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An order-reversing

An easy rlddle embedding...

David Madore

» King Arthur wants to know the answer to a boolean (“yes”/"“no”) question. T

» The omniscient Merlin has promised to help by answering any boolean
questions (arbitrarily many).

» But Merlin encodes (“encrypts”) his answer:
» for “yes", he returns a TM that halts (¢.(0)]);
» for “no”, he returns a TM that doesn’t halt (.(0)1).

» Arthur is bound by the C-T thesis. He can’t decide the halting problem.

» But he can use any computable strategy for asking questions.

Question: Can Arthur get the answer to his question?

Meta-question: How do we even formalize this? (What does “omniscient” mean?)



An order-reversing

Answer to the easy riddle izt
David Madore
» Easy trick: ask the question then its negation. Opening riddle
“Is the Grail in this castle?” — “Is the grail not in this castle?”

We get two TM. Exactly one halts. Run them in parallel.
Wait until one halts. This will reveal the answer.

*
» Correct formalization (meta-question) to be provided by “Nimue” character.
Nimue (Arthur’s ally) chooses the “yes”/“no” answer (hidden from Arthur),
then Merlin chooses e to encode it.

The question is about the existence of an Arthur+Nimue strategy.



An order-reversing

A harder rlddle embedding...

David Madore

» Now Merlin encrypts each “yes”/"no” answer with two values: o
» for “yes”, he returns two TM of which exactly one halts, Fpenine e
» for “no”, he returns two TM which both halt or both don't.

» Does Arthur have a strategy to learn the answer?

Note: He's allowed to ask “does this TM halt?"” as a question!

Our main technical result = no, Arthur has no winning strategy now.

» The “question-then-its-negation” trick is the “only useful” one.
» Any N — N function he can compute this way is computable from 0. (7)
» Still, this sort of oracle isn't O either.

But we need to formalize what this means!



An order-reversing

“Co-Turing degrees” izt
David Madore
FiX A g N Opening riddle

» Merlin encrypts each “yes”/"no" answer with an oracle machine e:
> for “yes", he returns e such that ©(0)] = 1,
> for “no”, he returns e such that ¢2(0)] = 0.

Foreboding: We will call this generalized oracle € 4.

» If [A] = 0 (Turing degree of A), this gives Arthur omniscience.
» If [A] > 0, then:
» any N — N function he can compute this way is computable from 0;

» still, “the greater [A], the less useful this is".



What are “Arthur-Nimue-Merlin degrees”?

Warning: “Arthur-Nimue-Merlin degrees” terminology is ours!

» Introduced by Takayuki KIHARA (“Lawvere-Tierney topologies for computability
theorists”, 2023)

Based on earlier work by Sori LEE & Jaap VAN OOSTEN (“Basic subtoposes of the
effective topos”, 2013)

» Defined by a 3-player imperfect information game
(Arthur+Nimue play against Merlin)

» Used to describe L-T topologies on the effective topos.

No need to know what a “topos” (or the “effective topos”) is!

» Generalize the Turing degrees by adding two forms of nondeterminism:
» adversarial /deemonic nondeterminism (personified by “Merlin"),

» cooperative/angelic nondeterminism (personified by “Nimue").

» Nicer properties: lattice / Heyting algebra.

An order-reversing
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An order-reversing

Ordinary Turing oracles (Turing reduction) embecdding.

David Madore

» Oracle machine = a computer (Turing machine) which can “query the oracle

» Extra “magical” instruction: input (question) in N, output (answer) in N.
Arthur-Nimue-

. . Merlin degrees
» Oracle can be called many times. Later computation / calls can depend on returned values. €

But all must remain finite (number of steps, so number of oracle calls).

» If g: N — N, a g-oracle = provides the value g(n) when given input n.

» Defn: f is Turing-reducible to g when there is an oracle algorithm which:
» takes m € N as input,
P can use a g-oracle, i.e., ask for g(n) for any n,
> always terminates in finite time,

» returns f(m) as result.

We write f <1 g for this. (We also say: “f is computable from g".) Later: “T0Q".



