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Chapter 1

Introduction: Optimization, machine
learning and convex analysis

1.1 Optimization problems in Machine Learning

Most of Machine Learning algorithms consist in solving a minimization problem. In other words,
the output of the algorithm is the solution (or an approximated one) of a minimization problem.
In general, non-convex problems are difficult, whereas convex ones are easier to solve. Here, we
are going to focus on convex problems.

First, let’s give a few examples of well-known issues you will have to deal with in supervised
learning :

Ezample 1.1.1 (Least squares, simple linear regression or penalized linear regression).

(a) Ordinary Least Squares:

min ||Zz — Y|]?,Z € R™P,Y € R"
z€RP

(b) Lasso :
min ||Zx — YH2 + Az,
rERP

(c¢) Ridge :
min ||Zz — Y||2 + \|z||3,
xERP

Ezample 1.1.2 (Linear classification).

The data consists of a training sample D = {(w1,y1),..., (Wn,yn)}, vi € {—1,1}, w; € RP,
where the w;’s are the data’sfeatures (also called regressors), whereas the y;’s are the labels which
represent the class of each observation i. The sample is obtained by independent realizations of
a vector (W,Y) ~ P, of unknown distribution P. Linear classifiers are linear functions defined
on the feature space, of the kind:

h :w — sign((z, w) + ) (x € RP 29 € R)

A classifier h is thus determined by a vector x = (x,zg) in RP*!. The vector x is the normal
vector to an hyperplane which separates the space into two regions, inside which the predicted
labels are respectively “+1” and “—1".



The goal is to learn a classifier which, in average, is not wrong by much: that means that we
want P(h(WW) =Y) to be as big as possible.
To quantify the classifier’s error/accuracy, the reference loss function is the ‘0-1 loss’

0 if —y((z,w)+20) <0 (h(w) and y of same sign),

1 otherwise .

L01 (X, w, y) = {

In general, the implicit goal of machine learning methods for supervised classification is to solve
(at least approximately) the following problem:

n

> Loa(x,wi, ;) (1.1.1)

=1

. 1
min —
xERr+1 1

i.e. to minimize the empirical Tisk.

As the cost L is not convex in x, the problem (1.1.1) is hard. Classical Machine learning methods
consist in minimizing a function that is similar to the objective (1.1.1): the idea is to replace the
cost 0-1 by a convex substitute, and then to add a penalty term which penalizes “complexity” of
x, so that the problem becomes numerically feasible. More precisely, the problem to be solved
numerically is

. T
x€£71711136R;@(—yi(x w; +20)) + AP(x), (1.1.2)

where P is the penalty and ¢ is a convex substitute to the cost 0-1.
Different choices of penalties and convex subsitutes are available, yielding a range of methods
for supervised classification :

e For () = max(0,1 + 2) (Hinge loss), P(z) = ||z||?, this is the SVM.

e In the separable case (i.e. when there is a hyperplane that separates the two classes),
introduce the “infinite indicator function” (also called characteristic function),

0 ifze A
I = ’ AcCcx
a(z) {+OO if 2 e Ac, ( )

and set
p(2) = Ip-(2).
The solution to the problem is the maximum margin hyperplane.

To summarize, the common denominator of all these versions of example 1.1.2 is as follows:

e The risk of a classifier x is defined by J(z) = E(L(z,D)). We are looking for x which
minimizes J.

e P is unknown, and so is J. However, D ~ P is available. Therefore, the approximate

problem is to find:

1 n
T € argmin J,(z)=— L(x,d;
feX n(T) n; (z,d;)

e The cost L is replaced by a convex surrogate L, so that the function J,, , = % Yoy Lo(x,d;)
convex in x.



e In the end, the problem to be solved, when a convex penalty term is incorporated, is

mi)r(l Inyp(2) + AP (). (1.1.3)

S

In the remaining of the course, the focus is on that last point: how to solve the convex mini-
mization problem (1.1.3) ?

1.2 General formulation of the problem

In this course, we only consider optimization problems which are defined on a finite dimension
space X = R™. These problems can be written, without loss of generality, as follows:

min f(z)

s.t. (such that / under constraint that) (1.2.1)
gi(z) <0for1<i<p, Fi(x)=0forl<i<m.

The function f is the target function (or target),
the vector

Clx) = (1(x), .-, gp(2), F1(2), ..., Fn())

is the (functional) constraint vector.
The region
K={zeX: gi(r)<0,1<i<p, Fi(z)=0,1<i<m}

is the set of feasible points.
e If K = R"™, this is an unconstrained optimization problem.

e Problems where p > 1 and m = 0, are referred to as inequality contrained optimization
problems.

o If p=0and m > 1, we speak of equality contrained optimization.

e When f and the contraints are regular (differentiable), the problem is called differentiable
or smooth.

o If f or the contraints are not regular, the problem is called non-differentiable or non-
smooth.

e If f and the contraints are convex, we have a convexr optimization problem (more details
later).

Solving the general problem (1.2.1) consists in finding
e a minimizer z* € argming f (if it exists, i.e. if argming f # 0),

e the value f(z*) = mingex f(x),



We can rewrite the constrained problem as an unconstrained problem, thanks to the infinite
indicator function I introduced earlier. Let’s name g and (resp) F' the vectors of the inequality
and (resp) equality contraints.

For z,y € R", we write z < yif (z1 < y1,...,2, < yn) and z A y otherwise. The problem (1.2.1)
is equivalent to :

ggg f(m) + ngO,F:O($) (1.2.2)

Let’s notice that, even if the initial problem is smooth, the new problem isn’t anymore !

1.3 Algorithms

Approximated solutions Most of the time, Problem (1.2.1) cannot be analytically solved.
However, numerical algorithms can provide an approximate solution. Finding an e-approximate
solution (e-solution) consists in finding & € K such that, if the “true” minimum z* exists, we
have

o 2 —ar<e,

and/or
o [f(#) - flz")| <e

“Black box” model A standard framework for optimization is the black box. That is, we
want to optimize a function in a situation where:

e The target f is not entirely accessible (otherwise the problem would already be solved !)

e The algorithm does not have any access to f (and to the constraints), except by successive
calls to an oracle O(z).
Typically, O(x) = f(z) (0-order oracle) or O(z) = (f(x), Vf(z)) (1-order oracle), or O(x)
can evaluate higher derivative of f (> 2-order oracle).

e At iteration k, the algorithm only has the information O(x1),...,0O(x) as a basis to
compute the next point xy,1.

e The algorithm stops at time k if a criterion T¢(zy) is satisfied: the latter ensures that x
is an e-solution.

Performance of an algorithm Performance is measured in terms of computing resources
needed to obtain an approximate solution.
This obviously depends on the considered problem. A class of problems is:

e A class of target functions (regularity conditions, convexity or other)
e A condition on the starting point z( (for example, || — z¢|| < R)
e An oracle.

Definition 1.3.1 (oracle complexity). The oracle complexity of an algorithm A, for a class
of problems C' and a given precision €, is the minimal number N 4(€) such that, for all objective
functions and any initial point (f,xo) € C, we have:

Na(fye) < Nale)



where : N4(f,€) is the number of calls to the oracle that are needed for A to give an e-solution.
The oracle complexity, as defined here, is a worst-case complexity. The computation time
depends on the oracle complexity, but also on the number of required arithmetical operations
at each call to the oracle. The total number of arithmetic operations to achieve an e-solution in
the worst case, is called arithmetic complexity. In practice, it is the arithmetic complexity which
determines the computation time, but it is easier to prove bounds on the oracle complexity .

1.4 Preview of the rest of the course

A natural idea to solve general problem (1.2.1) is to start from an arbitrary point xy and to
propose the next point x1 in a region where f “has a good chance” to be smaller.

If f is differentiable, one widely used method is to follow “the line of greatest slope”, i.e. move
in the direction given by —V f.

What’s more, if there is a local minimum z*, we then have V f(z*) = 0. So a similar idea to the
previous one is to set the gradient equal to zero.

Here we have made implicit assumptions of regularity, but in practice some problems can arise.

e Under which assumptions is the necessary condition ‘V f(z) = 0’ sufficient for z to be a
local minimum?

e Under which assumptions is a local minimum a global one?

What if f is not differentiable ?

How should we proceed when E' is a high-dimensional space?

What if the new point x; leaves the admissible region K7

The appropriate framework to answer the first two questions is convex analysis. The lack of
differentiability can be bypassed by introducing the concept of subdifferential. Duality methods
solve a problem related to ( (1.2.1)), called dual problem. The dual problem can often be easier
to solve (ex: if it belongs to a space of smaller dimension). Typically, once the dual solution
is known, the primal problem can be written as a unconstrained problem that is easier to solve
than the initial one. For example, proximal methods can be used to solve constrained problems.

To go further ...
A panorama in Boyd and Vandenberghe (2009), chapter 4, more rigor in Nesterov (2004)’s
introduction chapter (easy to read !).



Chapter 2

Elements of convex analysis

Throughout this course, the functions of interest are defined on a subset of X = R™. We will also
need a Euclidean space E, endowed with a scalar product denoted by (-, ) and an associated
norm || - ||. In practice, the typical setting is E = X x R = R"+1,

Notations: For convenience, the same notation is used for the scalar product in X and in E.
If a <beRU{—00,+00}, (a,b] is an interval open at a, closed at b, with similar meanings for

[a,b), (a,b) and [a, b].

