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ABSTRACT

Classical statistical reverberation models, such as Sabine’s and Eyring’s models, provide practitioners with effi-
cient estimates of a room’s reverberation time based on its volume, surface area, and the absorption coefficients
of its boundary surfaces. Absorption coefficients quantify sound absorption in terms of energy, which can be of
limited use when detailed descriptions of interior acoustic fields are required. In such cases, describing absorption
in terms of impedance or admittance is preferable. A statistical theory of wave fields has recently been proposed
in the literature. The statistical wave field theory predicts reverberation time at high frequencies based on the
locally reacting impedances of the surfaces present in a room. This study verifies the predictions of the statistical
wave field theory using various numerical models. Additionally, predictions of the theory are indirectly vali-
dated by using the theory to estimate surface impedances from measured data, which are in turn used to predict
reverberation times in a shoebox-shaped room and in a reverberation chamber.

1. Introduction

Reverberation time is an important parameter in room acoustics.
Among various applications, it can be used to assess the acoustic
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response of a room [1] or to measure the characteristics of sound-
absorbing materials [2]. Many models exist that can be used to predict
the reverberation time. These models generally fall into one of three cat-
egories: numerical wave, geometrical, or statistical models. Numerical
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wave models, such as the finite element method, tend to be computation-
ally expensive; however, when provided with precise input parameters,
they can be highly accurate. In contrast, geometrical models, like the im-
age source method or the diffusion equation, are more efficient but can
be less precise. Statistical models, such as Sabine’s formula [3], provide
highly efficient predictions, though they tend to be the least accurate.

While the required input parameters for these models may vary,
they generally include a description of the room’s geometry and the
absorption properties of its surfaces. For numerical wave methods and
some geometrical methods, surface absorption can be described using
complex-valued locally reacting impedance (or its inverse, admittance)
or reflection coefficients. In contrast, many geometrical models and most
statistical models typically use absorption coefficients to represent sound
absorption. The Statistical Wave Field Theory (SWFT), recently proposed
by Badeau [4-7], predicts the reverberation time based on the complex-
valued, locally-reacting impedance of a room’s surfaces. The SWFT offers
highly efficient and potentially more accurate predictions of the rever-
beration time, at least when compared to other statistical models. In
this paper, we verify the reverberation time predictions provided by the
SWEFT using both simulated and measured data.

The paper is organized as follows. A brief introduction to diffuse field
theory is provided in Section 2. In Section 3, we present the reverber-
ation time models used to verify the SWFT predictions. In Section 4,
we focus on the modal and Helmholtz models that are used to gener-
ate reference solutions. Unavoidably, the random incidence absorption
coefficient predicted by the SWFT is also included in this section. In
Section 5, we compare the reverberation time predictions from these
models with those from the SWFT using simulated rooms. In Section 6,
we employ the SWFT to estimate the impedances of surfaces in real
rooms based on measured data. The estimated impedances are then
used as input parameters to diffusion and Helmholtz models of the
measured rooms. Good agreement is found between the measured and
simulated reverberation times, thereby indirectly validating the SWFT.
Conclusions are presented in Section 7.

2. Background

The reverberation time of an acoustic space was first quantified by
Sabine in terms of a space’s volume, surface area, and absorption coef-
ficient [3]. Eyring improved Sabine’s formula by extending it to rooms
with short reverberation times [8], i.e., large absorption coefficients.
Today, many formulae for reverberation time can be found in the litera-
ture (see, e.g., Nowoswiat and Olechowska [9], and for a recent review
on reverberation time, see Polack [10]). Reverberation time formulae
provide efficient predictions that are useful in room and architectural
acoustics. The formulae are based on statistical descriptions of a sound
field that assume a diffuse field.

A sound field is considered diffuse if: the waves at any receiver po-
sition arrive from all directions with equal intensity and random phase.
Various definitions can be found in the literature, e.g., those given by
Hodgson [11] and Stephenson [12]. While a perfectly diffuse sound field
is rarely encountered in practice [13], Martellotta [14] shows that dif-
fuse field theory can provide valuable insights into the propagation of
sound in enclosed spaces. Diffuse field theory is applicable in irregu-
larly shaped rooms with uniform absorption and for fields with high
modal density (i.e., at high frequencies). Sound fields in reverberation
chambers approximate a diffuse field [15].

A diffuse field requires an ergodic and mixing geometry [16,17].
Joyce [18] discusses ergodicity, which can be summarized as the prop-
erties of a geometric space that allow a traveling sound particle to
explore every location and direction within the space. Joyce also dis-
cusses mixing, which describes how traveling particles, initially close
to one another, disperse to generate a uniform, isotropic distribution.
Mixing is a stronger condition that implies ergodicity. Related to mixing
is the mixing time, which is the time at which a room impulse response
transitions from a deterministic description to a statistical one.
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The variant of SWFT considered here, that is, Ref. [4], makes the
following assumptions:

1. the geometric shape of the room is mixing,

2. the frequency of interest is high, i.e., greater than the Schroeder
frequency [19], and

3. time is greater than the mixing time, i.e., only late reverberation
is considered.

In this work, we model both ergodic and non-ergodic geometries, and we
consider both low and high frequencies. We use eigenvalue analyses to
simulate sound fields without sources, thereby accounting for a mixing
time in the past. We expect the SWFT to hold in most cases, but not all.

