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Geometrical acoustics meets the statistical wave field theory

Roland Badeau®

®Laboratoire Traitement et Communication de ’Information, Télécom Paris, Institut Polytechnique de
Paris, Palaiseau 91120, France

Abstract

The statistical wave field theory mathematically establishes the statistical laws of the
solutions to the wave equation in a bounded domain, which hold at high frequency. It
provides the closed-form expressions of the power distribution and the correlations of the
wave field jointly over time, frequency and space, in terms of the geometry and the specific
admittance of the boundary surface. In our previous article, the mathematical foundations of
the theory have been reworked at the fundamental level of the eigenfunctions of the Laplace
operator. We thus introduced a random wave model of the complex Robin Laplacian, which
accounts for the absortion of energy at the boundary surface. In this article, based on
this model, we establish the first and second order statistics of the room impulse response.
The previous predictions of the theory are thus retrieved, and their accuracy is improved.
In addition, this approach allows us to achieve the unification of geometrical acoustics,
which is generally used to predict the first echoes that appear in early reverberation, and
of probabilistic models, which are generally used to predict the statistical properties of late
reverberation.
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1. Introduction

The statistical wave field theory was originally introduced in Badeau (2024). Its stated
goal is to mathematically establish the statistical laws of the solutions to the wave equation
in a connected and bounded domain. These laws hold at high frequency, provided that the
geometrical shape of the domain satisfies mild assumptions related to chaos. In particular,
this theory provides two different kinds of predictions, which are expressed in terms of the
geometry and the specific admittance at the boundary surface:

e the isotropic reverberation time in diffuse rooms (Badeau, [2024)), and the directional

reverberation time in anisotropic wave fields (Badeaul, 2026b));

e more generally, the power distribution and the correlations of the wave field jointly

over time, frequency and space (Badeaul 2024} |2026b)).
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The main results obtained so far with this theory were summarized in Badeau| (2026¢). In
particular, the prediction of the reverberation time in diffuse rooms has been verified by
experiment, with a remarkable accuracy (Prinn and Badeau), 2026)).

The main mathematical tool of the statistical wave field theory is the "B-function",
which is a random field that represents the distribution of image sources over space at fixed
wave number k. This random field is real-valued when there is no energy absorption at the
domain’s boundary, and it is complex-valued when there is energy absorption. From the
statistics of this B-function, the statistics of the Green’s function of the Helmholtz equation
are derived, from which the statistics of the room response to a punctual source are finally
deduced.

In this paper, the mathematical foundations of the theory are reworked at a more fun-
damental level than that of the B-function. Indeed, our new assumptions focus on the
statistical properties of the eigenspectrum and eigenfunctions of the complex Robin Lapla-
cian, from which the B-function is defined. Based on the random wave model (RWM) of
the complex Robin Laplacian recently introduced in Badeau| (2026d)), this new approach will
turn out to be extremely powerful: not only will we retrieve all the previous predictions of
the theory, and improve the accuracy of the predicted power distribution in the case of en-
ergy absorption, but we will also end up with an unexpected and remarkable result. Indeed,
this new approach will allow us to achieve the unification of geometrical acoustics (Kuttruff,
2014, Chap. 4), which is generally used to predict the first echoes that appear in early rever-
beration, and of probabilistic models (Kuttruff, 2014, Chap. 5), which are generally used to
predict the statistical properties of late reverberation. More precisely, the direct path and
the first echos will be retrieved in the first order statistics of the B-function, through the
spatial distribution of the first image sources, and in the first order statistics of the room
impulse response (RIR), through a sum of spherical waves emitted by these image sources.
In addition, the power distribution of late reverberation will be retrieved, as in our previous
works, in the second order statistics of the B-function and of the RIR. Finally, we will show
that the former third assumption of the statistical wave field theory, which states that the
mean and pseudo-covariances of the B-function are stationary (Badeau, 2024)), becomes a
mathematical result, proved from the more fundamendal assumptions on the eigenspectrum
and eigenfunctions of the Robin Laplacian.

This paper is organized as follows. In the next section, we introduce some acronyms
and mathematical notations that will be used in the rest of the paper. Then in Sec. [2]
we summarize a few fundamental notions regarding wave propagation that are needed to
develop the statistical wave field theory. In Sec. [3| we present an overview of the proposed
contribution, in relation to several related works from the existing literature. In Sec. [
we investigate the first and second order statistics of the wave field, which result from the
RWM introduced in Badeau (2026d|, Sec. . Finally, in Sec. |5 we summarize the main
contributions of this paper, compare our results with existing works, and present a few
perspectives for future work. This paper also contains two appendices. In [Appendix A}
we show that the B-function converges almost surely to a distribution, and we prove the
former third assumption of the statistical wave field theory, based on the RWM introduced



in Badeau| (2026d, Sec. [[V]). Then in we calculate the first and second order
statistics of the RIR.

Acronyms and mathematical notations

Acronyms:

ACF Auto-covariance function
GOE Gaussian orthogonal ensemble
PCF Pseudo-covariance function
PDE Partial differential equation
PSD Power spectral density

RIR Room impulse response

RWM Random wave model

Mathematical notations:

In this paper, we use the same mathematical notations as in Badeau| (2026d, Sec. I).
In addition, the Greek letter ¢ is used to denote any function of any variables (we do not
use the notation f that is usual in mathematics, because here f denotes the frequency).
Therefore, the same letter 1) may denote different functions of different variables in different
places of the paper, and it is not supposed to have any special physical meaning.

2. Fundamentals of waves revisited

This section summarizes a few fundamental notions regarding wave propagation that are
needed in the rest of the paper. Most of these notions are well-known and are described for
instance in Morse and Ingard| (1968). These and other notions were already presented in
more details in Badeau| (2024, Sec. III).

2.1. Main definitions
In a connected open domain V' C R?, the homogeneous wave equation states that

Ap(w,t) — H22ED — 0, (1)

c2  Ot?

where p(x,t) is the wave amplitude at position & € V and time ¢t € R, A is the Laplacian,
and c is the propagation speed. Applying the Fourier transform w.r.t. time to Eq. yields
the Helmholtz equation:

Ap(x) +4Am*k*p(z) =0, (2)

where the scalar k = % is the wave number and f denotes the frequency. Any solution ¢ to
Eq. is an eigenfunction of the Laplace operator —A, of eigenvalue 4m2k?.
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Given a punctual source position ® € V and a receiver position " € V, the RIR
h(x",x® t) is defined as the unique causal solution to the following inhomogeneous wave
equation: V¢ € R,

Agrh(a@’, x® 1) — LEM@ 2D 5pr — 29)5(8), (3)

c? ot?

where § denotes the Dirac delta function. In the free field (i.e., when V = R3), h is expressed
as

) <t _ er_ch||2>
h(x",x°,t) = : 4
( ) Al — x5 ||2 (4)
2.2. Green’s function

Given a punctual source position ® € V and a receiver position " € V, a Green’s
function G of the Helmholtz equation is a particular solution to the following inhomogeneous
Helmholtz equation:

AprG(x" 2 k) + A7k G(x", x° k) = —6(x" — =°). (5)

The inverse 1D Fourier transform of G w.r.t. frequency f = ck,
glx", x’ t) = / G(x", x°, %) e2m Iy, (6)
ferR

is a solution to Eq. (3). However, depending on the choice of a particular solution G to
Eq. , the function g(x”, x*®,t) may not be causal, so in general g(x", x*, t) differs from the
causal RIR h(x",x® t) by a function that is a solution to the homogeneous wave equation

[Eq. (@]
In the free field (V = R?), any Green’s function G solution to Eq. can be written as
the translation over space of some Green’s function Gy for a source located at * = 0:

G(x",x° k) = Go(x" — x° k).
In this paper, we will consider the real Green’s function

 cos(27k|[z||2)
4|zl

GO(za k) ) (7)

which is such that function g in Eq. @ is an even function of time.

2.3. B-function

In the case of a connected domain V C R? with boundaries, any Green’s function
G(x",x*, k) can generally be analytically continued in a mathematical vicinity D of V' that
depends on the domain’s geometry and the boundary condition. In some cases, this extension
holds in the full space D = R3. The B-function on D C R? is then defined as:

B(y", %, k) = — (A G(y", x°, k) + 47°K*G(y", z°, k)) . (8)
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By definition of the Green’s function G in Eq. , the restriction of the B-function to V' is
d(y" — x*). Reciprocally, when D = R3, a particular Green’s function G is obtained as:

Gz, x° k) = / Go(z" —y", k) B(y", z° k)dy, (9)

yr cR3

where Gy is a free-field Green’s function. Equation @ permits us to interpret the B-function
as a spatial distribution of image sources in the free field, which collectively generate inside V'
the same response as that of the single original source within the bounded domain V.

2.4. Boundary condition

Let us now consider a connected domain V' C R?, whose boundary 0V is a Lipschitz
continuous bidimensional (2D) manifold (i.e., OV is locally the graph of a Lipschitz function).
The boundary OV is characterized by the specific admittance B(s,k) € C, which is an

essentially bounded function of the position s € V. Then, Robin’s boundary condition of
Eq. states that

Vs € OV, %288 4 ks, k)p(s, k) =0, (10)
where %(s) denotes partial differentiation in the direction of the outward normal n(s) to

the boundary surface at s. This boundary condition explicitly depends on k, so Eq. has
to be rewritten
Ap(x, k) + 4r?k(k)*o(z, k) = 0, (11)

where the wave number is now denoted x(k) € C. In the case of non-rigid surfaces, which
absorb a part of the energy of the incident wave, B(s, k) € C and Re(B(s, k)) > 0. Then
the Robin Laplace operator —A is complex and not self-adjoint, and when the domain V'
is bounded, the set of (generalized) eigenvalues and eigenfunctions is discrete and complex,
and it was proved in Badeau| (2025a) that the (generalized) eigenfunctions can be chosen
to form a pseudo-orthonormal Abel basis with brackets of the Hilbert space L*(V'), a notion
that is defined in Badeau| (2025al, Sec. III A). However, when there is no energy absorption,
B\ (s, k) is purely imaginary, the Robin Laplace operator is real and self-adjoint, the set of
eigenvalues and eigenfunctions is discrete and real, and the eigenfunctions can be chosen to
form an orthonormal basis of L?(V). In particular, when 3(s, k) = 0, Eq. reduces to

Neumann’s boundary condition.

