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The text in black is the original one. The text in red is detailed examples of
the expected correct answers. Only this text was expected, in much shorter
forms, nothing more. The text in blue is extra comments about the expected
correct answers. Warning: the course changes frequently (content, vocabulary,
examples. . . ); some questions and answer proposals can thus be partly or com-
pletely out of scope. Warning: some questions can be answered in many different
ways; the proposed answers are just examples and they are not exhaustive.

You can use any document but communicating devices are strictly forbidden.
Please number the different pages of your paper and indicate on each page your
first and last names. You can write your answers in French or in English, as you
wish. Precede your answers with the question’s number. If some information
or hypotheses are missing to answer a question, add them. If you consider a
question as absurd and thus decide to not answer, explain why. If you do not
have time to answer a question but know how to, briefly explain your ideas.
Note: copying verbatim the slides of the lectures or any other provided material
is not considered as a valid answer. Advice: quickly go through the document
and answer the easy parts first.

1 Branch prediction (6 points)
Definitions and notations

• Miss-Prediction per executed Branch Instruction (MPBI): the
number of times a given branch instruction has been wrongly predicted
divided by the total number of times this same branch instruction has been
executed. The lower the MPBI, the better the prediction.

• M∞: for a given branch instruction, the limit of the MPBI when the
number of times the branch instruction is executed tends to infinity, if this
limit exists. Undefined if it does not exist.

• Branch outcome: the actual decision (not the prediction) for a given
branch instruction; Taken or Not taken, denoted T and N, respectively.

• Periodic infinite sequence of outcomes: a sequence of outcomes that
starts with a finite sequence, the stem, which can be empty, and continues
with a finite cycle that repeats infinitely. We represent these sequences
as STEM(CYCLE)* where STEM is the shortest possible stem and CYCLE is
the shortest possible cycle. Example: TNTN NNNTTTT NNNTTTT NNNTTTT. . .
is a periodic infinite sequence of outcomes, its shortest possible stem
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is TNTN, its shortest possible cycle is NNNTTTT and we represent it as
TNTN(NNNTTTT)*.

Questions
Consider the following MIPS32 assembly code of the flk function:

1 . d a t a
2 f lk_data : .word 2
3
4 . t e x t
5 f l k :
6 addiu $sp , $sp ,−8 # $sp <− $sp −8
7 sw $ra , 0 ( $sp ) # mem[ $sp ] <− $ra
8 sw $s0 , 4 ( $sp ) # mem[ $sp +4] <− $s0
9 lw $s0 , f lk_data # $s0 <− mem[ f l k _ d a t a ]

10 x o r i $s0 , $s0 , 1 # $s0 <− $s0 xor 1
11 sw $s0 , f lk_data # mem[ f l k _ d a t a ] <− $s0
12 f l k _ l o o p :
13 j a l f lk_sub # c a l l f l k _ s u b
14 addiu $s0 , $s0 ,−1 # $s0 <− $s0 −1
15 bnez $s0 , f l k _ l o o p # i f $s0 !=0 g o t o f l k _ l o o p
16 lw $s0 , 4 ( $sp ) # $s0 <− mem[ $sp +4]
17 lw $ra , 0 ( $sp ) # $ra <− mem[ $sp ]
18 addiu $sp , $sp , 8 # $sp <− $sp+8
19 j r $ra # r e t u r n

The shown flk function uses a 32-bits data word located in memory at address
represented by label flk_data. This data word is initialized with value 2 and we
assume that it is modified only by Line 11, nowhere else in the entire program.
We do not know what the flk_sub function called Line 13 does but we know
that it respects the conventions seen during the lectures; in particular, calling
flk_sub does not modify registers $sp, $ra, and $s0.

In the following we denote BRANCH the branch instruction at Line 15. Try to
understand the behavior of the flk function and answer the following questions:

1. Do you think the flk function respects the procedure call conventions we
studied during the lectures, and used during the labs? Explain why.

2. The first time the flk function is executed, how many times is the flk_sub
function called? And the second time? And the third time?

3. Assuming the flk function is called an infinite number of times, what is
the sequence of outcomes of the BRANCH instruction? Is it periodic? If yes
represent it using the STEM(CYCLE)* notation.

We consider the 4-states branch predictor studied during the lecture on pipelines,
named the 2-bits saturating counter, and which state diagram is represented on
Figure 1.

