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Geometrical acoustics meets the statistical wave field theory

Roland Badeaua

aLaboratoire Traitement et Communication de l’Information, Télécom Paris, Institut Polytechnique de
Paris, Palaiseau 91120, France

Abstract

The statistical wave field theory mathematically establishes the statistical laws of the
solutions to the wave equation in a bounded domain, which hold at high frequency. It
provides the closed-form expressions of the power distribution and the correlations of the
wave field jointly over time, frequency and space, in terms of the geometry and the specific
admittance of the boundary surface. In our previous article, the mathematical foundations of
the theory have been reworked at the fundamental level of the eigenfunctions of the Laplace
operator. We thus introduced a random wave model of the complex Robin Laplacian, which
accounts for the absortion of energy at the boundary surface. In this article, based on
this model, we establish the first and second order statistics of the room impulse response.
The previous predictions of the theory are thus retrieved, and their accuracy is improved.
In addition, this approach allows us to achieve the unification of geometrical acoustics,
which is generally used to predict the first echoes that appear in early reverberation, and
of probabilistic models, which are generally used to predict the statistical properties of late
reverberation.
Keywords: Statistical physics, wave equation, Helmholtz equation, reverberation
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1. Introduction

The statistical wave field theory was originally introduced in Badeau (2024). Its stated
goal is to mathematically establish the statistical laws of the solutions to the wave equation
in a connected and bounded domain. These laws hold at high frequency, provided that the
geometrical shape of the domain satisfies mild assumptions related to chaos. In particular,
this theory provides two different kinds of predictions, which are expressed in terms of the
geometry and the specific admittance at the boundary surface:

• the isotropic reverberation time in diffuse rooms (Badeau, 2024), and the directional
reverberation time in anisotropic wave fields (Badeau, 2026b);

• more generally, the power distribution and the correlations of the wave field jointly
over time, frequency and space (Badeau, 2024, 2026b).
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The main results obtained so far with this theory were summarized in Badeau (2026c). In
particular, the prediction of the reverberation time in diffuse rooms has been verified by
experiment, with a remarkable accuracy (Prinn and Badeau, 2026).

The main mathematical tool of the statistical wave field theory is the "B-function",
which is a random field that represents the distribution of image sources over space at fixed
wave number k. This random field is real-valued when there is no energy absorption at the
domain’s boundary, and it is complex-valued when there is energy absorption. From the
statistics of this B-function, the statistics of the Green’s function of the Helmholtz equation
are derived, from which the statistics of the room response to a punctual source are finally
deduced.

In this paper, the mathematical foundations of the theory are reworked at a more fun-
damental level than that of the B-function. Indeed, our new assumptions focus on the
statistical properties of the eigenspectrum and eigenfunctions of the complex Robin Lapla-
cian, from which the B-function is defined. Based on the random wave model (RWM) of
the complex Robin Laplacian recently introduced in Badeau (2026d), this new approach will
turn out to be extremely powerful: not only will we retrieve all the previous predictions of
the theory, and improve the accuracy of the predicted power distribution in the case of en-
ergy absorption, but we will also end up with an unexpected and remarkable result. Indeed,
this new approach will allow us to achieve the unification of geometrical acoustics (Kuttruff,
2014, Chap. 4), which is generally used to predict the first echoes that appear in early rever-
beration, and of probabilistic models (Kuttruff, 2014, Chap. 5), which are generally used to
predict the statistical properties of late reverberation. More precisely, the direct path and
the first echos will be retrieved in the first order statistics of the B-function, through the
spatial distribution of the first image sources, and in the first order statistics of the room
impulse response (RIR), through a sum of spherical waves emitted by these image sources.
In addition, the power distribution of late reverberation will be retrieved, as in our previous
works, in the second order statistics of the B-function and of the RIR. Finally, we will show
that the former third assumption of the statistical wave field theory, which states that the
mean and pseudo-covariances of the B-function are stationary (Badeau, 2024), becomes a
mathematical result, proved from the more fundamendal assumptions on the eigenspectrum
and eigenfunctions of the Robin Laplacian.

This paper is organized as follows. In the next section, we introduce some acronyms
and mathematical notations that will be used in the rest of the paper. Then in Sec. 2,
we summarize a few fundamental notions regarding wave propagation that are needed to
develop the statistical wave field theory. In Sec. 3, we present an overview of the proposed
contribution, in relation to several related works from the existing literature. In Sec. 4,
we investigate the first and second order statistics of the wave field, which result from the
RWM introduced in Badeau (2026d, Sec. IV). Finally, in Sec. 5 we summarize the main
contributions of this paper, compare our results with existing works, and present a few
perspectives for future work. This paper also contains two appendices. In Appendix A,
we show that the B-function converges almost surely to a distribution, and we prove the
former third assumption of the statistical wave field theory, based on the RWM introduced
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in Badeau (2026d, Sec. IV). Then in Appendix B, we calculate the first and second order
statistics of the RIR.

Acronyms and mathematical notations

Acronyms:

ACF Auto-covariance function

GOE Gaussian orthogonal ensemble

PCF Pseudo-covariance function

PDE Partial differential equation

PSD Power spectral density

RIR Room impulse response

RWM Random wave model

Mathematical notations:
In this paper, we use the same mathematical notations as in Badeau (2026d, Sec. I).

In addition, the Greek letter ψ is used to denote any function of any variables (we do not
use the notation f that is usual in mathematics, because here f denotes the frequency).
Therefore, the same letter ψ may denote different functions of different variables in different
places of the paper, and it is not supposed to have any special physical meaning.

2. Fundamentals of waves revisited

This section summarizes a few fundamental notions regarding wave propagation that are
needed in the rest of the paper. Most of these notions are well-known and are described for
instance in Morse and Ingard (1968). These and other notions were already presented in
more details in Badeau (2024, Sec. III).

2.1. Main definitions
In a connected open domain V ⊆ R3, the homogeneous wave equation states that

∆p(x, t)− 1
c2
∂2p(x,t)
∂t2

= 0, (1)

where p(x, t) is the wave amplitude at position x ∈ V and time t ∈ R, ∆ is the Laplacian,
and c is the propagation speed. Applying the Fourier transform w.r.t. time to Eq. (1) yields
the Helmholtz equation:

∆φ(x) + 4π2k2φ(x) = 0, (2)

where the scalar k = f
c

is the wave number and f denotes the frequency. Any solution φ to
Eq. (2) is an eigenfunction of the Laplace operator −∆, of eigenvalue 4π2k2.
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Given a punctual source position xs ∈ V and a receiver position xr ∈ V , the RIR
h(xr,xs, t) is defined as the unique causal solution to the following inhomogeneous wave
equation: ∀t ∈ R,

∆xrh(xr,xs, t)− 1
c2
∂2h(xr,xs,t)

∂t2
= −δ(xr − xs)δ(t), (3)

where δ denotes the Dirac delta function. In the free field (i.e., when V = R3), h is expressed
as

h(xr,xs, t) =
δ
(
t− ∥xr−xs∥2

c

)
4π∥xr − xs∥2

. (4)

2.2. Green’s function
Given a punctual source position xs ∈ V and a receiver position xr ∈ V , a Green’s

function G of the Helmholtz equation is a particular solution to the following inhomogeneous
Helmholtz equation:

∆xrG(xr,xs, k) + 4π2k2G(xr,xs, k) = −δ(xr − xs). (5)

The inverse 1D Fourier transform of G w.r.t. frequency f = ck,

g(xr,xs, t) =

∫
f∈R

G(xr,xs, f
c
) e2ıπftdf, (6)

is a solution to Eq. (3). However, depending on the choice of a particular solution G to
Eq. (5), the function g(xr,xs, t) may not be causal, so in general g(xr,xs, t) differs from the
causal RIR h(xr,xs, t) by a function that is a solution to the homogeneous wave equation
[Eq. (1)].

In the free field (V = R3), any Green’s function G solution to Eq. (5) can be written as
the translation over space of some Green’s function G0 for a source located at xs = 0:

G(xr,xs, k) = G0(x
r − xs, k).

In this paper, we will consider the real Green’s function

G0(z, k) =
cos(2πk∥z∥2)

4π∥z∥2
, (7)

which is such that function g in Eq. (6) is an even function of time.

2.3. B-function
In the case of a connected domain V ⊂ R3 with boundaries, any Green’s function

G(xr,xs, k) can generally be analytically continued in a mathematical vicinity D of V that
depends on the domain’s geometry and the boundary condition. In some cases, this extension
holds in the full space D = R3. The B-function on D ⊆ R3 is then defined as:

B(yr,xs, k) = − (∆yrG(yr,xs, k) + 4π2k2G(yr,xs, k)) . (8)
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By definition of the Green’s function G in Eq. (5), the restriction of the B-function to V is
δ(yr − xs). Reciprocally, when D = R3, a particular Green’s function G is obtained as:

G(xr,xs, k) =

∫
yr∈R3

G0(x
r − yr, k)B(yr,xs, k)dy, (9)

where G0 is a free-field Green’s function. Equation (9) permits us to interpret the B-function
as a spatial distribution of image sources in the free field, which collectively generate inside V
the same response as that of the single original source within the bounded domain V .

2.4. Boundary condition
Let us now consider a connected domain V ⊂ R3, whose boundary ∂V is a Lipschitz

continuous bidimensional (2D) manifold (i.e., ∂V is locally the graph of a Lipschitz function).
The boundary ∂V is characterized by the specific admittance β̂(s, k) ∈ C, which is an
essentially bounded function of the position s ∈ ∂V . Then, Robin’s boundary condition of
Eq. (2) states that

∀s ∈ ∂V, ∂φ(s,k)
∂n(s)

+ 2ıπkβ̂(s, k)φ(s, k) = 0, (10)

where ∂
∂n(s)

denotes partial differentiation in the direction of the outward normal n(s) to
the boundary surface at s. This boundary condition explicitly depends on k, so Eq. (2) has
to be rewritten

∆φ(x, k) + 4π2κ(k)2φ(x, k) = 0, (11)

where the wave number is now denoted κ(k) ∈ C. In the case of non-rigid surfaces, which
absorb a part of the energy of the incident wave, β̂(s, k) ∈ C and Re(β̂(s, k)) > 0. Then
the Robin Laplace operator −∆ is complex and not self-adjoint, and when the domain V
is bounded, the set of (generalized) eigenvalues and eigenfunctions is discrete and complex,
and it was proved in Badeau (2025a) that the (generalized) eigenfunctions can be chosen
to form a pseudo-orthonormal Abel basis with brackets of the Hilbert space L2(V ), a notion
that is defined in Badeau (2025a, Sec. III A). However, when there is no energy absorption,
β̂(s, k) is purely imaginary, the Robin Laplace operator is real and self-adjoint, the set of
eigenvalues and eigenfunctions is discrete and real, and the eigenfunctions can be chosen to
form an orthonormal basis of L2(V ). In particular, when β̂(s, k) = 0, Eq. (10) reduces to
Neumann’s boundary condition.

3. Overview of the contribution in relation to existing works

In this section, we review and comment the existing probabilistic models of the eigen-
spectrum (Sec. 3.1) and eigenfunctions (Sec. 3.2) of the Robin Laplacian that are related
to the statistical wave field theory, as well as the consistency between these various models
(Sec. 3.3). We also briefly present the cross-Wigner time-frequency distribution (Sec. 3.4),
which will be used to characterize the non-stationary second order statistics of the RIR in
Sec. 4.3.3.
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3.1. Eigenspectrum of the real Robin Laplacian
Let us first focus on the properties of the discrete eigenspectrum {κn(k)}n∈N, which is

such that the eigenvalues of the Laplace operator −∆ are λn(k) = 4π2κn(k)
2.

3.1.1. Asymptotic expansion of the modal density
At high frequency, the discrete eigenspectrum of the real Robin Laplacian is well described

by a smooth density function ρ(κ, k). In several dimensions of space, it is well known that
ρ(κ, k) increases with κ, in a way that has been investigated mathematically for the first
time by Weyl (1911). Weyl’s formula is an asymptotic expansion that holds when κ→ +∞.
In three space dimensions, with our notations, it can be expressed in the following form:

ρ(κ, k) = 4π|V |κ2. (12)

The dominant term is proportional to the volume of the domain V , and is thus called the
volume term. The remaining terms (omitted in Eq. (12)) are of order O(κ). Later, the physi-
cists Balian and Bloch (1970) derived the two following terms of this asymptotic expansion,
which are called surface term and curvature term, respectively. With our notations, up to
the first order surface term, their asymptotic expansion can be written as:

ρ(κ, k) = 4π|V |κ2 + κ
(
πS(∂V )

2
+ ı

∫
s∈∂V ln

(
κ−kβ̂(s,k)
κ+kβ̂(s,k)

)
dS(s)

)
, (13)

where the right member is real-valued, because β̂ ∈ ıR. Their mathematical approach was
based on a multiple reflection expansion of the Green’s function. It is important to note
that the volume term is related to the direct path in this multiple reflection expansion, the
surface term (which corresponds to the integral over the boundary surface ∂V in Eq. (13)) is
related to the first order reflections, and the curvature term, of order O(1) (which is omitted
in Eq. (13)), additionally includes second order reflections.