3. Reverberation time models

In this verification study, we consider both reverberation time and
modal decay time predictions. The modal decay times are computed
using a modal model of a shoebox-shaped room and a finite element-
based model of the Helmholtz equation for a reverberation chamber. The
reverberation times are computed using a finite element-based model of
the diffusion equation and the SWFT, for both rooms.

While working in the modal domain may be considered unusual for
the verification of a theory that assumes high frequencies and diffuse
fields, we will show that there is agreement between the averaged modal
decay times and the reverberation times predicted by the SWFT.

3.1. Modal model of a shoebox-shaped room

The modal model of a shoebox-shaped room is based on the theoret-
ical treatment by Morse and Bolt [20]. We would like to compare the
modal decay times predicted by this model with the reverberation times
given by the SWFT. Thus, we must compute the eigenvalues of the room,
from which the modal decay times can be calculated. For a shoebox-
shaped room with spatially uniform frequency-independent impedance,
¢, the eigenvalues can be found by solving the three transcendental
equations (see, e.g., Kuttruff [21, p. 61])

k, ¢ —k
ikn,-Li =1In m +ini7[, D
ni

where i = /1, k,, is the nth eigenvalue in the ith dimension, n; € N
is a mode index, i € (x,y,z), L; is the length of the room in the ith
dimension, and k is the wavenumber. Note that we consider impedances
normalized by the characteristic specific acoustic impedance of air, i.e.,
¢ = Z/(pycy), where Z is the locally-reacting surface impedance, p, is
the density, and ¢, is the speed of sound. The room’s eigenvalues are
given by

ky =Ky + kﬁy +hk; (2)

with approximate solutions given by [20, Eq. (5.5)]

2ik inZk
hﬁ(l_ 7 hﬂ>’ 5 =0

L - L; 12L; 3)
"\ mr 2ikyp A B?
i W 50
+ 3 3 n; >
L; h; o Lin;

where f = 1/¢ is the normalized surface admittance. The rigid-walled
eigenvalues are given by k}z1 =Y, (zn;/ L,~)2. In the case of a shoebox-
shaped room, three mode types can be identified: axial, tangential, and
oblique. The eigenvalues of the axial modes are obtained when only
one entry of the trio [n,, n,, n.] is non-zero. When two entries are non-
zero, the eigenvalues of the tangential modes are obtained, and when
all entries are non-zero, the oblique modes are obtained.
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The nth damping constant is given by 6, = Im(cyk,). For the nth
damping constant, the modal decay time is given by

31n(10)
60,1 — 5 ’

(€3]

n

and for a large set of damping constants, the reverberation time is given
by [21, Eq. (3.70)]:

31n(10)

- i 5
60 ) )

where (6) indicates an average over several damping constants.

3.2. Finite element-based helmholtz model

The finite element method can be used to predict sound fields
in rooms with complex geometries and spatially non-uniform wall
impedance. In this work, we use the finite element method to solve the
Helmholtz equation. The discretized Helmholtz equation is given by

w2 _
[K+Z(COC, j>—c—2M]p—f, 6)

0

where subscript j indicates that the surface impedance can be spa-
tially non-uniform, w = 2z f is the angular frequency, p is a discretized
pressure field, f is a discretized source condition, and

K, = /(VNT - VN) dv,, @
(oY =/ (NTN) dsS, ;. ©)]
M, = / (NTN) dv,. ©

are the elemental stiffness, damping, and mass matrices, respectively.
Subscript e represents an interior element with volume V,, subscript ¢’
represents a boundary element with area S, ;, and N are interpolating
shape functions. For brevity, several details have been omitted here. For
a derivation of the method, see, e.g., the review by Prinn [22].

The discretized Helmholtz equation can be written as an eigenvalue
problem, as follows:

J
[K+Z(ic>+—M]¢ 0, 10)
=R %

where 4 is an eigenvalue and ¢ is the corresponding eigenvector. Solving
Eq. (10) for a set of eigenvalues provides predictions of the resonance

frequencies

Ay

Sfa=Re ( ) 1D
2xi

and damping constants
A

,u,,:Im(T"). 12)

As for the modal model solutions, the modal decay time of the nth mode
is given by

31n(10)

60,n = (13)

n

and, given a set of damping constants, u, the reverberation time is given
by

31In(10)

_ 3Indo) 14
60 ) 14)
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3.3. Finite element-based diffusion model

The diffusion equation models an almost diffuse field with random
incidence absorption coefficients. For a detailed description of the math-
ematical model, the interested reader is directed toward the derivation
by Picaut et al. [23]. In this study, we use the finite element method to
discretize the diffusion equation, and write it as the following eigenvalue
problem (for derivation see Prinn and Habets [24]):

[DK+Z<2(2_ : >—/1M]¢=0, (15)

where we have made use of the modified boundary condition proposed
by Jing and Xiang [25]. A typical choice for the diffusion coefficient is

D=—, (16)

given in terms of the mean free path /, which in turn is given by
| = 4V /S, where V is the room volume and S is the surface area.
The random incidence absorption coefficient, @;, can be spatially de-
pendent. Solving Eq. (15) for the smallest eigenvalue, A, allows us to
estimate the reverberation time of an uncoupled room as follows:

_ 61n(10)
60 — 1 ’

a7)

s

where the additional factor of 2, in comparison with Egs. (5) and (14),
is a consequence of the consideration of energy instead of pressure.