3. Overview of the contribution in relation to existing works

In this section, we review and comment the existing probabilistic models of the eigen-
spectrum (Sec. and eigenfunctions (Sec. of the Robin Laplacian that are related
to the statistical wave field theory, as well as the consistency between these various models
(Sec. . We also briefly present the cross-Wigner time-frequency distribution (Sec. ,
which will be used to characterize the non-stationary second order statistics of the RIR in

Sec. 4.3.3



3.1. FEigenspectrum of the real Robin Laplacian

Let us first focus on the properties of the discrete eigenspectrum {x,(k)}nen, which is
such that the eigenvalues of the Laplace operator —A are \, (k) = 472k, (k)2

3.1.1. Asymptotic expansion of the modal density

At high frequency, the discrete eigenspectrum of the real Robin Laplacian is well described
by a smooth density function p(k, k). In several dimensions of space, it is well known that
p(k, k) increases with k, in a way that has been investigated mathematically for the first
time by [Weyl| (1911]). Weyl’s formula is an asymptotic expansion that holds when k — +oc0.
In three space dimensions, with our notations, it can be expressed in the following form:

p(k, k) = 4|V K2 (12)

The dominant term is proportional to the volume of the domain V', and is thus called the
volume term. The remaining terms (omitted in Eq. (12)) are of order O(k). Later, the physi-
cists Balian and Bloch (1970) derived the two following terms of this asymptotic expansion,
which are called surface term and curvature term, respectively. With our notations, up to
the first order surface term, their asymptotic expansion can be written as:

B 7S(3V) K—kB(s,k)
plo ) = Am|V [+ (B2 o [ n (20 () ) (13)

where the right member is real-valued, because B\ € 1R. Their mathematical approach was
based on a multiple reflection expansion of the Green’s function. It is important to note
that the volume term is related to the direct path in this multiple reflection expansion, the
surface term (which corresponds to the integral over the boundary surface 9V in Eq. (13)) is
related to the first order reflections, and the curvature term, of order O(1) (which is omitted
in Eq. ), additionally includes second order reflections.

Later, the periodic orbit theory showed that each periodic orbit (also called "closed path"
by Balian and Bloch| (1972)), of length L in the classical billiard, produces a fluctuation
of period ¢/L in the modal density, which is expressed by the Gutzwiller trace formula
(Gutzwiller, |1971)). In this regard, Eq. provides a mean level density, which can be
interpreted as the result of smoothing the exact oscillating density, by applying a smoothing
filter of bandwidth much larger than 1/L,;,, where L, is the fundamental period of the
shortest classical periodic orbit.

3.1.2. Wave number distortion

In Badeau (2024]), we showed that in the case of ergodic billiards, Eq. induces a wave
number distortion between the Neumann and Robin boundary conditions. More precisely,
if the Neumann and Robin wave numbers are denoted K and IC(K, k), respectively, then
function IC(K, k) is defined as the unique solution to the equation

VE >0, p(K(K, k), k) 2D — 5K, 0). (14)

oK



From Eqs. and , we were able to derive its first order asymptotic expansion (Badeaul,
2024, Eq. (102)):

_ A K (K k) +HB(s,k)
K(K, k) =K+ & Jocov (hl (W)

-~ 2 ~ ~
[ kB(s,k) kB (s,k)+K(K,K) 2kpB(s,k)
(K(Kk)) In (ké(s,k)—ic(K,k)> + K(K,k) )dS(s),

(15)

where A £ ﬁ is the inverse of the room’s volume. A remarkable property of Eq. is that,
by analytic continuation, it still holds in the general case of the complez Robin Laplacian,
even though p(k, k) can no longer be interpreted as a modal density in this case, since the
parameter k is complex. Moreover, we showed that Eq. leads to a closed-form expression
of the reverberation time in mixing rooms (Badeau, 2024, Eq. (124)) that has been verified
by experiment (Prinn and Badeau, 2026). By applying the same method up to the second
order curvature term investigated by Balian and Bloch| (1970), we were also able to get
the second order asymptotic expansion of function (K, k), and the resulting closed-form
expression of the reverberation time (Badeau, 2025b, Eq. (52)).

3.1.3. Probability distribution of the eigenspectrum

In Sec. 3.1.1] we focused on the mean level modal density, which results from applying
spectral smoothing to the discrete eigenspectrum of the real Robin Laplacian. Beyond this
modal density, it is also interesting to investigate the fine distribution of the individual
eigenfrequencies in this discrete spectrum. In the literature on chaotic billiards, it is well
known that these eigenfrequencies follow the same probability distribution as that of the
eigenvalues of random matrices from the Gaussian Orthogonal Ensemble (GOE) (Tanner and
Sondergaard), 2007, Sec. 3). The discrete eigenspectrum {r, (k)}nen can then be modeled as
a random point process, which can be represented as a random measure on R, :

k) = 3 (s — (k). (16)
neN
This measure p is such that for any continuous function ¢ defined on R,
> w(kalk)) = (k) du(r, k)
neN KER4
is a random variable, whose mathematical expectation is expressed as
B[ wtdnte )] = [ stpte e (17)
HER+ H€R+

where p(k, k) is the modal density introduced in Sec. [3.1.1} In addition, for two continuous
functions v and v, defined on R, we have

E ([, ce, 10m)dp(rn, k) [, a(na)dp(ra, )]

= [ Ly moer, Y1(r1) 1o (k) (18)
Ry (k1 — k2)p (522, k) p (K1, k) p (K2, k) dridro,
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where Ry(s) denotes the rescaled two-point correlation function (Tanner and Sgndergaard),

2007, p. R476). By substituting Eqs. and , and by applying the change of variables

K1 :m+m and ﬁgzm—m, we then get
oV [ foyen, Vr(k0)dul, k), [, e Vo(r)dpli, k)]
- KER (fsER 1/}1 (l{ + 2p(i,k)) ¢2 (H B m) (19>
(Ra(s) = 1) ds ) pls, k),

where we have substituted drk,dky = p‘éid,j), and p(n+2”(;"’“);)lc(?{p]g;72p<k’k)’k) = p(k, k), which

hold asymptotically when x — +oc.
The level cluster function Y is then defined as (Tanner and Sgndergaard|, 2007, p. R477)

Y(s) = 1= Ray(s), (20)

which is a real and even function. Classical results from the random matrix theory (Mehtal,
1991)) show that the form factor b 2 Y, defined as the real and even Fourier transform of

Y, is expressed as (Weaver and Lobkis, |2000))

b(r) =

J— < < .
{1 2r+7In(27 +1) for 0 <7 < 1; (21)

—1+T1H(%) for1 <.

Function b(7) is plotted in Fig. [} It is positive and decreasing on R, between b(0) = 1 and
lim; o b(7) = 0. More precisely, b(T) = O(Z%) when 7 — +oo, therefore b € L'(R), which
implies that function Y is continuous and bounded. In the same way, the first and second
order derivatives of b belong to L'(R). In addition, function b is continuously differentiable
at 7 =1, and smooth on R \{1}. This implies that Y (s) = O(Z) when |s| = +o0.

3.2. Eigenfunctions of the Robin Laplacian

After having investigated the properties of the eigenspectrum of the real Robin Laplacian
in Sec. [3.1 we now focus on its eigenfunctions {¢,(z, k) },en. More precisely, as in [Badeau
(2026d, Sec. [[II), we will investigate the statistical properties of certain functionals of the
eigenfunctions related to mixing billiards, which are averaged over a small bandwidth. For
instance, we will be interested in averages of the form

on(x,k)

>
f(l) , k, — {neN: Hi%§“:<k)<n+%} ’ 22
(@, 5, K) 52 o k) 22)

€
2

and
{ > 5}“’"(9’17’“) on(m2,k)
FO (g Lo, K, k) = nEN:nfjﬁﬁn(k)inJr? | )
( 1 2 ) f:jg P(’{,yk)d.‘{/ ( )

for a given bandwidth ¢ > 0. Note that this kind of spectral averaging is related to the
spectral smoothing of the modal density that we mentioned at the end of Sec. [3.1.1) and

9
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Figure 1: Plot of the form factor b(7) expressed in Eq. (blue curve)

it is also related to the eigenstate stacking theorem (Lu et al., [2025), which characterizes
the statistical properties in phase space of sums of eigenfunctions, under the same minimal
bandwidth condition (€ > 1/Lyn, where Ly, is the fundamental period of the shortest clas-
sical periodic orbit). Indeed, due to Eq. , when € is fixed and k — +o00, the number of
terms involved in the averages in Eqgs. and tends to infinity. These averages then
become statistically insensitive to certain anomalies that may appear in some rare eigenfunc-
tions, such as quantum scars (Lu et al.,[2025). The statistical properties of F)(x, x, k) and
F@(x,, @y, Kk, k) then become regular, and can be described by simple probabilistic models.

In the literature, various RWMs have thus been proposed, which generally represent the
eigenfunctions ¢, (x, k) as centered and pairwise independent random fields (Urbina and
Richter] 2006)). In particular, the independence of the eigenfunctions is consistent with the
quantum weak mixing theorem in phase space for classically weak mixing billiards (Zelditch),
2006]) (see Badeau (2026a, Sec. I) for more details on this topic). From now on, we will
thus write equations such as E[p, (x, k)] = 0, and Vny # ng, cov]pn, (€1, k1) @n, (22, k2)] = 0,
which might misleadingly suggest that we are focusing on individual eigenfunctions. The
reader should keep in mind that these equations implicitly involve spectral averages, like in
Eqgs. and . Nevertheless, this simplified probabilistic notation will prove to be very
useful, and it will allow us to get accurate predictions of the wave field statistics.

3.2.1. Gaussian distribution

It was originally conjectured by Berry| (1977) that the eigenfunctions of classically chaotic
systems can be represented as a random superposition of plane waves with fixed wave number.
Then, due to the central limit theorem, these eigenfunctions have the same statistics as a
Gaussian random field (Urbina and Richter, |2007)). This conjecture was originally formulated
for the real eigenfunctions of the real Robin Laplacian, but in fact the same argument applies
to the complex eigenfunctions of the complex Robin Laplacian. In Badeau (2026d, Sec. ,

10



we showed that the Gaussian distribution of these complex eigenfunctions is characterized
by the following covariances, for two possibly different values of k; and ko,

cov [Spn(wla k1)7 ('0”(332, kQ)] - /\’7(51317 Iy, Kn; k17 k2)7 (24)

where K, denotes the wave number related to Neumann’s boundary condition, and the
following pseudo-covariances, for k; = ko = k:

cov @n(wl,k),(pn(l'g,k)] - )‘C(wlaw%K(Kn?k)ak)v (25>

where IC(K,, k) is the wave number distortion introduced in Sec. [3.1.2 In the particular case
of the real Robin Laplacian, for ky = ko = k, we get y(x1, 2, K, k, k) = C(x1, 2o, K(K, k), k) €
R.

In other respects, a consequence of the Gaussian assumption is that the fourth order
moments, involving either the eigenfunctions or their conjugates, can easily be deduced from

Egs. and (25), thanks to the following lemma (Janssen and Stoica) [1988):

Lemma 1. For any jointly Gaussian complex random variables Zy, Zy, Z3, Z4,

E[Z) 737324 = K |21 Zs) E|Z3 Z4) + E[Z1 Z3] E |23 Z4]
+E[Zy ZJE [Zy Z5]) — 2K [Z1| E [Z) E [ Z5] E [ Z4] .