Later, the periodic orbit theory showed that each periodic orbit (also called "closed path"
by Balian and Bloch (1972)), of length L in the classical billiard, produces a fluctuation
of period c/L in the modal density, which is expressed by the Gutzwiller trace formula
(Gutzwiller, 1971). In this regard, Eq. (13) provides a mean level density, which can be
interpreted as the result of smoothing the exact oscillating density, by applying a smoothing
filter of bandwidth much larger than 1/Lmin, where Lmin is the fundamental period of the
shortest classical periodic orbit.

3.1.2. Wave number distortion
In Badeau (2024), we showed that in the case of ergodic billiards, Eq. (13) induces a wave

number distortion between the Neumann and Robin boundary conditions. More precisely,
if the Neumann and Robin wave numbers are denoted K and K(K, k), respectively, then
function K(K, k) is defined as the unique solution to the equation

∀K > 0, ρ(K(K, k), k) ∂K(K,k)
∂K

= ρ(K, 0). (14)
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From Eqs. (13) and (14), we were able to derive its first order asymptotic expansion (Badeau,
2024, Eq. (102)):

K(K, k) = K + ıλ
8π

∫
s∈∂V

(
ln
(

K(K,k)+kβ̂(s,k)

K(K,k)−kβ̂(s,k)

)
−
(
kβ̂(s,k)
K(K,k)

)2

ln
(
kβ̂(s,k)+K(K,k)

kβ̂(s,k)−K(K,k)

)
+ 2kβ̂(s,k)

K(K,k)

)
dS(s),

(15)

where λ ≜ 1
|V | is the inverse of the room’s volume. A remarkable property of Eq. (15) is that,

by analytic continuation, it still holds in the general case of the complex Robin Laplacian,
even though ρ(κ, k) can no longer be interpreted as a modal density in this case, since the
parameter κ is complex. Moreover, we showed that Eq. (15) leads to a closed-form expression
of the reverberation time in mixing rooms (Badeau, 2024, Eq. (124)) that has been verified
by experiment (Prinn and Badeau, 2026). By applying the same method up to the second
order curvature term investigated by Balian and Bloch (1970), we were also able to get
the second order asymptotic expansion of function K(K, k), and the resulting closed-form
expression of the reverberation time (Badeau, 2025b, Eq. (52)).

3.1.3. Probability distribution of the eigenspectrum
In Sec. 3.1.1, we focused on the mean level modal density, which results from applying

spectral smoothing to the discrete eigenspectrum of the real Robin Laplacian. Beyond this
modal density, it is also interesting to investigate the fine distribution of the individual
eigenfrequencies in this discrete spectrum. In the literature on chaotic billiards, it is well
known that these eigenfrequencies follow the same probability distribution as that of the
eigenvalues of random matrices from the Gaussian Orthogonal Ensemble (GOE) (Tanner and
Søndergaard, 2007, Sec. 3). The discrete eigenspectrum {κn(k)}n∈N can then be modeled as
a random point process, which can be represented as a random measure on R+:

µ(κ, k) =
∑
n∈N

δ(κ− κn(k)). (16)

This measure µ is such that for any continuous function ψ defined on R+,∑
n∈N

ψ(κn(k)) =

∫
κ∈R+

ψ(κ) dµ(κ, k)

is a random variable, whose mathematical expectation is expressed as

E
[∫

κ∈R+

ψ(κ)dµ(κ, k)

]
=

∫
κ∈R+

ψ(κ)ρ(κ, k)dκ, (17)

where ρ(κ, k) is the modal density introduced in Sec. 3.1.1. In addition, for two continuous
functions ψ1 and ψ2 defined on R+, we have

E
[∫

κ1∈R+
ψ1(κ1)dµ(κ1, k)

∫
κ2∈R+

ψ2(κ2)dµ(κ2, k)
]

=
∫∫

κ1,κ2∈R+
ψ1(κ1)ψ2(κ2)

R2

(
(κ1 − κ2)ρ

(
κ1+κ2

2
, k
))
ρ (κ1, k) ρ (κ2, k) dκ1dκ2,

(18)
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where R2(s) denotes the rescaled two-point correlation function (Tanner and Søndergaard,
2007, p. R476). By substituting Eqs. (17) and (18), and by applying the change of variables
κ1 = κ+ s

2ρ(κ,k)
and κ2 = κ− s

2ρ(κ,k)
, we then get

cov
[∫

κ1∈R+
ψ1(κ1)dµ(κ1, k),

∫
κ2∈R+

ψ2(κ2)dµ(κ2, k)
]

=
∫
κ∈R+

( ∫
s∈R ψ1

(
κ+ s

2ρ(κ,k)

)
ψ2

(
κ− s

2ρ(κ,k)

)
(R2(s)− 1) ds

)
ρ(κ, k)dκ,

(19)

where we have substituted dκ1dκ2 = dκds
ρ(κ,k)

, and
ρ(κ+ s

2ρ(κ,k)
,k)ρ(κ− s

2ρ(κ,k)
,k)

ρ(κ,k)
= ρ(κ, k), which

hold asymptotically when κ→ +∞.
The level cluster function Y is then defined as (Tanner and Søndergaard, 2007, p. R477)

Y (s) = 1−R2(s), (20)

which is a real and even function. Classical results from the random matrix theory (Mehta,
1991) show that the form factor b ≜ Ŷ , defined as the real and even Fourier transform of
Y , is expressed as (Weaver and Lobkis, 2000)

b(τ) =

{
1− 2τ + τ ln(2τ + 1) for 0 ≤ τ ≤ 1;
−1 + τ ln

(
2τ+1
2τ−1

)
for 1 < τ.

(21)

Function b(τ) is plotted in Fig. 1. It is positive and decreasing on R+, between b(0) = 1 and
limτ→+∞ b(τ) = 0. More precisely, b(τ) = O( 1

τ2
) when τ → +∞, therefore b ∈ L1(R), which

implies that function Y is continuous and bounded. In the same way, the first and second
order derivatives of b belong to L1(R). In addition, function b is continuously differentiable
at τ = 1, and smooth on R+\{1}. This implies that Y (s) = O( 1

s2
) when |s| → +∞.

3.2. Eigenfunctions of the Robin Laplacian
After having investigated the properties of the eigenspectrum of the real Robin Laplacian

in Sec. 3.1, we now focus on its eigenfunctions {φn(x, k)}n∈N. More precisely, as in Badeau
(2026d, Sec. III), we will investigate the statistical properties of certain functionals of the
eigenfunctions related to mixing billiards, which are averaged over a small bandwidth. For
instance, we will be interested in averages of the form

F (1)(x, κ, k) =

∑
{n∈N:κ− ϵ

2≤κn(k)<κ+ ϵ
2}
φn(x,k)

∫ κ+ ϵ
2

κ− ϵ
2
ρ(κ′,k)dκ′

, (22)

and

F (2)(x1,x2, κ, k) =

∑
{n∈N:κ− ϵ

2≤κn(k)<κ+ ϵ
2}
φn(x1,k)φn(x2,k)

∫ κ+ ϵ
2

κ− ϵ
2
ρ(κ′,k)dκ′

, (23)

for a given bandwidth ϵ > 0. Note that this kind of spectral averaging is related to the
spectral smoothing of the modal density that we mentioned at the end of Sec. 3.1.1, and
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Figure 1: Plot of the form factor b(τ) expressed in Eq. (21) (blue curve)

it is also related to the eigenstate stacking theorem (Lu et al., 2025), which characterizes
the statistical properties in phase space of sums of eigenfunctions, under the same minimal
bandwidth condition (ϵ > 1/Lmin, where Lmin is the fundamental period of the shortest clas-
sical periodic orbit). Indeed, due to Eq. (13), when ϵ is fixed and κ → +∞, the number of
terms involved in the averages in Eqs. (22) and (23) tends to infinity. These averages then
become statistically insensitive to certain anomalies that may appear in some rare eigenfunc-
tions, such as quantum scars (Lu et al., 2025). The statistical properties of F (1)(x, κ, k) and
F (2)(x1,x2, κ, k) then become regular, and can be described by simple probabilistic models.

In the literature, various RWMs have thus been proposed, which generally represent the
eigenfunctions φn(x, k) as centered and pairwise independent random fields (Urbina and
Richter, 2006). In particular, the independence of the eigenfunctions is consistent with the
quantum weak mixing theorem in phase space for classically weak mixing billiards (Zelditch,
2006) (see Badeau (2026a, Sec. I) for more details on this topic). From now on, we will
thus write equations such as E[φn(x, k)] = 0, and ∀n1 ̸= n2, cov[φn1(x1, k1)φn2(x2, k2)] = 0,
which might misleadingly suggest that we are focusing on individual eigenfunctions. The
reader should keep in mind that these equations implicitly involve spectral averages, like in
Eqs. (22) and (23). Nevertheless, this simplified probabilistic notation will prove to be very
useful, and it will allow us to get accurate predictions of the wave field statistics.

3.2.1. Gaussian distribution
It was originally conjectured by Berry (1977) that the eigenfunctions of classically chaotic

systems can be represented as a random superposition of plane waves with fixed wave number.
Then, due to the central limit theorem, these eigenfunctions have the same statistics as a
Gaussian random field (Urbina and Richter, 2007). This conjecture was originally formulated
for the real eigenfunctions of the real Robin Laplacian, but in fact the same argument applies
to the complex eigenfunctions of the complex Robin Laplacian. In Badeau (2026d, Sec. IV),
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we showed that the Gaussian distribution of these complex eigenfunctions is characterized
by the following covariances, for two possibly different values of k1 and k2,

cov [φn(x1, k1), φn(x2, k2)] = λγ(x1,x2, Kn, k1, k2), (24)

where Kn denotes the wave number related to Neumann’s boundary condition, and the
following pseudo-covariances, for k1 = k2 = k:

cov
[
φn(x1, k), φn(x2, k)

]
= λC(x1,x2,K(Kn, k), k), (25)

where K(Kn, k) is the wave number distortion introduced in Sec. 3.1.2. In the particular case
of the real Robin Laplacian, for k1 = k2 = k, we get γ(x1,x2, K, k, k) = C(x1,x2,K(K, k), k) ∈
R.

In other respects, a consequence of the Gaussian assumption is that the fourth order
moments, involving either the eigenfunctions or their conjugates, can easily be deduced from
Eqs. (24) and (25), thanks to the following lemma (Janssen and Stoica, 1988):

Lemma 1. For any jointly Gaussian complex random variables Z1, Z2, Z3, Z4,

E [Z1 Z2 Z3 Z4] = E [Z1 Z2] E [Z3 Z4] + E [Z1 Z3] E [Z2 Z4]
+E [Z1 Z4]E [Z2 Z3]− 2E [Z1]E [Z2]E [Z3]E [Z4] .

3.2.2. Universal (pseudo-)correlation functions
Real Robin Laplacian. The correlation function predicted by Berry (1977) is given by the
well-known spherical Bessel function:

C(x1,x2, κ, k) = sinc (2πκ∥x1 − x2∥2) , (26)

where notation C was introduced in Eq. (25). Note that this expression is actually indepen-
dent of k. This function is often referred to as the universal correlation function (Urbina
and Richter, 2007), because it applies to any ergodic billiard, independently of its particular
geometrical shape.

Equation (26) models the eigenfunctions as isotropically distributed, stationary random
fields, which is consistent with the quantum ergodicity theorem in phase space for classically
ergodic billiards (Zelditch and Zworski, 1996), and with the eigenstate stacking theorem (Lu
et al., 2025) (see Badeau (2026a, Sec. I) for more details on this topic). However, even
though Eq. (26) does hold when the two points x1 and x2 are close enough, it was proved
inaccurate when the distance between x1 and x2 is not much smaller than their distances to
the boundary (see Sec. 3.2.4).