Turing reduction and Turing degrees

» =t is a preorder, meaning it is:
» reflexive: f < f for any f (trivial),
» transitive: if f <1 g and g <1 h then f <7 h.

Proof of transitivity: to compute f from h, compute f from g as provided and, whenever the
g-oracle is called, compute g from h to simulate the oracle’s answer.

» Defn: f is Turing-equivalent to g (noted / =1 ¢) when f <7 g and g <7 f.

» =7 is an equivalence relation.

» lts classes are called the Turing degrees. (Later: “TO degrees”.)
Let [f]r:=={f1: fi=r [}

» They are partially ordered by [f]r < [g]T iff f =7 g.

» The smallest Turing degree is 0 := {f : f is computable} = [0]r.
» 0 := [H|r satisfies 0 < 0'.

Lots of things are known about Turing degrees!

An order-reversing
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Some basic facts about Turing degrees b i

David Madore

It = {[f]T : f € NN} the set of Turing degrees (ordered by [f]r < [g]r iff f <7 g).  ArthurNimee

Merlin degrees

» There is no greatest element (since d < d’ for any d).

> (Zr is a “join semilattice”) Any f, g € P have a least upper bound.

Construction is easy: let (f @ ¢)(2i) := f(i) and (f © ¢)(2i + 1) := g(i).
Then f <1 f@®gand g <1 f & g; and we have: f& g <t hiff f <1 h and g =<1 h.

So we can write [f]T V [g]T = [f @ g]T.

» Binary greater lower bounds (“meets”) do not exist in general.



An order-reversing

Generalizing the Turing degrees: the plan izt

David Madore
» Keep the general idea of Turing reduction.
» But generalize the functions N — N.

Arthur-Nimue-

We will define three levels of generalization (“Tl”, “T2", “T3”): Merlin degrees
» 1: partial functions N --+ N. We can only call the oracle on defined values.

» 2: N --» P(N) (“multifunctions”). Oracle (“Merlin”) chooses the answer given.
(Adversarial) nondeterminism! We (might) get the worst possible answer.

» 3. N— P(P(N))
Our ally (“Nimue") chooses the element of the first P, trying to help us.
Cooperative nondeterminism! We get the best possible answer on that side.
Alternative p.o.v.: “bilayer” functions N x A --» P(N).

» Reduction of functions N — P(P(N)) defined in terms of 3-player games
played between Arthur+Nimue and Merlin. (Arthur must play computably.)



Level 1: partial functions

Not much happens here...

Let f,g: N--s N.

» Defn: f is T1l-reducible to g when there is an oracle algorithm which:
> takes m € N as input,
» can use a g-oracle, i.e., can ask for g(n) only when g(n)J,
» and, provided f(m){,
» terminates in finite time, returns f(m) as result.

We write: f <11 g.

» Note: if f(m)?, the algorithm can do whatever it wants (even terminate).
# Sasso (strict) reducibility (3e) f ~ ¢, which requires nontermination when f(m)?1.
So: f <11 g iff f C fo with fo <sasso ¢ (KIHARA & K. M. NG: “subTuring degrees”).

» Note: no parallelism allowed.

An order-reversing
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Level 1: yada yada

» <71 is a preorder.

» Defn: f is T1l-equivalent to g (noted [ =1 g) when f <71 g and g <11 f.

> Its classes are the T1-degrees.
Let [flr1:={f1: fi =11 f}, and Dy := {[f]71 : all £}
» For f,g: N — N (total!), we have f <11 g iff f <70 9.

So we can identify P71 with a subset of %7y via [f]1o — [f]T1 (well-defined,
injective, order-preserving, order-reflecting).

= We have enlarged the Turing degrees, not changed them.

The same remarks will hold, mutatis mutandis, for later levels (T2, T3).
We will get Y7o C Y11 C Do C Dr3.
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Level 1 lattice structure embedding.

David Madore

» Smallest T1 degree is 0 := {f : f partial computable} = [0]11 = []71.

» Still no greatest degree. Arthur-Nimue-

Merlin degrees

» Binary sups (“joins”) are still computed as [f]r1 V [g]T1 = [f @ g]T1.