In this work, we specify the impedance; therefore, we need a formula
for converting the impedance to the absorption coefficient. We use [21,
Eq. (2.11)]:

«,(0) = 4Re({;) cos @ a8
T |§j|200329+2Re(Cj)cos€+1’

where 0 is the angle of incidence. The random incidence absorption
coefficient can be given by the Paris formula [26], which is

/2
@, = /0 a;(0)sin(2) do. (19)

3.4. Eyring formula

While the Sabine formula is a well-known and commonly used re-
verberation time model, a more accurate formula is the one proposed
by Eyring [8]. We will use the following definition in our work:

Egy = 241n(10) |4 (20)

< Zf=1 -S;In(1 -a,)

where S is the surface area of the jth surface.

3.5. Statistical wave field theory

The SWFT offers statistical solutions to the wave equation within a
bounded domain. The primary assumptions in its derivation are high
frequency and a significant number of reflections, leading to a diffuse
field. This theory allows for a closed-form expression of the power dis-
tribution of waves over time, frequency, and space, based on the room
geometry and specific admittance of the boundary surface.

The SWFT can be used to predict the reverberation time of a room,
as follows [4, Eq. (124)]:

_ 24In(10) |4

N () b o) o

>

(21)
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where g = B(S, f). For the analyses that follow, we split the surface
integral into a sum of integrals over a set of J surfaces, and assume that
the admittance of the jth surface is spatially uniform. This allows us
to transform the integral into a summation over all surfaces. Thus, we
obtain

_ 241n(10) v

S = Z,L{[‘“( 2>+2Re{ﬂj[z—ﬂjln(%)]}]s’}'

(22)
Note the similarity to the Eyring formula (20). We will use Eq. (22) to
verify the SWFT reverberation time predictions.
Additionally, the SWFT defines a random incidence absorption coef-
ficient [4, Eq. (125)], which can be written in a form that resembles the
Paris formula

/2
ag,; =1-exp { /0 In [1 - a;(0)] sin(26) de}, (23)

or in closed form,

_ G-1\ 2 1 1+¢;
as,j—l—exp{ZRe[ln(cj+l>—g—j+gln<l_cj>]}. (24)

Using this definition in the Eyring formula, Eq. (20), gives exactly the
SWEFT solution, while using the Paris formula, Eq. (19), in the Eyring
formula gives a different reverberation time prediction for the same
impedance. The difference between Egs. (19) and (24) arises from the
use of geometric averaging (in the latter) instead of arithmetic averaging
(in the former). The difference becomes apparent for large absorption
coefficients, similar to the difference between the Sabine and Eyring
formulae. A consequence of this is that, while the Paris formula predicts
an absolute maximum absorption coefficient of 0.951 [21], the SWFT
predicts a maximum absorption coefficient of 0.992.

1+5;

1-p,

3.6. Measures of comparison

Two models are used to generate reference solutions. The modal
model provides reference solutions for a shoebox-shaped room, while
the Helmholtz model provides reference solutions for a reverberation
chamber. The modal model is valid for the entire frequency range; how-
ever, as the absorption coefficient approaches unity, the approximation
(cf. Eq. (3)) becomes less accurate. The Helmholtz model is also valid
for the entire frequency range, but due to limited computational re-
sources, high-frequency Helmholtz solutions are not considered in this
work. The highest frequency of the Helmholtz solutions is approximately
2 kHz. Due to the consideration of both low and high frequencies, it is
instructive to introduce the Schroeder frequency [19], which is given by

T60
Fen = 2000/ 2. (25)

where Ty, is the reverberation time averaged over all frequency bins.
The diffusion model, Eyring formula, and SWFT are valid above the
Schroeder frequency.

To quantify the differences between the various models’ reverbera-
tion time predictions, we use the relative difference

Tgp —J
Ry = Mmo, (26)

B 60
where I € {M,H} and J € {D,S}. The differences are computed as a
function of either impedance or frequency; this will be stated in the text.

4. Reference models

This section briefly examines the reference solutions provided by the
modal and Helmholtz models and identifies the definitions of the ab-
sorption coefficient (either Paris or SWFT) and the diffusion coefficient
that are used in the diffusion model.

Applied Acoustics 250 (2026) 111337

4.1. Modes of a shoebox-shaped room

We consider a shoebox-shaped room with dimensions L, = 4 m,
L, =3m,and L, = 2.5 m. The speed of sound in the air within the room
is ¢, = 343 m/s, and the density is p, = 1.2 kg/m?3. The walls of the room
have a spatially uniform impedance of ¢ = 100.

The modal decay times predicted by the modal model up to 10 kHz
are presented in Fig. 1(a). Note, there are more than three million modes
below 10 kHz. The decay times of the axial and tangential modes appear
in distinct regions. These are determined by the room’s dimensions. If
all dimensions of the room were equal, only one line for each type of
mode would appear. Note that the decay times of the axial modes and
some of the tangential modes increase with frequency. This is caused by
the wavenumber components for n; = 0 (cf. Eq. (3)). In addition, the
decay times for some of the tangential and oblique modes decrease as
the frequency increases. This is caused by the second and third terms
of the wavenumber components for n; > 0. Thus, for a shoebox-shaped
room with frequency-independent impedance, the modal decay times
depend on frequency because the discrete wavenumbers are nonlinearly
dependent on the rigid-walled wavenumber and the impedance.

According to Kuttruff, the reverberation time is given by an aver-
age over all damping constants [21, Eq. (3.70)]. Assuming that this
also holds for averages within frequency bands, a frequency-dependent
reverberation time for the room can be computed from the modal de-
cay times. This is a simplification of the decay of sound in real space,
especially at low frequencies, since we have neglected the spatially de-
pendent amplitudes of the modes (see Prinn et al. [27]). However, since
we are interested in solutions of a diffuse field, it is reasonable to assume
that the spatially dependent modal amplitudes may be neglected.

