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Abstract

The statistical wave field theory mathematically es-
tablishes the statistical laws of the solutions to the
wave equation in a bounded domain. It provides the
closed-form expressions of the power distribution and
the correlations of the wave field jointly over time,
frequency and space, which hold at high frequency
and after many reflections, in terms of the geometry
and the specific admittance of the boundary surface.
This paper summarizes the main results of the theory.
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1. Introduction

In a recent series of papers [1]-[5], we introduced
the statistical wave field theory, which establishes
mathematically the statistical laws of the solutions to
the wave equation in a bounded domain, under mild
conditions on the domain’s geometry. This theory may
find applications in various science fields, including
room acoustics, electromagnetic theory, and nuclear
physics. In room acoustics, it permitted us to retrieve
the previously known statistical properties of late
reverberation in mixing rooms. However, this new
theory has proved to be more general, more accurate,
and more informative than the existing approaches,
and its prediction of the reverberation time has been
verified by experiment [6]. This article is intended for
readers who wish to learn about the main findings of
the theory, without having to delve into its subtleties.
This paper is structured as follows. In Sec. 2, we recall
a few fundamental notions regarding wave propagation.
In Sec. 3, we list the three mathematical assumptions
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on which the theory relies, and briefly present the
Wigner time-frequency distribution. Then in Sec. 4,
we summarize the main results of the theory that hold
in isotropic wave fields, before addressing the general
case of anisotropic wave fields in Sec. 5. Finally, in
Sec. 6 we summarize the main contributions and we
propose a few perspectives for future work.

2. Fundamentals of waves revisited
This section summarizes a few fundamental notions
regarding wave propagation that are needed in the rest
of the paper. Most of these notions are well-known
and are described for instance in [7].

2.1. Main definitions

In a connected open domain V' C R?, the homogeneous
wave equation states that

82%p(x,t
Apa,0) - 5750 <o, (1
where p(,t) is the wave amplitude at position € V
and time t € R, A is the Laplacian, and c is the
propagation speed. Applying the Fourier transform
w.r.t. time to Eq. (1) yields the Helmholtz equation:

Ap(x) + 4%k p(x) = 0, (2)

where the scalar k£ = % is the wave number and f
denotes the frequency. Any solution ¢ to Eq. (2) is an
eigenfunction of the Laplacian, of eigenvalue —4m2k2.
Given a point source position xg € V and a space
position € V, the room impulse response (RIR)
h(x,xo,t) is defined as the unique causal solution to
the following inhomogeneous wave equation: Vt € R,

Ah(w, o, t) — LI035 — 20)5(1), (3)

where ¢ denotes the Dirac delta function.

2.2. Boundary condition

Let us now consider a connected domain V C R3,
whose boundary 0V is a Lipschitz continuous 2D
manifold (i.e. 9V is locally the graph of a Lipschitz
function). The boundary 9V is characterized by the

specific admittance B (x, k) € C, which is an essentially
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bounded function of the position € dV. Then
Robin’s boundary condition of Eq. (2) states that

Vo € OV, 288 4 unkf(a, k)p(x, k) =0, (4)

where 5~ ( ) denotes partial differentiation in the di-

rection of the outward normal n(z) to the bound-
ary surface at . This boundary condition explic-
itly depends on k, so Eq. (2) has to be rewritten
Ap(z, k) + 472 k(k)%¢(x, k) = 0, where the wave num-
ber is now denoted (k) € C. In the case of non-rigid
surfaces, which absorb a part of the energy of the inci-
dent wave, S(x, k) € C and Re(B(x, k)) > 0. Then it
was proved in [8] that when the domain V' is bounded,
the set of eigenfunctions and generalized eigenfunc-
tions of the complex Robin Laplacian is discrete and
can be chosen to form a pseudo-orthonormal Abel ba-
sis with brackets of the Hilbert space L*(V), a notion
that is defined in [8, Sec. IIT A]. However, when there
is no energy absorption, B(w, k) is purely imaginary,
the Robin Laplacian is self-adjoint, and the set of
eigenfunctions forms an orthonormal basis of L*(V).
In particular, when B(a),k) = 0, Eq. (4) reduces to
Neumann’s boundary condition.