N.B The proposed exercises include basic properties for you to demonstrate. You are strongly
encouraged to do so ! The exercises marked with * are less essential.

2.1 Convexity
Definition 2.1.1 (Convex set). A set K C E is convezx if

Y(z,y) € K2 Vte[0,1], tz+(1—-t)yeK.
Exercise 2.1.1.

1. Show that a ball, a vector subspace or an affine subspace of R" are convex.
2. Show that any intersection of convex sets is convex.

In constrained optimization problems, it is useful to define cost functions with value 400 outside
the admissible region. For all f : X — [—00, +o0], the domain of f, denoted by dom(f), is the
set of points z such that f(z) < +oc.

A function f is called proper if dom(f) # () (i.e f # +00) and if f never takes the value —oo.

Definition 2.1.2. Let f : X — [—00,+0o0]. The epigraph of f, denoted by epi f, is the subset
of X x R defined by:
epif ={(z,t) e X xR: t> f(x) }.

Beware: the “ordinates” of points in the epigraph always lie in (—oo, 00), by definition.
Definition 2.1.3 (Convex function). f: X — [—oo, +0o0] is convex if its epigraph is conver.

Proposition 2.1.1. A function f: X — [—00,400] is convez if and only if

V(z,y) € X%, Yt € (0,1), fltz+ (1—t)y) <tf(z)+(1-1)f(y).



Proof. Assume that f satisfies the inequality. Let (z,u) and (y,v) be two points of the epigraph:
u > f(x) and v > f(y). In particular, (z,y) € dom(f)2. Let ¢t €]0,1][. The inequality implies
that f(tz + (1 —t)y) < tu+ (1 —t)v. Thus, t(z,u) + (1 — t)(y,v) € epi(f), which proves that
epi(f) is convex.

Conversely, assume that epi(f) is convex. If x € dom f or y & dom f, the inequality is trivial.
So let us consider (x,y) € dom(f)?. For (x,u) and (y,v) two points in epi(f), and ¢ € [0,1], the
point ¢(z,u) + (1 — t)(y,v) belongs to epi(f). So, f(t(x + (1 —t)y) < tu+ (1 —t)v.

o If f(z) et f(y) are > —o0, we can choose u = f(x) and v = f(y), which demonstrates the

inequality.

o If f(x) = —o0, we can choose u arbitrary close to —oo.Letting u go to —oo, we obtain
f(t(z + (1 — t)y) = —oo, which demonstrates here again the inequality we wanted to
prove. O

Exercise 2.1.2. Show that:
1. If f is convex, then dom(f) is convex.
2. If f1, fo are convex and a,b € Ry, then af; + bfs is convex.

3. If f is convex and x,y € dom f, then for all ¢t > 1, z; = x + t(y — x) satisfies the inequality
f(z) = f(@) +t(f(y) — f(@)).

4. If f is convex, proper, with dom f = X', and if f is bounded, then f is constant.

Exercise 2.1.3. *

Let f be a convex function and z,y in dom f, ¢ € (0,1) and z = tx + (1 — t)y. Assume
that the three points (z, f(z)), (2, f(2)) and (y, f(y)) are aligned. Show that for all u € (0,1),
fluz+ (1 —u)y)=uf(z)+ 1 —-u)fy).

In the following, the upper hull of a family (f;);es of convex functions will play a key role. By
definition, the upper hull of the family is the function = — sup; fi(z).

Proposition 2.1.2. Let (f;)icr be a family of convex functions X — [—o0,+00|, with I any set
of indices. Then the upper hull of the family (f;)icr is convex.

Proof. Let f = sup,c; fi be the upper hull of the family.
(a) epif = ;crepi fi. Indeed,

(x,t)eepif & Viel,t> fi(x) = Viel, (x,t) €epifi < (x,t) € N;epi fi.

(b) Any intersection of convex sets K = N;ecrK; is convex (exercice 2.1.1)
(a) and (b) show that epi f is convex, i.e. that f is convex. O

Proposition* 2.1.3. Let F': X x Y — R be a jointly convex function. Then the function

f: X =R

r +— inf F(x,
yey ( y)

1S COnvex.



Proof. Let u,v € X and a € (0,1). We need to show that f(au+(1—a)v) < af(u)+(1—a)f(v).
af(u)+ (1 —a)f(v) =a inf F(u,y,)+ (1 —a) inf F(v,y,) (definition of f)
Yu€Y Yo €Y

= inf  aF(u,yy) + (1 — a)F(v,yy) (separable problems)
Yu €V, Y €Y

> inf  Flau+ (1 —a)v,ay, + (1 —a)y,) (joint convexity of F)
Yu €YV, Y €Y

= inf Fau+ (1 — a),y) (change of variable)
yeY

= flou+ (1 —a)v)

A valid change of variable is (y,vy') = (ayy + (1 — @)Yy, y»). It is indeed invertible since we have
€ (0,1). O

Definition 2.1.4 (Strong convexity). A function f is u-strongly convex if f — %HH2 s convetw.

Proposition 2.1.4. A function f : X — [—o00,+00| is p-strongly convex if and only if

=

2.2 Lower semi-continuity

In this course, we will consider functions with infinite values. Such function cannot be con-
tinuous. However, some kind of continuity would be very desirable. For infinite-valued convex
function, lower semi-continuity is the good generalization of continuity.

Definition 2.2.1 (Reminder: liminf : limit inferior).

The limit inferior of a sequence (un)nen, where u, € [—00, 0], is

lim inf(u,) = 7811;13 (’igg uk>.

Since the sequence Vi, = infp>, uy, s non decreasing, an equivalent definition is

liminf(u,) = lim ( inf uk)

n—oo \ k>n

Definition 2.2.2 (Lower semicontinuous function). A function f : X — [—o0, 00| is called
lower semicontinuous (l.s.c.) at z € X if for all sequence (x,) which converges to x,

liminf f(z,) > f(x).
The function f is said to be lower semicontinuous, if it is l.s.c. at x, for all z € X.
The interest of l.s.c. functions becomes clear in the next result

Proposition 2.2.1 (epigraphical characterization). Let f : X — [—o00, +00], any function
f s Ls.c. if and only if its epigraph is closed.

Proof. 1f f is Ls.c., and if (zp,t,) € epi f — (Z,1), then, Vn,t, > f(z,). Consequently,
t =liminf ¢, > liminf f(z,) > f(Z).

Thus, (Z,t) € epi f, and epi f is closed.

Conversely, if f is not ls.c., there exists an z € X, and a sequence (z,) — z, such that
f(z) > liminf f(z,), i.e., there is an € > 0 such that Vn > 0, infy>, f(zx) < f(x) —e. Thus,
for all n, 3k, > ky—1, f(x,) < f(x) —e. We have built a sequence (wy,) = (z,,, f(x) —€), each
term of which belongs to epi f, and which converges to a limit w = (f(z) — €) which is outside
the epigraph. Consequently, epi f is not closed. O



There is a great variety of characterizations of l.s.c. functions, one of them is given in the
following exercise.

Exercise 2.2.1. Show that a function f is l.s.c. if and only if its level sets :
Leo={z€X: f(z) <a}

are closed.
(see, e.g., Rockafellar et al. (1998), Theorem 1.6.)

Lower semi-continuity is a very desirable property for a function we want to optimize thanks to
the following proposition.

Proposition 2.2.2. Let f be a l.s.c function such that lim,_ o f(x) = +oo. Then there
exists ©* such that f(z*) = inf,er f(z).

Proof. Let (zn)n>0 be a minimizing sequence, that is a sequence of X such that we have
Suppose that (z;,) were unbounded. Then there would exist a subsequence (z4(,)) such that
limy, o0 [|T(n) || = +00. By the assumptions on f, this implies that lim, e f(z,) = 400 which
contradicts the fact that (x,),>0 is a minimizing sequence.

Thus (2,) is bounded and we can extract from is a subsequence (z4(,)) converging to, say, .. As

fis Ls.c., we get infyex f(7) = limp oo f(Tg(n)) = liminf f(zg0,)) > f(2*) > infrex f(z). O
A nice property of the family of 1.s.c. functions is its stability with respect to point-wise suprema.

Lemma 2.2.1. Let (f;)icr a family of l.s.c. functions. Then, the upper hull f = sup;c; fi is
l.s.c.

Proof. Let C; denote the epigraph of f; and C' = epi f. As already shown (proof of proposi-
tion 2.1.2), C' = N;erC;. Each C; is closed, and any intersection of closed sets is closed, so C' is
closed and f is Ls.c. O

2.3 Separating hyperplanes

Separation theorems stated in this section are easily proved in finite dimension, using the ex-
istence of the “orthogonal projection” of a point x onto a closed convex set, which is stated
below.

Proposition 2.3.1 (Projection). Let C' C E be a convex, closed set, and let x € E.

1. There is a unique point in C, denoted by Pco(x), such that

forally € C, ly — || = || Po(x) — x|

The point Pc(x) satisfies:
2. VyeC, (y— Po(x),zr — Po(z)) <0.
5. ¥(z,y) € B, | Poly) — Po(@)| < lly — ]|
The point Pc(x) is called projection of x on C.
Proof.