4. How many bits are needed inside the Branch Prediction Unit (BPU) to
store the current state of one such predictor?

We use one such predictor to predict the outcomes of the BRANCH instruction. We
measure the prediction efficiency with the MPBI. We assume that the predictor
is initialized in the Strong Taken (ST) state and that it is not polluted by other
branch instructions elsewhere in the program.
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Figure 1: The 2-bits saturating counter

5. What is the MPBI for the BRANCH instruction after the first execution of
flk?

6. For the BRANCH instruction, does M∞ exist? If yes what is its value?

We want to improve the prediction efficiency with a two-levels local prediction.
We thus equip our BPU with Branch History Shift Registers (BHSR) and Pattern
History Tables (PHT).

7. What is the minimum lenght L of the BHSR needed to obtain M∞ = 0
for the BRANCH instruction, assuming again that one entry of the BPU is
entirely dedicated to this branch instruction and is not polluted by other
branch instructions?

We decide to implement our BPU with 210 = 1024 entries and a direct-mapped
architecture. Each entry of our new BPU contains a tag (to distinguish different
branch instructions with same index), a target address (the destination of the
branch if it is taken), one single valid bit for the whole entry, the BHSR, and
the current states of the saturating counter predictors.

8. How many bits of storage are now needed inside the BPU to store the 1024
entries?

1. Yes, it does. It directly modifies only registers $sp and $s0. It also
modifies register $ra indirectly through the jal instruction. $sp and $s0
are saved registers that the function is supposed to preserve according the
call conventions. And it does by saving $s0 on the stack at the beginning,
and by restoring it from the stack at the end. The $sp stack pointer is
modified at the beginning to increase the stack size by 8 bytes (to store
$s0 and $ra) but it is restored by the inverse operation at the end.

2. 3, 2, 3

3. TTN TN TTN TN... It is periodic: (TTNTN)*

4. 2

5. 1/3

6. It exists: (OK,OK,KO,OK,KO)*, M∞ = 2/5.

7. L = 4

8. 1024 × (20 + 30 + 1 + 4 + 2 × 24) = 1024 × 87 = 89088 bits (= 11136 bytes).
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2 Representation of numbers (2 points)
There are several ways to represent signed integers using bits. In computer
systems, the two most frequently encountered are sign and magnitude and
two’s complement. In the following we denote xn−1xn−2 . . . x1x0 the n-bits
representation of integer X. In both representations x0 is the Least Significant
Bit (LSB). In sign and magnitude xn−1 is the sign bit. In two’s complement
xn−1 is the Most Significant Bit (MSB).

Consider the 3 integer numbers -1024, 519 and -653.

1. We want to represent these 3 integers in two’s complement on the same
number of bits n. What is the minimum possible value of n (only one
answer expected)?

2. Represent these 3 integers in n-bits two’s complement, where n is your
unique answer to the preceding question.

Let ap−1ap−2 . . . a1a0 be the p-bits two’s complement representation of integer
A.

3. What is the minimum number of bits q needed to represent any possible
value of A in sign and magnitude (only one answer expected)?

4. Explain how to obtain the q-bits sign and magnitude representation of A,
where q is your unique answer to the preceding question.

1. 11 bits

2. 100000000002C = −1024D

010000001112C = 519D

101011100112C = −653D

3. q = p + 1 bits

4. bq−1bq−2 . . . b1b0 where:

• bq−1 = ap−1 (sign bit)
• if ap−1 = 0 (positive or null number), ∀0 ≤ i ≤ p − 1, bi = ai

• else, if ap−1 = 1 (negative number), bp−1 . . . b1b0 = ap−1ap−2 . . . a1a0+
1, where bit x is the inverse of bit x. Note: if A = 0 this leads to
∀0 ≤ i ≤ q − 1, bi = 0. But, as value 0 has two different sign and
magnitude representations, we could also chose bq−1 = 1, ∀0 ≤ i ≤
q − 2, bi = 0.

3 Caches (6 points)
Definitions and notations

• The breakdown of a data structure is the partitioning of the data structure
in individual fields and, for each field, its bit-width and a description of its
role.