3.2.2. Universal (pseudo-)correlation functions
Real Robin Laplacian. The correlation function predicted by Berry (1977) is given by the
well-known spherical Bessel function:

C(@y1, @2, ki, k) = sinc (27k||@1 — @a|2), (26)

where notation C' was introduced in Eq. . Note that this expression is actually indepen-
dent of k. This function is often referred to as the universal correlation function (Urbina
and Richter, 2007)), because it applies to any ergodic billiard, independently of its particular
geometrical shape.

Equation (26)) models the eigenfunctions as isotropically distributed, stationary random
fields, which is consistent with the quantum ergodicity theorem in phase space for classically
ergodic billiards (Zelditch and Zworski, 1996, and with the eigenstate stacking theorem (Lu
et al., [2025) (see Badeau (2026a, Sec. I) for more details on this topic). However, even
though Eq. does hold when the two points x; and @, are close enough, it was proved
inaccurate when the distance between x; and x5 is not much smaller than their distances to

the boundary (see Sec. |3.2.4)).
Complex Robin Laplacian. In Badeau (2026d, Sec.|[IV C|), we showed that in the general case

of the complex Robin Laplacian, the analytic continuation of function C'(xy, s, k, k) defined
in Eq. to complex values of the wave number « still satisfies Eq. , which describes
the pseudo-covariances of the eigenfunctions. Function C(x;,®s, K, k) is then referred to
as the uniwversal pseudo-correlation function. In particular, for &; = 3 = x, Eqgs.
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and yield E[p,(x, k)?] = A, which shows that the random wave model respects the
(pseudo)-normality of the eigenfunctions:

E [/xev on(z, k)2d:c] =1 (27)

In addition, still in the complex case, the universal correlation function ~ that was introduced

in Eq. is expressed as (Badeau, [2026d, Eq. (24))):

’Y(wh To, KK, Ky, k’z)

1 2ru | (IC(K k1)x1 —IC(K k2)x
Ir Jues(o,1) € (K k) KR o)) (28)

! (00w Ik 0K k) 14y,

In Eq. , function w — 0(u, K, k) is the phase distortion, which is defined as the unique
odd solution to the following equation (Badeau, 2026d, Eq. (16)): VK > 0, Vu € S(0,1),

A fscoy 0w, K, k) — 0(R(s)u, K, k)dS(s)
— (KK k) — K)u
X (2X [,cpy (n(s)n(s)"s) dS(s)) (29)

KKK k) u T n(s)+kB(s,k)
+1A focoy In (K(K,k) uTn(s)_ka(s,k)> dS(s),

where n(s) is the outward normal to the boundary surface at s, and R(s) denotes the
reflection matrix w.r.t. the 2D subspace parallel to the plane tangent to 0V at s: R(s) =
I —2n(s)n(s)", where I is the identity matrix. In practice, Eq. can be solved by
decomposing function 6 as a series of spherical harmonics, as shown in Badeau| (2026d),

Sec. [[VB].

3.2.3. Enhanced backscattering

Let us focus again on the real Robin Laplacian in an ergodic billiard. We have seen
in Sec. that the universal correlation function represents every eigenfunction of the
real Robin Laplacian in an ergodic billiard as a stationary random field. This property
suggests that the wave field that results from the combination of all eigenfunctions is itself
stationary at high frequency. And indeed, the asymptotic statistics of the RIR prove to be
stationary over space, but in practice this property only holds far enough from the original
source position. On the contrary, at this specific position, the intensity of the wave field is
enhanced by a factor ranging from 2 to 3 over time, a phenomenon that is known as enhanced
backscattering in acoustics (Weaver and Lobkis, [2000).

Mathematically, if we jointly consider the probability distribution of the eigenspectrum
introduced in Sec. the Gaussian model introduced in Sec. and the universal
correlation function introduced in Sec. then, by applying Lemma [T} it can be proved
that (Weaver and Lobkis, [2000)

E [Qpn@:r? k>2(pn(ms7 k>2] =

e (1 + (2 bk ) C @ @, K (K, k), k:)2> :

(30)

12



where x® and x” denote the source and receiver positions, respectively, and the form factor

b was defined in Eq. and represented in Fig . In Eq. ,

C

is called the Heisenberg time. Note that when t — 400 and t5(k, k) is fixed, then b <m> —

0. However, ty(k, k) is proportional to the modal density, and thus grows quadratically with
the wave number. So, because we consider both large times ¢ and large wave numbers & in
this paper, two different asymptotics are actually possible:

o if t > V7 1y (wé,k)) =0

o ift < M2 p (s) o1

ty(k,k

Consequently, because we aim at the largest generality possible, the term b ( tH(; k)> in
Eq. must be kept as it is, without making any further simplification.

3.2.4. Multiple-path (pseudo-)correlation functions

Real Robin Laplacian. In Sec. [3.2.2] we mentioned that the universal correlation function
was proved inaccurate when the positions @, and x5 get close to the boundary surface. To
address this issue, a general, system-dependent, non-stationary correlation function that is
accurate even near the boundary surface was introduced in Hortikar and Srednicki| (1998,
Eq. (17)). This multiple-path correlation function is defined as a sum over all possible classical
trajectories from @, to @5 in the billiard, including the direct path:

C(xy, T2, Ky k) = Z € sinc(2rk Ly (1, x2)), (32)
p
where: R
e ¢ = 1 for Neuman’s boundary condition (5 = 0), and € = —1 for Dirichlet’s boundary

~

condition (Im(8) — —o0);
e 7, is the number of reflections along the p-th trajectory;
e L, is the length of the p-th trajectory; for the direct path (p = 0), Lo(x1,2) = ||@1 —
(|2, which corresponds to the universal correlation function introduced in Sec. [3.2.2]
In Eq. , the longer the trajectory, the lower the corresponding term, since its magnitude
is proportional to L%, In practice, the sum is finite because the discrete spectrum is smoothed

over a bandwidth € > 1/L,,, as explained at the end of Sec. and at the beginning of
Sec. Finally, note that Eq. also holds when the direct path between x; and x5 is
blocked by an obstacle. In such a case, the contribution of the universal correlation function

in Eq. is zero.

13



Complex Robin Laplacian. The general case of the complex Robin Laplacian was addressed
in Badeau (2026d}, Sec. , and illustrated in [Badeau| (2026d, Fig. . Suppose that from
position x5 € V to position x; € V, the p-th trajectory in the classical billiard undergoes
rp reflections on the boundary 0V. For ¢ € {0...r, — 1}, the ¢-th reflection occurs at a
reflection point s,, € 9V, and is represented by a reflection matrix R,, € R* w.r.t. the 2D
subspace parallel to the plane tangent to OV at s, , € OV. Every reflection along trajectory
p is mathematically described by a similarity transformation 1), 4, which assigns to any point
x € R? the point ¢, ,(x) = s, ,+ R, ,(x—s,,). The composition of all successive reflections
along the trajectory is also a similarity transformation (Badeau, 2026d, Eq. ):

d)p £ wp,rp—l ©...0 wp,()(m) = pr + Yy (33)
where @, is an orthogonal matrix defined as
Qp = Rp,rp—l e Rp70 (34)

if r, >0, 0or Q, =TI if r, =0, and y, was defined in Badeau (2026d, Eq. (27)):

vy= (1= Ryp ) sy,
+ qu:o Rm'p—l s Rp,q+1 (I - Rp,q) Sp.q (35)
= Eqp:D Rp,rp—l o Ry (I - Rp,q) Sp.a>

with the convention R,, _1...R,,1 = I for ¢ = r, — 1. Finally, the total length of
trajectory p is (Badeau| 2026d, Eq. (29)):

Ly(x1, 22) = ||21 — p(22) |, (36)

where 1,(x2) is the image of x5 through the composition of all reflections v,. In Badeau
(2026d, Eq. (34)), the multiple-path pseudo-correlation function C(xy,xs, K(K, k), k) that
was introduced in Eq. was then expressed as:

rp—1

"Ry, —1...Ry, ) —kB(8p.q.k
Cl@y, o, 5, k) = Zﬁfueé’(o,l) ( Ho KU Rprp-1oBpaqr1m(sp.a)=kB(3pq )>
p q=

""“'TRP»Tpfl---Rp,qul"(sp,q)""kﬁ(sp,qvk)

2Ry (21— Qpxo—Yp) | 127ku  (B9—Qpx1—Yp)
e P p ;e P p lS( )

In the Neumann case (¢ = 1) and in the Dirichlet case (¢ = —1), Eq. reduces to
Eq. .

In addition, in Badeau (2026d, Eq. ), the multiple-path correlation function v that
was introduced in Eq. was expressed as:

W(wlv Z2, K7 kl) k2) = ’GY(ml7$27Kak17k2)‘£’EY($27‘1317K7k27k1) 3 (38>
with (Badeau| 2026d, Eq. (37)):
V@1, @2, Kok k) = 30 4 [ueson g2mu’ (KK k)@ —K(K k2)Qpe2 =Ky, )
’ 7 (39)

e (9(u,K,k1)—W> dS(u),

where the phase distortion §(u, K, k) was defined in Eq. (29).
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3.3. Consistency betweeen the eigenspectrum model and the random wave model

To summarize the discussion in Sec. [3.2] we will consider in this paper a Gaussian model
of the eigenfunctions, involving either the universal (pseudo-)correlation functions introduced
in Sec. , or the more accurate multiple-path (pseudo-)correlation functions presented
in Sec. [3.2.4] In Sec. [ the GOE probabilistic model of the eigenspectrum introduced in
Sec. will be combined with one of the two kinds of correlation functions, in order to
determine the first and second order statistics of the RIR.

However, there is one pitfall we must avoid. If we consider the universal (pseudo-
)correlation functions introduced in Sec. , then the GOE model of the eigenspectrum
must involve the asymptotic expansion of the modal density described in Eq. . Indeed,
if we compare the Neumann and Dirichlet boundary conditions for instance, then it is well
known that the power of the eigenfunctions is zero at the boundary in the Dirichlet case,
whereas it is twice the average power in the interior of the room in the Neumann case. In
other respects, because the eigenfunctions are modeled as stationary, independent, and carry
on average the same quantity of power as shown in Eq. , the power spectral density (PSD)
of the wave field is proportional to the smoothed modal density, as explained e.g. in |Badeau
(2024, Sec. I) and expressed in Eq. . As this PSD corresponds to an average power over
space (which combines with the spectral averaging described at the beginning of Sec.
that includes the vicinity of the boundary, then it must be slightly greater in the Neumann
case than in the Dirichlet case. And indeed, the first order surface term of the modal density
in Eq. , which reflects the boundary condition and accounts for the first order reflections,
is positive in the Neumann case, whereas it is negative in the Dirichlet case.

However, the situation is different if we consider the multiple-path (pseudo-)correlation
functions presented in Sec.[3.2.4} in this case, all the reflections are directly taken into account
in the eigenfunction model. In particular, Eq. innately accounts for the doubling of the
eigenfunctions’ power at the boundary in the Neumann case, and for their zeroing in the
Dirichlet case. Therefore, the reflections must not be taken into account in the expression of
the modal density, otherwise their contribution to the power of the RIR would be counted
twice. For this reason, the first order surface term must be removed from the modal density
when the multiple-path correlation function is considered or, in other words, the original
Weyl formula [Eq. ] should be used instead of Eq. . This change calls for a comment:
of course, the accurate modal density is always given by Eq. , independently of the RWM
chosen. However, the multiple-path correlation function corresponds to a slightly different
definition of spectral averaging: in Egs. and for instance, function p(k, k) in the
denominator is defined by Eq. instead of Eq. .