10



1. Let do(z) = infyec |ly — z||. As (z — 2?) is increasing on [0,+00), we can also write
do(z)® = infyec |y — #||* = infyer 9(y), where g(y) = ||y — z[|* + Le(y).
g is Ls.c. and strongly convex, so there exists a unique minimizer y* s.t. do(z)? = g(y*).
Applying the square root, we get that do(z) = ||y* — x| < ||y — =||,Vy € C.

2. Let p = Po(z) and let y € C. For € € [0,1], let z. = p+ €(y — p). By convexity, z. € C.
Consider the function ’squared distance from x’:

ple) = llze —zl® = llely—p) +p—z|*
For 0 < € <1, ¢(€) > do(x)? = ¢(0). Furthermore, for € sufficiently close to zero,
p(e) = do(2)* = 2y — p,a = p) + o(e),

whence ¢'(0) = =2 (y — p,x — p). In the case ¢'(0) < 0, we would have, for € close to 0,
o(€) < p(0) = de(x), which is impossible. So ¢’(0) > 0 and the result follows.

3. Adding the inequalities

yvields (Pc(y) — Po(x),y — ) > ||Pc(z) — Po(y)||>. The conclusion follows using Cauchy-
Schwarz inequality. O

The existence of a projection allows to explicitly obtain the “separating hyperplanes”. First, let’s
give two definitions, illustrated in Figure 2.1.

Definition 2.3.1 (strong separation, proper separation). Let A, B C E, and H an affine hy-
perplane, H = {x € E: (x,w) = a}, where w # 0.

e H properly separates A and B if,

Vo e A, (w, x) and

Vx € B, (w,x)

a,
Q.

AVARVAN

e H strongly separates A and B if, for some § > 0,

Ve e A, (w,x) <a—§, and
Vx € B,(w,z) > a+4§,

@ <3

Figure 2.1: strong separation of A and B by H;, proper separation by Ho.

The following theorem is one of the two major results of this section (with the existence of a
supporting hyperplane). It is the direct consequence of the proposition 2.3.1.

11



Theorem 2.3.1 (Strong separation of closed convex set and a point). Let C C E convez, closed,
and let © ¢ C. Then, there is an affine hyperplane which strongly separates x and C.

Proof. Let p = po(x), w = x — p. For y € C, according to the proposition 2.3.1, 2., we have
<w7y _p> g 07 Le
Yy € C,(w,y) < (p,w).

Further, (w,z — p) = ||w||?> > 0, so that
2
(w,2) = (w,p) + lw|*.
Now, define § = ||w||?/2 > 0 and a = (p, w)+ 4, so that the inequality defining strong separation
is satisfied. O
An immediate consequence, which will be repeatedly used thereafter :

Corollary 2.3.1 (Consequence of the strong separation). Let C C E be convex, closed. And let
xg ¢ C. Then there is w € E, such that

vy € C? <w7y> < <'lU,.’L’0>

In the following, we denote by cl(A) the closure of a set A and by int(A) its interior.The following
lemma is easily proved:

Lemma 2.3.1. If A is convez, then cl(A) and int(A) are convez.

Exercise 2.3.1. Show Lemma 2.3.1.
Hint: construct two sequences in A converging towards two points of the closure of A; Envelop
two points of its interior inside two balls.

Lemma 2.3.2. If A is conver, x € int(A) and y € cl(A4), then [z,y) C A.

Proof. There is a sequence (y,,) such that y, € A and y,, — y. On the other hand, there exists
r > 0 such that if ||u| <7, then x +u € A.
Let us consider z = (1 — t)x + ty for t € [0,1).

Z:tyn—f—(l—t)(x-i-%(y_yn))

where y, € A and 4+ 5 (y — yn) € A as soon as |15 (y — yn)|| < 7. As y,, — y, there exists a
n such that this inequality holds true and so z € A. ]

Lemma 2.3.3. If A is convez, then int(cl(A)) = int(A).

Proof. int(A) C int(cl(A)) since A C cl(A).

Let us consider z € int(cl(A)). Let us also consider z € int(A). As = € int(cl(A)), there exists
r > 0 such that if ||y — x| < r then y € cl A, and so x — r/||z — z||(z — z) € cl A.

By the previous lemma, for all ¢t € [0,1), (1 —t)z +t(z —r/||z — z||(z — x)) € A. We just need
to choose t = m to deduce that x € A.

Hence int(cl(A)) € A which implies that int(cl(A4)) C int(A). O

The second major result is the following:

Theorem 2.3.2 (supporting hyperplane). Let C' C E be a convex set and let xy be a point of
its boundary, xg € O(C) = cl(C) \ int(C). There is an affine hyperplane that properly separates
xo and C, i.e.,

JwekE : Vyel, (w,y) < (w,x).

12



Proof. Let C' and z( be as in the statement.
As zg ¢ it C, zp € (int C)¢ = cl(C¢) = cl ((CI(C))C). (The last equality uses Lemma 2.3.3.)

Thus, there is a sequence (x,) with z, € (cl(C’))C and x, — x9. Each x, can be strongly
separated from cl(C'), according to Theorem 2.3.1. Furthermore, corollary 2.3.1 implies :

Vn, Jw, €E : Vy € C, (wn,y) < (Wn, Tn)

In particular, each w, is non-zero, so that the corresponding unit vector u,, = w,/||w,|| is well
defined. We get:

Vn,Yy € C, (un,y) < (Un, Tn) - (2.3.1)

Since the sequence (u,,) is bounded, we can extract a subsequence (ug,, ), that converges to some
u € E. Since each u, belongs to the unit sphere, which is closed, so does the limit u, so u # 0.
Letting n tend to infinity in (2.3.1) (for y fixed), and using the linearity of scalar product, we
get:

Vy € C, (u,y) < (u,xo) O

Remark 2.3.1. In infinite dimension, Theorems 2.5.1 and 2.5.2 remain valid if E is a Hilbert
space (or even a Banach space). This is the “Hahn-Banach theorem”, the proof of which may be
found, for example, within the first few pages of Brezis (1987)

2.4 Subdifferential

As a consequence (Proposition 2.4.1) of Theorem 2.3.2, the following definition is ‘non-empty’:

Definition 2.4.1 (Subdiffential). Let f : X — [—00, +00] and x € dom(f). A vector ¢ € X is
called a subgradient of f at x if:

Vye X, f(y)—f(x) > (dy—x).

The subdifferential of f in x, denoted by Of(x), is the whole set of the subgradients of f at x.
By convention, 0f(z) =0 if v ¢ dom(f).

Interest: Gradient methods in optimization can still be used in the non-differentiable case,
choosing a subgradient in the subdifferential.
In order to clarify in what cases the subdifferential is non-empty, we need two more definitions:

Definition 2.4.2. A set A C X is called an affine space if, for all (x,y) € A? and for all
teR, x+tly—x) € A. The affine hull A(C) of a set C C X is the smallest affine space
that contains C.

Definition 2.4.3. Let C C E. The topology relative to C is a topology on A(C). The open
sets in this topology are the sets of the kind {V N A(C)}, where V is open in E.

Definition 2.4.4. Let C C X. The relative interior of C, denoted by relint(C), is the
interior of C' for the topology relative to C'. In other words, it consists of the points x that admit
a neighborhood V', open in E, such that V N A(C) C C.

Clearly, int(C) C relint(C'). What’s more, if C' is convex, relint(C) # ). Indeed :

e if C is reduced to a singleton {xg}, then relint{zg} = {x0}. ( A(C) = {0} and for an
open set U C X, such that zo C U, we indeed have xg € U N {xo}) ;
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e if C contains at least two points z,y, then any other point within the open segment
{r+tly—x),t € (0,1)}is in A(C).

Proposition 2.4.1. Let f : X — [—00,+0o0] be a convex function and z € relint(dom f). Then
Of(x) is non-empty.

Proof*. Let xy € relint(dom f). We assume that f(xg) > —oo (otherwise the proof is trivial).
We may restrict ourselves to the case g = 0 and f(z¢) = 0 (up to replacing f by the function

z— f(z +z0) — f(70)).
In this case, for all vector ¢ € X,

p€df(0) < Vaxedomf, (¢,z) < f(x).

Let A = A(dom f). A contains the origin, so it is an Euclidean vector space.

Let C be the closure of epi f N (A x R). The set C is a convex closed set in A x R, which is
endowed with the scalar product ((x,u), (2/,u)) = (x,2’) + v

The pair (0,0) = (xo, f(xo)) belongs to the boundary of C, so that Theorem 2.3.2 applies in
A x R: There is a vector w € A x R, w # 0, such that

VzeC, (w,z) <0
Write w = (¢, u) € A x R. For z = (z,t) € C, we have
(p,x) +ut <O0.
Let = € dom(f). In particular f(x) < oo and for all t > f(z), (z,t) € C. Thus,
Vo € dom(f), Vt > f(x), (¢,x)+ut<0. (2.4.1)

Letting ¢ tend to +o00, we obtain u < 0.