• In a set-associative cache the lines in a set are numbered starting from 0.
• The various cache operations on a line in a set are:

– Filled, when it was not valid yet and receives a line.
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– Updated, when the line it caches is modified by the CPU.
– Read, when the line it caches is read by the CPU.
– Replaced (or evicted), when the previously cached line is replaced

by another one.
– Invalidated, when, for any reason, it is decided that the line it caches

shall not be cached anymore. When a line is invalidated it becomes
invalid and ready to be filled again.

• Extra cache data: control and management information stored in the
cache (tags, flags, replacement policy information. . . )

• Net cache data: copies of memory data stored in the cache, that is,
everything except extra cache data.

We consider a tiny computer system where addresses are byte addresses, with a
16-bits CPU (data words are 16-bits) and 24-bits addresses (total address space:
16 MBytes). We consider a 3-ways set-associative, write back, write allocate,
data cache with 8 data words per line. There is no cache coherence, it would
be useless in this system. The total net cache data capacity is 12kB (12 × 1024
bytes).

1. What is the breakdown of a 24-bits address? Explain your reasoning.
2. What is the breakdown of a cache line? Explain your reasoning.
3. Under what condition a line must be replaced (evicted) in a set?

The replacement policy is Least Recently Used (LRU). We recall that the
replacement policy is used to select which line of a set is replaced when needed.
With the LRU policy it is always the line that has been accessed (that is, filled,
updated, read or replaced) less recently than the other lines in the set.

4. We denote x the number of bits per set that are used to implement the
LRU policy; what is the minimum value of x? Explain your reasoning.

5. Propose a way to implement the LRU policy (you can use more bits than
your previous answer for the minimum value of x). Explain the algorithm
you use to decide which line to replace, and how your LRU management
data evolve on each operation on a set (line fill, update, read, replace or
invalidate). Do not forget to consider situations where a set is not full (all
or some lines are not valid).

6. The LRU policy is implemented using the minimum number of bits x.
What is the breakdown of a cache set? Explain your reasoning.

7. What is the total size (in bits) of the cache? Explain your reasoning.

1. Eight 16 bits data words per line ⇒ 8 × 2 = 16 bytes of net cache data
per line. 3-ways set-associative ⇒ 3 lines per set ⇒ 3 × 16 = 48 bytes of
net cache data per set. 12kB ⇒ 12 × 1024/48 = 256 sets ⇒ 8 bits indices
(28 = 256). From LSB to MSB:

• bit 0 (1 bit): byte offset in data word (2 = 21 bytes per data word)
• bits 3 . . . 1 (3 bits): data word offset in line (8 = 23 data words per

line)
• bits 11 . . . 4 (8 bits): index (256 = 28 sets)
• bits 23 . . . 12 (12 bits): tag (24 − 8 − 3 − 1 = 12)

2. The breakdown of a cache line is 8 words, 16 bits each, that is 128 bits.
Note: cache line is an ambiguous term. If cache line means the data part
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of a cache entry its breakdown is just 8 words, 16 bits each, that is 128
bits. If cache line means cache entry its breakdown is 1 valid bit, 1 dirty
bit (the cache is write-back), a 12-bits tag and 128 bits of data (8 words,
16-bits each).

3. The set is full (the 3 lines are valid), a read or write memory access falls
in the set but the tag of the address matches none of the 3 tags stored in
the 3 lines (it is a miss).

4. x = 3 bits because there are 6 possible recentness orderings among 3 lines
and 22 < 6 < 23.

5. We use 4 LRU bits per set: 2 to store the index 0 ≤ l ≤ 2 of the LRU line
and 2 to store the index 0 ≤ m ≤ 2 of the Most Recently Used (MRU)
line. We denote Intermediately Recently Used (IRU) line the line that
is not LRU nor MRU and 0 ≤ i ≤ 2 its index. The proposed algorithm
guarantees that if a set contains only one invalid line, it is the LRU, and if
it contains two invalid lines, they are the LRU and the IRU. Each set is
initialized with l = 0 and m = 2. When an access falls in the set, if it is
a miss, we fill (if a line is invalid) or replace (if the set is full) the LRU
line pointed to by l. After each cache operation on a set we update the 2
indices according the following tables in which we denote lold, mold and iold

the indices of the LRU, MRU and IRU, respectively, before the operation,
and lnew and mnew the indices of the LRU and MRU, respectively, after
the operation.