4.2. Absorption coefficient definition

With the frequency-dependent reverberation time given by the modal
model, we are now in a position to compare the random incidence ab-
sorption coefficient predictions (Egs. (19) and (24)). The Eyring formula
can be inverted to provide an estimate of the spatially uniform absorp-
tion coefficient as a function of the reverberation time.! The Paris and
SWEFT formulae provide absorption coefficient predictions from knowl-
edge of the normal impedance. Data for three values of impedance are
presented in Fig. 1(b). It can be seen that as the frequency increases,
the random incidence absorption coefficient predicted by inverting the
Eyring formula tends toward the SWFT formula. Additionally, we note
that as the impedance increases, the difference between the Paris and
SWET predictions becomes smaller (as stated in Section 3.5).

4.3. Diffusion coefficient definition

The diffusion model includes a diffusion coefficient that may vary
across rooms (see, e.g., Fichera et al. [28]). We now determine the
diffusion coefficient to use for a diffuse field.

For the reference solution, we use the modal model. However, as
shown in Fig. 1(a), at low frequencies the oblique modes approximate
the diffuse-field reverberation time. Thus, to reduce computational ef-
fort, we choose a reference solution given by the average modal decay
time of the first 240 oblique modes, which, for the room considered in
this section, implies a maximum frequency of 595 Hz (approximately,
since the eigenvalues depend on the impedance). Additionally, instead
of comparing the solutions as a function of frequency, we vary the real
part of the impedance, i.e., the resistance, from ¢ = 10 to ¢ = 1 x 10%.

The finite element model of the diffusion equation uses quadratic
Lagrange shape functions with tetrahedral elements smaller than one-
third of the mean free path. We solve the diffusion model with the
absorption coefficient definitions given by Eqs. (19) and (24), i.e., ap, j
and aj ;, respectively, and we vary the diffusion coefficient.

! From Eq. (20), with J = 1 and replacing E, with M, we obtain: @ = 1 —
exp{—241n (10)V /c,Mgy S }.
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Fig. 1. Analysis of the reference solutions for the simulated shoebox-shaped room. (a) The modal decay times of a shoebox-shaped room with uniform impedance
¢ = 100. The average decay time for each third octave band is included. (b) The absorption coefficients are given by inverting the Eyring formula, Eq. (20), with
the average modal decay time as input. Three uniform impedances are considered, { = 60, { = 80, and ¢ = 100, and the predictions by Egs. (19) and (24) are
included. (c) Study of the relative difference between the modal model and the diffusion model predictions, subject to varying absorption and diffusion coefficients.
(d) Reverberation time predictions are provided by eigenvalue analyses of a Helmholtz model of the shoebox-shaped room, with ¢ = 100. Included are the modal

model and diffusion model predictions.

The relative differences, Ry;_p, obtained by varying the absorption
and diffusion coefficients are shown in Fig. 1(c). We observe that all
choices of diffusion coefficient provide solutions that converge toward
the modal model solution as the resistance increases. When using the
absorption coefficient given by Eq. (19), varying the diffusion coeffi-
cient does not significantly alter the error as the resistance increases.
However, when using the absorption coefficient given by Eq. (24),
for large diffusion coefficients, the order of convergence is higher.
Therefore, to obtain diffuse field solutions, we choose to use the ab-
sorption coefficient given by Eq. (24), i.e., @; = ag; (unless specified
otherwise), and a diffusion coefficient of D = 1x 10°. Note that the finite
element model of the diffusion equation used here is poorly conditioned,
as evidenced by the noise in the convergence plot for D = 1 x 10° above
a resistance of approximately ¢ = 1 x 103. Thus, while a larger value of
diffusion coefficient might be considered, the poor conditioning places
a practical upper limit on the diffusion coefficient.

4.4. Helmholtz model solution

The finite element-based Helmholtz model is used to provide ref-
erence solutions for the irregularly shaped room considered in this
study. The computational cost of the standard finite element method
increases significantly with increasing frequency. Thus, to reduce com-
putational effort in this study, only a subset of room modes is considered
(see Appendix A for more details). In this section, we confirm that the
modal model and the (reduced) Helmholtz model solutions are similar.

Instead of computing all modes of the room, only 100 modes in the
region of a nominal frequency are computed. The nominal frequencies
range from 100 Hz to 2 kHz, in steps of 50 Hz. A tetrahedral mesh with
fifth-order (quintic) interpolating shape functions is used, and the size of

the largest element in the mesh is defined by specifying a number of de-
grees of freedom per wavelength, Ng./,. Due to the computational costs
of computing the eigenvalues, Ny, varies with nominal frequency.
These values are reported in Table 2. It is important to note that we
use fewer than the recommended N/, at higher frequencies, and de-
spite using quintic interpolation functions, there is some numerical error
present in this data.

In Fig. 1(d), the reverberation times obtained by averaging the modal
model solutions in each third octave band are compared to the reverber-
ation times found at the nominal frequencies. It can be seen that there
is qualitative agreement between the modal model and the (reduced)
Helmholtz model solutions.? From this observation and the finite ele-
ment method’s ability to provide robust solutions for arbitrarily shaped
rooms, we infer that the (reduced) Helmholtz model solutions can serve
as reference solutions for irregularly shaped rooms. Also included in the
figure is the diffusion model, with D = 1 x 10° solutions obtained us-
ing both Egs. (19) and (24). We observe that the diffusion model with
Eq. (24) solution agrees with the oblique mode decay times. Finally, we
note that as the frequency increases, the modal model, Helmholtz model,
and diffusion model with Eq. (24) appear to converge.