Let us prove by contradiction that u < 0. Suppose not (i.e. u = 0). Then (¢, z) < 0 for all
x € dom(f). As 0 € relint dom(f), there is a set V, open in A, such that 0 € V C dom f. Thus
for € A, there is an € > 0 such that ez € V C dom(f). According to (2.4.1), (¢, ex) < 0, so
(¢, x) < 0. Similarly, (¢, —z) < 0. Therefore, (¢,z) = 0 on A. Since ¢ € A, ¢ = 0 as well.
Finally w = 0, which is a contradiction.

As a result, u < 0. Dividing inequality (2.4.1) by —u, and taking ¢t = f(z), we get

Vo € dom(f), Vt > f(x), <_71q5,x> < f(x).

So =L¢ € af(0). O

Remark 2.4.1 (the question of —oo values).
If f: X — [—00,4+00] is conver and if relint dom f contains a point x such that f(x) > —oo,
then f never takes the value —oo. So f is proper.

Exercise 2.4.1. Show this point, using proposition 2.4.1.

When f is differentiable at x € dom f, we denote by V f(z) its gradient at z. The link between
differentiation and subdifferential is given by the following proposition:

Proposition 2.4.2. Let f : X — (—o00,00] be a convex function, differentiable in x. Then

Of () ={Vf(x)}.
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Proof. If f is differentiable at z, the point x necessarily belongs to int (dom( f )) Let ¢ € 0f(x)
and t # 0. Then for all y € dom(f), f(y) — f(x) > {(¢,y — ). Applying this inequality to
y=x+1t(¢ — Vf(x)) (which belongs to dom(f) for ¢ small enough) leads to :

Fer o= VIE =1 5 (4.5 v 5(a)

The left term converges to (V f(z), ¢ — V f(z)). Finally,
(Vi(z) = ¢,¢ = Vf(x)) =0,
i.e. o =V f(z). O

Ezample 2.4.1. The absolute-value function x +— |z| defined on R — R admits as a subdifferential
the sign application, defined by :

{1} itz >0
sign(z) =< [-1,1] ifz=0
{-1} ifiz<0.

Exercise 2.4.2. Determine the subdifferentials of the following functions, at the considered
points :

L InX=R, f(x) =lp,atz=0,z=1and 0 <z < 1.
2. In X =R?, f(x) =g, (closed Euclidian ball), at [|z]| <1, [z = 1.
3. In X =R? f(x1,22) = I, <0, at  such that 21 = 0, z1 < 0.

4. X =R,

400 ifz <0
f(m)_{—\/i itz>0

at x =0, and x > 0.

5. X =R", f(x) = ||z||, determine Jf(x), for any = € R™.
6. X =R, f(x) = 23. Show that df(z) = 0, Vz € R. Explain this result.
7. X =R", C={y: |yl <1}, f(z) = Io(z). Give the subdifferential of f at x such that

|z|| < 1 and at = such that ||z| = 1.
Hint: For ||z| = 1:

e Show that df(x) ={¢: Yy € C,{(p,y —x) < 0}.

e Show that x € 9f(x) using Cauchy-Schwarz inequality. Deduce that the cone Riz =
{txz : t>0} C Of(x).

e To show the converse inclusion : Fix ¢ € df and picku € {z} (i.e., us.t. (u,z) =0).

Consider the sequence ¥, = ||x+t,ul| = (z+t,u), for some sequence (), tn > 0,1, —
0. What is the limit of y, 7

Consider now u,, = t;!(y, — x). What is the limit of u,, ? Conclude about the sign

of (¢, u).
Do the same with —u, conclude about (¢, u). Conclude.
8. Let f:R"™ — R, differentiable. Show that: f is convex, if and only if
V(z,y) e R" xR" (Vf(y) = Vf(z),y —x) = 0.
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2.5 Operations on subdifferentials

Until now, we have seen examples of subdifferential computations on basic functions, but we
haven’t mentioned how to derive the subdifferentials of more complex functions, such as sums
or linear transforms of basic ones. A basic fact from differential calculus is that, when all the
terms are differentiable, V(f + g) = Vf + Vg. Also, if M is a linear operator, V(g o M)(z) =
M*Vg(Mz). Under qualification assumptions, these properties are still valid in the convex case,
up to replacing the gradient by the subdifferential and point-wise operations by set operations.
But first, we need to define operations on sets.

Definition 2.5.1 (addition and transformations of sets). Let A, B C X. The Minkowski sum
and difference of A and B are the sets

A+B={reX: Jdac A, FbeB, z=a+b}
A-B={reX: JacAFecB, z=a+b}

Let Y another space and M any mapping from X to Y. Then M A is the image of A by M,
MA={ye)Y: Jac A, y= Ma}.

Proposition 2.5.1. Let f : X — (—o0,+00], g : Y — (—00,00] two convex functions and let
M : X — Y a linear operator.

Ve € X,0f(x) + M*0g(Mz) C (f + g0 M) ()
Moreover, if 0 € relint(dom g — M dom f), then
Yz € X,0(f +go M)(x) = 0f(x) + M"0g(Mz)

Proof. Let us show first that f(-) + M*0g(M-) C O(f +go M)(-). Let z € X and ¢ €
Of(x) + M*0g o M(x), which means that ¢ = u+ M*v where u € df(x) and v € dg o M(z).
In particular, none of the latter subdifferentials is empty, which implies that z € dom f and
x € dom(g o M). By definition of u and v, for y € X,

{f(y) — f(x) > (u,y — )

Adding the two inequalities,

(f+goM)(y) — (f+goM)(x) = (y —x).
Thus, ¢ € O(f +go M)(x) and df(z) + M*0g(Mz) C O(f + g o M)(z).

The proof of the converse inclusion requires to use Fenchel-Rockafellar theorem 4.4.1, and may
be skipped at first reading.

Notice first that dom(f + go M) ={z € dom f : Mz € domg}. The latter set is non empty:
to see this, use the assumption 0 € relint(dom g — M dom f). This means in particular that
0 € domg — M dom f, so that 3 (y,z) € domg xdom f : 0 =y — Mzx.

Thus, let € dom(f + go M). Then x € dom f and Mz € dom g.

Assume ¢ € O(f +go M)(x). Fory € X,

fly) +9(My) — (f(z) + g(Mz)) > ($,y — x),
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thus, x is a minimizer of the function ¢ : y — f(y) — (¢,y) + g(My), which is convex. Using
Fenchel-Rockafellar theorem 4.4.1, where f — (¢, ) replaces f, the dual value is attained: there
exists ¥ € ), such that

f(@) = (o, z) + g(Mz) = =(f = (¢, .))"(=M") — g"(¢) .
It is easily verified that (f — (¢, -))* = f*(- 4+ ¢). Thus,

f@) = (¢, x) + g(Mz) = —f*(-M"¢ + ¢) — g"(¢) -
In other words,

f@)+ f(=M"Y + ¢) — (¢, x) + g(Mz) + g*(¢)) =0,
so that

[f (@) + F(=M") + ¢) = (=M™ + ¢, 2)] + [9(Mz) + g"(¢) — (¢, Mz)] = 0.

Each of the terms within brackets is non negative (from Fenchel-Young inequality, Proposi-
tion4.2.1). Thus, both are null. Equality in Fenchel-Young implies that ¢ € dg(Mz) and
—M*+ ¢ € Of (x). This means that ¢ € 0f(z) + M*0g(M=x), which concludes the proof. [

2.6 Fermat’s rule, optimality conditions.

A point z is called a minimizer of f if f(z) < f(y) for all y € X. The set of minimizers of f
is denoted arg min(f).

Theorem 2.6.1 (Fermat’s rule). x € argmin f < 0 € Jf(x).

Proof.
x €argmin f < Vy, f(y) > f(z)+ 0,y —x) & 0 € df(x).

O

Recall that, in the differentiable, non convex case, a necessary condition (not a sufficient one) for
Z to be a local minimizer of f, is that Vf(Z) = 0. Convexity allows handling non differentiable
functions, and turns the necessary condition into a sufficient one.

Besides, local minima for any function f are not necessarily global ones. In the convex case,
everything works fine:

Proposition 2.6.1. Let x be a local minimum of a convex function f. Then, x is a global
minimaizer.

Proof. The local minimality assumption means that there exists an open ball V' C X, such that
x € V and that, for all u € V| f(z) < f(u).

Let y € X and t such that v = = + ¢t(y — ) € V. Then using convexity of f, f(u) <
tf(y) + (1 —t)f(z). Re-organizing, we get

Fl) 2t (f(w) = 1= 1)f(2)) = f(z).
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Chapter 3

Lagrangian duality

3.1 Lagrangian function, Lagrangian duality
In this chapter, we consider the convex optimization problem
minimize over R" :  f(z) 4+ Ij<o(x) . (3.1.1)

(i.e. minimize f(x) over R", under the constraint g(z) < 0),

where Ig<o = [j-1(gry, [ : R" — (—00, 00] is a convex, proper function; g(z) = (g1(z), ..., gp(x)),
and each g; : R" — (—o00,+00) is a convex function (1 < i < p). g(z) & {+o0, —o0}, for the
sake of simplicity. This condition may be however replaced by a weaker one:

0 € relint(dom f —NY_, domg;) . (3.1.2)

See Bauschke and Combettes (2011) for more details on how to deal with functions with infinite
values.

It is easily verified that under these conditions, the function z — f(z) + I;<o(z) is convex.