» But now we have binary infs (“meets”) as well:
[flT1 A1 [g]T1 = [f A1 glT1
where
(f A11.9) (@) = 0} (0) = J(0)  if ©)(0)) = §(0)]
undefined otherwise

Intuitively: “l can get my result from either f or g as oracle.”

KiHARA & K. M. NG: 9y is not distributive as a lattice!



Level 2: adversarial nondeterminism N b
Now we consider functions f,g: N --» P(N). pevid Hisdore
Think of g(n) as the set of possible answer by the oracle.

» Defn: f is T2-reducible to g when there is an oracle algorithm which: PR —

Merlin degrees

> takes m € N as input,

» can ask for some value in g(n), provided g(n){,

» and, provided f(m)J,

» no matter what values in g(n) were provided at each step,
P> terminates in finite time,

» returns some value in f(m) as result.

Quantifiers: 3 algorithm Vm s.t. f(m)], V choices in g(n) made by the oracle,
algorithm terminates & return value is in f(m).

Best thought in terms of games!



An order-reversing

Level 2: Arthur-Merlin game b i
David Madore
Two players: Arthur (the algorithm) versus Merlin (the oracle). One winner.

» Merlin chooses a “challenge” m € N. Merlin loses immediately if f(m)?.
On each subsequent move: U

> Arthur can declare a final value (u) or query the oracle (at n). Merlin degrees
» If Arthur declares u € N, the game ends. Arthur wins when u € f(m).
» If Arthur queries at n, Arthur loses immediately if g(n)7.

» After Arthur queries at n, Merlin moves and plays v € N (answer).
Merlin loses unless v € g(n).

Also:
P Arthur's strategy needs to be computable. Merlin is not so limited.

> If the game lasts infinitely, or if Arthur's strategy is undefined, this counts
as a win for Merlin.

» [ =<9 g iff Arthur has a (computable!) winning strategy.



Horror vacui

Note g(n)7 (forbidden question!) is different from g(n)] = @ (no answers!).
If g(n)) = @, Arthur wins trivially by asking the question n. Merlin can't answer!

Conversely, if f(m)l = &, Merlin can play this m, and the only way Arthur can
win is by making Merlin unable to answer.

So any g with (3n) g(n)] = & defines the greatest element of the T2-degrees.
| call this T := [&]72 the top degree.

We often wish to exclude this by imposing all g(n) inhabited.

The T3 degrees will hopefully clarify this!

An order-reversing
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Example: an interesting T2 degree

Let Hp :={e: ¢c(0)] =0} and H; := {e: ¢.(0)| = 1}.
If you prefer: Hy := {theorems of PA} and Hy := {P : =P € H;} = {antitheorems}.
So HyNH, = @.

Standard fact: Hy, H; are recursively inseparable: there is no (total!)
computable h: N — Ns.t. h|g, =0 and h|g, = 1.

Let o: N — P({0,1}) given by:
{O} if e € Hy
]Nl(e) :{’iG {0,1} 26¢H1_Z‘}: {1} ife€H1
{0,1} ife¢ HyUH;
» Then 0 < [h]1y < 0': this is a natural intermediate degree between the
computable and the halting set.

(Strongly related to PA Turing degrees, to the LLPO principle in constructive math, and to

Lifschitz realizability.)
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. . An order-reversin
Level 3: Arthur-Nimue-Merlin game ST
David Madore

For f,g: N — P(P(N)), the reduction game of f to g is as follows:

» Merlin initially chooses a “challenge” m € N and F € f(m).
Arthur sees only m. Arthur-Nimue-
On each subsequent move: S

» Arthur can declare a final value (u) or query the oracle (at n).
» If Arthur declares u € N, the game ends. Arthur+Nimue win when u € F.

» If Arthur queries at n, Nimue plays G € g(n), then Merlin plays v € G.
Arthur sees only v.

Also:
P Arthur's strategy needs to be computable. Nimue+Merlin aren't so limited.

> If the game lasts infinitely, or if Arthur's strategy is undefined, this counts
as a win for Merlin. A player who cannot play loses immediately.

