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Exercise 1 :

1. Let θ̃ ∈ Rp, then ∀θ0 ∈ R,∥∥∥∥Y −X [θ0θ̃
]∥∥∥∥ =

∥∥∥∥Y − (1n, X̃)

[
θ0
θ̃

]∥∥∥∥ =
∥∥∥Y − θ01n − X̃θ̃

∥∥∥ =
∥∥∥Yc − X̃cθ̃ + 1n(µ̂Y − θ0 − µ̂>X θ̃)

∥∥∥
Hence taking θ0 = µ̂Y − µ̂>X θ̃ we have∥∥∥∥Y −X [µ̂Y − µ̂>X θ̃

θ̃

]∥∥∥∥ =
∥∥∥Yc − X̃cθ̃

∥∥∥
Now, we have

min
θ∈Rp+1

‖Y −Xθ‖ = min
θ̃∈Rp

min
θ0∈R

∥∥∥∥Y −X [θ0θ̃
]∥∥∥∥ ≤ min

θ̃∈Rp

∥∥∥∥Y −X [µ̂Y − µ̂>X θ̃

θ̃

]∥∥∥∥ = min
θ̃∈Rp

∥∥∥Yc − X̃cθ̃
∥∥∥

2. Let Z = (z1, · · · , zn)> ∈ Rn and call f : z 7→ ‖Z − z1n‖2 =
∑n
i=1(zi − z)2, then f is convex

and ∀z ∈ R, f ′(z) = −2
∑n
i=1(zi − z) which is null if and only if z = 1

n

∑n
i=1 zi = zn.

3. Let θ̃ ∈ Rp, then using question 2. with Z = Y − X̃θ̃ we get that ∀θ0 ∈ R,∥∥∥Y − θ01n − X̃θ̃
∥∥∥ ≥ ∥∥∥Y − ân(θ̃)1n − X̃θ̃

∥∥∥
with

ân(θ̃) =
1

n

n∑
i=1

zi =
1

n

n∑
i=1

(yi − x>i θ̃) = µ̂Y − µ̂>X θ̃

4. Using the same calculus as in question 1.,

min
θ∈Rp+1

‖Y −Xθ‖ = min
θ̃∈Rp

min
θ0∈R

∥∥∥∥Y −X [θ0θ̃
]∥∥∥∥

= min
θ̃∈Rp

min
θ0∈R

∥∥∥Y − θ01n − X̃θ̃
∥∥∥

≥ min
θ̃∈Rp

∥∥∥Y − ân(θ̃)1n − X̃θ̃
∥∥∥ (by question 3.)

= min
θ̃∈Rp

∥∥∥Y − 1nµ̂Y + 1nµ̂
>
X θ̃ − X̃θ̃

∥∥∥
= min

θ̃∈Rp

∥∥∥Yc − X̃cθ̃
∥∥∥

An using question 1. we get the equality wanted.
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5. The Hilbert projection theorem ensures that there is a unique Ŷ = argminu∈Im(X) ‖Y − u‖
(it is the orthogonal projection of Y on the Im(X)). By definition, we have Ŷ = Xθ̂n. But
we have shown in the previous question that∥∥∥Y − Ŷ ∥∥∥ = min

θ̃∈Rp

∥∥∥Yc − X̃cθ̃
∥∥∥ =

∥∥∥Y − µ̂Y 1n − X̃cθ̂n,c

∥∥∥
Remarking that µ̂Y 1n + X̃cθ̂n,c = X(µ̂Y − µ̂TX θ̂n,c, θ̂n,c) belongs to Im(X) and using the
uniqueness of the projection we simply have that

Xθ̂n = X(µ̂Y − µ̂TX θ̂n,c, θ̂n,c)

which gives, using that ker(X) = {0}, the final statement.
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Exercise 2 :

1. We have

(A+BCD)(A−1 −A−1B(DA−1B + C−1)−1DA−1)

= Id +B(DA−1B + C−1)−1DA−1 +BCDA−1 −BCDA−1B(DA−1B + C−1)−1DA−1

with

BCDA−1B(DA−1B + C−1)−1DA−1 = BC(DA−1B + C−1 − C−1)(DA−1B + C−1)−1DA−1

= BCDA−1 +B(DA−1B + C−1)−1DA−1

Hence

(A+BCD)(A−1 −A−1B(DA−1B + C−1)−1DA−1)

= Id +B(DA−1B + C−1)−1DA−1 +BCDA−1 −BCDA−1 −B(DA−1B + C−1)−1DA−1

= Id

Which gives
(A+BCD)−1 = A−1 −A−1B(DA−1B + C−1)−1DA−1

2.