Definition 3.1.1 (primal value, primal optimal point). The primal value associated to (3.1.1)
1s the infimum

p= inf f(z)+Ig=o(x).

A point x* € R™ is called primal optimal if
p=f(@") +Ig=o(z").

Notice that, under our assumption, p € [—oo, 0c]. Also, there is no guarantee about the existence
of a primal optimal point, i.e. that the primal value be attained.

Since (3.1.3) may be difficult to solve, it is useful to see this as an ‘infsup’ problem, and solve
a ‘supinf’ problem instead (see definition 3.1.3 below). To make this precise, we introduce the
Lagrangian function.

Definition 3.1.2. The Lagrangian function associated to problem (3.1.1) is the function

L:R" xRE — [—o00, +0]
(z,¢) = f(x) + (¢, 9(x))
(where RE. = {¢ € RP, ¢ = 0}).
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The link with the initial problem comes next:

Lemma 3.1.1 (constrained objective as a supremum). The constrained objective is the supre-
mum (over ¢) of the Lagrangian function,

V€ Rna f($) +ngO($) = Ssup L($7¢)
PR

Proof. Distinguish the case g(z) = 0 and g(x) A 0.

(a) If g(z) £ 0,3 € {1,...,p} : gi(x) > 0. Choosing ¢; = te; (where e = (e1,...,ep) is the
canonical basis of RP)), t > 0, then lim; o L(z, ¢¢) = +00, whence SUP P L(z,$) = +o00. On
the other hand, in such a case, [;;)<g = +00, whence the result.

(b) If g(z) < 0, then V¢ € RE | (¢, g(x)) < 0, and the supremum is attained at ¢ = 0. Whence,

SUPg=0 L(z,¢) = f(=).
On the other hand, I;(;)<o = 0, so f(z) + Iyz)<0 = f(x). The result follows. O

Equipped with lemma 3.1.1, the primal value associated to problem (3.1.1) writes

p= inf sup L(z,¢). (3.1.3)
reR™ q‘)GRﬂ

One natural idea is to exchange the order of inf and sup in the above problem. Before proceeding,
the following simple lemma allows to understand the consequence of such an exchange.

Lemma 3.1.2. Let F': A x B — [—00,00] any function. Then,

sup inf F(x,y) < inf sup F(z,y).
yeBTEA z€A yecB

Proof. ¥(Z,y) € A x B,

inf F(z,7y) < F(z,y) < sup F(z,y).
x€A yEB

Taking the supremum over g in the left-hand side we still have

sup inf F(x,y) < sup F(Z,y).
QEBxEA yeB

Now, taking the infimum over Z in the right-hand side yields

sup inf F(z,¥y) < inf sup F(Z,y).
gegzeA ( y)_ieAyeg ( y)

up to to a simple change of notation, this is

sup inf F(x,y) < inf sup F(z,y).
yeBTEA z€A yecB

Definition 3.1.3 (Dual problem, dual function, dual value).
The dual value associated to (5.1.3) is

d= sup inf L(z,¢).

p xER?
peRL
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The function
D(¢) = inf L(z,¢)

z€R™

1s called the Lagrangian dual function. Thus, the dual problem associated to the primal
problem (3.1.1) is
maximize over RY : D(¢).

A wvector A € Ryp is called dual optimal if
d="D()).

Without any further assumption, there is no reason for the two values (primal and dual) to
coincide. However, as a direct consequence of lemma 3.1.2, we have :

Proposition 3.1.1 (Weak duality). Let p and d denote respectively the primal and dual value
for problem (3.1.1). Then,
d<p.

Proof. Apply lemma 3.1.2. O
One interesting property of the dual function, for optimization purposes, is:
Lemma 3.1.3. The dual function D is concave and upper semi-continuous.

Proof. For each fixed x € R", the function

Py :¢)F$_L($,¢O ::f(ﬁ)%—<¢,g($)>

is affine, whence concave on Rﬁ. In other words, the negated function —h, is convex. Thus, its
upper hull A = sup,(—h;) is convex. There remains to notice that

D =inf h, = —sup(—h,) = —h,

so that D is concave, as required.
Using the same decomposition, —D(¢) = sup,cpn(—hz), so =D is the supremum over a family
indexed by x of l.s.c. functions (in ¢). Hence, by Lemma 2.2.1, —D is itself l.s.c. O

3.2 Saddle points and KKT theorem

Introductory remark (Reminder: KKT theorem in smooth convex optimization). You may have
already encountered the KKT theorem, in the smooth convex case: If f and the g;’s (1 < i < p)
are convex, differentiable, and if the constraints are qualified in some sense (e.g., Slater) it is
a well known fact that, x* is primal optimal if and only if, there exists a Lagrange multiplier
vector A € RP, such that

A=0, (Ag(a) =0, V(") =- A\Vg(a).

el

(where [ is the set of active constraints, i.e. the i’s such that g;(z) = 0.)

The last condition of the statement means that, if only one g; is involved, and if there is no
minimizer of f within the region g; < 0, the gradient of the objective and that of the constraint
are colinear, in opposite directions.

The objective of this section is to obtain a parallel statement in the convex, non-smooth case,
with subdifferentials instead of gradients.
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Definition 3.2.1 (Slater conditions). Consider the convex optimization problem (3.1.1). As-
sume that
dzedomf: Vie{l,...,p},qi(x) <0.

Then, we say that the constraints are qualified, in the sense of Slater.

Proposition 3.2.1. If Slater’s constraint qualification condition holds (Def 3.2.1), then there
exist A € RP such that
D(X\) = sup D(¢) (3.2.1)
PpeER™

Proof. By Slater’s condition, there exists Z € dom f such that g;(Z) < 0 for all . Hence, either
¢ # 0 and —D(¢) = +o0 or

—D(¢) = sup —f(z) = (¢,z) + Iry(¢) = sup —f(z) — (¢, 9(x)) = —f(Z) — (¢, 9(T))

z€Rn z€Rn
= —f(&) + max¢; x (—g;(%)) = —f(Z) + || lloc min(—g;(z))

As ming(—g;(%)) > 0 and f(Z) < +o0, we conclude that lim 4 -4 —D(¢) = +00.
Using Proposition 2.2.2, we known that there exist A € R? such that

D(A) = sup D(¢) O
HER™

First, we shall prove that, under the constraint qualification condition (Def. 3.2.1), the solutions
for problem (3.1.1) correspond to saddle points of the Lagrangian function.

Definition 3.2.2 (Saddle point). Let F': A x B — [—00,00] any function, and A, B two sets.
The point (x*,y*) € A X B is called a saddle point of F if, for all (x,y) € A x B,

F(z*,y) < F(z*,y") < F(x,y").

Proposition 3.2.2. Assume that Slater’s constraint qualification condition holds (Def 3.2.1).
Then

p= inf f(z)+I<o(z) = sup D(¢) =d
TER™ PERP

Proof. Let us introduce the function

V() = inf f(2) + L pyg(en<py ().

called the value function of the problem. Note that V(0) is the value of the primal problem:

V(O) - xlen]an f(x) + H{x’:g(z”)go} (:B)

As {(2/,V') : g(2) < V'} is convex and f is convex, (x,0) = f(2)+Tf (@ p).q(a)<pry (T, b) is convex.
V is convex since it is the infimum of a jointly convex function (Proposition 2.1.3).

domV = {b € RP : Jz € dom f,g(x) < b}. Hence, Slater’s condition implies that for all
b> g(xo), b € domV. As g(xg) < 0, this implies that 0 € int(dom V) and so 0 € relint(dom V).
By Proposition 2.4.1, IX € 9V(0). Using the definition of the subgradient,

Vb € RPV(b) > V(0) + (A, b— 0)
V(b) — (A, b) > V(0)
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Taking the infimum over b, we get a formula involving what we will call in Chapter 4 the
Fenchel-Legendre conjugate of V:

inf V(b) — (\.) = V(0). (3.2.2)

We are going to show that infyere V(b) — (A, b) = D(—N).

bieanp V(b) - <)‘? b) = bierﬁ{p xlen]Rf" f(x) + H{(z’,b’):g(a}’)gb’}(xa b) - <)‘7 b>

= inf (f(@)+ inf T gz (@.0) = (A0) (3.2.3)

Let us fix z for the moment. If A < 0, minimizing Iy, y).9(2)<t} (2, b) — (A, b) amounts to finding
b such that b > g(z) and which has the smallest possible coordinates. Hence, the optimum is
given at b = g(z) and infyerp Ii (o p):g(ar)<py (T, 0) — (A, 0) = (A, g()).

If A £0, 35 such that A; > 0. Choosing b(t) = g(z) + te; with t > 0, we get b(t) > g(x) and

L@ p):gany<yy (@, 0(8)) = (A b) = (A, b(1)) = —(A, 9(x)) = tA; — —oo.

To conclude,

bieanP H{(m’,b’):g(w’)gb’}(aja b) — <)\7 b> = <—)\, g(l‘)) - HRi(—A)

and so by (3.2.3),

inf V(B) = (A B) = inf f(2)+ (=X, 9(x)) — Ty (-X) = D(=N).