» [ =<3 g iff Arthur+Nimue have a (computable for Arthur!) winning strategy.



Inclusions between levels

We identify:

» g: N--> Nwith N--» P(N), n+— {g(n)} when g(n)] (else 1):

this gives 911 C Do,

» g: N--» P(N) with N — P(P(N)), n+— {g(n)} when g(n)], else &:
this gives Y19 C D3.

» Defn: “basic” (T3) degrees are those of constant functions N — P(P(N)).

We identify ¢ € P(P(N)) with the constant function n — ¢.

*

» Zero degree: [@]13 = [{{0}}]rs =: O (smallest degree).

» Top degree: [{@}|r3 =: T (greatest degree, boring).

» Omniscient degree: [{{k} : k € N}|p3 = [{{0},{1}}]13 =: 33
(greatest degree < T). Lets Nimue talk directly to Arthur!

We have [f] < 3% for all f: N— N. (PHOA: the “converse” holds.)

An order-reversing
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Example: an interesting T3 degree

Let Cof := {{v:v >k} : k € N}, a basic oracle. This means:

» Nimue chooses k € N (which Arthur doesn’t see).
» Merlin chooses v > k and shows it to Arthur.

What can Arthur compute with such an oracle?

At least the halting function: given a TM, Nimue chooses k£ > halting time,
Merlin gives v > halting time to Arthur, who runs the machine for v steps.

» Theorem (VAN OOSTEN): for f: N — N, we have [f] < [Cof] iff f is
hyperarithmetic (i.e., Al ie., f € Lwch).

An order-reversing
embedding...
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Another example

Let Errory = {{1,..., €} \ {i} : 1 € {1...,£}}, a basic oracle.
Intuitively: “Nimue rules one one bad choice among ¢

» [Error )] =

» For £ > 3, a function f: N — N satisfies [f] < [Error, ] iff it is
But [Error, /] < [Error | when p > q.

» KiHARA: [Errory),| = [Errory | if £ = [m/k],
where Errory,/,, = {(m — k)-element subsets of {1,...,m}}

» [Error; ] is the smallest > 0 basic degree.
where Error; y = {N\ {i} :i € N}

Further study: KIHARA & M. NG: “The Game-Theoretic Katétov Order..."
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Level 2/3 lattice structure

» Smallest degree is O, largest is T.
» Binary sups (“joins”) are still computed as [f]13 V [g]Ts = [f © g]T3.

» But now we have binary infs (“meets"”) as well:
[fIrs A1s [g]rs = [f A13 glTs

(f Ars g)((m,n)) ={ULV : U € f(m),V € g(n)}
UuvV :={0,u):ueUtU{{l,v):veV}

where

Intuitively: “ask questions to f and g, get the answer to one (at Merlin's choice)".

P12 and D3 are distributive lattices (and P19 C Y3 is a lattice inclusion).

An order-reversing
embedding...

David Madore

Arthur-Nimue-
Merlin degrees
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What is a “Lawvere-Tierney topology on the effective topos”? izt

David Madore

Notation: for U,V C N, let (U= V):={eeN:Vm e U.(pe(m)l € V)}
(programs sending elements of U to elements of V).

Defn: J: P(N) — P(N) is a “L-T topology [on the effective topos]” when:
> 3T €Nuven (U=2V)= (J(U) = J(V))) "tnap” copotogies
> 3n€Nycn (U= J(U)) “return”
> € Mucy (JU0) 3 JU) “oin

» Defn: J < K when dc € ngN (J(U) = K(U)) (This is a preorder.)

Intuition: J(U) are “ways to compute an element of U with help from some kind of oracle”.

» Fundamental example: if g: N = N, let J,(U) := {e: 99(0)| € U}.
Then Jy < J, iff f <1 g (Turing reduction). Ditto for T1.

» Another: J(U):=Nif U # & but J.(@) = 2.



An order-reversing

Why dO We Care? embedding...

David Madore
L-T topologies, aka “local operators” come up in many different contexts:
P as monads in a programming context,
» as modalities on truth values,
» to define “subtoposes”, e e
» as nuclei (sublocales) in pointfree topology.