3.4. Cross-Wigner time-frequency distribution

When there is energy absorption at the domain’s boundary, the RIR h(x", x*,t) defined
in Sec. is modeled as a non-stationary random process, due to the exponential damping
of the eigenmodes over time. In signal processing, the standard tool for characterizing the
second-order statistics of a non-stationary random process is the Wigner distribution (Cohenl,
1989), also known as the Wigner-Ville distribution, which describes how the power of this
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random process is distributed in the time-frequency plane. Let
Up(x], xf, xh, 5, t1,t0) = cov[h(x], 5, t1), h(xh, x5, t5)] (40)

denote the auto-covariance function (ACF) of the non-stationary random process h(x", *, 1),
where ", x® € V and t € R. Its cross-Wigner distribution W), is then defined as follows:
Vi, xf, b, x5 €V, Vf teR,

Wi (@], @i, @5, 5, f,1) = [ Dn(a], 5, @5, 05,0 + 5.t — ) e 2mITdr. (41)

The cross-Wigner distribution W), in Eq. can be interpreted as the covariance of the
random process h between two receiver positions x] and xj, and two source positions ]
and x§, at frequency f and time ¢. In Sec. Wi (], x5, x5, 5, f,t) will be calculated in
closed form.

4. First and second-order wave field statistics

In this section, the first and second-order wave field statistics are investigated, based
on the probabilistic model of the eigenspectrum presented in Sec. 3.1} and on the RWM
of the eigenfunctions introduced in Badeau| (2026d, Sec. [V)). The same method as in our
previous papers on the statistical wave field theory is used here: from the statistics of the
B-function (Sec. [4.1]), the statistics of the Green’s function of the Helmholtz equation are
derived (Sec. , from which the statistics of the room impulse response are finally deduced

(Sec. |4.3).

4.1. B-function

Let us first recall the expression of the B-function, which was introduced in Sec. [2.3] in
a bounded domain V' (Badeau, 2024, Eq. (38)):

By = on(y', k) onla’ k). (42)

neN

In this expression, remember that the image source position y” is not restricted to the room’s
space: it can be anywhere in R3.

Before we begin, let us make an important remark: it is well known that the restriction
of the series in Eq. to the domain V' converges to the Dirac delta function d(y" — x®)
when the Laplace operator —A is self-adjoint, i.e., when there is no energy absorption.
However, the convergence of series involving the eigenfunctions of a linear operator, such as
that in Eq. , is generally not guaranteed when this operator is not self-adjoint (Badeaul,
2025a). And indeed, when B\ is not purely imaginary, the complex Laplace operator is not
self-adjoint, as already mentioned in Sec. However, we will prove in [Appendix A.l|that
when the eigenfunctions ¢, follow the RWM described in Badeau (2026d, Sec. [[V]), then for
any source position x* € V', the series in Eq. converges almost surely to a distribution
w.r.t. Yy~ € R3, so this expression does make sense mathematically. In this section, in order to
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keep the mathematical developments as simple as possible, we will continue writing equations
such as Eq. without taking care of the convergence of the series, but the reader should be
aware that a more rigorous mathematical treatment would require applying the B-function
against smooth functions with compact support in all equations, as done in [Appendix A.1]

4.1.1. Mathematical expectation of the B-function

Let us first calculate the mathematical expectation of the B-function when the wave
numbers are fixed, i.e., when the measure g introduced in Eq. is deterministic, and
only the eigenfunctions ¢,, are random. Applying the mathematical expectation w.r.t ¢, to

Eq. yields
E[B(y" z*, k)]

AD> Cly" %, K(K,,, k), k)
neN

A Jer, CY7 2", K(K, ), k)du(K, 0),

where we have successively substituted Eqs. and . Then, by applying the mathe-
matical expectation w.r.t the random measure pu, we get

E[B(y", z*, k)] = )\fKG]R+ Cly",z*, K(K, k), k)p(K,0)dK, (43)

where we have used Eq. . Then, by substituting Eq. and by applying the change of
variable k = K(K, k), we get

]E[B(yrvms’kj)] = AfKE]RJr C(yT’mS’IC(K, k‘),/{i)

xp(KC(K, k), k) 288 ¢

A ff{ElC(R+,k) Cly",z* Kk, k)p(k, k)dk
A cr, Cy" 2 5, k)p(k, k)dk,

H€R+

(44)

where the last equality is obtained by applying Cauchy’s integral theorem. Now, let us focus
on two particular cases: the Neumann (e = 1) and Dirichlet (¢ = —1) boundary conditions.
Then, if we consider the multiple-path pseudo-correlation function in Eq. along with

the modal density in Eq. , as explained in Sec. , Eq. yields:

E[B(y",x®, k)] = 4n > €™ fmeﬁh sinc (27k [ly" — p(x®)||,) K2dk,
p

where 1), is the similarity transformation defined in Eq. , and v, (x®) is the image of the
source that corresponds to the p-th trajectory in the classical billiard. Finally, the integral
over k can be calculated in closed form:

E[B(y", ", k)] = > €76 (y" — p(x?)). (45)

We thus obtain a remarkable result: the mean of the B-function matches exactly the spatial
distribution of the first image sources as predicted by geometrical acoustics (remember that
the sum in Eq. is finite due to spectral smoothing, as explained in Sec. . In other
words, the prediction of early echos is retrieved in the first order statistics of the B-function.
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Of course, this result also holds in the general case of the complex Robin boundary
condition with an arbitrary number of reflections, even though in this case we do not get a
closed-form expression as simple as that in Eq. . Nevertheless, this can be easily shown
if we consider the multiple-path pseudo-correlation function in Eq. , restricted to the
direct path (p =0, 1, = 0, Q, = I), assuming that this path is not blocked by an obstacle

and to the first order reflections (p > 0, r, = 1, Q, = R,(). Then, substituting Eqgs.
and into Eq. yields:

E[B(yr7 x’, k)] = fne]lh_ quS(O 1)

orku | (y"—x® wu ! n(sp B(Sp 0,k)
e ) 4+ el
( Zg] kuT +kﬁ(sp 0,k)

x e2mru’ (y =Ry oz _yp))dS(u) k2dK
_ —27k T x® "(3 0)— k@(sp 0,k)
— anRS <6 + I%:O RTTL(S )+k,8(sp 0, )

Xe—ZQWRT(Rp,0m3+yp)>612ﬂ'l€ y" dlﬂ',,

where the first equality is obtained by noticing that for r, = 1, Eq. vields —R, 0y, = y,,
and the second equality is obtained by applying the change of variable k = ku, which is
such that dk = k?drdS(u). From this equation, we immediately deduce that the 3D Fourier
transform of the B-function w.r.t. y" is such that

n s _ —2rk 2 RT“(Sp,O)_kB(Sp,ka) —22rk T (Rp 0x®+y,)
E[B(k,x% k)] =€ +[§0 (e o) TR o k) € 2

We thus retrieve exactly the same terms as in Badeau| (2024, Eq. (30)), which shows that
the mean of the B-function matches exactly the spatial distribution of the original source,
and of the first order image sources w.r.t. the complex impedance planes tangent to the
boundary surface at the reflection points s, .

Alternatively, if we focus again on the Neumann (¢ = 1) and Dirichlet (¢ = —1) boundary
conditions, and if we now consider the universal pseudo-correlation function in Eq. along
with the modal density in Eq. , as explained in Sec. , then Eq. yields:

E[B(y", z° k)] = 4n fﬁ€R+ sinc (27k|ly" — x°|2) (,«;2 + 6%&) dk.
Again, the integral over k can be calculated in closed form:

E[B(y", 2", k)] = §(y" — @) + e @n. (46)
In the right member of Eq. , the first term is a Dirac at the original source position, as
in Eq. for p = 0 (assuming that the direct path is not blocked by an obstacle). The
second term is a universal surface term, which is an average of the spatial distribution of
all possible first order image sources, when the room’s geometry is unknown. This term is
slowly varying and non-oscillating, thus negligible at high frequency.
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4.1.2. Second order moments

Now, let us calculate the second order moments of the B-function when the wave numbers
are fixed, i.e., when the measure p is deterministic, and only the eigenfunctions ¢, are
random. By substituting Eq. , applying Lemma , and finally substituting Eqgs.
and , we get

]E[B<y7i7 wia kl) B(ygv ‘f‘c;v kQ)]
= 5 (Vv Ko b k) A, 3, K Ky, )

neN
_’_7<y71~’ ZIZ‘;, Km kl? k2) V(miu yg: Km kh k2))
+)‘2 Z C(Z/{a wi? K(KTLN kl)v kl)

n1EN

X Z C(ygﬂ w§7 ’C(Kn27 k2)7 kZ)

n2€N
= X fK€R+ (’Y(?H? yh, K, by, ko) v (5, 5, K, ki, ko)
(w5, K Ky ko) (25, b, K K k2)>d#(K, 0)
+2? [ er, CWT, @5, K(Ky, k), k) dp(K, 0)
X [xer, C(yh @3, K(Ka, k2), ka)dpu(K>,0),

where we have substituted Eq. in the last equality. Then, by applying the mathematical
expectation w.r.t. the random measure p, we get

]E[B(ya“’ wi kl) B(Z/S? iB§7 k:Z)]

R (7(:&/{, yh, K ky, ko )y(x5, x5, K Ky, ko)
Yt @, K R o)y (@3, 5, K K k) ) (K 0)dIS )
A2 [ koer, CUT 25, K(K, k), k)

Xc(ygaa‘:gv’c(KZakQ)akQ)p(KlvO)p(KQ’O)
X Ro ((Kl — Kg)p (%7 0)) dKldKQ,

where we have used Eqgs. and . With the same change of variable K} = K +

2 (K 0)
and Ky, = K — m as in Sec. , we get asymptotically

E[B(y1, ], k1) B(y, x5, k2)]

= X[y, (7(y71“’y§,K, key, ko) y (@S, a5, K ke, ko)
+y(yh, x5, K, ky, ko) y(x5, yh, K, Ky, ko)
- foen CWL @ KK + 505 Ka). B)
X C(y5, @8, KK — 555, F2), k) (1 = Y (s)) ds
p(K,0)dK,

where the level cluster function Y'(s) was defined in Eq. (20)).