Complex Robin Laplacian. In Badeau (2026d, Sec. IVC), we showed that in the general case
of the complex Robin Laplacian, the analytic continuation of function C(x1,x2, κ, k) defined
in Eq. (26) to complex values of the wave number κ still satisfies Eq. (25), which describes
the pseudo-covariances of the eigenfunctions. Function C(x1,x2, κ, k) is then referred to
as the universal pseudo-correlation function. In particular, for x1 = x2 = x, Eqs. (25)
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and (26) yield E[φn(x, k)2] = λ, which shows that the random wave model respects the
(pseudo)-normality of the eigenfunctions:

E
[∫

x∈V
φn(x, k)

2dx

]
= 1. (27)

In addition, still in the complex case, the universal correlation function γ that was introduced
in Eq. (24) is expressed as (Badeau, 2026d, Eq. (24)):

γ(x1,x2, K, k1, k2)

= 1
4π

∫
u∈S(0,1) e

ı2πu⊤(K(K,k1)x1−K(K,k2)x2)

×eı(θ(u,K,k1)−θ(u,K,k2)) dS(u).
(28)

In Eq. (28), function u 7→ θ(u, K, k) is the phase distortion, which is defined as the unique
odd solution to the following equation (Badeau, 2026d, Eq. (16)): ∀K > 0, ∀u ∈ S(0, 1),

λ
∫
s∈∂V θ(u, K, k)− θ(R(s)u, K, k)dS(s)

= −2π(K(K, k)−K)u⊤

×
(
2λ

∫
s∈∂V

(
n(s)n(s)⊤s

)
dS(s)

)
+ıλ

∫
s∈∂V ln

(
K(K,k)u⊤n(s)+kβ̂(s,k)

K(K,k)u⊤n(s)−kβ̂(s,k)

)
dS(s),

(29)

where n(s) is the outward normal to the boundary surface at s, and R(s) denotes the
reflection matrix w.r.t. the 2D subspace parallel to the plane tangent to ∂V at s: R(s) =
I − 2n(s)n(s)⊤, where I is the identity matrix. In practice, Eq. (29) can be solved by
decomposing function θ as a series of spherical harmonics, as shown in Badeau (2026d,
Sec. IV B).

3.2.3. Enhanced backscattering
Let us focus again on the real Robin Laplacian in an ergodic billiard. We have seen

in Sec. 3.2.2 that the universal correlation function represents every eigenfunction of the
real Robin Laplacian in an ergodic billiard as a stationary random field. This property
suggests that the wave field that results from the combination of all eigenfunctions is itself
stationary at high frequency. And indeed, the asymptotic statistics of the RIR prove to be
stationary over space, but in practice this property only holds far enough from the original
source position. On the contrary, at this specific position, the intensity of the wave field is
enhanced by a factor ranging from 2 to 3 over time, a phenomenon that is known as enhanced
backscattering in acoustics (Weaver and Lobkis, 2000).

Mathematically, if we jointly consider the probability distribution of the eigenspectrum
introduced in Sec. 3.1.3, the Gaussian model introduced in Sec. 3.2.1, and the universal
correlation function introduced in Sec. 3.2.2, then, by applying Lemma 1, it can be proved
that (Weaver and Lobkis, 2000)

E [φn(x
r, k)2φn(x

s, k)2] =

λ2
(
1 + (2− b( t

tH(κn(k),k)
))C(xr,xs,K(Kn, k), k)

2
)
,

(30)
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where xs and xr denote the source and receiver positions, respectively, and the form factor
b was defined in Eq. (21) and represented in Fig 1. In Eq. (30),

tH(κ, k) =
ρ(κ,k)
c

(31)

is called the Heisenberg time. Note that when t→ +∞ and tH(κ, k) is fixed, then b
(

t
tH(κ,k)

)
→

0. However, tH(κ, k) is proportional to the modal density, and thus grows quadratically with
the wave number. So, because we consider both large times t and large wave numbers κ in
this paper, two different asymptotics are actually possible:

• if t≫ |V |κ2
c

, b
(

t
tH(κ,k)

)
→ 0,

• if t≪ |V |κ2
c

, b
(

t
tH(κ,k)

)
→ 1.

Consequently, because we aim at the largest generality possible, the term b
(

t
tH(κ,k)

)
in

Eq. (30) must be kept as it is, without making any further simplification.

3.2.4. Multiple-path (pseudo-)correlation functions
Real Robin Laplacian. In Sec. 3.2.2, we mentioned that the universal correlation function
was proved inaccurate when the positions x1 and x2 get close to the boundary surface. To
address this issue, a general, system-dependent, non-stationary correlation function that is
accurate even near the boundary surface was introduced in Hortikar and Srednicki (1998,
Eq. (17)). This multiple-path correlation function is defined as a sum over all possible classical
trajectories from x1 to x2 in the billiard, including the direct path:

C(x1,x2, κ, k) =
∑
p

ϵrp sinc(2πκLp(x1,x2)), (32)

where:
• ϵ = 1 for Neuman’s boundary condition (β̂ = 0), and ϵ = −1 for Dirichlet’s boundary

condition (Im(β̂) → −∞);
• rp is the number of reflections along the p-th trajectory;
• Lp is the length of the p-th trajectory; for the direct path (p = 0), L0(x1,x2) = ∥x1 −
x2∥2, which corresponds to the universal correlation function introduced in Sec. 3.2.2.

In Eq. (32), the longer the trajectory, the lower the corresponding term, since its magnitude
is proportional to 1

Lp
. In practice, the sum is finite because the discrete spectrum is smoothed

over a bandwidth ϵ > 1/Lmin, as explained at the end of Sec. 3.1.1 and at the beginning of
Sec. 3.2. Finally, note that Eq. (32) also holds when the direct path between x1 and x2 is
blocked by an obstacle. In such a case, the contribution of the universal correlation function
in Eq. (32) is zero.
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Complex Robin Laplacian. The general case of the complex Robin Laplacian was addressed
in Badeau (2026d, Sec. IV D), and illustrated in Badeau (2026d, Fig. 1). Suppose that from
position x2 ∈ V to position x1 ∈ V , the p-th trajectory in the classical billiard undergoes
rp reflections on the boundary ∂V . For q ∈ {0 . . . rp − 1}, the q-th reflection occurs at a
reflection point sp,q ∈ ∂V , and is represented by a reflection matrix Rp,q ∈ R3 w.r.t. the 2D
subspace parallel to the plane tangent to ∂V at sp,q ∈ ∂V . Every reflection along trajectory
p is mathematically described by a similarity transformation ψp,q, which assigns to any point
x ∈ R3 the point ψp,q(x) = sp,q+Rp,q(x−sp,q). The composition of all successive reflections
along the trajectory is also a similarity transformation (Badeau, 2026d, Eq. (25)):

ψp ≜ ψp,rp−1 ◦ . . . ◦ ψp,0(x) = Qpx+ yp, (33)

where Qp is an orthogonal matrix defined as

Qp = Rp,rp−1 . . .Rp,0 (34)

if rp > 0, or Qp = I if rp = 0, and yp was defined in Badeau (2026d, Eq. (27)):

yp =
(
I −Rp,rp−1

)
sp,rp−1

+
∑rp−2

q=0 Rp,rp−1 . . .Rp,q+1 (I −Rp,q) sp,q
=

∑rp−1
q=0 Rp,rp−1 . . .Rp,q+1 (I −Rp,q) sp,q,

(35)

with the convention Rp,rp−1 . . .Rp,q+1 = I for q = rp − 1. Finally, the total length of
trajectory p is (Badeau, 2026d, Eq. (29)):

Lp(x1,x2) = ∥x1 − ψp(x2)∥2 , (36)

where ψp(x2) is the image of x2 through the composition of all reflections ψp. In Badeau
(2026d, Eq. (34)), the multiple-path pseudo-correlation function C(x1,x2,K(K, k), k) that
was introduced in Eq. (25) was then expressed as:

C(x1,x2, κ, k) =
∑
p

1
4π

∫
u∈S(0,1)

(
rp−1∏
q=0

κu⊤Rp,rp−1...Rp,q+1n(sp,q)−kβ̂(sp,q ,k)
κu⊤Rp,rp−1...Rp,q+1n(sp,q)+kβ̂(sp,q ,k)

)
× eı2πκu⊤(x1−Qpx2−yp)+eı2πκu⊤(x2−Qpx1−yp)

2
dS(u).

(37)

In the Neumann case (ϵ = 1) and in the Dirichlet case (ϵ = −1), Eq. (37) reduces to
Eq. (32).

In addition, in Badeau (2026d, Eq. (36)), the multiple-path correlation function γ that
was introduced in Eq. (24) was expressed as:

γ(x1,x2, K, k1, k2) =
γ̊(x1,x2,K,k1,k2)+γ̊(x2,x1,K,k2,k1)

2
, (38)

with (Badeau, 2026d, Eq. (37)):

γ̊(x1,x2, K, k1, k2) =
∑
p

1
4π

∫
u∈S(0,1) e

ı2πu⊤(K(K,k1)x1−K(K,k2)Qpx2−Kyp)

×eı
(
θ(u,K,k1)−θ(Q⊤

p u,K,k2)
)
dS(u),

(39)

where the phase distortion θ(u, K, k) was defined in Eq. (29).

14



3.3. Consistency betweeen the eigenspectrum model and the random wave model
To summarize the discussion in Sec. 3.2, we will consider in this paper a Gaussian model

of the eigenfunctions, involving either the universal (pseudo-)correlation functions introduced
in Sec. 3.2.2, or the more accurate multiple-path (pseudo-)correlation functions presented
in Sec. 3.2.4. In Sec. 4, the GOE probabilistic model of the eigenspectrum introduced in
Sec. 3.1.3 will be combined with one of the two kinds of correlation functions, in order to
determine the first and second order statistics of the RIR.

However, there is one pitfall we must avoid. If we consider the universal (pseudo-
)correlation functions introduced in Sec. 3.2.2, then the GOE model of the eigenspectrum
must involve the asymptotic expansion of the modal density described in Eq. (13). Indeed,
if we compare the Neumann and Dirichlet boundary conditions for instance, then it is well
known that the power of the eigenfunctions is zero at the boundary in the Dirichlet case,
whereas it is twice the average power in the interior of the room in the Neumann case. In
other respects, because the eigenfunctions are modeled as stationary, independent, and carry
on average the same quantity of power as shown in Eq. (27), the power spectral density (PSD)
of the wave field is proportional to the smoothed modal density, as explained e.g. in Badeau
(2024, Sec. I) and expressed in Eq. (64). As this PSD corresponds to an average power over
space (which combines with the spectral averaging described at the beginning of Sec. 3.2)
that includes the vicinity of the boundary, then it must be slightly greater in the Neumann
case than in the Dirichlet case. And indeed, the first order surface term of the modal density
in Eq. (13), which reflects the boundary condition and accounts for the first order reflections,
is positive in the Neumann case, whereas it is negative in the Dirichlet case.

However, the situation is different if we consider the multiple-path (pseudo-)correlation
functions presented in Sec. 3.2.4: in this case, all the reflections are directly taken into account
in the eigenfunction model. In particular, Eq. (32) innately accounts for the doubling of the
eigenfunctions’ power at the boundary in the Neumann case, and for their zeroing in the
Dirichlet case. Therefore, the reflections must not be taken into account in the expression of
the modal density, otherwise their contribution to the power of the RIR would be counted
twice. For this reason, the first order surface term must be removed from the modal density
when the multiple-path correlation function is considered or, in other words, the original
Weyl formula [Eq. (12)] should be used instead of Eq. (13). This change calls for a comment:
of course, the accurate modal density is always given by Eq. (13), independently of the RWM
chosen. However, the multiple-path correlation function corresponds to a slightly different
definition of spectral averaging: in Eqs. (22) and (23) for instance, function ρ(κ, k) in the
denominator is defined by Eq. (12) instead of Eq. (13).

3.4. Cross-Wigner time-frequency distribution
When there is energy absorption at the domain’s boundary, the RIR h(xr,xs, t) defined

in Sec. 2.1 is modeled as a non-stationary random process, due to the exponential damping
of the eigenmodes over time. In signal processing, the standard tool for characterizing the
second-order statistics of a non-stationary random process is the Wigner distribution (Cohen,
1989), also known as the Wigner-Ville distribution, which describes how the power of this
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random process is distributed in the time-frequency plane. Let

Γh(x
r
1,x

s
1,x

r
2,x

s
2, t1, t2) = cov[h(xr1,x

s
1, t1), h(x

r
2,x

s
2, t2)] (40)

denote the auto-covariance function (ACF) of the non-stationary random process h(xr,xs, t),
where xr,xs ∈ V and t ∈ R. Its cross-Wigner distribution Wh is then defined as follows:
∀xr1,xs1,xr2,xs2 ∈ V , ∀f, t ∈ R,

Wh(x
r
1,x

s
1,x

r
2,x

s
2, f, t) =

∫
R Γh(x

r
1,x

s
1,x

r
2,x

s
2, t+

τ
2
, t− τ

2
) e−2ıπfτdτ. (41)

The cross-Wigner distribution Wh in Eq. (41) can be interpreted as the covariance of the
random process h between two receiver positions xr1 and xr2, and two source positions xs1
and xs2, at frequency f and time t. In Sec. 4.3.3, Wh(x

r
1,x

s
1,x

r
2,x

s
2, f, t) will be calculated in

closed form.

