s,k)

)
×σL(u,n(s))dS(u) dS(s) dκ

)
,

(A.7)

where dS(s) denotes the infinitesimal surface element that replaces S(V∩T (s)) in Eq. (A.6).
Equation (A.7) finally yields the closed-form expression (24) of the anisotropic pseudo

spectrum ĴL, which is such that for any Borel set K ⊂ R3,
∫
κ∈K ĴL(κ, k)dκ = ĴL(K, V , k).

Appendix B.

In this appendix, we prove that function KL(k, k) defined in Eq. (27) satisfies Eq. (26)
asymptotically. In the first place, let us assume that ∀s ∈ ∂V , kβ̂(s, k) ∈ ıR. In this
case, the function KL(k, k) defined in Eq. (27) is real-valued. We then introduce the vector
κ = KL(k, k) ∈ R3, so that reciprocally, k = K−1

L (κ, k). We then note that function
k 7→ KL(k, k) − k is bounded. Therefore, writing ∥k∥2 → +∞ is equivalent to writing
∥κ∥2 → +∞, and O

(
1

∥κ∥2

)
= O

(
1

∥k∥2

)
.

Let us now determine the inverse of the Jacobian matrix JacKL
(k, k):

JacK−1
L
(κ, k) = I − ı λ

4π

∫
s∈∂V

∫
u∈S(0,1) ψ

′(u⊤κ, k β̂(s, k))uu⊤ σL(u,n(s)) dS(u) dS(s)

= I + λ
4π

∫
s∈∂V

∫
u∈S(0,1)

(
2π sign(Im(k β̂(s, k)) δ

(
u⊤κ

)
− ı

u⊤κ+k β̂(s,k)
+ ı

u⊤κ−k β̂(s,k)

)
×uu⊤ σL(u,n(s)) dS(u) dS(s),

(B.1)
where the function ψ(x, z) was defined in Eq. (A.4), and its derivative ψ′(x, z) was expressed
in Eq. (A.5). Let us now show that the integral in the last member of Eq. (B.1) is of order
O
(

1
∥κ∥2

)
. Indeed, we have∥∥ ∫

u∈S(0,1) δ(u
⊤κ)uu⊤ σL(u,n(s)) dS(u)

∥∥
∞

=
∥∥ 1
∥κ∥2

∫
u∈S(0,1)∩κ⊥ uu⊤ σL(u,n(s)) dL(u)

∥∥
∞ = O

(
1

∥κ∥2

)
,

(B.2)

where dL(u) denotes the length element on the unit circle S(0, 1) ∩ κ⊥. In addition,∥∥ ∫
u∈S(0,1)

(
− ı

u⊤κ+k β̂(s,k)
+ ı

u⊤κ−k β̂(s,k)

)
uu⊤ σL(u,n(s)) dS(u)

∥∥
∞

≤ supu∈S(0,1) |σL(u,n(s))|
∫
u∈S(0,1)

∣∣∣ 2k β̂(s,k))

(u⊤κ)2−(k β̂(s,k))2

∣∣∣ dS(u)
= supu∈S(0,1) |σL(u,n(s))|

8π|k β̂(s,k))|
∥κ∥2

∫ +∞
v=0

1

v2+|k β̂(s,k)|2dv

= supu∈S(0,1) |σL(u,n(s))| × 4π2

∥κ∥2 = O
(

1
∥κ∥2

)
.

(B.3)

We have thus proved that the integral in the last member of Eq. (B.1) is of order O
(

1
∥κ∥2

)
.
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In other respects, note that JacK−1
L
(κ, k) in Eq. (B.1) is an analytic function of κ on

R3\{0} (in particular, the integral that is upper bounded in Eq. (B.2) is an analytic func-
tion of κ, for the same reason as that explained in Badeau (2026, Subsection 3 of Ap-
pendix B). In addition, Eqs. (B.2) and (B.3) show that asymptotically, i.e., when ∥κ∥2 →
+∞, the Jacobian matrix JacK−1

L
(κ, k) in Eq. (B.1) tends to the identity matrix, thus

det
(
JacK−1

L
(κ, k)

)
→ 1. Consequently, the subset NL of R3\{0} where det

(
JacK−1

L
(κ, k)

)
≤

0 is bounded. Then, let D(K−1
L ) be largest connected subset of R3\NL. The domain D(K−1

L )

is the largest open subset of R3\{0}, which extends to infinity, where det
(
JacK−1

L
(κ, k)

)
> 0.