5. Verification

In this verification study, we compare the predicted reverberation
times for a simulated shoebox-shaped room and a simulated reverbera-
tion chamber.

2 Note the “spreading” of the decay times with increasing frequency observed
in Fig. 1(a) is also present in the (reduced) Helmholtz data presented in Fig. 1(d).
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Fig. 2. Comparison of relative differences between the predicted reverberation times for the simulated shoebox room as a function of complex-valued impedance.

(a) Diffusion model. (b) SWFT.

Table 1
Coordinates of the corners of the simulated reverber-
ation chamber, given in meters.

X y z
A 0.36 0.82 0.00
B 8.26 0.25 0.00
C 8.08 5.84 0.00
D 0.02 5.87 0.00
E 0.76 0.56 4.33
F 7.86 0.03 4.65
G 7.61 6.20 5.15
H 0.42 6.20 4.78

5.1. Shoebox-shaped room

We continue to use the room that was presented in Section 4.1.
However, in this case, the complex-valued normalized impedance of the
room’s walls is varied. The real part of the impedance, the resistance, is
varied from 10 to 100, while the imaginary part, the reactance, is varied
from —20 to 20.

The modal model is used to generate reference solutions. As for the
data presented in Fig. 1(c), the average of the first 240 modal decay
times serves as the reference solution. The relative differences of the re-
verberation time predictions are presented in Fig. 2. In Fig. 2(a), Ry_p
as a function of resistance and reactance is presented. We observe that
when the reactance is small and the resistance is large, the relative dif-
ference is small. As the absolute value of the reactance increases, Ry;_p
increases. In general, we observe that Ry,_p, is greater when the absorp-
tion is higher, and the impedance is complex-valued. In Fig. 2(b), Ry_g
is presented. We see that the trend of the differences is similar to that
of the diffusion model. This is to be expected since the sound field in a
highly damped room will have fewer reflections than that of a lightly
damped room, and is thus less likely to approach a diffuse field. The
predictions of both models converge toward the reference solution as
the damping decreases.

5.2. Reverberation chamber

A simulated reverberation chamber with variable surface impedance
is considered in this section. The room’s geometry has been designed to
ensure the chamber is ergodic. The corner dimensions of the room are
provided in Table 1, and the room model is illustrated in Fig. 3. The
chamber has a volume of 200.23 m® and a surface area of 209.92 m?2.
The speed of sound in the air in the chamber is ¢, = 343 m/s, and the
density is p, = 1.2 kg/m®. Eigenvalue analysis of the finite element-
based Helmholtz model is used to generate the reference solutions. As

Y_\L_x

Fig. 3. Simulated reverberation chamber, with a sample placed on the floor.
Note: three of the walls have been removed for ease of presentation.

discussed in Section 4.4, due to high computational costs, subsets of
all possible modes at nominal frequencies are computed. The reference
reverberation times are computed by averaging a set of modal decay
times.

In this section, we present the relative differences between the
Helmholtz and diffusion, and the Helmholtz and SWFT models, for
an empty chamber and an occupied chamber, i.e., a spatially uniform
impedance and a spatially non-uniform impedance, respectively.

5.2.1. Spatially uniform impedance

We compare the Helmholtz and SWFT reverberation time predictions
as a function of frequency, for a spatially and frequency-independent
impedance of ¢ = 100. This data is shown in Fig. 4(a). We observe
that at low frequencies, the modal decay times have a larger range
than those at high frequencies. As the frequency increases, the range
diminishes, and the Helmholtz and SWFT predictions converge. The
diffusion model predictions with the Paris formula are also presented.
In this case, the use of the Paris formula underpredicts the absorption
coefficient.

Next, we consider the relative differences Ry_p, and Ry_g as a
function of varying complex-valued impedance.® This data is given in
Fig. 5(a) and (c), respectively. We observe that as the resistance in-
creases Ry_p and Ry_g decrease. The differences are greatest for small
values of resistance and reactance, and in this case, Ry_g is slightly
higher than Ry_p. As impedance decreases, the differences increase be-
cause the sound field under test becomes less diffuse. In general, we

3 To reduce computational effort, for each instance of complex-valued
impedance, 50 eigenvalues in the region of a nominal frequency of 1 kHz are
used to compute H,.
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Fig. 4. Comparison of reverberation time predictions in the simulated reverberation chamber.
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Fig. 5. Relative differences as a function of complex-valued impedance in the simulated reverberation chamber for spatially uniform impedance (empty chamber)

and spatially non-uniform impedance (occupied chamber).

observe that the Helmholtz and SWFT predictions appear to converge as
the impedance increases.

5.2.2. Non-uniform impedance

Let us again consider the Helmholtz and SWFT predictions as
a function of frequency, but this time for spatially non-uniform
impedance. In this case, we consider a reverberation chamber with a
sample placed on the floor (depicted in Fig. 3). The sample is flush to
the floor, and has a length of 4 m, and a width of 3 m. The walls of the
chamber have a constant impedance of ¢, = 100, and the impedance of
the sample on the floor is {; = 10. From Fig. 4(b), it can be seen that as
the frequency increases, the Helmholtz model predictions lie between
the SWFT and diffusion model with the Paris formula predictions. While
this reverberation chamber is ergodic, it is not mixing and is only ap-
proximately diffuse. We expect the non-uniform impedance to further
degrade its diffusivity. Thus, in this case, the assumptions of the SWFT
are less satisfied than in the uniform case.