4. First and second-order wave field statistics

In this section, the first and second-order wave field statistics are investigated, based
on the probabilistic model of the eigenspectrum presented in Sec. 3.1, and on the RWM
of the eigenfunctions introduced in Badeau (2026d, Sec. IV). The same method as in our
previous papers on the statistical wave field theory is used here: from the statistics of the
B-function (Sec. 4.1), the statistics of the Green’s function of the Helmholtz equation are
derived (Sec. 4.2), from which the statistics of the room impulse response are finally deduced
(Sec. 4.3).

4.1. B-function
Let us first recall the expression of the B-function, which was introduced in Sec. 2.3, in

a bounded domain V (Badeau, 2024, Eq. (38)):

B(yr,xs, k) =
∑
n∈N

φn(y
r, k)φn(x

s, k). (42)

In this expression, remember that the image source position yr is not restricted to the room’s
space: it can be anywhere in R3.

Before we begin, let us make an important remark: it is well known that the restriction
of the series in Eq. (42) to the domain V converges to the Dirac delta function δ(yr − xs)
when the Laplace operator −∆ is self-adjoint, i.e., when there is no energy absorption.
However, the convergence of series involving the eigenfunctions of a linear operator, such as
that in Eq. (42), is generally not guaranteed when this operator is not self-adjoint (Badeau,
2025a). And indeed, when β̂ is not purely imaginary, the complex Laplace operator is not
self-adjoint, as already mentioned in Sec. 2.4. However, we will prove in Appendix A.1 that
when the eigenfunctions φn follow the RWM described in Badeau (2026d, Sec. IV), then for
any source position xs ∈ V , the series in Eq. (42) converges almost surely to a distribution
w.r.t. yr ∈ R3, so this expression does make sense mathematically. In this section, in order to
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keep the mathematical developments as simple as possible, we will continue writing equations
such as Eq. (42) without taking care of the convergence of the series, but the reader should be
aware that a more rigorous mathematical treatment would require applying the B-function
against smooth functions with compact support in all equations, as done in Appendix A.1.

4.1.1. Mathematical expectation of the B-function
Let us first calculate the mathematical expectation of the B-function when the wave

numbers are fixed, i.e., when the measure µ introduced in Eq. (16) is deterministic, and
only the eigenfunctions φn are random. Applying the mathematical expectation w.r.t φn to
Eq. (42) yields

E[B(yr,xs, k)] = λ
∑
n∈N

C(yr,xs,K(Kn, k), k)

= λ
∫
K∈R+

C(yr,xs,K(K, k), k)dµ(K, 0),

where we have successively substituted Eqs. (25) and (16). Then, by applying the mathe-
matical expectation w.r.t the random measure µ, we get

E[B(yr,xs, k)] = λ
∫
K∈R+

C(yr,xs,K(K, k), k)ρ(K, 0)dK, (43)

where we have used Eq. (17). Then, by substituting Eq. (14) and by applying the change of
variable κ = K(K, k), we get

E[B(yr,xs, k)] = λ
∫
K∈R+

C(yr,xs,K(K, k), k)

×ρ(K(K, k), k) ∂K(K,k)
∂K

dK
= λ

∫
κ∈K(R+,k)

C(yr,xs, κ, k)ρ(κ, k)dκ

= λ
∫
κ∈R+

C(yr,xs, κ, k)ρ(κ, k)dκ,

(44)

where the last equality is obtained by applying Cauchy’s integral theorem. Now, let us focus
on two particular cases: the Neumann (ϵ = 1) and Dirichlet (ϵ = −1) boundary conditions.
Then, if we consider the multiple-path pseudo-correlation function in Eq. (32) along with
the modal density in Eq. (12), as explained in Sec. 3.3, Eq. (44) yields:

E[B(yr,xs, k)] = 4π
∑
p

ϵrp
∫
κ∈R+

sinc
(
2πκ ∥yr − ψp(x

s)∥2
)
κ2dκ,

where ψp is the similarity transformation defined in Eq. (33), and ψp(xs) is the image of the
source that corresponds to the p-th trajectory in the classical billiard. Finally, the integral
over κ can be calculated in closed form:

E[B(yr,xs, k)] =
∑
p

ϵrp δ (yr − ψp(x
s)) . (45)

We thus obtain a remarkable result: the mean of the B-function matches exactly the spatial
distribution of the first image sources as predicted by geometrical acoustics (remember that
the sum in Eq. (45) is finite due to spectral smoothing, as explained in Sec. 3.2.4). In other
words, the prediction of early echos is retrieved in the first order statistics of the B-function.
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Of course, this result also holds in the general case of the complex Robin boundary
condition with an arbitrary number of reflections, even though in this case we do not get a
closed-form expression as simple as that in Eq. (45). Nevertheless, this can be easily shown
if we consider the multiple-path pseudo-correlation function in Eq. (37), restricted to the
direct path (p = 0, rp = 0, Qp = I), assuming that this path is not blocked by an obstacle,
and to the first order reflections (p > 0, rp = 1, Qp = Rp,0). Then, substituting Eqs. (37)
and (12) into Eq. (44) yields:

E[B(yr,xs, k)] =
∫
κ∈R+

∫
u∈S(0,1)(

eı2πκu
⊤(yr−xs) +

∑
p>0

κu⊤n(sp,0)−kβ̂(sp,0,k)
κu⊤n(sp,0)+kβ̂(sp,0,k)

×eı2πκu⊤(yr−Rp,0xs−yp)
)
dS(u)κ2dκ

=
∫
κ∈R3

(
e−ı2πκ

⊤xs
+

∑
p>0

κ⊤n(sp,0)−kβ̂(sp,0,k)
κ⊤n(sp,0)+kβ̂(sp,0,k)

×e−ı2πκ⊤(Rp,0xs+yp)
)
eı2πκ

⊤yr
dκ,

where the first equality is obtained by noticing that for rp = 1, Eq. (35) yields −Rp,0 yp = yp,
and the second equality is obtained by applying the change of variable κ = κu, which is
such that dκ = κ2dκdS(u). From this equation, we immediately deduce that the 3D Fourier
transform of the B-function w.r.t. yr is such that

E[B̂(κ,xs, k)] = e−ı2πκ
⊤xs

+
∑
p>0

κ⊤n(sp,0)−kβ̂(sp,0,k)
κ⊤n(sp,0)+kβ̂(sp,0,k)

e−ı2πκ
⊤(Rp,0xs+yp).

We thus retrieve exactly the same terms as in Badeau (2024, Eq. (30)), which shows that
the mean of the B-function matches exactly the spatial distribution of the original source,
and of the first order image sources w.r.t. the complex impedance planes tangent to the
boundary surface at the reflection points sp,0.

Alternatively, if we focus again on the Neumann (ϵ = 1) and Dirichlet (ϵ = −1) boundary
conditions, and if we now consider the universal pseudo-correlation function in Eq. (26) along
with the modal density in Eq. (13), as explained in Sec. 3.3, then Eq. (44) yields:

E[B(yr,xs, k)] = 4π
∫
κ∈R+

sinc (2πκ∥yr − xs∥2)
(
κ2 + ϵλS(∂V )

8
κ
)
dκ.

Again, the integral over κ can be calculated in closed form:

E[B(yr,xs, k)] = δ(yr − xs) + ϵ λS(∂V )

8π∥yr−xs∥22
. (46)

In the right member of Eq. (46), the first term is a Dirac at the original source position, as
in Eq. (45) for p = 0 (assuming that the direct path is not blocked by an obstacle). The
second term is a universal surface term, which is an average of the spatial distribution of
all possible first order image sources, when the room’s geometry is unknown. This term is
slowly varying and non-oscillating, thus negligible at high frequency.
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4.1.2. Second order moments
Now, let us calculate the second order moments of the B-function when the wave numbers

are fixed, i.e., when the measure µ is deterministic, and only the eigenfunctions φn are
random. By substituting Eq. (42), applying Lemma 1, and finally substituting Eqs. (24)
and (25), we get

E[B(yr1,x
s
1, k1)B(yr2,x

s
2, k2)]

= λ2
∑
n∈N

(
γ(yr1,y

r
2, Kn, k1, k2) γ(x

s
1,x

s
2, Kn, k1, k2)

+γ(yr1,x
s
2, Kn, k1, k2) γ(x

s
1,y

r
2, Kn, k1, k2)

)
+λ2

∑
n1∈N

C(yr1,x
s
1,K(Kn1 , k1), k1)

×
∑
n2∈N

C(yr2,x
s
2,K(Kn2 , k2), k2)

= λ2
∫
K∈R+

(
γ(yr1,y

r
2, K, k1, k2) γ(x

s
1,x

s
2, K, k1, k2)

+γ(yr1,x
s
2, K, k1, k2) γ(x

s
1,y

r
2, K, k1, k2)

)
dµ(K, 0)

+λ2
∫
K1∈R+

C(yr1,x
s
1,K(K1, k1), k1)dµ(K1, 0)

×
∫
K2∈R+

C(yr2,x
s
2,K(K2, k2), k2)dµ(K2, 0),

where we have substituted Eq. (16) in the last equality. Then, by applying the mathematical
expectation w.r.t. the random measure µ, we get

E[B(yr1,x
s
1, k1)B(yr2,x

s
2, k2)]

= λ2
∫
K∈R+

(
γ(yr1,y

r
2, K, k1, k2)γ(x

s
1,x

s
2, K, k1, k2)

+γ(yr1,x
s
2, K, k1, k2)γ(x

s
1,y

r
2, K, k1, k2)

)
ρ(K, 0)dK

+λ2
∫∫

K1,K2∈R+
C(yr1,x

s
1,K(K1, k1), k1)

×C(yr2,xs2,K(K2, k2), k2) ρ (K1, 0) ρ (K2, 0)
×R2

(
(K1 −K2)ρ

(
K1+K2

2
, 0
))
dK1dK2,

(47)

where we have used Eqs. (17) and (18). With the same change of variable K1 = K + s
2ρ(K,0)

and K2 = K − s
2ρ(K,0)

as in Sec. 3.1.3, we get asymptotically

E[B(yr1,x
s
1, k1)B(yr2,x

s
2, k2)]

= λ2
∫
K∈R+

(
γ(yr1,y

r
2, K, k1, k2) γ(x

s
1,x

s
2, K, k1, k2)

+γ(yr1,x
s
2, K, k1, k2) γ(x

s
1,y

r
2, K, k1, k2)

+
∫
s∈RC(y

r
1,x

s
1,K(K + s

2ρ(K,0)
, k1), k1)

×C(yr2,xs2,K(K − s
2ρ(K,0)

, k2), k2)(1− Y (s)) ds
)

ρ(K, 0)dK,

(48)

where the level cluster function Y (s) was defined in Eq. (20).
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4.2. Green’s function of the Helmholtz equation
Thanks to Eq. (8), the first and second order statistics of the Green’s function G(xr,xs, k)

can be directly derived from those of the B-function, which were calculated in Sec. 4.1.

4.2.1. Mathematical expectation
The mathematical expectation ofG(xr,xs, k) can be deduced from that of theB-function,

by solving the partial differential equation (PDE)

−(∆yr + 4π2k2)E[G(yr,xs, k)] = E[B(yr,xs, k)], (49)

which follows from Eq. (8). Indeed, given that both expressions of the pseudo-correlation
function C(x1,x2, κ, k) in Eqs. (26) and (37) satisfy ∆x1C(x1,x2, κ, k) = −4π2κ2C(x1,x2, κ, k),
the following formula

E[G(xr,xs, k)] = λ
4π2

∫
κ∈R+

C(xr,xs,κ,k)
κ2−k2 ρ(κ, k)dκ (50)

does provide a solution to Eq. (49), where E[B(yr,xs, k)] was expressed in Eq. (44).
Now, let us focus on two particular cases: the Neumann (ϵ = 1) and Dirichlet (ϵ = −1)

boundary conditions. Then, if we consider the multiple-path pseudo-correlation function in
Eq. (32) along with the modal density in Eq. (12), as explained in Sec. 3.3, the integral in
Eq. (50) can be calculated in closed-form by using the residue theorem1 (Ahlfors, 1979):

E[G(xr,xs, k)] =
∑
p

ϵrp
cos(2πk∥xr−(Qpx

s+yp)∥2)
4π∥xr−(Qpx

s+yp)∥2

=
∑
p

ϵrpG0 (x
r − ψp(x

s), k) ,

where function G0(z, k) is the free field Green’s function defined in Eq. (7), and ψp is the
similarity transformation defined in Eq. (33).