Finally, let D(KL) be the image of D(K−1
L ) by K−1

L . The domain D(KL) is such that
∀k ∈ D(KL), det (JacKL

(k, k)) = 1

det

(
JacK−1

L
(κ,k)

) > 0. Since det
(
JacK−1

L
(κ, k)

)
→ 1 when

∥κ∥2 → +∞, we deduce that det (JacKL
(k, k)) → 1 when ∥k∥2 → +∞, therefore D(KL)

also extends to infinity, and the set R3\D(KL) is bounded.
Therefore, we can conclude that function KL is an analytic diffeomorphism from D(KL)

to D(K−1
L ). In addition, the determinant of matrix JacK−1

L
(κ, k) in Eq. (B.1) admits the

following first order expansion:

det
(
JacK−1

L
(κ, k)

)
= 1 + λ

4π

∫
s∈∂V

∫
u∈S(0,1)

(
2πsign(Im(kβ̂(s, k))δ(u⊤κ)

− ı

u⊤κ+kβ̂(s,k)
+ ı

u⊤κ−kβ̂(s,k)

)
σL(u,n(s))dS(u)dS(s).

(B.4)

Finally, if we compare the closed-form expressions of the power spectrum Γ̂L(k) in Eq. (22),
the pseudo spectrum ĴL(κ, k) in Eq. (24), and the determinant det

(
JacK−1

L
(κ, k)

)
in Eq. (B.4),

we notice that in the three equations, the integrals are of order O
(

1
∥κ∥2

)
, and asymptotically

we get
Γ̂L(κ)× det

(
JacK−1

L
(κ, k)

)
= ĴL(κ, k). (B.5)

In addition, we remark that:
• the truncation to a finite degree L of the series expansion of the directional mea-

sure σ over spherical harmonics implies angular smoothing, therefore function Γ̂L(k) is
a smooth function of the direction of vector k (more precisely, we explained in Badeau
(2026, Subsection 3 of Appendix B) that function Γ̂L(k) is analytic);

• when ∥k∥2 → +∞, the distance ∥κ − k∥2 stays bounded as mentioned previously, so
the direction of vector κ converges to that of vector k.

Thus asymptotically, we get Γ̂L(κ) = Γ̂L(k), up to the first order of the asymptotic expansion
when ∥k∥2 → +∞. Therefore, Eq. (B.5) can be rewritten Γ̂L(k) × det

(
JacK−1

L
(κ, k)

)
=

ĴL(κ, k), and we can finally conclude that Eq. (26) holds in D(KL) as a first order asymptotic
expansion.

In other respects, since the three functions Γ̂L, ĴL and KL are analytic, Eq. (26) still
holds by analytic continuation in a mathematical neighborhood of D(KL) in C3. In the
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same way, if we no longer assume that ∀s ∈ ∂V , kβ̂(s, k) ∈ ıR, but only that kβ̂(s, k) /∈ R,
then we note that the three functions Γ̂L, ĴL and KL are analytic w.r.t both k and kβ̂(s, k),
therefore Eq. (26) still holds by analytic continuation in a mathematical neighborhood of
D(KL) in C3.

Appendix C.

In this appendix, we derive the spectral representation of the Green’s function, which
was given in Eq. (32). First, the inverse 3D Fourier transform of the anisotropic pseudo
spectrum ĴL(κ, k) defined in Eq. (24) is a tempered distribution JL(z, k), which is such that
for any analytic function ψ ∈ S(R3),〈

JL(z, k)
∣∣∣ψ̂(z)〉 =

∫
κ∈R3

ψ(κ) ĴL(κ, k) dκ. (C.1)

Then, because the set R3\D(KL) is bounded (as explained in Appendix B), and because we
are working under the high frequency assumption introduced in Sec. 4.2, the integral over
R3 in Eq. (C.1) can be replaced by an integral over D(KL):〈

JL(z, k)
∣∣∣ψ̂(z)〉 =

∫
κ∈D(KL)

ψ(κ) ĴL(κ, k) dκ. (C.2)

In other words, contrary to Eq. (C.1) that holds exactly, Eq. (C.2) only holds asymptotically
(i.e., at high frequency). In other respects, we note from Eq. (27) that lim∥k∥2→+∞ KL(k, k)−
k = 0. Therefore, as we explained in Badeau (2024, Sec. VI C), we can write〈

JL(z, k)
∣∣∣ψ̂(z)〉 =

∫
κ∈KL(D(KL),k)

ψ(κ) ĴL(κ, k) dκ, (C.3)

by analytic continuation in the complex plane of the pseudo spectrum ĴL in Eq. (24) and of
the analytic function ψ, and by applying Cauchy’s integral theorem (Ahlfors, 1979) to the
right member of Eq. (C.2).