Hence, by (3.2.2), D(—=A) > infyern f(2) + Iy<o(x). Moreover, by Proposition 3.1.1, D(—=)\) <
supgere D(¢) < infrern f(2) +1g<0(z), 50 D(=A) = supyere D(¢) = infrern f(2) +1g<o(z). O

Proposition 3.2.3 (primal attainment and saddle point).
Consider the convex optimization problem (5.1.1) and assume that Slater’s constraint qualifica-
tion condition holds (Def 3.2.1). The following statements are equivalent:

(i) The point x* is primal-optimal,
(ii) 3N € RE | such that the pair (z*,)\) is a saddle point of the Lagrangian function L.
Furthermore, if (i) or (ii) holds, then
p=d=L(z*,\).

Proof. i) = 1ii) First of all, by Proposition 3.2.1, 3\ such that D(A\) = d. Let us assume that
the point z* is primal-optimal. This implies that for all z € R",

def of sup
L(z*,A) < sup L(z",¢)=p
PERP
Similarly, for all ¢ € RP,
def of inf
L(z*,\) > ian L(z,A\)=D(\) =d
reR"™

By Proposition 3.2.2, p = d, so both of the above inequalities are equalities and for all z € R"
and all ¢ € RP|

L(z*,¢) < sup L(z*,¢') = L(z*,\) = inf L(2',\) < L(2/,)\)
@' €RP ' €R™
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ii) = i) Let us assume that 3\ € RP, such that the pair (z*, A) is a saddle point of the Lagrangian
function L.

(z*,\) saddle p. (z*,\) saddle p.

f(@%) +Ig<o(z™) = sup L(z", ¢) < sup L(z",A) = L(z", A) < Lz, )
PpERP PERP
This is true for all x € R", so
def of sup def of inf , , ,
f(@®) +Iy<o(z™) < inf L(z,A) < sup inf L(z,¢) <  sup L(z',¢) = f(2') + Ig<o(2’)
- TER™ pERp TER™ HERP -
where 2’ is any element of R. This shows that z* is primal-optimal. ]

The last ingredient of KKT theorem is the complementary slackness properties of A. If (z*,\)
is a saddle point of the Lagrangian, and if the constraints are qualified, then g(z*) < 0. Call
I ={iy,..., ik}, k < p, the set of active constraints at z*, i.e.,

I= {z e{l,...,p} : gi(z") :0}.
the indices ¢ such that g;(z*) = 0.

Proposition 3.2.4. Consider the convex problem (3.1.1) and assume that the constraints sat-
isfiability condition “3% € dom f such that g(Z) < 07 is satisfied.
The pair (z*,\) is a saddle point of the Lagrangian, if an only if

g(xz*) 20 (admissibility)
A=0, (Ag(z*) =0, (i)  (complementary slackness) (3.2.4)
0€df +> icr Xi0gi(x™). (11)

Remark 3.2.1. The condition (3.2./) (ii) may seem complicated at first view. However, notice
that, in the differentiable case, this the usual ‘colinearity of gradients’ condition in the KKT
theorem :

Vi) =— Z AiVgi(x™).

1€l
Proof. Assume that (z*,\) is a saddle point of L. By definition of the Lagrangian function,
A = 0. The first inequality in the saddle point property implies V¢ € Ryp, L(z*, ¢) < L(z*, \),
which means
f(@™) + (8, 9(x")) < f(2") + (A g(z7)),
i.e.

Vo eRE, (¢ — A g(a*)) <0.

Since z* is primal optimal, and the constraints are qualified, g(z*) < 0. For i € {1,...,p},

N (5L
()J Ey 7 Zi yields —\;g;(z*) < 0, whence \; < 0, and
] =

i
finally A; = 0. Thus, \;g;(z*) = 0.

e If g;(x) < 0, then choosing ¢ =

o If gi(z) = 0, then \jgi(z*) = 0 as well.
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As a consequence, Ajgj(z*) =0 for all j, and (3.2.4 (i) ) follows.
Furthermore, the saddle point condition implies that x* is a minimizer of the function L) : x —
L(z,\) = f(x) +>,er Migi(z). (the sum is restricted to the active set of constraint, due to (i)).

From Fermat’s rule,
0ed |:f+z/\zgz]

Since dom g; = R"”, the condition for the subdifferential calculus rule 2.5.1 is met and an easy
recursion yield 0 € 0f(2*) + 3, 0(Xigi(x*)). As easily verified, OAig; = \idgi, and ( 3.2.4 (ii))
follows.

Conversely, assume that A satisfies (3.2.4). By Fermat’s rule, and the subdifferential calculus
rule 2.5.1, condition (3.2.4) (ii) means that z* is a minimizer of the function hy : x — f(x) +
Y icr Aigi(x). Using the complementary slackness condition (A\; = 0 for i & I), hy(x) = L(z, A),
so that the second inequality in the definition of a saddle point holds:

Vo, L(z*,\) < L(z, A).
Furthermore, for any ¢ = 0 € RP,

L(z",¢) = L(z*, A) = (¢, 9(z")) = (A, g(27)) = (¢, 9(2")) <0,

since g(x*) = 0. This is the second inequality in the saddle point condition, and the proof is
complete. O

Definition 3.2.3. Any vector A € RP which satisfies (3.2./) is called a Lagrange multiplier
at x* for problem (3.1.1).

The following theorem summarizes the arguments developed in this section

Theorem 3.2.1 (KKT (Karush, Kuhn,Tucker) conditions for optimality). Assume that Slater’s
constraint qualification condition (Def. 3.2.1) is satisfied for the convex problem (5.1.1). Let
z* € R™. The following assertions are equivalent:

(i) =* is primal optimal.
(i) There exists X € Ryp, such that (z*,\) is a saddle point of the Lagrangian function.

(11i) There exists a Lagrange multiplier vector X at z*, i.e. a vector A € RP, such that the KKT
conditions:

g(x*) 20 (admissibility)
A=0, (Ag(z*) =0, (complementary slackness)
0€0f+ 3 icr Ni0gi(z™). (‘colinearity of subgradients’)

are satisfied.

Proof. The equivalence between (ii) and (iii) is proposition 3.2.4; the one between (i) and (ii) is
proposition 3.2.3. O

Exercise 3.2.1 (Examples of duals, Borwein and Lewis (2006), chap.4). Compute the dual of
the following problems. In other words, calculate the dual function D and write the problem of
maximizing the latter as a convex minimization problem.
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1. Linear program

inf
(o)

under constraint Gz <b
where ¢ € R™, b € RP and G € RP*™,
Hint: you should find that the dual problem is again a linear program, with equality
constraints.

2. Quadratic program

1
1
At 3 (002

under constraint Gz < b
where C' is symmetric, positive, definite.

Hint : you should obtain an unconstrained quadratic problem.

e Assume in addition that the constraints are linearly independent, i.e. rank(G) = p,

T
wy

re. G = |, where (wy,...,wp) are linearly independent. Compute then the
dual value.

Exercise 3.2.2 (dual gap). Consider the two examples in exercise 3.2.1, and assume, as in
example 2., that the constraints are linearly independent. Show that the duality gap is zero
under this conditions.

Hint: Slater.
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Chapter 4

Fenchel-Legendre transformation,
Fenchel Duality

We introduce now an important tool of convex analysis, especially useful for duality approaches:
the Fenchel-Legendre transform.

4.1 Fenchel-Legendre Conjugate

Definition 4.1.1. Let f : X — [—o00,+0o0| . The Fenchel-Legendre conjugate of f is the
function f*: X — [—o00,00], defined by

f*(¢) = sup (p,z) — f(x), Voeci.

reX

Notice that
f7(0) = — inf f(x).

zeX
Figure 4.1 provides a graphical representation of f*. You should get the intuition that, in the dif-

ferentiable case, if the maximum is attained in the definition of f* at point z, then ¢ = V f(xo),
and f*(¢) = (Vf(xo),x0) — f(x). This intuition will be proved correct in proposition 4.2.1.

Figure 4.1: Fenchel Legendre transform of a smooth function f. The maximum positive differ-
ence between the line with slope tan(¢) and the graph Cy of f is reached at xo.
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Exercise 4.1.1.

Prove the following statements.

General hint: If hg : x — (¢,x) — f(x) reaches a maximum at z*, then f*(¢) = hy(z").
Furthermore, hy is concave (if f is convex). If hy is differentiable, it is enough to find a zero of
its gradient to obtain a maximum.

Indeed, x € argmin(—hy) < 0 € d(—hy), and, if —hy is differentiable, O(—hy) = {—Vhe}.

1. If ¥ =R and f is a quadratic function (of the kind f(z) = (x — a)? + b), then f* is also
quadratic.

2. In R™, let A by a symmetric, definite positive matrix and f(z) = (z, Az) (a quadratic
function). Show that f* is also quadratic.

3. f: X = [—00,400]. Show that f = f* & f(z) = 1||z|>
Hint: For the ‘if” part: show first that f(¢) > (¢, ¢) — f(¢).
Then, show that f(¢) < sup, (¢,z) — 5||z||?. Conclude.

f(x):{l/m if x > 0;

+o00  otherwise .

4. X =R, for

we have,
f(¢) = { .
400 otherwise .

5. X =R, if f(z) = exp(z), then

¢In(g) —¢ if ¢ > 0;
[ (@) =40 if ¢ = 0;
400 if  <O0.