Alternatively, if we consider the universal pseudo-correlation function in Eq. (26) along
with the modal density in Eq. (13), as explained in Sec. 3.3, the expectation of the B-function
was expressed in Eq. (46). From this equation, solving the PDE in Eq. (49) leads to

E[G(xr,xs, k)] =
cos(2πk∥xr−xs∥2)

(
1+

ϵλS(∂V )Si(2πk∥xr−xs∥2)
4πk

)
4π∥xr−xs∥2

− sin(2πk∥xr−xs∥2)
ϵλS(∂V )Ci(2π|k|∥xr−xs∥2)

4πk
4π∥xr−xs∥2 ,

(51)

where Ci(x) is the cosine integral function: Ci(x) = −
∫ +∞
x

cos(u)
u
du, and Si(x) is the sine

integral function: Si(x) =
∫ x
0

sin(u)
u
du. The mathematical derivations that lead to Eq. (51)

from Eqs. (49) and (46) are lengthy and are thus omitted here, but conversely, it is easy to
verify that the function E[G(xr,xs, k)] defined in Eq. (51) is indeed a solution to Eq. (49),
with E[B(yr,xs, k)] expressed as in Eq. (46).

1We can choose two integration contours that contain an interval of R centered at κ = 0, given that the
integrand in the right member of Eq. (50) is an even function of κ, one contour in the upper half complex
plane, and the other in the lower half complex plane. Moreover, the denominator contains two real poles at
κ = k and κ = −k, which belong to these two contours, so the corresponding residues are divided by two.
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4.2.2. Second order moments
In the same way, the second order moments of G(xr,xs, k) can be deduced from those

of the B-function, by solving the following PDE:

(∆yr
1
+ 4π2k21)(∆yr

2
+ 4π2k22)E[G(yr1,xs1, k1)G(yr2,xs2, k2)]

= E[B(yr1,x
s
1, k1)B(yr2,x

s
2, k2)],

(52)

which follows from Eq. (8). Indeed, given that both expressions of the pseudo-correlation
function C(x1,x2, κ, k) in Eqs. (26) and (37) satisfy

∆x1C(x1,x2, κ, k) = −4π2κ2C(x1,x2, κ, k),

and both expressions of the correlation function γ(x1,x2, K, k1, k2) in Eqs. (28) and (38)
satisfy

∆x1γ(x1,x2, K, k1, k2) = −4π2K(K, k1)
2γ(x1,x2, K, k1, k2)

and
∆x2γ(x1,x2, K, k1, k2) = −4π2K(K, k2)2γ(x1,x2, K, k1, k2),

the following formula

E[G(xr1,xs1, k1)G(xr2,xs2, k2)]
= λ2

16π4

∫
K∈R+

(
γ(xr

1,x
r
2,K,k1,k2) γ(x

s
1,x

s
2,K,k1,k2)

(K(K,k1)2−k21)(K(K,k2)2−k22)

+
γ(xr

1,x
s
2,K,k1,k2) γ(x

s
1,x

r
2,K,k1,k2)

(K(K,k1)2−k21)(K(K,k2)2−k22)
+
∫
s∈RC(x

r
1,x

s
1,K(K + s

2ρ(K,0)
, k1), k1)

×C(xr2,xs2,K(K − s
2ρ(K,0)

, k2), k2) ρ(K, 0)
1−Y (s)

(K(K+ s
2ρ(K,0)

,k1)2−k21)(K(K− s
2ρ(K,0)

,k2)2−k22)
ds
)
dK

(53)

does provide a solution to Eq. (52), where E[B(yr1,x
s
1, k1)B(yr2,x

s
2, k2)] was expressed in

Eq. (48).

4.3. Room impulse response
Based on Eq. (6), the first and second order statistics of a solution g(xr,xs, t) to the

inhomogeneous wave equation [Eq. (3)] can be deduced from those of the Green’s function
G(xr,xs, k), which were calculated in Sec. 4.2. The statistics of the causal RIR h(xr,xs, t)
can then be directly deduced from those of g(xr,xs, t).

4.3.1. Mathematical expectation
By applying the mathematical expectation to Eq. (6), we first get

E[g(xr,xs, t)] =
∫
f∈R E[G(x

r,xs, f
c
)]eı2πftdf. (54)
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Then, by substituting Eq. (50) into Eq. (54), we get

E[g(xr,xs, t)] = − λc2

4π2

∫
κ∈R+

∫
f∈R

C(xr,xs,κ, f
c
)

f2−c2κ2 ρ(κ, f
c
)eı2πftdfdκ. (55)

By applying the residue theorem2 (Ahlfors, 1979), we then get

E[g(xr,xs, t)] = λc
4π

sign(t) Im
∫
κ∈R+

C(xr,xs, κ, κ)ρ(κ,κ)
κ
eı2πcκtdκ. (56)

Now, let us focus on two particular cases: the Neumann (ϵ = 1) and Dirichlet (ϵ = −1)
boundary conditions. Then, if we consider the multiple-path pseudo-correlation function in
Eq. (32) along with the modal density in Eq. (12), as explained in Sec. 3.3, the integral in
Eq. (56) can be calculated in closed-form:

E[g(xr,xs, t)] = 1
8πLp(xr,xs)

sign(t)
∑
p

ϵrp
(
δ(t− Lp(xr,xs)

c
)− δ(t+ Lp(xr,xs)

c
)
)
,

where Lp denotes the length of the p-th trajectory, defined in Eq. (36). Note that E[g(xr,xs, t)]
is an even function of time. However, by definition, the RIR h(xr,xs, t) is a causal function.
Therefore, E[h(xr,xs, t)] is obtained by adding to E[g(xr,xs, t)] the appropriate odd solu-
tion of the homogeneous wave equation [Eq. (1)], which is such that the resulting function
is causal:

E[h(xr,xs, t)] = E[g(xr,xs, t)] + 1
8πLp(xr,xs)

∑
p

ϵrp
(
δ(t− Lp(xr,xs)

c
)− δ(t+ Lp(xr,xs)

c
)
)

=
∑
p

ϵrp
δ(t−Lp(x

r,xs)

c
)

4πLp(xr,xs)
.

(57)
As expected, the mean of the RIR contains exactly the early reverberation predicted by geo-
metrical acoustics, which is formed of the direct path for p = 0 (spherical wave propagating
from to the punctual source xs to the receiver xr, as in Eq. (4)), if this path is not blocked
by an obstacle, and the first echos (spherical waves propagating from to the image sources to
the receiver). Since in practice the sum over p is finite as explained in Sec. 3.2.4, the mean
of the RIR is zero after a finite time.

Alternatively, if we consider the universal pseudo-correlation function in Eq. (26) along
with the modal density in Eq. (13), as explained in Sec. 3.3, then the mathematical expec-
tation of the RIR is calculated in Appendix B.1:

E[h(xr,xs, t)] = δ(t− ∥xr−xs∥2
c

)

4π∥xr−xs∥2 + ϵλcS(∂V )
16π∥xr−xs∥2H(t) ln

∣∣∣∣ t+ ∥xr−xs∥2
c

t− ∥xr−xs∥2
c

∣∣∣∣ , (58)

where H(t) denotes the Heaviside function, which is such that H(t) = 1 ∀t > 0 and H(t) = 0
∀t < 0.

2Note that two different integration contours must be considered, which both contain an interval of R
centered at f = 0, one contour in the upper half complex plane, and the other in the lower half complex
plane, depending on the sign of t. Moreover, the denominator in the right member of Eq. (55) contains two
real poles at f = cκ and f = −cκ, which belong to the integration contour, so the corresponding residues
are divided by two.
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Figure 2: Representation of the mean of the RIR E[h(xr,xs, t)], obtained in the Neumann case with the
universal pseudo-correlation function. The red arrow represents the direct path, and the blue curve represents
an average of the first order reflections.

The mean of the RIR E[h(xr,xs, t)] expressed in Eq. (58) is illustrated in Fig. 2, in the
Neumann case (ϵ = 1). In the right member of Eq. (58):

• the first term, represented by the red arrow in Fig. 2, is the free field impulse response
introduced in Eq. (4), which corresponds to the direct path, as in Eq. (57) for p = 0 if
this path is not blocked by an obstacle; it is zero after a finite time;

• the second term, represented by the blue curve in Fig. 2, is a universal surface term,
independent of the room’s geometry, which is an average of the first order reflections.
Clearly, the universal pseudo-correlation function, along with the modal density in
Eq. (13), is not able to account for the fact that the first reflections necessarily arrive
after the direct path. In other respects, this second term is asymptotically equivalent
to λS(∂V )

8πt
when t → +∞. Therefore, its time-frequency distribution is negligible,

asymptotically over time, at non-zero frequencies.3
We conclude that the time-frequency distribution of E[h(xr,xs, t)] is asymptotically negligi-

3Indeed, for a given τ > 0, let us define the time-frequency atom ψf0,t0(t) =
t
t0
e−π

(t−t0)2

τ2 +ı2πf0t, whose
Fourier transform is

ψ̂f0,t0(f) = τ
(
1− ıτ2 f−f0

t0

)
e−πτ2(f−f0)

2−ı2π(f−f0)t0 .

Let us then consider the asymptotics t0 ≫ τ , and note that ψf0,t0(t) is not negligible only when |t− t0| ≪ τ ,

and ψ̂f0,t0(f) is not negligible only when |f − f0| ≪ 1
τ . We then get asymptotically |ψf0,t0(t)| ∼ e−π

(t−t0)2

τ2

and |ψ̂f0,t0(f)| ∼ τe−πτ2(f−f0)
2

, so this atom is asymptotically equivalent to a Gabor atom centered at (f0, t0)
and scaled by τ . However, the dot product of function t 7→ 1

t with ψf0,t0(t) is such that
∣∣∣∫ 1

t ψf0,t0(t)dt
∣∣∣ =

τ e−πτ2f2
0

t0
. Since this equality holds for arbitrarily large values of τ , we conclude that the time-frequency

distribution of function t 7→ 1
t is asymptotically equivalent to δ(f0)

t0
when t0 → +∞.
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ble when f, t→ +∞, independently of the chosen pseudo-correlation function.

4.3.2. Second order moments
For all K ∈ R, let κ(K) be the unique complex solution to the equation K(K,κ(K)) =

κ(K) with both nonnegative real and imaginary parts, whose first order asymptotic expan-
sion was calculated in Badeau (2024, Eq. (117)):

κ(K) = K + ıλ
8π

∫
s∈∂V

(
ln
(

1+β̂(s,K)

1−β̂(s,K)

)
−β̂(s, K)2 ln

(
β̂(s,K)+1

β̂(s,K)−1

)
+ 2β̂(s, K)

)
dS(s).

(59)

Then, the following first order expansion of the second order moments of the RIR is
established in Appendix B.2:

E[h(xr1,xs1, t1)h(xr2,xs2, t2)]
= c2

8π2H(t1)H(t2) Re
∫
k∈R+(

γ(xr1,x
r
2, κ̊(k)) γ(x

s
1,x

s
2, κ̊(k))

+γ(xr1,x
s
2, κ̊(k)) γ(x

s
1,x

r
2, κ̊(k))

−C(xr1,xs1, κ̊(k))C(xr2,xs2, κ̊(k)) b
(
t1+t2
2tκ(k)

))
× e−4πcIm(̊κ(k))

t1+t2
2 +ı2πck(t1−t2)

|̊κ(k)|2 Γ̂κ(k)dk,

(60)

where the form factor b(.) was defined in Eq. (21), and with the following notation:

κ̊(k) = k + ıImκ
(
(Reκ)−1(k)

)
, (61)

tκ (k) = tH
(
(Reκ)−1(k), 0

)
, (62)

where tH(K, 0) = ρ(K,0)
c

is the Heisenberg time that was defined in Eq. (31), and

Γ̂κ(k) =
Γ̂B((Reκ)−1(k))

(Reκ)′((Reκ)−1(k))
, (63)

where
Γ̂B(K) = λ2ρ(K, 0) (64)

is the power spectral density that was originally introduced in Badeau (2024, Eq. (71)).
Note that, if we assume that dβ̂(s,k)

dk
= O( 1

k
), then substituting Eq. (59) into Eq. (61)

yields the following first order asymptotic expansion:

κ̊(k) = k + ıImκ (k) . (65)

In Eq. (60), in order to simplify the notations, we have introduced

C(x1,x2, κ) ≜ C(x1,x2, κ, κ), (66)
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and
γ(x1,x2, κ(K)) ≜ γ(x1,x2, K, κ(K), κ(K)). (67)

Note that, in Badeau (2026d, Remarks 1 and 2), we showed that function γ(x1,x2, K, k, k), as
expressed in either Eq. (28) or Eq. (38), depends on K only through K(K, k). Consequently,
for k = κ(K), since K(K,κ(K)) = κ(K), the right member of Eq. (67) actually depends
only on κ(K). This explains why in Eq. (67), the parameter K has been omitted from the
list of arguments of the γ function defined in the left member.