Then with the change of variable κ = KL(k, k), Eqs. (26) and (C.3) yield〈
JL(z, k)

∣∣∣ψ̂(z)〉 =

∫
k∈D(KL)

ψ (KL(k, k)) Γ̂L(k) dk. (C.4)

In other respects, Eq. (6) shows that

JL(z, k) =
(
∆+ 4π2k2

)2
JG(z, k), (C.5)

where JG(z, k) denotes the PCF of the pseudo-stationary Green’s function G(x,x0, k), which
is a tempered distribution, like JL(z, k). We deduce from Eqs. (C.4) and (C.5) that〈

JG(z, k)
∣∣∣ (∆ + 4π2k2)

2
ψ̂(z)

〉
=
〈
JL(z, k)

∣∣∣ψ̂(z)〉 =
∫
k∈D(KL)

ψ (KL(k, k)) Γ̂L(k) dk.

(C.6)
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Therefore, the tempered distribution JG(z, k) can equivalently be written as a function:

JG(z, k) =
∫
k∈D(KL)

e2ıπKL(k,k)⊤z

(4π2(KL(k,k)⊤KL(k,k)−k2))
2 Γ̂L(k)dk, (C.7)

which indeed satisfies Eq. (C.6):〈
JG(z, k)

∣∣∣ (∆ + 4π2k2)
2
ψ̂(z)

〉
=

∫
z∈R3 (∆ + 4π2k2)

2
ψ̂(z)

∫
k∈D(KL)

e2ıπKL(k,k)⊤z

(4π2(KL(k,k)⊤KL(k,k)−k2))
2 Γ̂L(k)dk dz

=
∫
k∈D(KL)

Γ̂L(k)

(∫
z∈R3 ψ̂(z)

(∆+4π2k2)
2
e2ıπKL(k,k)⊤z

(4π2(KL(k,k)⊤KL(k,k)−k2))
2dz

)
dk

=
∫
k∈D(KL)

Γ̂L(k)
(∫

z∈R3 ψ̂(z)e
2ıπKL(k,k)

⊤zdz
)
dk

=
∫
k∈D(KL)

ψ (KL(k, k)) Γ̂L(k)dk.

Then, if we assume that the spectral representation of the random process G(x,x0, k) is a
distortion of the spectral representation in Eq. (19) that we obtained in the case of Neumann’s
boundary condition, we get Eq. (32). Indeed, the PCF of the Green’s function G(x,x0, k)
defined in Eq. (32) does satisfy Eq. (C.7):

cov[G(x1,x0, k), G(x2,x0, k)]

=
∫
k∈D(KL)

∫
s∈V

e2ıπKL(k,k)⊤(x1−s)

4π2(KL(k,k)⊤KL(k,k)−k2)
e−2ıπKL(k,k)⊤(x2−s)

4π2(KL(k,k)⊤KL(k,k)−k2)
dΛ̂L(k, s)

=
∫
k∈D(KL)

e2ıπKL(k,k)⊤(x1−x2)

(4π2(KL(k,k)⊤KL(k,k)−k2))
2dΛ̂L(k, V ) = JG(x1 − x2, k),

due to Eq. (23).

Appendix D.

In this appendix, we derive the closed-form expression of the causal source response p
introduced in Eq. (3). Substituting Eq. (32) into Eq. (5) yields

ġ(x,x0, t) = µġ(t)− c2
∫
k∈D(KL)

∫
s∈V

∫
f∈R

2ıπf e2ıπKL(k,
f
c )⊤(x−s)

4π2(f2−c2KL(k,
f
c
)⊤KL(k,

f
c
))
e2ıπftdfdξ̂L(k, s),

(D.1)
with

µġ(t) =

∫
f∈R

µG(
f
c
) 2ıπf e2ıπftdf = λc2

2
sign(t). (D.2)

Then, due to Eq. (28), the equation κ2 = KL(k, κ)
⊤KL(k, κ) admits two roots: one

root at κ = κL(k) (where κL(k) was defined in Eq. (33)), with both non-negative real and
imaginary parts, and another root at κ = −κL(k), with non-positive real part and non-
negative imaginary part. Therefore, the equation f 2 = c2KL(k,

f
c
)⊤KL(k,

f
c
) admits two

solutions f = cκL(k) and f = −cκL(k), which are both in the upper half complex plane.