19



4.2. Green’s function of the Helmholtz equation
Thanks to Eq. (8)), the first and second order statistics of the Green’s function G(x", @*, k)
can be directly derived from those of the B-function, which were calculated in Sec. [4.1]

4.2.1. Mathematical expectation
The mathematical expectation of G(x", °, k) can be deduced from that of the B-function,
by solving the partial differential equation (PDE)

—(Ayr + AT EHE[G(y", %, k)] = E[B(y", =*, k)], (49)

which follows from Eq. . Indeed, given that both expressions of the pseudo-correlation
function C'(xy, 9, K, k) in Egs. and satisfy Ay, C(xy, To, ki, k) = —4n2k2C (21, T2, K, k),
the following formula

E[G(z", z* k)] = =2 Q"2 mk) (i, k)drs (50)

4n? JreRy K2 —k2

does provide a solution to Eq. (49), where E[B(y", @, k)] was expressed in Eq. (44).

Now, let us focus on two particular cases: the Neumann (¢ = 1) and Dirichlet (e = —1)
boundary conditions. Then, if we consider the multiple-path pseudo-correlation function in
Eq. along with the modal density in Eq. , as explained in Sec. , the integral in
Eq. (50) can be calculated in closed-form by using the residue theoremﬂ (Ahlfors, [1979)):

E[G(mr’ x®, /{:)] _ Z " COS(27rk||wT_(prs+yp)”2)

A o (R I P

= Z ETPGO (wr - wp<ms)7 k) )

where function Gy(z, k) is the free field Green’s function defined in Eq. , and 1, is the
similarity transformation defined in Eq. .

Alternatively, if we consider the universal pseudo-correlation function in Eq. along
with the modal density in Eq. , as explained in Sec. the expectation of the B-function
was expressed in Eq. . From this equation, solving the PDE in Eq. leads to

AS(AV)Si(2rk|| 2" —a* |2)
cos(2mk||e"—x2||2) [ 1+ -
E[G(mr,ws7 k)] = gﬂ—mr_msnz' ok ] ) (51)
_Sin(?wk”ﬂ}rfmng)eAS(av)Cl(i:‘]]:HIm -z ”2)
4r||e —x]|2 )
where Ci(z) is the cosine integral function: Ci(z) = — f;oo %du, and Si(z) is the sine

integral function: Si(z) = [ Wdu. The mathematical derivations that lead to Eq.
from Eqgs. and are lengthy and are thus omitted here, but conversely, it is easy to
verify that the function E[G (2", z*, k)| defined in Eq. is indeed a solution to Eq. (49)),
with E[B(y", 2%, k)] expressed as in Eq. (46)).

'We can choose two integration contours that contain an interval of R centered at x = 0, given that the
integrand in the right member of Eq. is an even function of k, one contour in the upper half complex
plane, and the other in the lower half complex plane. Moreover, the denominator contains two real poles at
k =k and k = —k, which belong to these two contours, so the corresponding residues are divided by two.
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4.2.2. Second order moments
In the same way, the second order moments of G(x", *, k) can be deduced from those
of the B-function, by solving the following PDE:

(Ayﬁ + 47T2k%)(Ay§ + 4W2k%)E[G<yL wi? kl) G(y;, 5175, k2>]

roos LN BT s T (52)
= E[B(ylvmhkl)B(yg’m§7k2)]a

which follows from Eq. . Indeed, given that both expressions of the pseudo-correlation
function C(x1, xo, k, k) in Eqgs. and satisfy

Ay, C (1, Ty, K, k) = —47°K*C(21, T2, K, k),

and both expressions of the correlation function v(xy, x2, K, k1, k2) in Egs. and
satisfy
A, y(T1, 2, K 1, ko) = —472K(K7 kl)Q’V(wl,wz; K, ki, k)

and
Amﬂ(l’l, o, Kk, k2) = —47TQIC(K7 kz)z’Y(wl, To, KK, Ky, k2)7

the following formula

E[G(wq7 wi kl) G("Bga 3357 k2>]
f (2] ,xh, K k1 ,k2) v (x5 @5, K k1 ,k2)
Toet KEeRe \ (K(K k)2 —k2) (K (K k2)2—k3)
(27,25, K k1,k2) v (x5 25, K,k1,k2)
(K (K )2 —k3 ) (K(K k2)2— k2) (53)
+ fge]R C(ZI}{, wia IC(K + Qp(K 0)’ k1)7 kl)
Xc(mg7m§7K(K 2pK0 k?) kQ) P(K, 0)

1-Y(s) ds) dK
(KU + gatiegy k)2 = ) (KK — gy )2 k3 )

does provide a solution to Eq. (52), where E[B(y}, x5, k1) B(y5, @3, k)] was expressed in

Eq. .

4.8. Room impulse response

Based on Eq. @, the first and second order statistics of a solution g(x”,x® t) to the
inhomogeneous wave equation [Eq. (3] can be deduced from those of the Green’s function

G(a", z*, k), which were calculated in Sec. 1.2 The statistics of the causal RIR h(x", z*,t)
can then be directly deduced from those of g(x", x*,t).

4.3.1. Mathematical expectation
By applying the mathematical expectation to Eq. @, we first get

Elg(z", z°,1)] = [, E[G z®, L)]er It df. (54)

21



Then, by substituting Eq. into Eq. , we get

r s c C(wrva’sv’@%) et2m
Elg(@,2*,0)] = =% Juen, [ren — s ok, Der/tdfds. (55)
By applying the residue theoremﬂ (Ahlfors, [1979), we then get
Elg(z", z*,t)] = 2¢ sign(¢) Im Joer, C(@", @°, K, 1) 2 plrok) gament gy (56)
Now, let us focus on two particular cases: the Neumann (e = 1) and Dirichlet (e = —1)

boundary conditions. Then, if we consider the multiple-path pseudo-correlation function in
Eq. along with the modal density in Eq. , as explained in Sec. , the integral in
Eq. can be calculated in closed-form:

Elg(a’, ", 1)] = g sign(t) T e (8t — D) — (1 4 2l2))
p

where L, denotes the length of the p-th trajectory, defined in Eq. . Note that E[g(x", 2*, )]
is an even function of time. However, by definition, the RIR h(x", x*,t) is a causal function.
Therefore, E[h(x", * t)] is obtained by adding to E[g(x", x*,t)] the appropriate odd solu-
tion of the homogeneous wave equation [Eq. ], which is such that the resulting function
is causal:
Elb(@,@,t)] = Elg(a’, 2", 0] + st S 7 (00 — 222 - (¢ 4 Lelei2l))
P

Lp(w , ))
= ZE ﬁ-
wLp(x",x5)

(57)
As expected, the mean of the RIR contains exactly the early reverberation predicted by geo-
metrical acoustics, which is formed of the direct path for p = 0 (spherical wave propagating
from to the punctual source x® to the receiver ", as in Eq. ), if this path is not blocked
by an obstacle, and the first echos (spherical waves propagating from to the image sources to
the receiver). Since in practice the sum over p is finite as explained in Sec. the mean
of the RIR is zero after a finite time.
Alternatively, if we consider the universal pseudo-correlation function in Eq. along
with the modal density in Eq. , as explained in Sec. then the mathematical expec-
tation of the RIR is calculated in [Appendix B.1}

P S
C

=T
t_ (&

e
]E[h(:l:r,ms,t)] — a(t c 2) + excS(0V) H(t) ln

Ar||x” —x3||2 167||x" —x3||2

, (58)

where H (t) denotes the Heaviside function, which is such that H(t) = 1Vt > 0and H(t) =0
vt < 0.

2Note that two different integration contours must be considered, which both contain an interval of R
centered at f = 0, one contour in the upper half complex plane, and the other in the lower half complex
plane, depending on the sign of £. Moreover, the denominator in the right member of Eq. contains two
real poles at f = ¢k and f = —ck, which belong to the integration contour, so the corresponding residues
are divided by two.
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Eh(z", =", 1)

Figure 2: Representation of the mean of the RIR E[h(x", *,t)], obtained in the Neumann case with the
universal pseudo-correlation function. The red arrow represents the direct path, and the blue curve represents
an average of the first order reflections.

The mean of the RIR E[h(x", x*, t)] expressed in Eq. is illustrated in Fig. 2] in the
Neumann case (¢ = 1). In the right member of Eq. (58):

e the first term, represented by the red arrow in Fig. [2] is the free field impulse response
introduced in Eq. , which corresponds to the direct path, as in Eq. for p = 0 if
this path is not blocked by an obstacle; it is zero after a finite time;

e the second term, represented by the blue curve in Fig. 2] is a universal surface term,
independent of the room’s geometry, which is an average of the first order reflections.
Clearly, the universal pseudo-correlation function, along with the modal density in
Eq. , is not able to account for the fact that the first reflections necessarily arrive
after the direct path. In other respects, this second term is asymptotically equivalent

to % when ¢t — +o00. Therefore, its time-frequency distribution is negligible,
asymptotically over time, at non-zero frequenciesﬁ
We conclude that the time-frequency distribution of E[h(x", 2*, t)] is asymptotically negligi-

(t—t)?
3Indeed, for a given 7 > 0, let us define the time-frequency atom 1y, 4, (t) = Le ™ = 270! \whose

1
Fourier transform is R ) 2 o
wfo,to (f) =T (1 - ZTQf%OfO) e~ (f=fo)"—2m(f—fo)to

Let us then consider the asymptotics tg > 7, and note that 1y, +,(t) is not negligible only when [t —to| < T,

2
xl=te)

and {Z)\fmto(f) is not negligible only when |f — fo| < % We then get asymptotically |y, ¢ (£)] ~ e ™ =
and |12f0,t0 (f)| ~ e~ (/=J0)* ‘5o this atom is asymptotically equivalent to a Gabor atom centered at (fo, to)
and scaled by 7. However, the dot product of function ¢ — + with 1, 4, (¢) is such that ‘f T W01, (D) dE| =
—nr2f2
to
distribution of function ¢ — % is asymptotically equivalent to

TE

. Since this equality holds for arbitrarily large values of 7, we conclude that the time-frequency

3(fo)

5 when tg — +o0.
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ble when f,t — +o00, independently of the chosen pseudo-correlation function.

4.8.2. Second order moments

For all K € R, let x(K) be the unique complex solution to the equation K(K, k(K)) =
x(K') with both nonnegative real and imaginary parts, whose first order asymptotic expan-
sion was calculated in Badeau (2024, Eq. (117)):

W) = K+ 2 fear (0 (F525)
_B(s, K)*In (f“s K>+1> +20(s, ))dS(s).

Bs,K)—1

(59)

Then, the following first order expansion of the second order moments of the RIR is
established in [Appendix B.2}

EQ[h(le’, 3, ty) hxh, 5, ts)]
= = H(t1)H(t2) Re fkeﬂh

(v(@. @5, (k) (@S, @5, (k)

(@], @, (k) A (a5, @, i (k) (60)
~Cl(af, @, k(k)) C(a5, 25, 7(1) b (5233 ) )
e—47rcIm(f<(k))m+127rck(t1 —tg)
where the form factor b(.) was defined in Eq. (21)), and with the following notation:
f(k) = k +dmk ((Rer) ' (k)) (61)
b (k) = i ((Rew) (k). 0) (62)
where ty(K,0) = @ is the Heisenberg time that was defined in Eq. (31]), and
BN _ Tp((Rer)"1(k))
Le(k) = Reny(@en) 10y (63)
where R
Ip(K) = Np(K,0) (64)

is the power spectral density that was originally introduced in Badeau, (2024, Eq. (71)).