» HyLAND's effective topos is a kind of “world of computable mathematics’
(where all functions N — N are computable!), governed by intuitionistic logic.

It contains the category of sets (the world of “classical mathematics”) as a
subtopos (defined by the “—— topology”).

» Subtoposes of the effective topos correspond exactly to (equivalence classes

of) such J as in the previous slide.
E.g.: Jy <> the “world of g-computable mathematics”.



T3 degrees = L-T topologies

Theorem (KIHARA): There are order-preserving inverse bijections between T3
degrees and equivalence classes of L-T topologies on the effective topos.

» Topology r oracle: for j: P(N) — P(N) a topology, let j¢: N — P(P(N))
defined by j%(m) = {U € P(N) : m € j(U)}.

» Oracle — topology: for g: N — P(P(N)), let J4(U) be the set of Arthur

parts of Arthur+Nimue strategies for computing an element in U.
(Formally, reductions of m — {U} to g.)

Then [g]r3 = [(Jy)"]r3 and j = J;z.

Bonus:
> T2 degrees are those represented by a ()-preserving L-T topology.

> T1 degrees are those represented by a [, U-preserving L-T topology.
Question: Can we identify the TO (ordinary Turing) degrees?

An order-reversing
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“Coding” and “decoding” degrees: definition N embedting

David Madore

For P,Q C N nonempty and disjoint, we define:
» dpo = the Tl degreeof m—= 0if m € P, 1if m € Q, else 1.
> cpg = the basic T3 degree of {P,Q} € P(P(N)).

Intuitively: Coding and
. - decoding degrees
» dp solves the promise problem of deciding whether m € P or m € Q) o
under the promise m € P U Q.
» cp answers an arbitrary boolean question in the form of an instance of
this promise problem.

Almost trivially:
» dpg Vcpg =3% (use c to ask any question, and d to decode the answer).



“Coding” and “decoding” degrees: remarks and examples

For P, C N nonempty and disjoint, we define:
» dpg =the Tl degreeof m— 0if me P, 1if m € Q, else 1.
» cp = the basic T3 degree of {P,Q} € P(P(N)).

» If @ =N\ P then dpg = [P]ro = [Q]10 is a Turing degree.

> If Hy:={e:¢.(0)] =0} and H; := {e: p.(0)) =1}, then dp, m, =0
(Decoding the promise problem is not the same as computably separating!)

» More generally, if P, () are c.e. and disjoint then dpg = 0
» Of course, when dpg = 0 then cpg = 23.

Defn: (P2,Q2) =m (P1,Q1) when 3 f: N --» N partial computable, defined at
least on P, U @2, and s.t. f(P2) € P and f(Q2) C Q1.

> (P,Q2) 2m (P1,Q1) implies dp, g, < dp, g, and cp, ¢, < cp, @,

An order-reversing
embedding...

David Madore
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(P,Q) versus (P x Q, Q x P) e

David Madore

If P,@ are nonempty and disjoint then so are P x @, Q x P.
dpx@,Qxp is about telling “which is which” given an elt of P and one of Q.

» dpy,gxp < dpg (because first projection gives many-to-one reduction)
Coding and

(ThIS can be StriCt: th|nk P — H = {6 . (pe(O)i} and Q — N \ H decoding degrees
O P={reQ:r<z}tandQ@={reQ:r>uz}.)

> CpxQ,QxP = cpg (this is the “question-then-its-negation” trick)

> So: deQ,QXp Vepg = *
In particular, if dpxg,gxp = 0 then cpg = 33.



Main technical result A oot

embedding...

David Madore
We have just said: if dpx@,oxp = 0 then cp,g = 3%. Conversely:

Theorem: if cpg = 2% then dpxg,gxp =0

Sketch of proof: given an Arthur strategy o for 3% < cpg we want to
computably decide whether (z,y) isin P x Q or Q@ x P. Fixpe€ P and g € Q.
Define: M(P,P)=p, M(P,Q) =2, M(Q,P)=y, M(Q,Q) =q. Coding and

decoding degrees

Define an ancillary game: Left chooses ¢ € {P,Q} and Right chooses r € {P,Q}
simultaneously. We feed M (¢,r) to o until it declares a final value u € {0, 1}.
Left wins if u = 0 and Right wins if u = 1.