29



By applying the residue theorem (Ahlfors, 1979) to Eq. (D.1), we thus get:

ġ(x,x0, t) = µġ(t) + c2H(t)Re
( ∫

k∈D(KL)

∫
s∈V e

2ıπ(κL(k)
⊤(x−s)+c κL(k)t)dξ̂L(k, s)

)
, (D.3)

where the real part comes from Eqs. (28) and (29), and from the change of variable k → −k.
The causal source response p introduced in Eq. (3) is related to ġ by adding the constant

term λc2

2
, which is a solution to the homogeneous wave equation [Eq. (1)]:

p(x,x0, t) = ġ(x,x0, t) +
λc2

2
. (D.4)

By substituting Eq. (D.3) into Eq. (D.4), we finally get Eqs. (35) and (36). Then, based on
Eq. (36), the ACF Γq of the random process q defined in Eq. (15) is a tempered distribution,
so that ∀ψ(f) ∈ S(R) such that ψ(0) = 0 at f = 0 4,〈

Γq(x1,x2,x0, t+
τ
2
, t− τ

2
)
∣∣∣ψ̂(τ)〉

= c4

4

∫
k∈D(KL)

∫
s∈V e

−4πcIm(κL(k))t
(
e2ıπ(κL(k)

⊤(x1−s)−κL(k)
H(x2−s))ψ(cRe(κL(k)))

+e−2ıπ(κL(k)
H(x1−s)−κL(k)

⊤(x2−s))ψ(−cRe(κL(k)))
)
dΛ̂L(k, s),

(D.5)

where we have used Eq. (20), and where the spectral measure Λ̂L(K,V) was defined in
Eq. (21).

Appendix E.

In this appendix, we derive the asymptotic expansion of the cross-Wigner distribution
of the random process q, which was expressed in Eq. (36). By substituting Eq. (D.5) into
Eq. (16) 5, we get

Wq(x1,x2,x0, f, t) =
c3

4

∫
l∈D(KL)

δ
(
Re(κL(l))− f

c

)
e−4πcIm(κL(l))t

×
∫
s∈V e

2ıπ(κL(l)
⊤(x1−s)−κL(l)

H(x2−s)) dΛ̂L(l, s),
(E.1)

where κL(l) ∈ C denotes the wave numbers distortion defined in Eq. (38), κL(l) ∈ C3

denotes the wave vectors distortion defined in Eq. (37), and the spectral measure Λ̂L(K,V)
was defined in Eq. (21).

If we assume that function k 7→ (ReκL)
−1(k) is continuously differentiable6 on S(0, f

c
),

then with the change of variable k = Re(κL(l)) in Eq. (E.1), and by noting that asymptoti-
cally ∥k∥2 = Re(κL(l)), we obtain Eq. (43), where Γ̂κL

(x,k) was defined in Eq. (45).

4We can assume that ψ(0) = 0 without loss of generality, because the theory holds at high frequency,
as explained in Sec. 4.2. This assumption permitted us to simplify the expression of the right member in
Eq. (D.5).

5To derive Eq. (E.1), Eq. (D.5) can be applied to any sequence of Schwartz functions that converges in
the sense of distributions to ψ(ξ) = δ(ξ − f), so that ψ̂(τ) = e−ı2πfτ .

6Function k 7→ (ReκL)
−1(k) is discontinuous on S(0, k) if the sign of function k 7→ Im

(
β̂(s, k)

)
changes at k, jointly on a set of points s of non-zero surface measure on the boundary ∂V ; otherwise,
k 7→ (ReκL)

−1(k) is continuously differentiable on S(0, k) if function k 7→ β̂(s, k) is continuously differen-
tiable at k.
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If in addition we assume that dβ̂(s,k)
dk

= o( 1
k
), then Eq. (41) yields the following first order

asymptotic expansion:

det (JacReKL
(k)) = 1− λ

∥k∥2

∫
s∈∂V

∫
u∈S(0,1)(

(u⊤k)2−∥k∥22
2π

Im
(

β̂(s,∥k∥2)
(u⊤k)2−∥k∥22β̂(s,∥k∥2)2

)
+

sign(Im(β̂(s,∥k∥2))δ
(

u⊤k
∥k∥2

)
2

)
σL(u,n(s))dS(u)dS(s).

(E.2)
When ∥k∥2 → +∞, Eqs. (E.2) and (46) show that asymptotically, (ReκL)

−1 (k) can be
replaced by k in Eq. (45), which yields

Γ̂κL
(x,k) =

∫
s∈V

e−4πIm(κL(k))
⊤(x−s) dΛ̂0

L(k,s)

|det(JacReKL
(k))| . (E.3)

Finally, by susbstituting Eqs. (E.2) and (46) into Eq. (E.3), we get Eq. (47), where we
have used the identity δ

(
u⊤k

)
= 1

∥k∥2 δ
(

u⊤k
∥k∥2

)
, and we have neglected second order terms.
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