3. Fundamentals of the theory

3.1. Mathematical assumptions

The statistical wave field theory relies on three math-
ematical assumptions:
e Assumption 1: the source’s position is a random
variable uniformly distributed in V;
e Assumption 2: the frequency f (or equivalently
the wave number k) is large;
¢ Assumption 3: the mean and pseudo-covariances
of the wave field are stationary.
The first assumption turns the RIR h(x, xo,t) intro-
duced in Eq. (3) into a random process. The second
assumption is directly related to the semiclassical ap-
proximation of quantum physics [9]. Last, the third
assumption implies that the wave field statistics are
independent of the receiver’s position when there is
no energy absorption. Under these three assumptions,
the statistical wave field theory shows that the RIR
h(x,xo,t) is a centered random process. We refer the
reader to [3, Sec. IV B] for more detailed explanations.

3.2. Cross-Wigner distribution

When there is energy absorption at the domain’s
boundary, the RIR h(x,xg,t) defined in Sec. 2.1 is
modeled as a non-stationary random process, due
to the exponential damping of the eigenmodes over
time. In signal processing, the standard tool for
characterizing the second-order statistics of a non-
stationary random process is the Wigner distribu-
tion [10], also known as the Wigner-Ville distribution,
which describes how the power of this random pro-
cess is distributed in the time-frequency plane. Let
L (21, T2, o, t1,t2) = cov|[h(z1, xo,t1), h(x2, To, t2)]
denote the auto-covariance function (ACF) of the non-
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stationary random process h(x, o, t), where &,z €
V and t € R. Its cross-Wigner distribution W, is then
defined as follows: Va1, xo, kg € V, Vf,t € R,

Wi (z1, 2, %o, f,1) o
JeTh(me, o, o, t + 5,6 — 5) e 2™ 7dr.

The cross-Wigner distribution Wy, (21, 2, o, f,t) in
Eq. (5) can be interpreted as the covariance of the
random process h between two positions x; and s,
at fixed source position xg, frequency f and time t.

4. Isotropic wave fields

The original version of the statistical wave field theory
published in [1], [5] focuses on mizing rooms. In these
rooms, when there is no energy absorption (i.e. when
B\ (z, k) is purely imaginary), the wave field is diffuse,
which means that its statistics are invariant over space
under any translation (it is stationary), and any ro-
tation (it is isotropic). When on the contrary there
is energy absorption, then the sound power decreases
exponentially over time, at a rate that is uniform in
the room and depends on the frequency. The reverber-
ation time, often denoted Tjg, is then defined as the
time it takes for the sound pressure level to reduce by
60 dB. An asymptotic reverberation time can also be
defined in ergodic rooms that are not mixing [11].

4.1. Power distribution

4.1.1. Neumann’s boundary condition

Neumann’s boundary condition corresponds to the
particular case of rigid surfaces (E (z,k) =0). In this
case, the first order asymptotic expansion of the cross-
Wigner distribution Wy (1, 2, o, f,t), which holds
when f — +oo0, was established in [1, Sec. V]:

Wh(wlaw%wOa.ﬂt):Wh(f)’y(xlvw%f)ﬂ (6)

where Wp(f) is the stationary power spectral density
at frequency f and at any point x € V:

AT I c
Wa(f) = %2(;2) pY (1 4 A S(8V)> : (7)
and fB(k:) is the stationary power spectrum:
Tp(k) = 4m\ (k;2 + %k) . 8)

In Egs. (7)-(8), A = ﬁ is the inverse of the room’s

volume |V, and S(0V) is the area of the room’s bound-
ary surface OV. Eq. (7) shows that W}, (f) tends to
a finite value % when f — 400, so we retrieve the
well-known property that the RIR behaves like white
noise [12]. The spectral correlation y(x1, 2, f) in

Eq. (6) is expressed as

y(x1, T2, f) = sinc (M) . 9)

We thus retrieve the usual expression of the spectral
correlation in a diffuse acoustic field [13].
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4.1.2. Robin’s boundary condition

In the general case of Robin’s boundary condition, the
first order asymptotic expansion of the cross-Wigner
distribution Wy (@1, @2, o, f,t), which holds when
f — 400, was established in [1, Sec. VI]'2:

Wh(wla T2, X, f7 t) = Wh(wh T2, Xy, f) e—QQ(%)t’
(10)
where a(k) = 2rcIm(k(k)) is the spectral attenuation,
and k(k) is the complex wave numbers distortion:

k+ 6 focov (ln (%)

2 2 B(s.k)+1 3
_B(S’ k) ln (BM)]) + 2,6(8, k‘))dS(s),

(11)

where dS denotes the surface measure. We note that
Wh(x1, 2, o, f,t) in Eq. (10) has the same factorized
form as the Polack time-frequency distribution [14]
(which was originally known only for &1 = @2).
In Eq. (10), when the variations of the power distribu-
tion over space are negligible (i.e., when Re(ﬁ(m, k))
is small), Wj, (1, 22, o, f) can be written as

Wi(z1, 2, ®o, f) = Wi(f) (21, T2, f), (12)

where W}, (f) is the stationary power distribution:

k(k) =

#To(d)
Wi(f) = (a2 ra L)’ (13)

which generalizes Eq. (7), v(x1,x2, f) is the spec-

tral correlation defined in Eq. (9), and fn(k) =

% is the distorted power spectrum that

generalizes Eq. (8).

4.2. Reverberation time

Equation (11) yields the expression of the reverbera-
tion time in ergodic rooms, which holds for all values
of the specific admittance, and which can be written
in exactly the same form as Eyring’s formula [15]:

31n(10 241n(10 v
Toolf) = a<(%>) = ln(l‘—la(&f))dS(S)’
(14)
where a(s, f) denotes the absorption coefficient aver-
aged over all angles of incidence:

Y 1—a(s, L u))udu
ofof) =1 = exp (el ) )
u=0

and a(s, k,u) is the absorption for an incident plane
wave of frequency ck and angle 6, such that u = cos(6):

s€oV

IThe equations in Secs. 4.1.2, 4.2, 5.3.2 and 5.4 are simplified

expressions that hold provided that limy_, ;o dB(s, k)/dk = 0.
When this condition is not satisfied, the theory leads to implicit
equations that need to be solved numerically.

2Actually, the expression of the Wigner distribution provided
in [1, Sec. VI] was that of the time derivative of the RIR, ¢ = %

In Sec. 4.1.2, we provide the Wigner distribution of the RIR h.

~ 2
u=p(s,k)

=

kou)=1—
als b u) wtBs k)

(16)

In [5], we remarked that at high frequency, the re-
verberation time in Eq. (14) is lower bounded, inde-
pendently of the specific admittance, by a constant
that depends on the room geometry only through its
volume and the area of its boundary surface®4:

T60(f) > 241n(10) |V]

__ 11.5160 V]|
47987 cS(V) ~ (17)

cS(OV)

4.3. Experimental verification

In [6], the formula of the reverberation time in Eq. (14)
was compared to various model predictions. For
a simulated shoebox room, a good agreement has
been found between the modal model [17], diffusion-
equation model [18], and Eq. (14), both as a func-
tion of frequency and as a function of complex-valued
impedance, even though this room is not ergodic.
For a simulated ergodic reverberation chamber, good
agreement has also been found between the Helmholtz
model [19], diffusion-equation model [18], and Eq. (14).
The convergence of the solutions with increasing fre-
quency and impedance confirms that Eq. (14) effec-
tively predicts the reverberation time in an ergodic
room, based on the room’s volume, surface area, and
surface impedance. Additionally, the statistical wave
field theory has been used to estimate the impedance
of surfaces in both a real shoebox-shaped room and a
real reverberation chamber [6].

4.4. Curvature term

In [5], the closed-form expression of the reverberation
time in Eq. (14) was refined by taking the curvature
of the boundary surface into account, resulting in a
new term in the denominator, which decreases as ?

TGO(f) — 241n(10) %

(&

e ()45 (i (a0 2560 ) - 2500 4
(18)

where functions €;(.) and e3(.) are defined as

3At first sight, this remark may seem surprising, because
Eyring’s formula is known to allow the reverberation time
to be zero when the average absorption coefficient is 1 on a
portion of the boundary of positive measure [15]. This apparent
contradiction is resolved by noting that the expression of the
absorption coefficient in Eq. (15) is averaged over all possible
directions of incidence; however, the angle-dependent absorption
coefficient in Eq. (16) can only reach the maximal value of 1 at
a single angle of incidence. Therefore the average absorption
coefficient is upper bounded by a value that is strictly lower
than 1, everywhere on the boundary oV.