Finally, the possible choices of the (pseudo)-correlation functions yield different expres-
sions of functions C, γ, tκ, and Γ̂κ, as shown below.

Universal (pseudo-)correlation functions. First, if we consider the universal (pseudo-)correlation
functions described in Sec. 3.2.2 along with the modal density in Eq. (13), as explained in
Sec. 3.3, then Eqs. (66) and (26) yield

C(x1,x2, κ) = sinc (2πκ∥x1 − x2∥2) ,

and Eqs. (67) and (28) yield

γ(x1,x2, κ(K)) = 1
4π

∫
u∈S(0,1) e

ı2πu⊤(κ(K)x1−κ(K)x2)−2 Im(θ(u,K,κ(K)))dS(u).

If we assume that dβ̂(s,k)
dk

= O( 1
k
), then substituting Eqs. (31) and (59) into Eq. (62) yields

tκ (k) =
4π|V |
c

(
k2 + λkS(∂V )

8
+ λk

4π
Im

∫
s∈∂V

(
ln
(

1+β̂(s,k)

1−β̂(s,k)

)
−β̂(s, k)2 ln

(
β̂(s,k)+1

β̂(s,k)−1

)
+ 2β̂(s, k)

)
dS(s)

)
.

If in addition, we assume that dβ̂(s,k)
dk

= o( 1
k
), then substituting Eq. (59) into Eq. (63)

yields
Γ̂κ(k) = 4πλ

(
k2 + λkS(∂V )

8
+ λk

4π
Im

∫
s∈∂V

(
ln
(

1+β̂(s,k)

1−β̂(s,k)

)
−β̂(s, k)2 ln

(
β̂(s,k)+1

β̂(s,k)−1

)
+ 2β̂(s, k)

)
dS(s)

)
.

Multiple-path (pseudo-)correlation functions. If we consider the multiple-path (pseudo-)correlation
functions described in Sec. 3.2.4 along with the modal density in Eq. (12), as explained in
Sec. 3.3, then Eqs. (66) and (37) yield

C(x1,x2, κ) =
∑
p

1
4π

∫
u∈S(0,1)

(
rp−1∏
q=0

u⊤Rp,rp−1...Rp,q+1n(sp,q)−β̂(sp,q ,κ)
u⊤Rp,rp−1...Rp,q+1n(sp,q)+β̂(sp,q ,κ)

)
× eı2πκu⊤(x1−Qpx2−yp)+eı2πκu⊤(x2−Qpx1−yp)

2
dS(u),

and Eqs. (67), (38) and (39) yield

γ(x1,x2, κ(K)) = γ̊(x1,x2,κ(K))+γ̊(x2,x1,κ(K)
2

,
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with
γ̊(x1,x2, κ(K)) =

∑
p

1
4π

∫
u∈S(0,1) e

ı2πu⊤(κ(K)x1−κ(K)Qpx2−Kyp)

×eı
(
θ(u,K,κ(K))−θ(Q⊤

p u,K,κ(K))
)
dS(u).

If we assume that dβ̂(s,k)
dk

= O( 1
k
), then substituting Eqs. (31) and (59) into Eq. (62) yields

tκ (k) =
4π|V |
c

(
k2 + λk

4π
Im

∫
s∈∂V

(
ln
(

1+β̂(s,k)

1−β̂(s,k)

)
−β̂(s, k)2 ln

(
β̂(s,k)+1

β̂(s,k)−1

)
+ 2β̂(s, k)

)
dS(s)

)
.

If in addition, we assume that dβ̂(s,k)
dk

= o( 1
k
), then substituting Eq. (59) into Eq. (63)

yields
Γ̂κ(k) = 4πλ

(
k2 + λk

4π
Im

∫
s∈∂V

(
ln
(

1+β̂(s,k)

1−β̂(s,k)

)
−β̂(s, k)2 ln

(
β̂(s,k)+1

β̂(s,k)−1

)
+ 2β̂(s, k)

)
dS(s)

)
.

4.3.3. Wigner distribution
The definition of the cross-Wigner distribution of the RIR in Eq. (41) involves the ACF

Γh defined in Eq. (40). However, we have shown in Sec. 4.3.1, in the case of Neumann
and Dirichlet boundary conditions, that the time-frequency distribution of E[h(xr,xs, t)] is
asymptotically negligible when f, t→ +∞. In fact, this remark also holds in the general case
of the complex Robin boundary condition, because E[h(xr,xs, t)] still contains only the direct
path and the first echoes. Therefore the ACF Γh(x

r
1,x

s
1,x

r
2,x

s
2, t1, t2) can be asymptotically

identified to the second order moments E[h(xr1,xs1, t1)h(xr2,xs2, t2)] calculated in Eq. (60).
In other respects, because the RIR is a causal function of time, calculating the exact

Wigner distribution of the RIR from Eq. (60) would produce spurious interference terms that
are a well-known, undesirable property of the Wigner distribution (Cohen, 1989). Instead,
in order to cancel out these interference terms, we consider the natural continuation of the
RIR to negative times, which is actually an odd function of time. This change just amounts
to removing the terms H(t1) and H(t2) from Eq. (60).

Finally, Eq. (60) modified in this way, with the change of variable k = f
c
, shows that the

cross-Wigner distribution of the RIR defined in Eq. (41) is expressed as

Wh(x
r
1,x

s
1,x

r
2,x

s
2, f, t) =

c3Γ̂κ(
f
c
)

4

(
γ(xr

1,x
r
2 ,̊κ(

f
c
)) γ(xs

1,x
s
2 ,̊κ(

f
c
))+γ(xr

1,x
s
2 ,̊κ(

f
c
)) γ(xs

1,x
r
2 ,̊κ(

f
c
))

4π2f2+α( f
c
)2

−
C(xr

1,x
s
1 ,̊κ(

f
c
))C(xr

2,x
s
2 ,̊κ(

f
c
)) b
(

t
tκ(f/c)

)
4π2f2+α( f

c
)2

)
e−2α( f

c
)t,

(68)

where functions tκ, Γ̂κ, κ̊, C and γ were defined in Eqs. (62), (63), (65), (66) and (67),
respectively, and α(k) ≜ 2πcIm(̊κ(k)) is the temporal attenuation. These various functions
can further be expressed according to the selected (pseudo-)correlation functions, as shown in
Secs. 4.3.2 and 4.3.2. It can be noted that Eq. (68) satisfies the acoustic reciprocity principle:
it remains unchanged when the positions of the source and the receiver are swapped, i.e.,
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whether xs1 is swapped with xr1, or xs2 is swapped with xr2. In addition, Eq. (68) can be
simplified by noting that when f → +∞,

c3Γ̂κ(
f
c
)

4(4π2f2+α( f
c
)2)

−→ λc
4π
.

Finally, the expression of the power distribution is obtained by taking xr1 = xr2 = xr and
xs1 = xs2 = xs in Eq. (68):

Wh(x
r,xs, f, t) ≜ Wh(x

r,xs,xr,xs, f, t)

=
c3Γ̂κ(

f
c
)

4

(
γ(xr,xr ,̊κ( f

c
)) γ(xs,xs ,̊κ( f

c
))+|γ(xr,xs ,̊κ( f

c
))|2

4π2f2+α( f
c
)2

−|C(xr,xs ,̊κ( f
c
))|2 b

(
t

tκ(f/c)

)
4π2f2+α( f

c
)2

)
e−2α( f

c
)t.

(69)

In the Neumann case, Eq. (68) is simplified as follows:

Wh(x
r
1,x

s
1,x

r
2,x

s
2, f, t) =

c3Γ̂B( f
c
)
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(
C(xr

1,x
r
2,
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c
)C(xs

1,x
s
2,

f
c
)+C(xr

1,x
s
2,

f
c
)C(xs

1,x
r
2,

f
c
)

4π2f2

−
C(xr

1,x
s
1,

f
c
)C(xr

2,x
s
2,

f
c
) b
(

t
tH (f/c,0)

)
4π2f2

)
,

(70)

where tH is the Heisenberg time defined in Eq. (31), and Γ̂B is the power spectral density
defined in Eq. (64). In the same way, Eq. (69) becomes

Wh(x
r,xs, f, t) =

c3Γ̂B( f
c
)

4

(
C(xr,xr, f

c
)C(xs,xs, f

c
)

4π2f2
+

(C(xr,xs, f
c
))

2
(
1−b

(
t

tH (f/c,0)

))
4π2f2

)
. (71)

Eq. (71) shows that, at fixed source position xs, the power of the wave field is enhanced in the
vicinity of xs: we retrieve the enhanced backscattering phenomenon discussed in Sec. 3.2.3.

Finally, let us consider the universal pseudo-correlation function in Eq. (26) along with
the modal density in Eq. (13), as explained in Sec. 3.3. Then, Eq. (71) is simplified as follows:

Wh(x
r,xs, f, t) =

c3Γ̂B( f
c
)

4

1+(C(xr,xs, f
c
))

2
(
1−b

(
t

tH (f/c,0)

))
4π2f2

. (72)

In addition, when xs1 = xs2 = xs, far from the source xs, Eq. (70) further simplifies as:

Wh(x
r
1,x

s,xr2,x
s, f, t) =

c3Γ̂B( f
c
)

4

sinc(2π f
c
∥xr

1−xr
2∥2)

4π2f2
. (73)

We thus retrieve the original formula that was expressed in Badeau (2024, Eq. (89)).
Note that this expression is a function of ∥xr1 − xr2∥2, and it is independent of the source
position xs. We retrieve the fact that the wave field behaves like a centered and isotropic
stationary random process, provided that t→ +∞ and f → +∞.
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5. Discussion and conclusion

In this paper, the mathematical foundations of the statistical wave field theory have
been reworked at the fundamental level of the eigenspectrum and eigenfunctions of the
complex Robin Laplacian. We first identified the relevant works regarding the asymptotic
distribution of the eigenspectrum of the real Robin Laplacian (Sec. 3.1), which include the
asymptotic expansion of the modal density (Weyl’s law for the volume term and Balian
and Bloch (1970) formula for the first order surface term), the identification of the wave
number distortion (Badeau, 2024), and the probability distribution of the eigenspectrum
predicted by the random matrix theory (Mehta, 1991). Then we identified the relevant works
regarding the asymptotic distribution of the eigenfunctions of the real Robin Laplacian,
which include the Gaussian RWM and universal correlation function (Berry, 1977), the
enhanced backscattering phenomenon (Weaver and Lobkis, 2000), and the multiple-path
correlation function (Hortikar and Srednicki, 1998) (Sec. 3.2).

Based on these existing works, we introduced in Badeau (2026d, Sec. IV) a general RWM
of the eigenfunctions of the complex Robin Laplacian, which is also summarized in Sec. 3.2.
This contribution was twofold: first, it unifies the existing RWMs dedicated to the real Robin
Laplacian, and second, it generalizes these RWMs to the complex Robin Laplacian, which
makes it possible to account for the absorption of energy at the boundary surface. Next, in
this paper, we paid particular attention to ensuring consistency between the eigenspectrum
model and the RWM of the eigenfunctions (Sec. 3.3). Indeed, two combinations are possible.
When the room’s geometry is unknown, the universal correlation function, which ignores the
reflections at the boundary, can be complemented by the asymptotic expansion of the modal
density that includes the first order surface term (Balian and Bloch, 1970), which accounts
for first order reflections. Alternatively, when the exact room’s geometry is known, the
multiple-path correlation function, which innately takes the first reflections at the boundary
into account, can be complemented by the asymptotic expansion of the modal density that
includes only the volume term, without the first order surface term (Weyl’s law).

Then, based on these probabilistic models of the eigenspectrum and eigenfunctions of the
complex Robin Laplacian, we were able to calculate the first and second order statistics of
the wave field (Sec. 4). We thus achieved an expected and remarkable result: the unification
of geometrical acoustics (Kuttruff, 2014, Chap. 4), which is generally used to predict the
first echoes that appear in early reverberation, and of probabilistic models (Kuttruff, 2014,
Chap. 5), which are generally used to predict the statistical properties of late reverberation.
More precisely, the predictions of early reverberation (direct path and first echos) from geo-
metrical acoustics are retrieved in the first order statistics of the RIR (Sec. 4.3.1). With the
multiple-path pseudo-correlation function, the first echos are represented accurately given the
exact room’s geometry, whereas they are averaged over time and space, independently of the
room’s geometry, with the universal pseudo-correlation function. Moreover, the predictions
of late reverberation (power distribution over space, frequency and time) are retrieved in the
second order statistics of the RIR (Sec. 4.3.2), as in our previous works on the statistical
wave field theory.