Line fill:

lnew mnew

iold lold

Line update (write hit), read (hit) or replace (read or write miss):

Accessed line lnew mnew

lold iold lold

mold lold mold

iold lold iold

When a line is invalidated we update the 2 indices according the following
table:

Invalidated line lnew mnew

lold lold mold

mold mold iold

iold iold mold

6. 3 cache entries (the cache is 3-ways set-associative), plus 3 LRU bits.
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7. 256 sets. 3 LRU bits and 3 entries per set. 1 valid bit, 1 dirty bit, 12 bits
of tag and 8 data words per entry. 16 bits per data word. 256 × (3 + 3 ×
(1 + 1 + 12 + 8 × 16)) = 109824 bits (= 13728 bytes).

4 Pipe-line hazards (6 points)
In this problem we use an Instruction Set Architecture (ISA) that is almost
the same as the MIPS32 ISA, except that there are no delay slots (in the real
MIPS32 ISA there is one delay slot after all control flow instructions, that is,
branch, jump, jump-and-link. . . ). Consider the following MIPS assembly code
(the code uses only true MIPS instructions, no pseudo-instructions):

1 . d a t a 0 x 1 0 0 1 f f f 8
2 f lk_data : .word 2
3
4 . t e x t
5 f l k :
6 addiu $sp , $sp ,−8 # $sp <− $sp −8
7 sw $ra , 0 ( $sp ) # mem[ $sp ] <− $ra
8 sw $s0 , 4 ( $sp ) # mem[ $sp +4] <− $s0
9 l u i $t0 , 0 x1001 # $ t 0 <− 0 x10010000

10 o r i $t0 , $t0 , 0 x f f f 8 # $ t 0 <− 0 x 1 0 0 1 f f f 8
11 lw $s0 , 0 ( $t0 ) # $s0 <− mem[ $ t 0 +0]
12 x o r i $s0 , $s0 , 1 # $s0 <− $s0 xor 1
13 sw $s0 , 0 ( $t0 ) # mem[ $ t 0 +0] <− $s0
14 f l k _ l o o p :
15 j a l f lk_sub # c a l l f l k _ s u b
16 addiu $s0 , $s0 ,−1 # $s0 <− $s0 −1
17 bne $s0 , $zero , f l k _ l o o p # i f $s0 !=0 g o t o f l k _ l o o p
18 lw $s0 , 4 ( $sp ) # $s0 <− mem[ $sp +4]
19 lw $ra , 0 ( $sp ) # $ra <− mem[ $sp ]
20 addiu $sp , $sp , 8 # $sp <− $sp+8
21 j r $ra # r e t u r n

Assume we want to run this code on the 5-stages pipelined MIPS microprocessor
we studied during the lectures and which is represented on Figure 2.
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Figure 2: The 5-stages pipelined MIPS microprocessor

Assume also that there are enough hardware resources to completely avoid
structural hazards (two different instructions in two different pipeline stages
never compete to access the same resource). However, the implementation is a
very naive one where data and control hazards have not been considered at all
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yet: nothing has been done to handle them. As a consequence, running the code
will not produce the expected results: the hardware is bogus.

There is a data hazard between the two first instructions (Lines 6 and 7). There
is another data hazard between instructions at Lines 11 and 12. There is a
control hazard due to the instruction at Line 17. For each of these 3 hazards:

1. Explain why there is a hazard.
2. Explain what is the expected behavior, what (bogus) behavior is observed

instead if we execute the code as it is on the hardware as it is, and why it
is different from the expected behavior.

3. Explain what pure software solution(s) could be used to solve or mitigate the
hazard and obtain the expected behavior without modifying the hardware
implementation or the ISA. What would be the performance impact?

4. Explain what pure hardware solution(s) could be used to solve or mitigate
the hazard and obtain the expected behavior by modifying only the hard-
ware implementation but not the ISA and not the software. What would
be the performance impact?

5. Are they other solutions you can think of and that could be used to solve
or mitigate the hazard?

There are other pipeline hazards in this code.

6. List two other data hazards, for each identify (by their line number) the
two involved instructions and the involved register.

7. Find at least one other control hazard and explain why it is a control
hazard.

1. 1. The addiu instruction modifies register $sp and the sw uses it as
operand. When the sw is in decode stage it needs the result of the
addiu, which is still in execute stage. It will take two more clock
cycles before the addiu reaches the write back stage and writes its
result back in the register file.