Note that, if we assume that dﬁ(Sk = O( ), then substituting Eq. into Eq.
yields the following first order asymptotlc expansion:

k(k) =k +dmk (k). (65)
In Eq. , in order to simplify the notations, we have introduced

C($1,$2,/€) é C($1,$2,/€,/€), (66)
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and
Y(xy, T2, K(K)) £ y(x1, 2, K, 5(K), k(K)). (67)

Note that, in[Badeau/ (2026d, Remarks[l]and [2), we showed that function y(x1, s, K, k., k), as
expressed in either Eq. or Eq. , depends on K only through (K, k). Consequently,
for k = k(K), since K(K,k(K)) = k(K), the right member of Eq. actually depends
only on x(K). This explains why in Eq. (67), the parameter K has been omitted from the
list of arguments of the v function defined in the left member.

Finally, the possible choices of the (pseudo)-correlation functions yield different expres-
sions of functions C', v, t,, and fn, as shown below.

Universal (pseudo-)correlation functions. First, if we consider the universal (pseudo-)correlation
functions described in Sec. along with the modal density in Eq. (13), as explained in

Sec. [3.3] then Eqs. and yield
C(xy1, o, k) = sinc 27kl — x2]|2) ,
and Egs. and yield

V@1, @2, 5(K)) = 1= [uesion g2 (w(E) @1 —n(K) @2) -2 Im(0(w. KR (K)) 1.6 (o).

If we assume that % (S LI O(%), then substituting Egs. and into Eq. yields

= i ()

—B(s,k)ﬂn(gg g >+2B(s k))dS(s)).

If in addition, we assume that % = (%) then substituting Eq. | into Eq. .
yields

. B AES(OV L+5(s.k)
Lo(k) = 4n\(k> + —) + 42Im Jseov (ln (1_528,13)

_B(s,k)’In (%) +28(s, k:))dS(s)).

Multiple-path (pseudo-)correlation functions. If we consider the multiple-path (pseudo-)correlation
functions described in Sec. along with the modal density in Eq. (12)), as explained in

Sec. , then Egs. and yield

rp—1 + ~
_ 1 u prrpfl---Rp,q+1n(3p,q)—/3(5p,q75)
C(xy, T2, ) = ) ir fueS(O,l) ( I1 3
p q

-0 '“'TRpmp—l~~~Rp,q+1n(3p,q)+5(3p,qvﬁ)

T T
ezQ‘/rnu (wlprw27yp)+e7.27rmu (22— Qp=1—yp)

2
and Eqs. , and yield

(@1, @, k(K)) = Lzrze st s 21:n(K)

dS(’U,)7
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with
S 2] (K —k(K) _
@, @ m(K)) = Y fesion @™ (0Om T 00@m i)
p

" ez(@(u,K,N(K))_W> dS(u).

If we assume that % = O( %), then substituting Egs. and into Eq. yields

(k)= (R 3 gy (1 (12505)
—B(s.k)?In (%) +28(s,k) ) dS(s)).

If in addition, we assume that % = 0(%), then substituting Eq. into Eq.
yields

~

1 s,k
Du(k) = dma(k2 + 20m [,y (1n (2522
~Bls, k) (GEt) + 28(s, k) ) dS(s)).

4.3.3. Wigner distribution

The definition of the cross-Wigner distribution of the RIR in Eq. involves the ACF
I';, defined in Eq. . However, we have shown in Sec. , in the case of Neumann
and Dirichlet boundary conditions, that the time-frequency distribution of E[h(x", ®, t)] is
asymptotically negligible when f,¢ — +o00. In fact, this remark also holds in the general case
of the complex Robin boundary condition, because E[h(x", x*, t)] still contains only the direct
path and the first echoes. Therefore the ACF T'y,(x], x5, xh, 5, t1,t2) can be asymptotically
identified to the second order moments E[h(x], @5, t1) h(x}, x5, t2)] calculated in Eq. (60).

In other respects, because the RIR is a causal function of time, calculating the exact
Wigner distribution of the RIR from Eq. would produce spurious interference terms that
are a well-known, undesirable property of the Wigner distribution (Cohen, 1989). Instead,
in order to cancel out these interference terms, we consider the natural continuation of the
RIR to negative times, which is actually an odd function of time. This change just amounts
to removing the terms H(¢;) and H(t,) from Eq. (60).

Finally, Eq. modified in this way, with the change of variable k = %, shows that the
cross-Wigner distribution of the RIR defined in Eq. is expressed as

ST (L wT,mT,ki xf xSk £ + w’“,:cs,/%i xf xh K £
Wh(m§7wing7wg7f7t): Z(C) (x5 (C))'Y( 1L (C)) v(x],x5 (C))’Y( 1,Lo (c))

47r2f2+a(i)2
Clayai k(L) Clagasi(D)b ()
47r2f2+a( )2

(68)

—2a(L)t
e 2a( L)t 7

where functions t,, fm k, C'" and v were defined in Egs. , , , and ,

respectively, and a(k) £ 2rclm(&(k)) is the temporal attenuation. These various functions
can further be expressed according to the selected (pseudo-)correlation functions, as shown in
Secs. 4.3.2land [4.3.2, It can be noted that Eq. satisfies the acoustic reciprocity principle:
it remains unchanged when the positions of the source and the receiver are swapped, i.e.,
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whether xf{ is swapped with ], or 3 is swapped with «}. In addition, Eq. can be
simplified by noting that when f — 400,

CSFN(%) Ac
i rra(p) AT

Finally, the expression of the power distribution is obtained by taking ] = a} = =" and
x; = x5 = z° in Eq. (63):

Wiz, z*, f,t) = Wy(z", z°, 2", 2%, f,1)
ST (L) (@@ 7)) v(@ @ k(L)) +|y(@ 2 i5(L))|
1 an? f2ra(L)? (69)

_!cmnwwb)l?b(mw)) ~2a()
47r2f2+6¥(£)2 ‘

2

In the Neumann case, Eq. is simplified as follows:

C3fB(£) C($17w27 )C(w17$27 )"f'c(a:p‘l:zv )C(wpa:Qaf)
4 7r2f2
Clxy i, )0(327w27f)b(m)
4Tl'2f2 Y

Wh(mq{>wivwg7$§7fa t) = (70)

where ty is the Heisenberg time defined in Eq. , and fB is the power spectral density
defined in Eq. . In the same way, Eq. becomes

2
W ATl (C@rzm, L) Clxs e, L (C(xr’ms’£)) 1_b( (ft/c, ))
h(wr7ws7f7t> = 2(0)( ( 467-‘-)2f§ C) + 47(.‘.2](‘2 o ’ )> (71>

Eq. shows that, at fixed source position x*, the power of the wave field is enhanced in the
vicinity of *: we retrieve the enhanced backscattering phenomenon discussed in Sec. [3.2.3]

Finally, let us consider the universal pseudo-correlation function in Eq. along with
the modal density in Eq. , as explained in Sec. . Then, Eq. is simplified as follows:

570 (@, D) (10 ()
Wi (x", x%, f,t) = i(c) 47r2(f2 e ) (72)

In addition, when x;] = x5 = x*, far from the source x*, Eq. further simplifies as:

c3 Ly sinc(2n L ||t —a]
Wi, @, @, @, f,1) = “T4 ey lefeile) (73)
We thus retrieve the original formula that was expressed in Badeau (2024, Eq. (89)).
Note that this expression is a function of ||x} — a%||2, and it is independent of the source
position x®. We retrieve the fact that the wave field behaves like a centered and isotropic
stationary random process, provided that ¢ — +oo0 and f — +o0.
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5. Discussion and conclusion

In this paper, the mathematical foundations of the statistical wave field theory have
been reworked at the fundamental level of the eigenspectrum and eigenfunctions of the
complex Robin Laplacian. We first identified the relevant works regarding the asymptotic
distribution of the eigenspectrum of the real Robin Laplacian (Sec. , which include the
asymptotic expansion of the modal density (Weyl’s law for the volume term and |Balian
and Bloch| (1970) formula for the first order surface term), the identification of the wave
number distortion (Badeau, 2024)), and the probability distribution of the eigenspectrum
predicted by the random matrix theory (Mehtal [1991). Then we identified the relevant works
regarding the asymptotic distribution of the eigenfunctions of the real Robin Laplacian,
which include the Gaussian RWM and universal correlation function (Berry, |1977), the
enhanced backscattering phenomenon (Weaver and Lobkis, 2000), and the multiple-path
correlation function (Hortikar and Srednicki, [1998)) (Sec. [3.2).

Based on these existing works, we introduced in |Badeau| (2026d, Sec. a general RWM
of the eigenfunctions of the complex Robin Laplacian, which is also summarized in Sec. [3.2]
This contribution was twofold: first, it unifies the existing RWMs dedicated to the real Robin
Laplacian, and second, it generalizes these RWMs to the compler Robin Laplacian, which
makes it possible to account for the absorption of energy at the boundary surface. Next, in
this paper, we paid particular attention to ensuring consistency between the eigenspectrum
model and the RWM of the eigenfunctions (Sec. . Indeed, two combinations are possible.
When the room’s geometry is unknown, the universal correlation function, which ignores the
reflections at the boundary, can be complemented by the asymptotic expansion of the modal
density that includes the first order surface term (Balian and Bloch| [1970), which accounts
for first order reflections. Alternatively, when the exact room’s geometry is known, the
multiple-path correlation function, which innately takes the first reflections at the boundary
into account, can be complemented by the asymptotic expansion of the modal density that
includes only the volume term, without the first order surface term (Weyl’s law).

Then, based on these probabilistic models of the eigenspectrum and eigenfunctions of the
complex Robin Laplacian, we were able to calculate the first and second order statistics of
the wave field (Sec. [d)). We thus achieved an expected and remarkable result: the unification
of geometrical acoustics (Kuttruff, 2014, Chap. 4), which is generally used to predict the
first echoes that appear in early reverberation, and of probabilistic models (Kuttruff, 2014,
Chap. 5), which are generally used to predict the statistical properties of late reverberation.
More precisely, the predictions of early reverberation (direct path and first echos) from geo-
metrical acoustics are retrieved in the first order statistics of the RIR (Sec. [£.3.1)). With the
multiple-path pseudo-correlation function, the first echos are represented accurately given the
exact room’s geometry, whereas they are averaged over time and space, independently of the
room’s geometry, with the universal pseudo-correlation function. Moreover, the predictions
of late reverberation (power distribution over space, frequency and time) are retrieved in the
second order statistics of the RIR (Sec. , as in our previous works on the statistical
wave field theory.