Incidentally, we obtained several other known results. First, the former third assumption
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of the statistical wave field theory, which states that the mean and pseudo-covariances of
the B-function are stationary (Badeau, 2024), is now a mathematical result proved from
the RWM introduced in Badeau (2026d, Sec. IV) (Appendix A.2). Consequently, we also
retrieved the former predictions of the statistical wave field theory (Sec. 4.3.2). In the case
of Neumann’s boundary condition, we thus retrieved the formula of the power distribution
over time, frequency, and space, which is proportional to the modal density, based on the
universal correlation function and on the asymptotic expansion of the modal density up to
the first order surface term (Balian and Bloch, 1970). In the case of Robin’s boundary con-
dition, the closed-form expressions of the wave number distortion and of the reverberation
time are the same as in our previous works. In addition, the enhanced backscattering phe-
nomenon (Weaver and Lobkis, 2000) is now accounted for, based on existing results from
random matrix theory (Sec. 4.3.2).

In addition to the previously mentioned contributions, various other improvements have
been made compared to the existing works. First, we have proved the almost sure conver-
gence of the series that defines the B-function of the complex Robin Laplacian in the case
of mixing billiards (Appendix A.1). This is a simplification of the general result that we
had previously obtained in Badeau (2025a), by following a completely different approach.
Other improvements include the accurate prediction of the first echos in the case of energy
absorption (Sec. 4.3.1), compared to the usual approximation by punctual image sources in
geometrical acoustics (Kuttruff, 2014, Chap. 4), and the accurate prediction of the power
distribution over time, frequency and space compared to our previous works, which was
the initial impetus for the research presented in this article, and which now respects the
acoustic reciprocity principle (Sec. 4.3.3). Finally, another contribution is the generalization
of the enhanced backscattering formulas (Weaver and Lobkis, 2000) to the complex Robin
Laplacian, which takes energy absorption into account (Sec. 4.3.3).

The possible future extensions and applications of the work presented in this article are
numerous. For instance, the curvature of the boundary surface was taken into account to im-
prove the predictions of the wave number distortion and of the reverberation time in Badeau
(2025b), based on the second order curvature term in the asymptotic expansion of the modal
density (Balian and Bloch, 1970). From the new perspective adopted in this article, we know
that this second order asymptotic expansion can be combined with the universal (pseudo-
)correlation functions, to get a space-averaged improved prediction of the power distribution,
independent of the room’s geometrical shape. Alternatively, the curvature of the boundary
could also be taken into account in the multiple-path (pseudo-)correlation functions, which
can be combined with Weyl’s law, in order to get an even more accurate prediction of the
power distribution, when the exact room’s geometry is known.
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Appendix A. Properties of the B-function

In this appendix, we study the convergence of the series that defines the B-function
(Appendix A.1), and prove the former third assumption of the statistical wave field theory
(Appendix A.2).

Appendix A.1. Convergence of the B-function to a distribution
In the case of the real Robin Laplace operator, it is well known that the series that

defines the B-function in Eq. (42) deterministically converges in V to the identity operator
on the Hilbert space of square integrable functions L2(V ). However, in the general case
of the complex Robin Laplace operator, there is no guarantee of convergence of this series.
Instead, we were able to prove in Badeau (2025a) the convergence in a weaker sense, which
is related to the notion of Abel basis with brackets mentioned in Sec. 2.4: B(yr,xs, k) =
limε→0+ B(yr,xs, k, ε), with

B(yr,xs, k, ε) ≜
∑

m∈N

[∑Nm+1−1
n=Nm

e−ε λn(k)
γ
φn(y

r, k)φn(x
s, k)

]
, (A.1)

where {λn(k)}n∈N are the eigenvalues of the Robin Laplace operator, γ ≥ 0 is the order of the
Abel basis, and {Nm}m∈N is an increasing sequence of natural numbers, such that N0 = 0.
In Eq. (A.1), the convergence of the series is guaranteed thanks to the exponential weights
e−ε λn(k)

γ , and then the sum of the series converges as a function of ε when ε → 0. Due to
the presence of the brackets in Eq. (A.1), the convergence of the series is conditional (i.e.,
the terms of this series must be sorted in this particular order).

In this section, we will be able to prove that if the eigenfunctions follow the general RWM
introduced in Badeau (2026d, Sec. IV), then there is no longer any need to refer to the difficult
concept of Abel basis with brackets: the usual series in Eq. (42) converges to a distribution
on R3 almost surely, i.e., for almost every mixing billiard. However, remember that the
eigenfunction statistics implicitly involve averages over a small bandwidth as explained at
the beginning of Sec. 3.2. So, we actually retrieve there a notion that is similar to that of
the series "with brackets" in Eq. (A.1). Therefore the convergence of the series in Eq. (42)
is guaranteed almost surely, but also in the conditional sense.

More precisely, we will prove that ∀xs ∈ V , the series in Eq. (42) almost surely converges
to a distribution defined on the set D(R3) of smooth functions ψ with compact support in R3.

Indeed, from Eq. (47), we get:
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E
[∣∣∣∫yr∈R3 ψ(y

r)B(yr,xs, k)dyr
∣∣∣2]

= λ2
∫
K∈R+

ρ(K, 0)
(
γ(xs,xs, K, k, k)∫

yr
1∈R3

∫
yr
2∈R3 ψ(y

r
1)γ(y

r
1,y

r
2, K, k, k)ψ(y

r
2)dy

r
1dy

r
2

+
∣∣∣∫yr∈R3 ψ(y

r)γ(yr,xs, K, k, k)dyr
∣∣∣2 )dK

+λ2
∫∫

K1,K2∈R+
ρ (K1, 0) ρ (K2, 0)

×
∫
yr
1∈R3 ψ(y

r
1)C(y

r
1,x

s,K(K1, k), k)dy
r
1

×
∫
yr
2∈R3 ψ(y

r
2)C(y

r
2,x

s,K(K2, k), k)dy
r
2

×R2

(
(K1 −K2)ρ

(
K1+K2

2
, 0
))
dK1dK2.

However, Eq. (20) shows that R2 = 1−Y , where function Y is bounded, as proved at the
end of Sec. 3.1.3. Therefore, function R2 is also bounded, by its supremum ∥R2∥∞ < +∞.
We then get the upper bound:

E
[∣∣∣∫yr∈R3 ψ(y

r)B(yr,xs, k)dyr
∣∣∣2]

≤ λ2
∫
K∈R+

ρ(K, 0)
(
γ(xs,xs, K, k, k)∫

yr
1∈R3

∫
yr
2∈R3 ψ(y

r
1)γ(y

r
1,y

r
2, K, k, k)ψ(y

r
2)dy

r
1dy

r
2

+
∣∣∣∫yr∈R3 ψ(y

r)γ(yr,xs, K, k, k)dyr
∣∣∣2 )dK

+λ2∥R2∥∞
( ∫

K∈R+
ρ (K, 0)∣∣∣ ∫yr∈R3 ψ(y

r)C(yr,xs,K(K, k), k)dyr
∣∣∣ dK)2

.

(A.2)

However, we have∫
yr∈R3 ψ(y

r)γ(yr,xs, K, k, k)dyr = −
∫
yr∈R3 ∆ψ(yr)γ(yr,xs,K,k,k)dyr

4π2K(K,k)2
,

where function γ(yr,xs, K, k, k), whether it is expressed as in Eq. (28) or as in Eq. (38),
is bounded independently of K and k, therefore there is a constant M1 > 0, which only
depends on the compact support of ψ, such that∣∣∣∣∫

yr∈R3

ψ(yr)γ(yr,xs, K, k, k)dyr
∣∣∣∣ ≤M1

sup |∆ψ|
|K(K, k)|2

.

In the same way, we have∫
yr∈R3 ψ(y

r)C(yr,xs,K(K, k), k)dyr = −
∫
yr∈R3 ∆2ψ(yr)C(yr,xs,K(K,k),k)dyr

(4π2K(K,k)2)2
,

where function C(yr,xs,K(K, k), k), whether it is expressed as in Eq. (26) or as in Eq. (37),
is bounded independently of K and k, therefore there is a constant M2 > 0, which only
depends on the compact support of ψ, such that∣∣∣∫yr∈R3 ψ(y

r)C(yr,xs,K(K, k), k)dyr
∣∣∣ ≤M2

sup|∆2ψ|
|K(K,k)|4 .
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In addition, there is a constant M3 > 0, which only depends on the compact support of
ψ, such that ∫

yr
1∈R3

∫
yr
2∈R3 ψ(y

r
1)γ(y

r
1,y

r
2, K, k, k)ψ(y

r
2)dy

r
1dy

r
2 ≤M3

sup|∆ψ|2
|K(K,k)|4 .

Finally, we note that ρ(K, 0), whether it is expressed as in Eq. (12) or as in Eq. (13), grows
quadratically with K, and that K(K, k), as expressed in Eq. (15), grows linearly with K.

We deduce that E
[∣∣∣∫yr∈R3 ψ(y

r)B(yr,xs, k)dyr
∣∣∣2], as expressed in Eq. (A.2), is bounded by

max (sup |∆ψ|, sup |∆2ψ|)2 , multiplied by a constant that depends on the compact support
of ψ. This finally proves that the series in Eq. (42) almost surely converges to a distribution.

Appendix A.2. Former third assumption of the statistical wave field theory
In this section, we will focus on the universal pseudo-correlation function in Eq. (26)

along with the modal density in Eq. (13), as explained in Sec. 3.3. Our purpose is to show
that, in this case, the probability distribution of the eigenspectrum described in Sec. 3.1.3,
and the RWM of the eigenfunctions introduced in Badeau (2026d, Sec. IV), jointly induce
the former third assumption of the statistical wave field theory, as expressed in (Badeau,
2024, Sec. IV D): at high frequency, the mean and (pseudo-)covariances of the B-function
are stationary and isotropic. This mathematical property thus becomes a mathematical
result, proved from more fundamental assumptions. Note that the following mathematical
developments are actually independent of the selected pseudo-correlation function; the results
will be particularized to the universal pseudo-correlation function only at the end of this
section.

First, regarding the mathematical expectation of the B-function, Eq. (46) shows that,
in the case of Neumann and Dirichlet boundary conditions, away from the original source
position, and at high frequency, E[B(yr,xs, k)] is negligible. This remark also holds in the
general case of the complex Robin boundary condition, because E[B(yr,xs, k)] still contains
only terms involving the original source and the first image sources. Therefore, we conclude
that the B-function behaves asymptotically like a centered random process.

Next, regarding the pseudo-covariance function (PCF) of the B-function, the pseudo-
covariances are defined as

cov[B(yr1,x
s
1, k), B(yr2,x

s
2, k)]

= E[B(yr1,x
s
1, k)B(yr2,x

s
2, k)]− E[B(yr1,x

s
1, k)]E[B(yr2,x

s
2, k)].

(A.3)

Let us first calculate the pseudo-second-order-moments of the B-function when the wave
numbers are fixed, i.e., when the measure µ in Eq. (16) is deterministic, and only the
eigenfunctions φn are random. By substituting Eq. (42) into Eq. (A.3), applying Lemma 1,
and finally substituting Eq. (25), we get

E[B(yr1,x
s
1, k)B(yr2,x

s
2, k)]
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where we have substituted Eq. (16) in the last equality. Then, by applying the mathematical
expectation w.r.t. the random measure µ, we get
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(A.4)

where we have used Eqs. (17) and (18). Finally, substituting Eqs. (43) and (A.4) into
Eq. (A.3) yields
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With the same change of variable K1 = K+ s
2ρ(K,0)

and K2 = K− s
2ρ(K,0)

as in Sec. 3.1.3,
we get asymptotically
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where we have substituted Eq. (20). In Sec. 4.3.2, we showed that the asymptotic statistics of
the RIR when t→ +∞ correspond to b = Ŷ = 0, so the previous equation can be simplified
by taking Y = 0:
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Finally, substituting Eq. (14) and applying the change of variable κ = K(K, k) yields
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where the last equality is obtained by applying Cauchy’s integral theorem.
Let us now focus on the universal pseudo-correlation function defined in Eq. (26). When

xs1 = xs2 = xs, we then get the simplification:

cov[B(yr1,x
s, k), B(yr2,x

s, k)]

= λ2
∫
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(
C(yr1,y

r
2, κ, k) + C(yr1,x
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)
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Finally, if yr1 and yr2 are not too close to xs, then the terms C(yr1,xs, κ, k) and C(xs,yr2, κ, k)
are of order O( 1

κ
), therefore their product, which is of order O( 1

κ2
), can be neglected w.r.t.

