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Exercise 1 :

1. Let 6 € RP, then YV, € R,
5] = - 3]
Hence taking 0y = iy — ﬂ}é we have
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Now, we have
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2. Let Z = (z1,---,20) €R*and call f: 2z [|Z - 21,]* = 27, (2 — 2)?, then f is convex
and Vz € R, f/(2) = =237 | (2 — ) which is null if and only if z = 2 37" | 2z =2z"

3. Let @ € R?, then using question 2. with Z =Y — X0 we get that V6, € R,

HY — o1, — Xé” > HY — an(0)1, — XéH
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4. Using the same calculus as in question 1.,
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> min ||Y — ,(0)1, — Xé” (by question 3.)
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An using question 1. we get the equality wanted.



5. The Hilbert projection theorem ensures that there is a unique ¥ = argmin, e, x) 1Y — ul|

(it is the orthogonal projection of ¥ on the Im(X)). By definition, we have ¥ = X0,,. But
we have shown in the previous question that
HY . YH — min Y, - X.0
OcRr

’ = HY - ,[J/Y]-n - Xcén,c

Remarking that gy 1, + Xcén’c = X(gy — ﬂ%ényc, 9nc) belongs to Im(X) and using the
uniqueness of the projection we simply have that

Xén - X(ﬂY - ﬂ§én,c7 én,c)

which gives, using that ker(X) = {0}, the final statement.



Exercise 2 :
1. We have
(A+BCD)(A™' — A 'B(DA™'B+C~Y)"'DA™)
=I;+BDA'B+C ) 'DA™' + BCDA™ — BOCDA 'B(DA™'B+C~')"'DA™!
with
BCDA'B(DA™'B+C Y 'DA' =BC(DA'B+C ' -0 YDA 'B+C ) 'DA™!
=BCDA™ ' + B(DA™'B+C 1) 'DA™?
Hence
(A+BCD)(A™ ' — A 'B(DA™'B+Cc YDA}
=I;+B(DA'B+CY)"'DA™ + BCDA™' — BCDA ' — B(DA™'B+C Y)"'DA™!
=1,

Which gives
(A+BCD) ' =A"' - A 'B(DA'B+C Y 'DA™!
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(%) : Using question 1. withd=p+1, k=1, A= X(—;)X(n), B=x,41,C=1,D= X;L'—H
(xx) : Because (X(—;)X(n))_1 is symmetric since X(—;)X(n) is.

We get the result wanted with (11 = (X(Tn)X(n))_lxn_H and b, 41 = XI+1(X(—;)X(“))_1XTL+1

3. X(—:Hl)ywrl = [X(—l;L)vanrl] B;(-T—)J = X(—;)Y(n) + Ynt1Xnt1

4. Using the definition of 8,, and én+1 and questions 2. and 3.
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with

(14 bng1)Yns1 — Cr—LrJrlX(—l;L)Y(n) - yn+1<11—+1xn+1

=(1+ X;Lr-‘rl(X(Tn)X(n))ilanrl)y'rl-i-l - XI+1(X(T7L)X(n))71X(Tn)Y(n) - yn+1X7TL+1(X(Tn)X(n))ianH
= Yn+1 — XI+1(X(—:1)X(n))_1X(—£L)Y(n)

= Yn+1 — XI+lén

Hence
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On = én T n
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with Un4+1 = Yn+1 — XI+1én.
. Using the result of question 4. we need to compute

® Upi1 = Yntl — X;L'—Hén with one operation (1,p+ 1) x (p+ 1,1)

e byl = x;L'—H(X(—;)X(n))’lan with one operation (p+ 1,p+ 1) X (p+ 1,1) and one
operation (1,p+1) x (p+1,1)

o (hi1 = (X(E)X(n))’lxnﬂ with one operation (p+1,p+1) x (p+1,1)

We get a complexity of O(p?) instead of the O(np?) obtained when using the formula 6,1 =
(X(Tn+1)X(n+1))71X(Tn+1)y(n+1)

. Multiplying the result of question 2. by x| 41 on the left and x,,; on the right we get
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Hence 1 — hyqq = ﬁ and finally 1 +b,41 = ﬁ

. Using the result of question 6. and the given formula (which comes from multiplying by
X, .1 on the left the result of question 4.)
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. All the results above can be extended to the case where instead of removing the last row of
X we remove the row at the i-th position. And we get by question 7.

yi — i = (Y — % 0_y)) (1 — hy)

hence R
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Yi —X; 0 = =

(=) 1— i

and we get the result by replacing the expression in R,.