2. Same reasons as for the other data hazard, except that the involved
register is $s0.

3. The outcome of the branch instruction is finally decided in execute
stage. The two following instructions are already in the pipeline,
respectively in decode and fetch stages. If the branch is taken these
two instructions are not the correct ones.

2. 1. The sw instruction should store the content of $ra in memory at
address equal to the new value of $sp, but it stores it at address equal
to the old value, that is, 8 bytes too high in the address space, which
is not the same.

2. The first xori operand is $s0, which should contain the result of the
preceding lw instruction but it still contains its old value, instead.
The value that the xori instruction writes back in $s0 is not the
correct one.

3. If the branch instruction is taken the next instruction should be the
jal instruction at line 15, while it is indeed the lw instruction at line
18. The executed instructions are not the same.
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3. • First data hazard:

– Insert 3 nop instructions between the addiu and the sw. When
the sw will be in decode stage, the addiu will have completed its
write back and leaved the pipeline. The performance impact will
be 3 useless instructions executed.

– We could also let the programmer (or, preferably, the compilation
toolchain) reorder instructions to avoid data hazards. The lui
and ori instructions, for instance, could be moved between the
addiu and the sw without modifying the program’s logic, this
would avoid two nops. But as there is also a data hazard between
these two instructions. . . The performance would strongly depend
on the program and on the efficiency of the reordering strategy.

• Second data hazard: same as for the first data hazard.

• Control hazard: insert 2 nop instructions after the branch. When the
branch outcome will be known (in execute stage), the two instructions
already in the pipeline will have no side-effect and the next fetched
instruction will be the correct one. The performance impact will be 2
useless instructions executed.

4. • First data hazard: add a bypass network to pick the result of the
addiu instruction at the end of the execute stage and re-inject it
in the decode stage. Add also all the control logic that detects the
data hazards and drives the multiplexers in the decode stage. The
performance impact will be no wasted instructions but maybe a sligth
increase of the clock period due to the added bypass network and
multiplexers.

• Second data hazard: Same as for the other data hazard, plus a pipeline
stall: freeze the xori in decode stage and inject a nop between the
xori and the lw. Modify the control logic that detects the data
hazards and drives the multiplexers in the decode stage to also handle
stalls.

• Control hazard:

– Add a kill logic that detects jumps in decode stage or taken
branches in execute stage, and kills the wrongly fetched instruc-
tions (one or two) by replacing them by nops. The performance
impact would still be 1 or 2 useless instructions executed, plus
maybe a slight increase of the clock period due to the kill logic
and the added multiplexers.

– We could also move the branch logic in decode stage to kill only
one instruction instead of two, but the clock period would also
be impacted.

– We could add a branch prediction unit to fetch the most likely
instructions after a branch and reduce the probability of kill.
The performance impact would depend on the branch prediction
efficiency.
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5. • Modify the ISA and add one delay slot after load instructions. This
would completely suppress the need for the stall logic but put more
pressure on programmers or compilation toolchains to reorder instruc-
tions and avoid inserting nops after load instructions. Each time no
reordering is found a useless nop instruction will be inserted, fetched
(extra power) and executed. It has indeed been used in the old MIPS
I ISA but abandonned in MIPS II.

• Modify the ISA and add one delay slot after jump and branch instruc-
tions. This would completely suppress the need for kills after jumps
and leave only one kill after wrongly predicted branches. But again,
this puts more pressure on programmers or compilation toolchains to
reorder instructions and avoid inserting nops after jump and branch
instructions.

• We could also let the programmer (or, preferably, the compilation
toolchain) transform the program to reduce the probability of taken
branches, for instance, by exiting loops near the beginning of an
iteration instead of near the end.

• We could modify the ISA to add two variants of each branch instruc-
tion: a likely-taken and a likely-not-taken. The programmer or the
compilation toolchain could then use them to guide the hardware that
would fetch one instruction or the other depending on the branch
variant. This has already been used in the MIPS II ISA where the
instruction in the delay slot after a branch was exectuted only for
likely-taken branches, but it has been later abandonned.The perform-
ance would depend on the program and on the efficiency of the variant
selection strategy.

6. • Lines 9 and 10, register $t0.
• Lines 16 and 17, register $s0.

7. Line 15: the jal instruction is a jump. When it is detected, in the decode
stage, the following addiu instruction is already in fetch while it is the
first instruction of the flk_sub function that should have been fetched.
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