Incidentally, we obtained several other known results. First, the former third assumption
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of the statistical wave field theory, which states that the mean and pseudo-covariances of
the B-function are stationary (Badeau, 2024)), is now a mathematical result proved from
the RWM introduced in Badeau (2026d}, Sec. (Appendix A.2)). Consequently, we also
retrieved the former predictions of the statistical wave field theory (Sec. [£.3.2)). In the case
of Neumann’s boundary condition, we thus retrieved the formula of the power distribution
over time, frequency, and space, which is proportional to the modal density, based on the
universal correlation function and on the asymptotic expansion of the modal density up to
the first order surface term (Balian and Bloch| [1970). In the case of Robin’s boundary con-
dition, the closed-form expressions of the wave number distortion and of the reverberation
time are the same as in our previous works. In addition, the enhanced backscattering phe-
nomenon (Weaver and Lobkis, 2000) is now accounted for, based on existing results from
random matrix theory (Sec. [1.3.2).

In addition to the previously mentioned contributions, various other improvements have
been made compared to the existing works. First, we have proved the almost sure conver-
gence of the series that defines the B-function of the complex Robin Laplacian in the case
of mixing billiards (Appendix A.l). This is a simplification of the general result that we
had previously obtained in Badeau| (2025al), by following a completely different approach.
Other improvements include the accurate prediction of the first echos in the case of energy
absorption (Sec. , compared to the usual approximation by punctual image sources in
geometrical acoustics (Kuttruff] 2014, Chap. 4), and the accurate prediction of the power
distribution over time, frequency and space compared to our previous works, which was
the initial impetus for the research presented in this article, and which now respects the
acoustic reciprocity principle (Sec. . Finally, another contribution is the generalization
of the enhanced backscattering formulas (Weaver and Lobkis, |2000) to the complex Robin
Laplacian, which takes energy absorption into account (Sec. .

The possible future extensions and applications of the work presented in this article are
numerous. For instance, the curvature of the boundary surface was taken into account to im-
prove the predictions of the wave number distortion and of the reverberation time in Badeau
(2025b)), based on the second order curvature term in the asymptotic expansion of the modal
density (Balian and Bloch, [1970). From the new perspective adopted in this article, we know
that this second order asymptotic expansion can be combined with the universal (pseudo-
)correlation functions, to get a space-averaged improved prediction of the power distribution,
independent of the room’s geometrical shape. Alternatively, the curvature of the boundary
could also be taken into account in the multiple-path (pseudo-)correlation functions, which
can be combined with Weyl’s law, in order to get an even more accurate prediction of the
power distribution, when the exact room’s geometry is known.
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Appendix A. Properties of the B-function

In this appendix, we study the convergence of the series that defines the B-function
Appendix A.1)), and prove the former third assumption of the statistical wave field theory
Appendix A.2).

Appendiz A.1. Convergence of the B-function to a distribution

In the case of the real Robin Laplace operator, it is well known that the series that
defines the B-function in Eq. deterministically converges in V' to the identity operator
on the Hilbert space of square integrable functions L?(V)). However, in the general case
of the complex Robin Laplace operator, there is no guarantee of convergence of this series.
Instead, we were able to prove in Badeau (2025a)) the convergence in a weaker sense, which
is related to the notion of Abel basis with brackets mentioned in Sec. 2.4 B(y", z*, k) =
lim, o+ B(y", %, k, &), with

By, @ k,2) & ¥, | e 0 gy Ko (@ 1) (A1)

where {\,, (k) }nen are the eigenvalues of the Robin Laplace operator, 4 > 0 is the order of the
Abel basis, and {N,,}men is an increasing sequence of natural numbers, such that Ny = 0.
In Eq. , the convergence of the series is guaranteed thanks to the exponential weights
e~ ()7 “and then the sum of the series converges as a function of € when ¢ — 0. Due to
the presence of the brackets in Eq. (A.1]), the convergence of the series is conditional (i.e.,
the terms of this series must be sorted in this particular order).

In this section, we will be able to prove that if the eigenfunctions follow the general RWM
introduced in Badeau (2026d, Sec. , then there is no longer any need to refer to the difficult
concept of Abel basis with brackets: the usual series in Eq. converges to a distribution
on R? almost surely, i.e., for almost every mixing billiard. However, remember that the
eigenfunction statistics implicitly involve averages over a small bandwidth as explained at
the beginning of Sec. 3.2l So, we actually retrieve there a notion that is similar to that of
the series "with brackets" in Eq. (A.1]). Therefore the convergence of the series in Eq.
is guaranteed almost surely, but also in the conditional sense.

More precisely, we will prove that Va® € V', the series in Eq. almost surely converges
to a distribution defined on the set D(R?) of smooth functions 1) with compact support in R3.

Indeed, from Eq. , we get:
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E { [, OB, 2, ) dy" 2]

= )2 fKeR+ p(K, 0) (7(&357;[;57[(, k‘, k?)

Jyrers Jyrens V@DV (T y5, KLk, k)lé(y’é)dy’;dyg
| fyregs Y@ &, Kk k) dy” >dK

+A? fle,ngRJr p(K1,0) p(Ky,0)

X Jyrers V(YY) Clyy, 2, K(Ky, k), k)dyy

X Jypers V(yy) Cyh, x5, K(Ky, k), k)dys

xRy (K1 — Ka)p (51452 0)) dK,d K.

However, Eq. shows that Ry = 1—Y, where function Y is bounded, as proved at the
end of Sec. Therefore, function Ry is also bounded, by its supremum || Rs||oo < +00.

We then get the upper bound:
B {|fyexe o080 0 Wy |
< N e, PO 0) (@8 @ K R )
Jypens Jypesa VWi (01 w3 K b Ry (W) dy
|y ems Uy @ K Ry | ) dK
2 Bl ( ficc, 0 (K0)

Jyrers V(7)) Cy", 2°, K(K, k), k)dy"

2

aK)

However, we have

. ros - Jyrers AV (" 2%, Kok k) dy"
fyreRiﬁ Yy Ny zt, Kk k)dy" = - = 42 (K k)2 ’

where function v(y", x°, K, k, k), whether it is expressed as in Eq. or as in Eq. (38),
is bounded independently of K and k, therefore there is a constant M; > 0, which only
depends on the compact support of ¢, such that

sup |Ad)|
|K(K, k)]

/ Yy vy, 2’ Kk k)dy"| < M,
y'reR3

In the same way, we have

r TS r Jyrers A%0(y")C(y" @° K(K k) k)dy"
fyT6R3 v(y") Cly", =, K(K, k), k)dy" = == = (4m2K(K k)?)? )

where function C'(y", x*, K(K, k), k), whether it is expressed as in Eq. or as in Eq. (37,
is bounded independently of K and k, therefore there is a constant My > 0, which only
depends on the compact support of ¢, such that

'S '8 S 'S su AQ’L/J
)fyreng(y )C(y", = K(K, k), k)dy"| < M2—|rc£<)z’r<,k>\4|'
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In addition, there is a constant M3 > 0, which only depends on the compact support of
1, such that

r r T Y T T sup|Ag|?
fy;eRS fySER:’) Yy (YL, yh, Kk, k) (yh)dy i dys < M3|;Cl(ofl<,;gl|4-

Finally, we note that p(K,0), whether it is expressed as in Eq. or as in Eq. , grows
quadratically with K, and that IC(K, k), as expressed in Eq. (15)), grows linearly with K.

2
We deduce that E U fyTeR?) Wy By, @, k)dy" } , as expressed in Eq. (|A.2)), is bounded by

max (sup |A|, sup |A2w|)2, multiplied by a constant that depends on the compact support
of 1. This finally proves that the series in Eq. almost surely converges to a distribution.

Appendiz A.2. Former third assumption of the statistical wave field theory

In this section, we will focus on the universal pseudo-correlation function in Eq.
along with the modal density in Eq. , as explained in Sec. . Our purpose is to show
that, in this case, the probability distribution of the eigenspectrum described in Sec. [3.1.3]
and the RWM of the eigenfunctions introduced in |Badeau (2026d, Sec. , jointly induce
the former third assumption of the statistical wave field theory, as expressed in (Badeaul,
2024, Sec. IV D): at high frequency, the mean and (pseudo-)covariances of the B-function
are stationary and isotropic. This mathematical property thus becomes a mathematical
result, proved from more fundamental assumptions. Note that the following mathematical
developments are actually independent of the selected pseudo-correlation function; the results
will be particularized to the universal pseudo-correlation function only at the end of this
section.

First, regarding the mathematical expectation of the B-function, Eq. shows that,
in the case of Neumann and Dirichlet boundary conditions, away from the original source
position, and at high frequency, E[B(y", *, k)] is negligible. This remark also holds in the
general case of the complex Robin boundary condition, because E[B(y", ®, k)] still contains
only terms involving the original source and the first image sources. Therefore, we conclude
that the B-function behaves asymptotically like a centered random process.

Next, regarding the pseudo-covariance function (PCF) of the B-function, the pseudo-
covariances are defined as

cov[B(yT, x5, k), B(y5, 5, k)]

= E[B(y}, =}, k) B(yb, x5, k)] — E[B(y}, x5, k)| E[B(yb, a3, k)). (A.3)

Let us first calculate the pseudo-second-order-moments of the B-function when the wave
numbers are fixed, i.e., when the measure p in Eq. is deterministic, and only the
eigenfunctions ¢,, are random. By substituting Eq. (42) into Eq. , applying Lemma ,
and finally substituting Eq. , we get

E[B(yi, =i, k) B(yj, 5, k)]
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= % (Clyh yh KK, k), K)C(@S, @5, K (K k), )

neN
O (5 @3, (K, ), )C (3, K (K, k), K)

n1 €N

x 2. Clys, @5, K(Kn,, k), )

no €N

= N e, (CWH Y5 KUK ), )C (5, @, KK ), F)

+C(y1, x5, K(K, k), k)C (3, y5, K(K, k),k))
dp(K,0)

+A? [ en, C(y1, @], K(Ky, k), k)dp(K7,0)
x nge]R+ Cyy, x5, K(Ka, k), k)du(Ks, 0),

where we have substituted Eq. in the last equality. Then, by applying the mathematical

expectation w.r.t. the random measure u, we get

E[B<y17w17 ) (yg .’132, )]
= AQIKGR p K 0 C y17y27IC(K7k)Jk>0(wi7x§7K(K7

Oy @3, KUK, k), K)C @,y KK, k), k) ) dK
+/\2ffK1K2€R+ (K7O> (K270)

C(ylvmlv (Klv )7) (y2,$2,’C(K2,/{5),k)
XRQ( ( 1+K2 O))dKldKQ,

k), k)

(A4)

where we have used Eqgs. and . Finally, substituting Eqgs. and (A.4) into

Eq. (A.3) yields
cov[B(yy, 21, k), B(ys, @5, k)]
= )‘2fK€R+p(K70)
(Ot ys KU ), WO (@3, 5, K(K, k). K)
Oy} @5, KUK, k), K)C (@3, b, KUK, k), k) ) dES

+A? flengeR+P(K17O)P(K2>0)
C(ygawilc([(l?k)uk) O(yg7w§7]C<K27k)7k)
X (Rz ((Kl — Ks)p (%,0)) — 1) dKdK,.