Notice that, if f(z) = —oo for some z, then f* = +o0.
Nonetheless, under ‘reasonable’ conditions on f, the Legendre transform enjoys nice properties,
and even f can be recovered from f* (through the equality f = f**, see Proposition 4.2.3).

Proposition 4.1.1 (Properties of f*).
Let f : X — [—o0,+00] be any function.

1. f* is always convex, and l.s.c.

2. If dom f # 0, then —oco ¢ f*(X)

8. If f is convex and proper, then f* is convex, l.s.c., proper.
Proof.

1. Fix € X and consider the function h, : ¢ — (¢,z) — f(z). From the definition,
f* = supgexy he. Each h, is affine, whence convex. Using proposition 2.1.2, f* is also
convex. Furthermore, each h, is continuous, whence l.s.c, so that its epigraph is closed.
Lemma 2.2.1 thus shows that f* is L.s.c.
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2. From the hypothesis, there is an g in dom f. Let ¢ € X. The result is immediate:
JH(@) 2 hay () = flxo) — (h,@0) > —00.

3. In view of points 1. and 2., it only remains to show that f* #Z +o00. Let xg € relint(dom f).
According to proposition 2.4.1, there exists a subgradient ¢g of f at xg. Moreover, since
f is proper, f(zp) < co. From the definition of a subgradient,

Vz € dom f, (¢o,z — z0) < f(x) — f(20).
Whence, for all x € X,
<¢Oax> - f(.l‘) < <¢07$0> - f(xO)v

thus, sup, (¢o, z) — f(z) < (b0, z0) — f(zo) < +00.
Therefore, f*(¢g) < +o0. O

4.2 Affine minorants**

Proposition 4.2.1 (Fenchel-Young). Let f : X — [—oc,00]. For all (x,$) € X2, the following
inequality holds:

f@)+ () = (¢,2),
With equality if and only if ¢ € df(x).

Proof. The inequality is an immediate consequence of the definition of f*. The condition for
equality to hold (i.e., for the converse inequality to be valid), is obtained with the equivalence

f@)+17(0) <(o,2) = Yy, f(2)+(d,y) = fly) < (bz) & ¢edf(x).
O

An affine minorant of a function f is any affine function h : X — R, such that h < f on X.
Denote AM(f) the set of affine minorants of function f. One key result of dual approaches
is encapsulated in the next result: under regularity conditions, if the affine minorants of f are
given, then f is entirely determined !

Proposition 4.2.2 (duality, episode 0). Let f : X — (—o00, 00| a convez, l.s.c., proper function.
Then f is the upper hull of its affine minorants.

Proof. For any function f, denote Ey the upper hull of its affine minorants, Ey = suppe aaq( 5 h
For ¢ € X and b € R, denote hyp the affine function x +— (¢, z) + b. With these notations,

E¢(z) =sup{(¢,z) —b : hyp € AM(f)}.

Clearly, E; < f.

To show the converse inequality, we proceed in two steps. First, we assume that f is non nega-
tive. The second step consists in finding a ‘change of basis’ under which f is replaced with non
negative function.

1. Case where f is non-negative, i.e. f(X) C [0,00]) :
Assume the existence of some xy € X, such that tg = E¢(xg) < f(xo) to come up with a
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contradiction. The point (zg,%9) does not belong to the convex closed set epi f. The strong
separation theorem 2.3.1 provides a vector w = (¢,b) € X x R, and scalars «, b, such that

V(z,t) €epif, (¢,z)+bt <a < (¢, xo)+ bto. (4.2.1)

In particular, the inequality holds for all x € dom f, and for all t > f(x). Consequently, b < 0
(as in the proof of proposition 2.4.1). Here, we cannot conclude that b < 0: if f(zg) = +o0,
the hyperplane may be ‘vertical’. However, using the non-negativity of f, if (z,t) € epi f, then
t >0, so that, for all e >0, (b —€)t < bt. Thus, (4.2.1) implies

V(z,t) €epif, (¢,z)+ (b—e€)t < a.

Now, b — € < 0 and, in particular, for = € dom f, and t = f(x),

f(@) > 2 ((—g.2) + a) = h*(2).

b—e
Thus, the function A€ is an affine minorant of f. Since tyg > h(zp) (by definition of ty),
1
to > ﬁ(<_¢7x0> + a)v

i.e.
(b—e)to < (—¢,x0) +
Letting € go to zero yields
bty < — (¢, z0) + «
which contradicts (4.2.1)

2. General case. Since f is proper, its domain is non empty. Let xg € relint(dom f). According
to proposition 2.4.1, df(xzg) # 0. Let ¢ € Of(xp). Using Fenchel-Young inequality (Proposi-
tiond.2.1), for all z € X, p(x) := f(x) + f*(¢0) — (o, x) > 0. The function ¢ is non negative,
convex, l.s.c., proper (because equality in Fenchel-Young ensures that f*(¢o9) € R). Part 1.
applies :

Ve e X, p(x) = sup (p,x) +b. (4.2.2)
(¢,0):hg p€AM(p)

Now, for (¢,b) € X x R,
hes € AM(p) & Vo € X, (¢, x) +b < f(x) + f*(x0) — (0, 2)
S Ve e X, (¢+ do,x) +b— f*(x0) < f(x)
© oo b fr(w) € AM(S).
Thus, (4.2.2) writes as

Vo € X, f(x) + [*(do) = (¢o,2) = sup  (d— o, 2) + b+ f*(z0).
CORCIE)

In other words, z € X, f(x) = E¢(x). O
The announced result comes next:

Definition 4.2.1 (Fenchel Legendre biconjugate). Let f : X — [—o0, 0], any function. The
biconjugate of f (under Fenchel-Legendre conjugation), is

7 X = [—o0, ]
z = (f7)"(x) = sup (¢, z) — [*().

peEX
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Proposition 4.2.3 (Involution property, Fenchel-Moreau). If f is convex, l.s.c., proper, then
f — f**.
Proof. Using proposition 4.2.2, it is enough to show that f**(x) = E¢(x)

1. From Fenchel-Young inequality (Proposition4.2.1), for all ¢ € X, the function z — hy(z) =
(¢, z) — f*(¢) belongs to AM(f). Thus,

AM* = {hy,p € X} C AM(f),

so that

f(x)= sup h(z)< sup h(z)=Ef(x).
he AM* he AM(F)

2. Conversely, let hyp € AM(f). Then, Va, (¢, z) — f(x) < —b, so
J*(9) = sup (¢, ) — f(z) < —b.

Thus,
In particular, f**(x) > h(z). Since this holds for all h € AM(f), we obtain

f(x) > sup h(z) = Ef(x).
he AM(f)

One local condition to have f(x) = f**(z) at some point z is the following.
Proposition 4.2.4. Let f : X — [—00,00] a convex function, and let z € dom f.
If 0f(x) #0, then f(x)= f"(x).

Proof. Let A € 9f(x). This is the condition for equality in Fenchel-Young inequality (proposi-
tion 4.2.1), i.e.

f@)+ 7 (A) = (Ax) =0 (4.2.3)
Consider the function hy(¢) = f*(¢) — (¢, z). Equation (4.2.3) writes as

The general case in Fenchel Young writes
Vo € X, ha(9) = —f(2) = ha(A).
Thus, A is a minimizer of h,,

A € argmin hy(¢) = arg max(—hz(¢))
peX peX

In other words,

Exercise 4.2.1. Let f : X — (—o00,400] a proper, convex, l.s.c. function. Show that
a(f*) =0~

where, for ¢ € X, (0f) 1 (¢) ={r € X: ¢ € df(x)}.
Hint:  Use Fenchel-Young inequality to show one inclusion, and the property f = f** for the
other one.
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4.3 Equality constraints

Theorem 4.3.1. Let A be an affine function and f be a convexr function. Let us consider the
problem with equality constraints

min f(z) + La-o(),

the associated Lagrangian
L(z,¢) = f(z) + (¢, A(z))
and the dual problem

sup D(¢)
$CRP

where D(¢) = infyern f(x) + (¢, A(T)).
If 0 € relint(A(dom f)) (constraint qualification condition), then

1. infyepn f(2) + Ta—p(z) < +00
2. infiern f(7) +Ta=o(x) = supyere D(¢) (i-e., the duality gap is zero).
3. (Dual attainment at some A = 0):

N e RPN > 0, such that d = D()).

Note that if dom f = R"™, then the constraints are automatically qualified.

Proof*. The idea of the proof is to apply Propositions 2.4.1 and 4.2.4 on the value function

b) = inf T (A(x)).

V() = inf f(@)+ Iy (AG)

Note that V(0) is the value of the primal problem. V is convex since it is the infimum of a jointly
convex function (Proposition 2.1.3). To apply Proposition 4.2.4, we need to calculate V* and
| 2

For ¢ € RP, by definition of the Fenchel conjugate,

V*(=¢) = sup (=¢,y) = V(y)

yERP
= s (=¢,9) — inf [f(@) + 1y (A@))]
= s (=y) + sup [ — f(z) = Iy (A(2))]
= sup sup (—¢,y) — f(x) — L, (A())
yeERP zcR™
=$£[£@¢¢wwwwmumﬁ—fm» (43.1)

vz (y)

For a fixed x € dom f, consider the function @, : y + (—=¢,y) — L3 (A(z)). As

I e if y # A(x)
o) = {(—qﬁ,A(x)) otherwise
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Thus, (4.3.1) becomes
Vi(=¢) = sup (=¢, A(z)) — f(z),

xeRn
=— inf f(2) + (6 A())
L(z,9)
= —-D(¢)

From that, we deduce

V*(0) = sup —V*(¢) = sup —V*(—¢) (by symmetry of RP)
HERP HERP

= sup D(9)
HERP

Hence, V**(0) is the value of the dual problem.