C(yr1,y
r
2, κ, k), which is of order O( 1

κ
). By substituting Eq. (26), we thus get

cov[B(yr1,x
s, k), B(yr2,x

s, k)] = λ2
∫
κ∈R+

sinc(2πκ∥yr1 − yr2∥2)ρ(κ, k)dκ. (A.5)

Note that this PCF is a function of z ≜ yr1−yr2, and that it is independent of the source
position xs. We have thus finally proved the property that was originally introduced as
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the third assumption of the statistical wave field theory in Badeau (2024): the B-function
behaves asymptotically like a centered pseudo-stationary random process, whose PCF is
expressed as

JB(z, k) =

∫
κ∈R+

sinc(2πκ∥z∥2)ĴB(κ, k)dκ, (A.6)

where ĴB(κ, k) is the pseudo-spectrum [Eq. (A.6) follows from Badeau (2024, Eq. (104),
applied to ψ̂(z) = δ(z−z0))]. Finally, comparing Eqs. (A.5) and (A.6) shows that ĴB(κ, k) =
λ2 ρ(κ, k), which is exactly the same as in Badeau (2024, Eq. (98)).

Appendix B. Statistics of the RIR

In this appendix, we calculate the first order statistics (Appendix B.1) and second order
statistics (Appendix B.2) of the RIR presented in Sec. 4.3.

Appendix B.1. Mathematical expectation
If we consider the universal pseudo-correlation function in Eq. (26) along with the modal

density in Eq. (13), as explained in Sec. 3.3, then substituting Eq. (51) into Eq.(54) yields

E[g(xr,xs, t)] =
∫
f∈R

cos(2π f
c
∥xr−xs∥2)

4π∥xr−xs∥2 eı2πftdf

+ϵλS(∂V )
∫
f∈R

Si(2π f
c
∥xr−xs∥2)
4π f

c

× cos(2π f
c
∥xr−xs∥2)

4π∥xr−xs∥2 − Ci(2π
|f |
c
∥xr−xs∥2)
4π f

c

× sin(2π f
c
∥xr−xs∥2)

4π∥xr−xs∥2 eı2πftdf

= 1
4π∥xr−xs∥2

∫
f∈R

eı2πf(t−∥xr−xs∥2
c )+eı2πf(t+

∥xr−xs∥2
c )

2
df

+ ϵλS(∂V )
4π∥xr−xs∥2

∫
f∈R

(
Si(2π f

c
∥xr−xs∥2)
4π f

c

× eı2πf(t−∥xr−xs∥2
c )+eı2πf(t+

∥xr−xs∥2
c )

2

+
Ci(2π

|f |
c
∥xr−xs∥2)
4π f

c

× eı2πf(t−∥xr−xs∥2
c )−eı2πf(t+

∥xr−xs∥2
c )

2ı

)
df

=
δ(t− ∥xr−xs∥2

c
)+δ(t+

∥xr−xs∥2
c

)

8π∥xr−xs∥2

+ ϵλcS(∂V )
8π∥xr−xs∥2

∫ t
τ=0

∫
f∈R

(
ı Si(2π f

c
∥xr − xs∥2)

× eı2πf(τ−∥xr−xs∥2
c )+eı2πf(τ+

∥xr−xs∥2
c )

2

+Ci(2π |f |
c
∥xr − xs∥2)

× eı2πf(τ−∥xr−xs∥2
c )−eı2πf(τ+

∥xr−xs∥2
c )

2

)
dfdτ,

where we have expressed a function of time t as the primitive integral of its derivative in the
last equality. Then, an integration by parts yields
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E[g(xr,xs, t)]− δ(t− ∥xr−xs∥2
c

)+δ(t+
∥xr−xs∥2

c
)

8π∥xr−xs∥2

= − ϵλcS(∂V )
8π∥xr−xs∥2

∫ t
τ=0

∫
f∈R

(
ı
sin(2π f

c
∥xr−xs∥2)
f

×
e
ı2πf(τ−∥xr−xs∥2

c )

ı2π(τ−∥xr−xs∥2
c )

+ e
ı2πf(τ+

∥xr−xs∥2
c )

ı2π(τ+
∥xr−xs∥2

c )

2

+
cos(2π f

c
∥xr−xs∥2)
f

×
e
ı2πf(τ−∥xr−xs∥2

c )

ı2π(τ−∥xr−xs∥2
c )

− e
ı2πf(τ+

∥xr−xs∥2
c )

ı2π(τ+
∥xr−xs∥2

c )

2

)
dfdτ

= − ϵλcS(∂V )
16π∥xr−xs∥2

∫ t
τ=0

(
1

τ− ∥xr−xs∥2
c

− 1

τ+
∥xr−xs∥2

c

)
×
(∫

f∈R
eı2πfτ

ı2πf
df
)
dτ

= ϵλcS(∂V )
32π∥xr−xs∥2

∫ t
τ=0

(
sign(τ)

τ+
∥xr−xs∥2

c

− sign(τ)

τ− ∥xr−xs∥2
c

)
dτ

= ϵλcS(∂V )
32π∥xr−xs∥2 sign(t) ln

∣∣∣∣ t+ ∥xr−xs∥2
c

t− ∥xr−xs∥2
c

∣∣∣∣ .
We note that E[g(xr,xs, t)] is an even function of time, so E[h(xr,xs, t)] is obtained by

adding to E[g(xr,xs, t)] the appropriate odd solution of the homogeneous wave equation
[Eq. (1)], which is such that the resulting function is causal:

E[h(xr,xs, t)] = E[g(xr,xs, t)] + δ(t− ∥xr−xs∥2
c

)−δ(t+ ∥xr−xs∥2
c

)

8π∥xr−xs∥2 + ϵλcS(∂V )
32π∥xr−xs∥2 ln

∣∣∣∣ t+ ∥xr−xs∥2
c

t− ∥xr−xs∥2
c

∣∣∣∣ ,
which finally implies Eq. (58).

Appendix B.2. Second order moments
First, Eq. (6) yields

E[g(xr1,xs1, t1) g(xr2,xs2, t2)] =
∫∫

f1,f2∈R E[G(x
r
1,x

s
1,

f1
c
)G(xr2,x

s
2,

f2
c
)]eı2πf1t1eı2πf2t2df1df2.

(B.1)
Then, by substituting Eq. (53) into Eq. (B.1), we get

E[g(xr1,xs1, t1) g(xr2,xs2, t2)]

= λ2c4

16π4

∫
K∈R+

( ∫∫
f1,f2∈R

γ

(
xr
1,x

r
2,K,

f1
c
,
f2
c

)
γ

(
xs
1,x

s
2,K,

f1
c
,
f2
c

)
(
f21−c2K

(
K,
f1
c

)2
)(

f22−c2K
(
K,
f2
c

)2
)

+
γ

(
xr
1,x

s
2,K,

f1
c
,
f2
c

)
γ

(
xs
1,x

r
2,K,

f1
c
,
f2
c

)
(
f21−c2K

(
K,
f1
c

)2
)(

f22−c2K
(
K,
f2
c

)2
)

×eı2πf1t1eı2πf2t2 df1df2
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+
∫
s∈R

∫
f1∈R

∫
f2∈R

C(xr
1,x

s
1,K(K+ s

2ρ(K,0)
,
f1
c
),
f1
c
)(

f21−c2K
(
K+ s

2ρ(K,0)
,
f1
c

)2
)

×
C(xr

2,x
s
2,K(K− s

2ρ(K,0)
,
f2
c
),
f2
c
)(

f22−c2K
(
K− s

2ρ(K,0)
,
f2
c

)2
)

×eı2πf1t1eı2πf2t2df1df2 (1− Y (s)) ds
)
ρ(K, 0)dK,

where the level cluster function Y (s) was defined in Eq. (20).
Now, let us assume that Re(β̂) > 0, and consider the function κ(K) introduced in

Eq. (59). Then Eq. (15) yields K(K,−κ(K)) = κ(K). Therefore the equation f 2 =
c2K(K, f

c
)2 admits two solutions, f = cκ(K) and f = −cκ(K), which are both in the

upper half complex plane. Then by applying the residue theorem to calculate the integrals
w.r.t. f1 and f2, we get4

E[g(xr1,xs1, t1) g(xr2,xs2, t2)]
= λ2c2

8π2 H(t1)H(t2) Re
∫
K∈R+(

γ(xr
1,x

r
2,κ(K)) γ(xs

1,x
s
2,κ(K))

|κ(K)|2

+
γ(xr

1,x
s
2,κ(K)) γ(xs

1,x
r
2,κ(K))

|κ(K)|2 eı2πc(κ(K)t1−κ(K)t2)

+
∫
s∈R

C(xr
1,x

s
1,κ(K+ s

2ρ(K,0)
))

κ(K+ s
2ρ(K,0))

C(xr
2,x

s
2,κ(K− s

2ρ(K,0)
))

κ(K− s
2ρ(K,0))

×eı2πc
(
κ(K+ s

2ρ(K,0))t1−κ(K− s
2ρ(K,0))t2

)
×(1− Y (s)) ds

)
ρ(K, 0)dK,

(B.2)

where notations C(x1,x2, κ) and γ(x1,x2, κ) were introduced in Eqs. (66) and (67), re-
spectively, and, due to the high frequency assumption, we have neglected the terms that
depend on t1 and t2 only through eı2πcκ(.) (t1+t2), which correspond to the zero frequency in
the cross-Wigner time-frequency distribution introduced in Sec. 3.4.

In other respects, we note the presence of the Heaviside function H(.) in Eq. (B.2),
which shows that the function g(xr,xs, t) that appears in this equation is actually the causal
solution to the inhomogeneous wave equation [Eq. (3)], so it is by definition equal to the
RIR h(xr,xs, t). So, in the rest of this section, g(xr,xs, t) will be replaced by h(xr,xs, t).

When K → +∞, the terms κ
(
K ± s

2ρ(K,0)

)
in Eq. (B.2) will be approximated either

by the first order Taylor expansion κ(K) ± s
2ρ(K,0)

, given that ρ(K, 0) → +∞ and that the
derivative κ̇(K) → 1 asymptotically, when they are multiplied by a time, or more simply by
the zeroth order Taylor expansion κ(K) when they are not. Equation (B.2) then yields

4In each integral, the two poles lie in the interior of the upper half complex plane, the integration contour
contains an interval of R centered at f = 0, and this contour is included in the upper half complex plane.
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E[h(xr1,xs1, t1)h(xr2,xs2, t2)]
= λ2c2

8π2 H(t1)H(t2) Re
∫
K∈R+(

γ(xr1,x
r
2, κ(K)) γ(xs1,x

s
2, κ(K))

+γ(xr1,x
s
2, κ(K)) γ(xs1,x

r
2, κ(K))

+C(xr1,x
s
1, κ(K))C(xr2,x

s
2, κ(K))

×
∫
s∈R e

ı2πs
c(t1+t2)
2ρ(K,0) (1− Y (s)) ds

)
× e

ı2πc(κ(K)t1−κ(K)t2)
|κ(K)|2 ρ(K, 0)dK.

Then by noticing that function b = Ŷ defined in Eq. (21) is also the inverse Fourier
transform of Y since it is real and even, we get

E[h(xr1,xs1, t1)h(xr2,xs2, t2)]
= c2

8π2H(t1)H(t2) Re
∫
K∈R+(

γ(xr1,x
r
2, κ(K)) γ(xs1,x

s
2, κ(K))

+γ(xr1,x
s
2, κ(K)) γ(xs1,x

r
2, κ(K))

+C(xr1,x
s
1, κ(K))C(xr2,x

s
2, κ(K))

×
(
δ
(

t1+t2
2tH(K,0)

)
− b

(
t1+t2

2tH(K,0)

)))
× e

ı2πc(κ(K)t1−κ(K)t2)
|κ(K)|2 Γ̂B(K)dK,

(B.3)

where tH(K, 0) = ρ(K,0)
c

is the Heisenberg time that was defined in Eq. (31), and Γ̂B(K) is
the power spectral density that was defined in Eq. (64).

Note that when t1, t2 > 0, then t ≜ t1+t2
2

> 0, so δ
(

t
tH(K,0)

)
= 0. Then, by applying the

change of variable K = (Reκ)−1(k), Eq. (B.3) finally yields Eq. (60).
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