4The lower bound in Eq. (17) was established by assuming
that the room has locally reacting boundary surfaces, which
means that ,73’\ depends only on the position s € 9V and on
the wave number k, but not on the angle of sound incidence.
Consequently, this inequality might be violated in the case non-
locally reacting room surfaces. In practice, surfaces with local
reaction are rather the exception than the rule [16, Chap. 2].
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k)= 2 .oy (I (1%””) +25(s, k)

B(s.k) (19)
_n 2 s,k)+1
B(s, k)?In (as,k)_l) )dS(s),
_ 1 148(s.k) \ _ o3
62(k) B fsE@V 27\',/3\(5,]6) (ln <12‘3\(s,k)> 2ﬁ<3, k>
2 2 ﬁ(s,k‘)ﬂ 1 1
A, k) n <E<s,k>—1>> (mwr + ey ) d5(9).

(20)
Indeed, the term ey(.) defined in Eq. (20) explicitly
depends on the two main curvature radii Ry(s) and
Ry(s) at any point s of the boundary surface 9V [20].

(8]

When f — 400, the term that is proportional to 7 in

the denominator of Eq. (18) can be neglected; then
this equation reduces to Eq. (14). We thus conclude
that the accuracy of Eq. (18) is improved at lower
frequencies compared to Eq. (14).

5. Anisotropic wave fields

In [3], we defined the general classes of semi-ergodic
and semi-mizing rooms, which generalize the ergodic
and mixing rooms addressed in Sec. 4. In particular,
the class of semi-ergodic rooms includes all ergodic
rooms and all (possibly non-convex) polyhedra. We
showed that, when there is no energy absorption, the
wave field in semi-mixing rooms is approximately sta-
tionary, but it is generally not isotropic. Then in [4],
we showed that when on the contrary there is energy
absorption, the wave field is characterized by a direc-
tional reverberation time that is independent of the
receiver’s position, but depends on its orientation.

5.1. Special polyhedra

In [2], we introduced a simple geometric approach to
the statistical wave field theory dedicated to a few
polyhedra including the rectangular cuboid, whose
statistical properties are related to mathematical crys-
tallography. These special polyhedra are not ergodic,
but rather integrable, which means that the Helmholtz
equation can be solved in closed-form subject to var-
ious boundary conditions (Dirichlet, Neumann, and
even Robin in certain cases). Moreover, all the eigen-
functions are trigonometric polynomials. Based on
these closed-form solutions, deriving the equations
of the theory proved to be much easier than in the
ergodic case. In addition, the high frequency approxi-
mation was not even required: the theory predictions
hold right from the zero frequency.

5.2. Directional measure

The wave field in any semi-ergodic room is character-
ized by a directional measure o(.|v) defined on the set
S(0, 1) of all unitary vectors, which can be interpreted
as the probability distribution of the directions taken
over time by almost every ray trajectory in the corre-
sponding classical billiard, where v € (0, 1) denotes
the initial direction of the ray at ¢ = 0. The exam-
ple of the rectangular billiard, where almost every

ray trajectory takes only four different directions, is
illustrated in Fig. 1. In the same way, in all special
polyhedra, the support of ¢ is discrete and includes v.
In ergodic rooms, on the contrary, the measure o is
uniform on §(0,1), for almost all v € §(0,1).

Figure 1: Example of ray trajectory in the rectangular
billiard (from [3]). The discrete directional measure o
assigns the same weight to the four directions taken by
the ray trajectory, including v(0). The trajectory is inter-
rupted after six reflections to avoid overloading the figure,
but after that it will explore space uniformly over time.