To compute the relative differences as a function of impedance, we
vary the sample’s complex-valued impedance. The resistance is varied
from 10 to 100, and the reactance is varied from —20 to 20.* Relative
differences Ry_p and Ry_g are presented in Fig. 5(b) and (d), respec-
tively. The differences between the diffusion model and the SWFT model
are similar. In general, as the impedance increases Ry_p and Ry_g
decrease.

5.3. Convergence

The relative difference between the Helmholtz data presented in
Fig. 1(d) and the SWFT predictions, and the difference between the data
presented in Fig. 4(a) are presented in Table 2. This data verifies that
in the shoebox-shaped room and reverberation chamber with uniform

4 For each impedance, reference solutions are obtained from an average of 50
eigenvalues in the region of a nominal frequency of 1 kHz.
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Table 2
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Relative differences between the Helmholtz and SWFT models for increasing frequency. Also
included are the number of degrees of freedom per wavelength used for each finite element

model.

Shoebox, Fig. 1(d)

Empty, Fig. 4(a)  Occupied, Fig. 4(b)

Nominal frequency [Hz] ~ Ry_g (%) Ry_s (%) Ry _5 (%) Noot/a
100 14.59 11.94 20.10 57
150 14.49 8.98 15.72 38
200 13.14 7.03 13.11 28
250 11.09 5.57 11.27 23
300 10.33 5.65 8.96 19
350 7.91 4.35 8.61 16
400 7.26 3.51 7.97 14
450 6.72 4.35 6.83 13
500 6.50 3.31 6.35 11
550 5.74 2.77 5.71 10
600 4.49 3.03 5.89 9
650 5.41 2.29 5.64 9
700 4.96 2.72 6.17 8
750 4.77 2.85 5.27 8
800 4.07 2.34 6.54 7
850 3.95 1.30 5.63 7
900 3.27 1.90 5.21 6
950 3.52 1.84 5.55 6
1000 3.37 1.28 6.34 6
1050 3.32 2.05 5.67 5
1100 4.66 1.26 4.81 5
1150 3.30 1.34 6.21 5
1200 3.42 0.78 5.64 5
1250 2.62 1.49 5.30 5
1300 1.15 1.49 5.99 4
1350 1.69 1.15 5.61 4
1400 1.83 1.36 6.25 4
1450 2.59 1.27 6.31 4
1500 2.87 0.74 6.10 4
1550 3.52 1.29 6.91 4
1600 2.23 1.01 6.96 4
1650 2.27 0.69 6.84 3
1700 1.15 0.55 6.71 3
1750 0.83 0.14 6.82 3
1800 1.26 0.34 6.71 3
1850 0.19 0.57 7.10 3
1900 1.23 0.24 6.72 3
1950 0.02 0.09 6.89 3
2000 0.85 0.04 6.63 3

impedance, the SWFT reverberation time predictions converge toward
the average of the modal decay times of the Helmholtz equation as the
frequency increases. The difference of the data presented in Fig. 4(b),
also presented in Table 2, shows that for the reverberation chamber
with spatially non-uniform impedance, while Ry_g is low, it does not
decrease with increasing frequency. In this case, the SWFT predicts a
lower reverberation time than the Helmholtz model. The data presented
in Fig. 5 show that the SWFT predictions approach the Helmholtz so-
lutions as the impedance increases, for both uniform and non-uniform
impedance.

6. Indirect validation

To further verify the SWFT, we use the theory to estimate the
impedances of surfaces in measured rooms. We then use these estimated
impedances as input parameters for diffusion and Helmholtz models, and
compare the average measured and predicted reverberation times. This
study provides an indirect validation of the SWFT. The study focuses
on two types of rooms: an approximately shoebox-shaped room and a
reverberation chamber.

6.1. Shoebox-shaped room

6.1.1. Room and measurement description

A photograph of the room under test is given in Fig. 6(a).
Although the room is approximately shoebox-shaped, it features several
sound-scattering elements. For example, there are two recessed windows

on one wall, and pipes and cables run along the ceiling. We choose to
omit these elements and model the room as a shoebox with dimensions
L, =95m, L, =380m, and L, = 2.54 m. The room has a volume
of 92.27 m? and a surface area of 140.52 m3. The speed of sound in
the room is ¢, = 340 m/s, and the density is p, = 1.2 kg/m3. The walls,
floor, and ceiling visible in Fig. 6(a) are painted concrete surfaces and
are assumed to have the same impedance (including the mirror on the
right). The wall not in the photograph is made of plasterboard and is
assumed to have an impedance different from that of the other walls.
Thus, the room has a long reverberation time and spatially non-uniform
impedance.

A loudspeaker is placed in one corner of the room and excited with
an exponentially swept sine signal [29]. The resulting acoustic field
is captured at 12 receiver positions. The measured signals are decon-
volved to obtain 12 measured room impulse responses. The measured
reverberation time is presented in Fig. 6(b).