Key point: if (z,y) € P x @ then Left has a winning strategy; symmetrically, if
(x,y) € @ x P then Right does. Moreover, this strategy can be made finite (by
compactness of {P,Q}).

So we can decide who has a winning strategy and compute dpyxg. QxP-



An order-reversing

Main technical result (contd.) S

David Madore

Theorem (“plain version”): if cpg = 2% then dpxg, oxp = 0.

This already answers our opening riddle: if P = (H x H) U (H x H) and

Q= (HxH)U(H x H), then dpxg,gxp = 0" > 0 (hint: consider

((1oop, e), (halt,e))) so cpg < 3. Coding and

decoding degrees

*
The proof of the theorem relativizes to any Turing degree:
Theorem (“relativized version”): if cpg V a =22 then dpxg,goxp < a, for any
Turing (TO) degree a.

The proof does not carry over to a € Y1 because we need parallelism.



An order-reversing

Co-Turing degrees izt

David Madore

We don't understand dpg and cp so well. So we work with a special case:
Notation: For A C N and i € {0, 1}, define: H{ := {e: 0 (0)| = i}.

> Let &A = dH(f,Hf‘ and ¢4 = Cap Hp-

Now d, isn't too interesting because:

> da:=dya ga and dga,gay (gaxms both equal [A]To. S
Defn: We call €4 := Cpa pa the co-Turing degree of A.

» Easy: if [B] < [A] then (HE, HE) <, (H§', HP) so €4 < ép.

» Theorem: if ¢4 < ¢p then [B] < [A].

Proof: We have d4 V&4 =32, sody Vég =22, so [A] V&g = 3%, so our
relativized main theorem gives d 5, y5) (HPxHB) < [A], so [B] < [A]. O



An order-reversing

A reverse embedding izt

. David Madore
To summarize:

Theorem: coT': [A] — €4 defines an injective, order-preserving and
order-reflecting map 27y — Zrs.

Intuitively: €4 answers an arbitrary boolean question in the form of an e such
that ©2(0) terminates and computes the boolean answer.

*

. e Co-Turing degrees
We could generalize the definition to more general degrees f by

€ = Crp({0).75({1)
(This has a nice topos-theoretic interpretation.) But:

» For T1 degrees, we no longer know whether ¢; < ¢, implies [g] < [f].
(We do if fis TO and g is T1.)

> For T2 degrees, we know even less.

» For T3 degrees, we know f +— € is not injective.



An order-reversing

Comparing Turing with co-Turing degrees b i

David Madore

For A,BCN, let P:= Hg x HP and Q := H{* x HF.

» dpg and dpxQ,oxp both equal [A]To A1 [B]1o.

Theorem: (KI1HARA & K. M. NG / “PASTEBEE"): If [A]1o A11 [B]1o = 0, then
in fact [A]Tg = 0 or [B]1g = 0.

» Theorem: if €4 > [B]1g then [A]1o =0 or [B]tg = 0.

Proof: We have cpg > €4 > [B]1g > dpg, so cpg =33, so dpxg,oxp =0
by our main theorem, so [A}T() AT1 [B]TO =0, so [A]TO =0or [B]TO =0.0

Co-Turing degrees

» Easy: it is never the case that ¢4 < [B]ro.

Proof: Since [A]To V €4 = 2% we would have [A & Bt = [A]1o V [B]1o = 2%,
absurd as 23 is not a Turing degree. []



An order-reversing

Some questions embedding. .

David Madore

» Can we define ¢4 order-theoretically from [A]?
Is it the smallest ¢ such that [4] Vc =337

» Is (the degree) cp a function of (the degree) dpxg,oxpr?

» Does CpQ > b with b € Yg imply cpQ = 22 orb =07

s i Fo Co-Turing d
(ThIS is true for CA.) o-Turing degrees

» Does €4 > Errory, imply [A] = 07

*

» DoesaApib=0implya=0o0orb =0 fora,b € Zpy?
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