In the general case of semi-ergodic billiards, the direc-
tional measure o was characterized as follows in [3,
Sec. ITI]. For all I € N, let Y; denote the (2] + 1)-
dimensional column vector of coefficients Y] ,,, where
Ym € {—1,...,1l}, Y, denotes the real spherical har-
monic of degree [ and order m [21]. Then VI € N, let
A; be the (21 + 1) x (21 4 1) real symmetric positive
semidefinite matrix

A=y (1= (fucson Yi(w)x o
Y, (u—2(n(s)Tun(s)) dS(u)))dS(sL

where T is the identity matrix. Then Vv € §(0,1), the
directional measure o(S|v) of any measurable subset
S of the unit sphere S§(0,1) is expressed as

o(Slv) = lim /ESUL(u,v)dS(u), (22)

L—+o0

where VL € N,

oL (’U,, ’U) = ZIL:O Y, (U)TPrOjKer(Al)Yl(u>7 (23)

and Projg.,(a,) denotes the orthogonal projection ma-
trix onto the kernel of matrix A; defined in Eq. (21).
Since the series expansion over spherical harmonics in
Eq. (23) is truncated to degree L, u — o, (u, v) can be
interpreted as a smooth density function over §(0, 1),
which can be equivalently obtained by smoothing the
(possibly discrete) directional measure o in Eq. (22),
over the set of unit direction vectors u € S(0, 1).
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5.3. Power distribution
5.3.1. Neumann’s boundary condition

In the case of Neumann’s boundary condition, the
first order asymptotic expansion of the cross-Wigner
distribution Wy (@1, @2, xo, f,t), which holds when
f — 400, was established in [3, Sec. V]:

Wh(wlam27m07f7 ) .

= 15777 Jreso, f)COS(27Tk (x1 — x2))T'L(k)dS(k),
(24)

where k denotes the wave vector, S(0, k) is the sphere
centered at the origin and of radius k = ||k||2, and

T, (k) is the stationary power spectrum:

Prk) = /\<1 + 1 Jacov (quS(O,l)
5 (uTk) op(u,n(s)) dS(u))dS(s)).

(25)
When x; = 2 = x, we retrieve the same expression
of the stationary power distribution Wy (x, x, xg, f,t)
as in isotropic wave fields: Wy, (x, x, o, f,t) = Wi(f),
where W, (f) was defined in Eq. (7). However, Eq. (24)
is different from Eq. (6), which shows that the spec-

tral correlation in anisotropic wave fields is generally
different from Eq. (9) that holds in the diffuse case.

5.3.2. Robin’s boundary condition

In the general case of Robin’s boundary condition,
when the variations of the power gistribution over
space are negligible (i.e., when Re(5(x, k)) is small),
then the first order asymptotic expansion of the cross-
Wigner distribution Wy (a1, 2, xo, f,t), which holds
when f — +o00, was established in [4, Sec. VI]:

nk ! (21 —@2)

3
Wh(x1, 22, 0, [,t) = T fkeS(O’%) ¢

o2 (k)i A
St (k) dS(R)
(26)
where oy (k) = 2rcIm(kp(k)) is the spectral attenua-
T
tion, s (k) = & ”'Zﬁik) is the wave numbers distortion,

and K, (k) is the complex wave vectors distortion:

rr(k) =k+13: [scor Jueso
. ~
1o (2 kRl Bslk]2) dS(w)dS
“m (“Tklklzﬁ(svllklz) o1(u;n(s)) dS(u)dS(s),
(27)

where o7, was expressed in Eq. (23). In Eq. (26),
= B TL((Rery) ' (k) .
I, (k) = et (Taone e, ((Re )~ 10| generalizes
Eq. (25). Finally, when &1 = 22 = x, Eq. (26) yields

the power distribution over space, frequency and time:

Wh(w x,xg, [, t)

o~ 2ar (k)

(28)
4 fkes(o Ly 47r2f2+aL(k)z

T, (k) dS(k).

In the case of mixing rooms, we showed in Sec. 4.1.2
that the cross-Wigner distribution Wy, (21, €2, xo, f, 1)
was factorizable as the product of a function of space
and a function of time at fixed frequency f, as in Po-
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lack’s formula [14]. So, the power distribution at any
frequency f decreases exponentially over time. How-
ever, in the anisotropic case, Wy (1, 2, xo, f,t) in
Eq. (26) is a linear combination of infinitely many de-
creasing exponentials. We thus retrieve a well-known
fact in room acoustics: the time decay in non-ergodic
rooms is not exponential [16].