6.1.2. Impedance estimation

For each measured impulse response, the reverberation time as a
function of third-octave frequency bands is computed.5 From this data,
we aim to estimate two complex-valued impedances, i.e., J = 2. The

5 Using a second-order Butterworth filterbank, Schroeder integration [30] of
the resulting narrow-band impulse responses, and extrapolation of straight line
fits to the energy decay curves between —5 and —25 dB.
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(a) Photograph of the measured room
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Fig. 6. Presentation of the measured shoebox-shaped room, with estimates of the spatially non-uniform impedance obtained using the SWFT model, and predictions

of the reverberation time obtained from the diffusion and Helmholtz models.

impedance estimation is written as an optimization problem. For each
frequency band, the optimization problem reads

IT0(@¢) = Seo (@)1l 27)

Im(&)

$(w,)

arg min
Re(¢)), Im()), Re(&y).

where Ty is a vector containing the measured reverberation times from
the 12 measurement positions, §60 is a vector containing the SWFT pre-
diction repeated 12 times, and w, is the center frequency of a given
third-octave band. The initial guesses

[Re(¢)), Im()), Re(y), Im(&,)] = [100, 0, 100, 0] (28)
are used, and the local minimum of the Euclidean distance between the
measured and predicted reverberation times estimates four unknown
values representing the complex impedances of the two surfaces. We
use MATLAB’s fminsearch function [31] to solve Eq. (27).

The estimated resistances and reactances are presented in Fig. 6(c).
We observe that two different impedances have been estimated. For both
of these impedances, the absolute value of the reactance is of the or-
der of 1073. Since the surfaces in this room are stiff, as evidenced by
the long reverberation times, we expect the reactances of the surfaces
to be small. The differences between the estimated resistances indicate
the presence of two different types of surfaces, as expected. While these
estimates are encouraging, they must be treated with caution. These es-
timates can vary with the initial guesses and are therefore not unique.
We have used measured reverberation times to estimate two complex-
valued impedances, which means we have not explicitly included phase,
and the optimization problem is underconstrained. We would need to
extract additional information from the measured field to constrain the
optimization problem and make these estimates unique. Thus, these
estimates are only approximations of the actual surface impedances,
and there is room for improvement. This is discussed further
in Section 6.3.

6.1.3. Comparison of reverberation times

These impedances are converted to absorption coefficients, using the
SWEFT definition, Eq. (24), and are then used as input parameters for
a diffusion model of the room. In this case, the diffusion model uses
the standard definition of the diffusion coefficient, i.e., Eq. (16). An
eigenvalue analysis of the diffusion model provides predictions of the
reverberation times. Additionally, the estimated impedances are used as
input parameters for the Helmholtz model. Due to prohibitive computa-
tional cost, the highest nominal frequency used for the Helmholtz model
is 2 kHz.

The average of the measured reverberation times and the predicted
reverberation times is compared in Fig. 6(d). It can be seen that the
average measured and diffusion model data are in agreement, but this
could be attributed to the similarity of the SWFT and diffusion mod-
els. A stricter test of the estimated impedances is using them as input
parameters for the Helmholtz model. In this case, there is poor agree-
ment below the Schroeder frequency. Due to low modal density, the poor
agreement is to be expected. However, as the frequency increases, the
agreement improves, which suggests that at high frequencies the SWFT
might provide useful estimates of wall impedance.

6.2. Reverberation chamber

6.2.1. Chamber and measurement description

The reverberation chamber is formed by two reverberant rooms
joined by a large, open-windowed area. A sketch of the room is pro-
vided in Fig. 7(a). The chamber is either empty or has two material
samples placed on the floor, which we will refer to as the occupied state.
The empty chamber has a volume of 203.11 m3, and a surface area of
301.34 m2. The occupied chamber has a volume of 202.27 m® and a
surface area of 303.58 m?2.

The procedure for measuring the chamber’s reverberation time is
similar to that used for the shoebox room. That is, a loudspeaker is placed
on the floor in one corner of the chamber (as indicated in Fig. 7(a)), and
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(a) Floor plan of measured reverberation chamber
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(d) Occupied chamber data and predictions

Fig. 7. Presentation of the measured reverberation chamber, including loudspeaker position and two samples. Estimates of the wall impedance and sample impedance
were obtained using the SWFT model. Predictions of the reverberation times of the empty and occupied chambers are given by the diffusion and Helmholtz models.

room impulse responses are obtained at 12 receiver positions. Two sets
of data are measured. One is from the empty chamber, and the other is
from the occupied chamber.

6.2.2. Impedance estimation

In this case, the impedance estimation is performed sequentially.
First, the SWFT is used to estimate the impedance of the chamber’s walls
from the 12 impulse responses of the empty chamber. Next, with the
knowledge of the chamber wall impedance, we estimate the impedance
of the material sample from the 12 impulse responses of the occupied
chamber. In comparison to the estimates presented in Section 6.1.2, only
one complex-valued impedance is estimated for each frequency. In this
case, the optimization problems read

Lo = argmin [ Te(@,) - Seo(@ll, (29)
Re(§;), Im()

with initial guesses

[Re(€), Im(&))] = (100, 0], (30)

where j = 1 for the empty chamber, and j = 2 for the occupied chamber.

The estimated resistances and reactances are presented in Fig. 7(b).
We observe that the material sample’s resistance is significantly lower
than that of the chamber walls, as expected. Additionally, we note that
the estimated reactances are of the order of 10~3, and the reactance of
the walls is greater than that of the sample, which is unexpected. We
reiterate that, since the optimization problem is underconstrained, these
data should be understood as approximations of the actual impedance
data. Clearly, further validation studies are required.

6.2.3. Comparison of reverberation times
We use the estimated impedances to define absorption coefficients
for diffusion models of the empty and occupied chambers, and following
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eigenvalue analyses of the models, we predict the reverberation times
for these two conditions. As for the measured shoebox-shaped room, the
diffusion model uses the standard diffusion coefficient and the SWFT ab-
sorption coefficient definition. Additionally, the estimated impedances
are used as input parameters for the Helmholtz model.