(X>(n+1)X(n+1))
−1 =

(
[X>(n),xn+1]

[
X(n)

x>n+1

])−1
=
(
X>(n)X(n) + xn+1x

>
n+1

)−1
(∗)
= (X>(n)X(n))

−1 −
(X>(n)X(n))

−1xn+1x
>
n+1(X>(n)X(n))

−1

x>n+1(X>(n)X(n))−1xn+1 + 1

(∗∗)
= (X>(n)X(n))

−1 −
(X>(n)X(n))

−1xn+1

(
(X>(n)X(n))

−1x>n+1

)>
x>n+1(X>(n)X(n))−1xn+1 + 1

(∗) : Using question 1. with d = p+ 1, k = 1, A = X>(n)X(n), B = xn+1, C = I1, D = x>n+1

(∗∗) : Because (X>(n)X(n))
−1 is symmetric since X>(n)X(n) is.

We get the result wanted with ζn+1 = (X>(n)X(n))
−1xn+1 and bn+1 = x>n+1(X>(n)X(n))

−1xn+1

3. X>(n+1)yn+1 = [X>(n), xn+1]

[
y(n)

yn+1

]
= X>(n)y(n) + yn+1xn+1

4. Using the definition of θ̂n and θ̂n+1 and questions 2. and 3.

θ̂n+1 = (X>(n+1)X(n+1))
−1X>(n+1)y(n+1)

=

[
(X>(n)X(n))

−1 −
ζn+1ζ

>
n+1

1 + bn+1

] [
X>(n)y(n) + yn+1xn+1

]
= (X>(n)X(n))

−1X>(n)y(n)︸ ︷︷ ︸
=θ̂n

+yn+1 (X>(n)X(n))
−1xn+1︸ ︷︷ ︸

ζn+1

−
ζn+1ζ

>
n+1X

>
(n)y(n) + yn+1ζn+1ζ

>
n+1xn+1

1 + bn+1

= θ̂n +
1

1 + bn+1

(1 + bn+1)yn+1︸ ︷︷ ︸
∈R

ζn+1 − ζn+1 ζ
>
n+1X

>
(n)y(n)︸ ︷︷ ︸
∈R

−yn+1ζn+1 ζ
>
n+1xn+1︸ ︷︷ ︸
∈R


= θ̂n +

1

1 + bn+1

[
(1 + bn+1)yn+1 − ζ>n+1X

>
(n)y(n) − yn+1ζ

>
n+1xn+1

]
ζn+1
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with

(1 + bn+1)yn+1 − ζ>n+1X
>
(n)y(n) − yn+1ζ

>
n+1xn+1

= (1 + x>n+1(X>(n)X(n))
−1xn+1)yn+1 − x>n+1(X>(n)X(n))

−1X>(n)y(n) − yn+1x
>
n+1(X>(n)X(n))

−1xn+1

= yn+1 − x>n+1(X>(n)X(n))
−1X>(n)y(n)

= yn+1 − x>n+1θ̂n

Hence
θ̂n+1 = θ̂n +

un+1

1 + bn+1
ζn+1

with un+1 = yn+1 − x>n+1θ̂n.

5. Using the result of question 4. we need to compute

• un+1 = yn+1 − x>n+1θ̂n with one operation (1, p+ 1)× (p+ 1, 1)

• bn+1 = x>n+1(X>(n)X(n))
−1xn+1 with one operation (p + 1, p + 1) × (p + 1, 1) and one

operation (1, p+ 1)× (p+ 1, 1)

• ζn+1 = (X>(n)X(n))
−1xn+1 with one operation (p+ 1, p+ 1)× (p+ 1, 1)

We get a complexity of O(p2) instead of the O(np2) obtained when using the formula θ̂n+1 =
(X>(n+1)X(n+1))

−1X>(n+1)y(n+1)

6. Multiplying the result of question 2. by x>n+1 on the left and xn+1 on the right we get

hn+1 := x>n+1(X>(n+1)X(n+1))
−1xn+1 = x>n+1(X>(n)X(n))

−1xn+1 −
x>n+1ζn+1ζ

>
n+1xn+1

1 + bn+1

= x>n+1(X>(n)X(n))
−1xn+1 −

(x>n+1(X>(n)X(n))
−1xn+1)2

1 + bn+1

= bn+1 −
b2n+1

1 + bn+1

=
bn+1

1 + bn+1

Hence 1− hn+1 = 1
1+bn+1

and finally 1 + bn+1 = 1
1−hn+1

7. Using the result of question 6. and the given formula (which comes from multiplying by
x>n+1 on the left the result of question 4.)

yn+1 − ŷn+1 = yn+1 − x>n+1θ̂n −
un+1bn+1

1 + bn+1

= yn+1 − x>n+1θ̂n︸ ︷︷ ︸
un+1

−un+1hn+1 (because hn+1 = bn+1

1+bn+1
)

= un+1(1− hn+1)

8. All the results above can be extended to the case where instead of removing the last row of
X we remove the row at the i-th position. And we get by question 7.

yi − ŷi = (yi − x>i θ̂(−i))(1− ĥi)

hence

yi − x>i θ̂(−i) =
yi − ŷi
1− ĥi

and we get the result by replacing the expression in Rcv.
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