With the same change of variable K1 = K 4+ s——
we get asymptotically

and Ky = K —

2 (KO)

cov[B(y1, a1, k), By, x5, k)]
= N [, P(K.0)(
(Clyt v, KUK k), K)C (a5, @, KK k). K)
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+C(y, w5, K(K, k), k)C (x5, yh, K(K, k),k))
— Joer Cy7, @3, K(K + 555, k), k)
xC(ys, x5, K(K — 5, k), k) x Y(s) ds>dK7

2p(K,0)’

where we have substituted Eq. (20). In Sec.[4.3.2] we showed that the asymptotic statistics of
the RIR when ¢t — +o00 correspond to b =Y = 0, so the previous equation can be simplified
by taking Y = 0:

cov[B(y1, @i, k), B(ys, 3, k)]
= /\2 fKeR.,_ p<K7 O)
(Clyt ys KU k), k) O, @5, KK, k). K)

(Y} @3, KUK, k), K) C (@i, yb, K(K, k), ) ) dE.
Finally, substituting Eq. and applying the change of variable k = (K, k) yields

cov[B(yY, x5, k), B(y}, x5, k)]

= )\ fKe]R+ p(K(K, k), k)K(K, k)
(Clyt ys KUK k), k) C (a5, @5, K (K K). K)
Oy} @5, KUK, B), ) C (@, b, KUK, k), k) ) dES

= N[ (L Wb 5, K) Clat, @8, 1, k)
(Y @5, 5, k) C(@f, yh k) ) (s, k) dr

= 2 [, (CWH 51 k) Clat, 5, 5, B)
+C (g, @5, 5, k) (@3, 6, k) ) o, k) s,

where the last equality is obtained by applying Cauchy’s integral theorem.

Let us now focus on the universal pseudo-correlation function defined in Eq. . When
x] = x5 = x°, we then get the simplification:

cov[B(yY, x*, k), B(y}, x*, k)]
= )\2 fN€R+ (C(y’{7 yg7 /ﬁh k) + C(y;, x57 ,‘i, k') C(,’Bs’ yg, /ﬂ}, k))p(ﬁ;, k)d/ﬁ}
Finally, if y] and y% are not too close to x*, then the terms C(y', z°, k, k) and C(x®, y5, &, k)

are of order O(<), therefore their product, which is of order O(%), can be neglected w.r.t.
C(y5,y5, k, k), which is of order O(%). By substituting Eq. (26]), we thus get

cov[B(y}, x%, k), B(ys, x°, k)] = \* [

rER YL

sinc(27k||y; — yhll2)p(k, k)dk. (A.5)

Note that this PCF is a function of z £ y’ — y5, and that it is independent of the source
position x®. We have thus finally proved the property that was originally introduced as
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the third assumption of the statistical wave field theory in Badeau (2024): the B-function
behaves asymptotically like a centered pseudo-stationary random process, whose PCF is
expressed as

Jp(z, k) = / sinc (27| z]|2) 5 (k, k)ds, (A.6)
KGR.t,.

where JB(H k) is the pseudo-spectrum |Eq. (A.6) follows from Badeau| (2024, Eq. (104),
applied to w( ) = d(z—20))|. Finally, comparing Eqs. (A.5]) and (A.6|) shows that JB(I{ k) =
A2 p(k, k), which is exactly the same as in Badeaul (2024, Eq. (98)).

Appendix B. Statistics of the RIR

In this appendix, we calculate the first order statistics (Appendix B.1|) and second order
statistics (Appendix B.2) of the RIR presented in Sec.

Appendixz B.1. Mathematical expectation

If we consider the universal pseudo-correlation function in Eq. along with the modal
density in Eq. , as explained in Sec. , then substituting Eq. into Eq. yields

r s cos( 27rf - o127
E[g(m , X ,t)] = ffER lz"—z]|2) 490 ftdf

47r||mT—a:5H2
Si(2nL >l —x%||2)
eA i
+eAS(V) [ien i
cos@niljar—as|s)  Cierljzr—as|,)
Infle™ 22 anl
c

s g2 l2) oo gy
Ar||z” —x5||2
1
4m||er—xs|2 J fER
g T S
2 f (e M) 127Tf(t+w)

df
_As@v) f Si@r L e —z2|2)
FPier—oy Jrer \ Tl
ez?ﬂf(tfiuw C:z: ”2)_’_e'z27rf(t+7|:c —c:c H2)
|f] 2
Ci(2m - |l=" —2°||2)
47r£
r2m (= l™ — H2> p2mf(t+ Il - Hz)
X
21
5(t— lz"—2%|o )+8(t+ Hmr—ms\b)

df

&l —a[l2

exeS(0V
4 2eSOV) fT OffeR <z81(27rf|]a: —x°|s)

8m||x” —x*||2

grnsr 22202 ) o 7ol

2
g2 fr A2y g 12722 2 >
2

dfdr,

where we have expressed a function of time ¢ as the primitive integral of its derivative in the
last equality. Then, an integration by parts yields
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. st 2" =a%llay y 5y 2" =2l
Elg(z", 2, 1)] — X— 0 )

8m||x” —x*||2

_ eAcS (V) f S  snert ||w —°|2)
87rHa:T—wS||2 feRrR

fle” —a5|lo " —a HQ
L2 f(T— = ) g2 f(r+ = )

T="—=°T5,
C

T _pS
127 (T — 127r(7'+7”z Cz HQ)

cos(27r%Hzc’”—zc5||2)

f
r_ .S r__s
ST i PSP e P

le™ =25 [EE P
7,277(7'—#) 1277(7'-&-#)
x ' )drar
. __eSEV) ft 1 _ 1
= T —als Jr=0 | oo T L

7.27rf7'
<ff€lR 127rf

_ eAcS(OV) sign(T sign(7)
= 0 ( ) dr

32”\\5”—935”2 T= +er—wgllg T =TTy

_ eAcS(OV) 81gn(t) lIl

327rHa:’" w5||

We note that E[g(2", x*®,t)] is an even function of time, so E[h(x", x*,t)] is obtained by
adding to E[g(x", x* t)] the appropriate odd solution of the homogeneous wave equation
|[Eq. (I)], which is such that the resulting function is causal:

|2" —27||o

t+1

_ 2" —=%]l5
c

ey fle” —2||
Elh(ar,@*,1)] = Elg(a, @, 1)] + X i)y 2@y

8m||x" —x*||2 327||x” —x%||2 )

which finally implies Eq. .
Appendiz B.2. Second order moments

First, Eq. @ yields

E[g(w71n7 mia tl) g(mgv 3337 tQ)] = fffthe]R E[ 2131, miv f_cl) G<w27 il!;, j:f)] 2 fity eZQﬂthQdfldfz.
(B.1)
Then, by substituting Eq. into Eq. (B.1)), we get
E[g(iL‘L ZL’?, tl) g(mga wga t2)]

= 167fK6R+ <fff1,f2€R

> ezQﬂfltl 6127rf2t2 df, df2
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O(a @ KK+ ey 2.2

fi
+fs€Rff1€]R fszR ;
<f12—c2IC<K+2p(;(7O) ?) )

T S s f2 f2
Ol 23 KK~ aotcoy e ) e )

f2\?
<f22—021C(K—2p(;(,0) ,?) >

XezQﬂf1t1€z27rf2t2df1df2 (1 — Y(S)) dS)p(K7 O)dK,

where the level cluster function Y'(s) was defined in Eq. (20)).

Now, let us assume that Re(g) > 0, and consider the function x(K) introduced in
Eq. . Then Eq. vields K(K,—k(K)) = rk(K). Therefore the equation f? =
?K(K, f) admits two solutions, f = ck(K) and f = —ck(K), which are both in the
upper half complex plane. Then by applying the residue theorem to calculate the integrals
w.r.t. f1 and fo, we geﬁ

E[g($1, wla tl) g(wgv w;, t2)]

= ﬁfjH( 1)H (t2) Re fKER
<'y(a:1,a:2,/i(K))'y(a:1,a:2 K(K))
ESIE ( )
y(@],®s,0(K)) (25 ,@5,5(K)) 2me( k(K )t —r(K)ta
+ R(R)P ¢ (B.2)
—|—f C(:c{,a:{,ff(K-i-m)) C(wS@SW(K—m))
s€R ~(K+550057 ) I ——

% 6127“7("“(]("‘ 3 (R0) )“‘Wﬁm)”)

(1 - Y(s)) ds)p(K, 0)dK,

where notations C(xy, x2, k) and (@, x2, k) were introduced in Egs. (66) and (67)), re-
spectively, and, due to the high frequency assumption, we have neglected the terms that
depend on t; and t, only through e??7¢+() (titt2) " which correspond to the zero frequency in
the cross-Wigner time-frequency distribution introduced in Sec. |3

In other respects, we note the presence of the Heaviside functlon H(.) in Eq. -
which shows that the function g(a”, x*,t) that appears in this equation is actually the causal
solution to the inhomogeneous wave equation |[Eq. ], so it is by definition equal to the
RIR h(x",x* t). So, in the rest of this section, g(x", x*,t) will be replaced by h(x", x*,t).

When K — +o00, the terms & (K + ) in Eq. - ) will be approximated either
by the first order Taylor expansion k(K) j: sy given that p(K,0) — 400 and that the

derivative k(K) — 1 asymptotically, when they are multiplied by a time, or more simply by
the zeroth order Taylor expansion x(K) when they are not. Equation (B.2]) then yields

KO

4In each integral, the two poles lie in the interior of the upper half complex plane, the integration contour
contains an interval of R centered at f = 0, and this contour is included in the upper half complex plane.
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E[h<m§7 wi tl) h(il?2, m2’ t2)]
= YSH()H(t2) Re [y,
(v(@t, b, w(K) (@t @5, 1(K))
+y(@], 25, k(K)) y(21, 25, £(K))
—I—O(ch, 331, (K)) 0(332, CC;, K(K))
X o €D (1= Y (s) ds )
zzm(m(x)tl m(K)t )

e(K)?

X p(K,0)dK.

Then by noticing that function b = Y defined in Eq. is also the inverse Fourier
transform of Y since it is real and even, we get

E[h(mla ml? tl) h(w% mQ’ t2)]

= 8‘;2H( 1) H (t2) RefKE]R

(vl @5, 5(K)) (@S, @3, 1(K)

(@, @5, k(K)) (@5, @, 5(K)) (B.3)
+C (2], z1, K(K)) C (x5, 23, K(K))

><(5 t1+to )—b( t1+to ))

2ty (K,0) 2ty (K
61271'1: N(K)tlfm(K)tQ)
X [=(K) 2 FB(K)de

where ty(K,0) = @ is the Heisenberg time that was defined in Eq. (31)), and Tp(K) is
the power spectral density that was defined in Eq. .

Note that when ¢1,¢, > 0, then ¢t £ 232 > 0, 50 § < G ) = 0. Then, by applying the
change of variable K = (Rex)™!(k), Eq. (B.3) finally yields Eq. (60).
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