Now remark that domV = {b € R? : Jzx € dom f, A(x) = b} = A(dom f). So the constraint
qualification condition 0 € relint(A(dom f)) is equivalent to 0 € relint(dom V) and we can apply
Proposition 2.4.1: 9V(0) # 0.

By Proposition 4.2.4, this implies that V(0) = V**(0). Said otherwise, inf,crn f(x) +La—o(x) =
SUPgeRrp D(¢).

To show the dual attainment, we take A\ € 9V(0) # (. Equality in Fenchel-Young (Proposi-
tion 4.2.1) writes: V(0) + V*(\) = (A,0) = 0. Thus, we have

V(0) = —V*())

=D(=))

< supD(5) = V*'(0) = V(0) = D(-)

O]

Exercise 4.3.1. The goal of this exercise is to study the following semi-definite program where
the variables are semi-definite matrices (the set of semi-definite matrices is denoted S7)

inf X33 +HS3 (X)

T€eR3%3
under the constraints: Xy + X911+ X33 =1
X22=0
000
We will denote E33 =10 0 Of, f(.%') = <E3,3,X>+]IS§F(X), G(X) = [X172+X271 +X3,3;X2,2],
0 0 1
e1 = [1;0] and A(X) = G(X) —ey.

1. Give an optimal solution to this problem.
Hint: determine the set of feasible points.

2. Compute the dual of this problem and solve it. What do you observe?
3. What does 0 € A(dom f) mean for the feasibility of the optimization problem?

4. Show that [0;¢] € A(dom f) if and only if € > 0. Deduce that the constraints are not
qualified.
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4.4 Fenchel duality

Many Machine Learning problems take the form
inf f(z)+ g(M x). (4.4.1)
TEX

where f: X — [—oo0,00] and g : Y :— [—00, 00] are two convex functions and M : X — )Y is a
linear operator.
Two examples

e The Lasso problem:
1 9
min 5| Zz = Y|z + Allll
M = Z is the data matrix, g(2) = 3|z — Y||3 and f(z) = Al|z|]:.

e The support vector machine problem:

. 1
min CZmax Yi((Zx); + x0)) + 5”1”’%

zER™ xR

M = [Ze], g(z) = CYF | max(0,1 - Y;z) and f(z,z0) = 1|z

Deriving the dual of such problems is of great algorithmic interest. The following theorem deals
exactly with that.

Theorem 4.4.1 (Fenchel-Rockafellar). If 0 € relint(dom g — M dom f), then

inf, (F(@) +9(Mx)) = = inf (" (M"6) +9°(~9)) .

TeEX
Besides, the dual value is attained as soon as it is finite.

Proof. Problem (4.4.1) is equivalent to

i Tgoy(y — Mx).
peiiin  F(2) + () + Loy (y — Mz)

We shall apply Theorem 4.3.1 to this problem with equality constraints. The Lagrangian is
L(z,y,¢) = f(z) + 9(y) + (¢,y — Mx).

Hence, the dual function is
D(¢) = inf L(z,y, ¢) = inf f(z) + (¢, Mx) +infg(y) — (¢, y) = —f*(M"¢) — g"(-9)

The constraint qualification condition “0 € relint(A(dom f))” exactly transcripts into 0 €
relint(dom g — M dom f) since we are using the linear operator [—M, I]. O

Exercise 4.4.1. Find the dual of the Lasso problem.

Exercise 4.4.2. Find the dual of the Support Vector Machine problem.
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4.5 Examples, Exercises and Problems

In addition to the following exercises, a large number of feasible and instructive exercises can be
found in Boyd and Vandenberghe (2009), chapter 5, pp 273-287.

Exercise 4.5.1 (Gaussian Channel, Water filling.). In signal processing, a Gaussian channel
refers to a transmitter-receiver framework with Gaussian noise: the transmitter sends an infor-
mation X (real valued), the receiver observes Y = X + €, where € is a noise.

A Channel is defined by the joint distribution of (X,Y"). If it is Gaussian, the channel is called
Gaussian. In other words, if X and € are Gaussian, we have a Gaussian channel.

Say the transmitter wants to send a word of size p to the receiver. He does so by encoding each
possible word w of size p by a a certain vector of size n, x¥ = (z¢,...,x¥). To stick with the
Gaussian channel setting, we assume that the x"’s are chosen as i.i.d. replicates of a Gaussian,
centered random variable, with variance x.

The receiver knows the code (the dictionary of all 2P possible x/’s) and he observes y, = x +¢,
where € ~ N (0,0%I,)). We wants to recover w.

The capacity of the channel, in information theory, is (roughly speaking) the maximum ratio
C = n/p, such that it is possible (when n and p tend to oo while n/p = C), to recover a word
w of size p using a code x; of length n.

For a Gaussian Channel , C' = log(1 + x/0?). (z/0? is the ratio signal/noise). For n Gaussian
channels in parallel, with «; = 1/ 02-2, then

C= Zlog(l + a;z;).
i=1

The variance x; represents a power affected to channel ¢. The aim of the transmitter is to
maximize C' under a total power constraint: > ; x; < P. In other words, the problem is

n n
max Zl log(1 + ajz;) under constraints: Vi, z; > 0, Zl x; < P. (4.5.1)
1= 1=

1. Write problem (4.5.1) as a minimization problem under constraint g(z) < 0. Show that
this is a convex problem (objective and constraints both convex).

2. Show that the constraints are qualified. (hint: Slater).
3. Write the Lagrangian function
4. Using the KKT theorem, show that a primal optimal z* exists and satisfies:

e JK > 0 such that x; = max(0, K — 1/a;).
e K is given by

> max(K —1/a;,0) = P
=1

5. Justify the expression water filling
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Exercise 4.5.2 (Max-entropy). Let p = (p1,...,0n), pi > 0, Y, pi = 1 a probability distribution
over a finite set. If x = (x1,...,x,) is another probability distribution (z; > 0), an if we use the
convention 0log0 = 0, the entropy of x with respect to p is

n
Hy(x) =— Z x; log il
i=1 i

To deal with the case x; < 0, introduce the function ¢ : R — (—o0, 00]:

ulog(u) ifu>0
Y(u) =<0 ifu=0

+00 otherwise .

If g : R™ — RP, the general formulation of the max-entropy problem under constraint g(xz) < 0
is

maximize oyer Rn Z (= (z;) + zilog(ps))

i
under constraints le = 1;9(x) 2 0.
In terms of minimization, the problem writes

inf z; () — (2,¢) + L1, y=1(z) + Lg=o(@). (4.5.2)

with ¢ = log(p) = (log(p1),...,log(pn)) and 1,, = (1,...,1) (the vector of size n which coordi-
nates are equal to 1).

A: preliminary questions

1. Show that
{Aol, : Mo eR}:=R1, if Y x=1

ol . =
(1) (@) {@ otherwise.

2. Show that v is convex
hint: compute first the Fenchel conjugate of the function exp, then use proposition 4.1.1.

Compute 09 (u) for u € R.
3. Show that

3(2 Y(x;)) = {@Ei(log(:r,») +1)e; ifx>=0

otherwise,
where (e, ..., e,) is the canonical basis of R™.
4. Check that, for any set A, A+ 0 = (.

5. Consider the unconstrained optimization problem, (4.5.2) where the term I;(,)<o has been
removed. Show that there exists a unique primal optimal solution, which is z* = p.

Hint: Do not use Lagrange duality, apply Fermat’s rule (section 2.6) instead. Then, check
that the conditions for subdifferential calculus rules (proposition 2.5.1) apply.

35



B: Linear inequality constraints In the sequel, we assume that the constraints are linear,
independent, and independent from 1,, i.e.: g(x) = Gx — b, where b € RP, and G is a p x n

(wh)T
(wP)T

where w/ € R”, and the vectors (w!, ..., wP 1,) are linearly independent. We also assume the
existence of some point £ € R", such that

matrix,

Vi, & >0, > & =1, Gi=b. (4.5.3)

)

1. Show that the constraints are qualified.

Hint: Show that 0 € int(G(X,) — {b} + RE), where ¥, = {z e R" : 2= 0,),2; = 1}
is the n-dimensional simplex. In other words, show that for all y € R? close enough to 0,
there is some small 4 € R", such that z = & + @ is admissible for problem (4.5.2), and
Gx<b+y.

To do so, exhibit some v € R"™ such that Gu = —1, and ) u; = 0 (why does it exist ?)
Pick t such that & + tu > 0. Finally, consider the ‘threshold” Y = —¢1, < 0 and show

that, if y > Y, then G(2 + tu) < b+ y. Conclude.

2. Using the KKT conditions, show that any primal optimal point z* must satisfy:
37 > 0,INER,p:

.1 a b
Ti = b exp[—;Aij] (ie{l,...,n})

(this is a Gibbs-type distribution).
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