The measured, the average of the measured, and the predicted rever-
beration times for the empty and occupied chambers are compared in
Fig. 7(c) and (d), respectively. The diffusion model predictions of the re-
verberation time for the empty chamber are in good agreement with the
measured data. This is to be expected because the reverberation time is
high in the empty chamber, and a diffuse field assumption is reasonable
in this case. The Helmholtz model predictions agree with the measured
data for higher frequencies, which suggests that the wall impedance is
well estimated by the SWFT at high frequencies.

We observe in Fig. 7(d) that the diffusion model data reveal only
qualitative agreement, and that using the estimated wall and sample
impedances as input data for the Helmholtz model of the occupied
reverberation chamber results in reverberation times that are higher
than the measured data. Based on the data in Fig. 4(b), which shows
that in the nonuniform impedance case the SWFT may underestimate
the reverberation time, we expect that the SWFT has overestimated
the sample impedance values, thereby causing the Helmholtz model to
predict slightly longer reverberation times.

6.3. Discussion

We observe in the measured data that the variance of the re-
verberation time decreases with increasing frequency, indicating a
transition toward a more uniform decay. Noting the good agreement
obtained at the high frequencies considered, we expect the SWFT pre-
dictions to become more accurate at higher frequencies. In sound
fields with low modal density, the SWFT is less applicable. In gen-
eral, the data are qualitatively consistent, suggesting that, with further
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development of the approach, it may be possible to use the SWFT to es-
timate the normal impedances of surfaces. Possible developments may
include:

» measuring the spatial power distribution, and comparing this to
the SWFT predictions [4], or

« measuring the sound field using directional microphones, and com-
paring this data to the SWFT predictions of anisotropic wave
fields [7].

However, such extensions lie outside the scope of this study. In sum-
mary, when the SWFT assumptions are satisfied, the theory provides
reliable predictions of reverberation time. In modal regions and non-
diffuse rooms, the agreement is qualitative.

7. Conclusions and future directions

The Statistical Wave Field Theory (SWFT) reverberation time pre-
dictions have been compared to solutions of various reverberation time
model predictions. For a simulated shoebox room, good agreement be-
tween the modal model, diffusion model, and SWFT predictions has been
found, both as a function of frequency and as a function of complex-
valued impedance. In further support of the veracity of SWFT, good
agreement has also been found between the Helmholtz model, the dif-
fusion model, and the SWFT predictions for a simulated reverberation
chamber. The convergence of the solutions with increasing frequency
and impedance confirms that the SWFT effectively predicts the rever-
beration time in a diffuse field, based on the room’s volume, surface
area, and surface impedance. Additionally, the SWFT has been used to
estimate the impedance of surfaces in a measured shoebox-shaped room
and in a measured reverberation chamber. The agreement between the
average measured reverberation times and predictions from the diffu-
sion and Helmholtz models that use the estimated impedances as input
parameters indirectly validates the SWFT. In principle, it might be pos-
sible to use the SWFT to measure the impedance of surfaces in a room.
However, the development and validation of such an approach are left
for future studies.
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Appendix A. Reduced Helmholtz model solutions

The number of eigenvalues in a room increases with frequency. This
has been quantified for a shoebox-shaped room by Kuttruff [21]. The
number of modes given by [21, Eq. (3.29)] is presented in Fig. A.8(a),
as a function of mode type, for the room presented in Section 4.1. As the
frequency increases, the number of oblique modes dominates the modal
field. Additionally, since the oblique modes interact with all surfaces,
there tends to be less variation in the oblique mode decay times than
there is in the decay times of the axial and tangential modes. This is
confirmed upon consultation of Fig. 1(a). Therefore, as the frequency
increases, we expect less variation in the modal decay times.

As a measure of the variation of the data used in this work, we make
use of the following coefficient of variation
CUw =2, (A1)

U

where f, is a nominal frequency, o is the standard deviation of the
modal decay times, and u is the mean. The coefficient of variation
in the simulated data used in this work is presented in Fig. A.8(b).
We see that the variation of the modal model data decreases with in-
creasing frequency, as expected, because the number of oblique modes
increases. The Helmholtz data exhibit similar trends but also noticeable
differences. The lowest variation is found for the Helmholtz data of the
measured empty reverberation chamber (Section 6.2, Fig. 7(c)). This
is not surprising, since the room has been designed to be diffuse and
the wall impedance is uniform. The variation of the Helmholtz data of
the simulated reverberation chamber (Section 5.2, Fig. 4(a)) is lower
than that of the modal model data. Since this room is ergodic, this ob-
servation is reasonable. The Helmholtz data of the measured occupied
reverberation chamber (Section 6.2, Fig. 7(d)) has the greatest variation.
In this case, the impedance is non-uniform, leading to greater variation
in modal decay times.

In this study, instead of using all eigenvalues found in a frequency
band to calculate the reverberation time, we have used a limited set of
eigenvalues. This is necessary due to the computational cost of comput-
ing all of the eigenvalues. In rooms with highly non-uniform impedance,
using a limited set of eigenvalues might lead to inaccurate reverberation
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times due to large variations in the modal decay times. However, based
on the physical understanding of the modal decay time variation with
frequency and the qualitative agreement between the coefficient of vari-
ation of the data, the use of a reduced set of Helmholtz solutions appears
to be valid in this work.

Data availability

The authors do not have permission to share data.
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