5.4. Reverberation time

Equation (27) permits us to establish a novel result:
the closed-form expression of the directional reverber-
ation time in semi-ergodic rooms, which holds for all
values of the specific admittance:

Too(k) = 30121((2(;) _ 24111(10) %
V]

<_2fsgavfu€$(o l)m(l—a( Ikl ﬁ‘ku’i‘)) ) (29)

Tk
X e on(u,n(s))dS (u)dS(s)

where a(s,k,u) and or(u,v) were expressed in

Egs. (16) and (23). Physically, Eq. (29) can be inter-

preted as follows: for a plane wave of wave vector k
and for any point s € 0V on the boundary surface,

 the outward normal n(s) of the boundary sur-

face at s is seen, through the successive reflec-

tions of the plane wave over the boundary sur-

face, as a random vector u € §(0,1), of proba-

bility density function or,(u,n(s)) over S(0,1);

¢ the angle of incidence # of the plane wave on the

boundary surface at s is such that cos(d) = I kTHI;

e | cos(0)]|dS(s) is the apparent area of the surface
element dS(s) for the plane wave;

o a(s,|k|l2,|cos(9)|) € [0,1] is the absorption co-
efficient of the boundary surface at point s, fre-
quency f = c||kl||2, and angle 6.

Note that Eq. (29) can be rewritten in the same form
as Eyring’s formula [15] as expressed in Eq. (14), ex-
cept that Tgo(k) depends not only on the norm of
wave vector k, but also on its direction:

_ 241n(10) V]
TGO(k) - c ~Jocov ln(l—a(s,k))dS(S)7 (30)

with the average directional absorption coefficient
a(s, k) =1—
2 . o (1 (bl i ) ) il (o) as)
e Jueson [P HkHz ,

(31)
which involves a geometric mean over all angles of
incidence. In the isotropic case, o (u,v) = 477’ then
Tso(k) and a(s, k) depend only on k = ||k||2, and
Egs. (30) and (31) reduce exactly to Egs. (14) and (15),
respectively. Conversely, in the particular case of the
rectangular cuboid, Eq. (29) reduces to Eq. (34) in [22]
when L — +o00. In addition, in the general anisotropic
case, when the average directional absorption coeffi-
cient a(s, k) is small, Egs. (30) and (31) yield

_ 24In(10) V]
Too(k) = = .oy als:k)dS(s) (32)
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u' k
a(s, k) = 2 quS(O,l) a <S7 I%1]2, W)

: (3)

X %O’L (u7 ’I’l(S)) dS(U),
which now involves an arithmetic mean over all angles
of incidence. Then, again in the particular isotropic
case, Tgo(k) and a(s, k) depend only on k = ||k|2,
and Eq. (32) reduces exactly to Sabine’s formula [1,
Eq. (40)]. Moreover, Eq. (33) can be rewritten in the
form a(s, k) = fio a(s, k, cos(f)) sin(26) df, which is
exactly the Paris formula of the average absorption
coefficient for a random, uniformly and isotropically
distributed sound incidence, as expressed in [16, p. 55]
and [7, p. 580]. We can thus conclude that Eq. (31) is
both more accurate and more general than the Paris
formula, because it also holds at higher absorption
and in anisotropic wave fields.

6. Conclusion
In summary, the statistical wave field theory brings
various contributions to the field of room acoustics:

e it provides a unified framework that encompasses
the previously known statistical properties of
late reverberation in mixing rooms (Sec. 4);

e it provides a global description of the wave
field, through the closed-form expression of its
power distribution and correlations over time,
frequency and space (Secs. 4.1 and 5.3);

e it is applicable to a large class of room shapes
that generate anisotropic wave fields (Sec. 5);

e it is more accurate than the existing approaches
thanks to the semiclassical approximation of
quantum physics (Sec. 3.1), which e.g. accounts
for the curvature of the boundary (Sec. 4.4);

e finally, in addition to the results presented in
this paper, it reveals the existence of black holes,
which behave like those of general relativity: a
part of the sound energy may be trapped in the
vicinity of the domain’s boundary [4, Sec. VI C].

Moreover, the predicted reverberation time in ergodic
rooms has been verified by experiment (Sec. 4.3). We
believe that this theory may find many applications
in room acoustics, including artificial reverberation
and impedance measurement of materials in a room.
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