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Part I

The model of weighted automata
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Rationality
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Recognisability
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QOutline of Part Il

Representation and recognisable series.
e KS Theorem

The reachability space and the control morphism

e The notion of action

The observation morphism
e The notion of quotient and the minimal automaton

e The representation theorem

The reduced representation
e The exploration procedure

e Decidability of equivalence for weighted automata
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Recognisable series

K semiring A* free monoid

K-representation
Q finite p: A* — K@ morphism

(I, T) | € KM@ o A — K@ T e K&

(I,p, T)  realises (recognises) s € K{(A")
Vw € A* (s,w)y=1-pu(w) T

Example

I=(10), u(a)=<(1) (1)> Mb)z(é 1) T:<(1)>

(lLp,T) realises Z |w|pw € KRec A*
wEA*
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K semiring M monoid

K-representation
Q finite p: M — KR morphism
(I, T) | € KM@ w: M — K@ T e K&

(I,p, T)  realises (recognises) s € K({(M))
Vme M (s,m)=1-pu(m)-T

s € K{M)) recognisable if s realised by a K-representation

KRec M C K{M))  submodule of recognisable series
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The key lemma

K semiring A* free monoid

p: A* = K@ defined by  {11(a)}aca

Lemma

p: AT — KO X = Z,u(a)a

acA

Vw € A (X*,w) = p(w)



Automata are matrices

a+b b
/1,E1,T1>=<(1 0),< 0 0at o

)-()
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Automata over free monoids are representations

C1=</1751771>=<(1 0)7<345b 2ai2b>’<(1)>>'
(020 2)0
Ci=(h,pu1,T1) “1(‘3):<(1) (2)>’ Ml(b):<(1) ;>

Col=h-E* Ta=> (h-pa(w) T)w |C1] € KRec A*
wEA*



Automata over free monoids are representations

C1=</175177_1>=<(1 0)7<8J5b 2ai2b>’<(1)>>'
(020 2)0
Ci=(h,pu1,T1) /“(a):<(1) (2)>’ Ml(b):<(1) ;>

Conversely, representations are automata
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The Kleene-Schiitzenberger Theorem

Fundamental Theorem of Finite Automata and Key Lemma

yield

Theorem
A finite = KRec A* = KRat A*

standard key lemma
KRat A* K RatE A* KWA (A*) )] «<=—> | KRec A*
ellmlnatlon



Action of a monoid on a set
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The reachability set
A=(lpT)

Reachability set Reachability space

Ra={/ - p(w)| we A"} R4 C KO (Ra)

A* actson Ry:  (I-pu(w))-a=(-uw))- -uw@)="1-ulwa)

This action turns

~

R4 into a deterministic automaton A
(possibly infinite)
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The reachability set

A=(lpuT)

Reachability set Reachability space
Ra= {1 u(w)| we A%} R C K9 (R)
R, is turned into a deterministic automaton A

If K=B, A is the (classical) determinisation of A

If K is locally finite, R4 and A are finite.



The reachability set

A=(lpuT)

Reachability set Reachability space

Ra={/ - p(w)| we A"} R4 C KO (Ra)

R, is turned into a deterministic automaton A

If K=B, A is the (classical) determinisation of A

If K is locally finite, R4 and A are finite.

Counting in a locally finite semiring is not really counting
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The control morphism
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The control morphism

A=(lpT)

Reachability set Reachability space
Ra={/ - p(w)| we A"} R4 C KO (R)
W4 K(AY) — K9 Yw e A* Wy(w) =1 pu(w)
R = W4(AY) Im Wy = W4 (K(A")) = (Ra)

A*
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¥ L
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The control morphism



The control morphism

A=(lpT)

Reachability set

Ra={/ - p(w)| we A"}

V4 K(AY) — K@

R4 = W4(AY)
A*
K(A*) =——= K(A*)
Wy Yy
A*

KQ —/—> K@

Reachability space

R4 CK? (Ra)
Vwe A" Wy(w) =1 pu(w)
ImW 4 = W 4(K(A")) = (Ra)

whkH——— wa

Yy V4

X F—— x - u(a)

The control morphism is a morphism of actions



Quotient of series
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Quotient of series

diar

s € K(A")

The input belongs to a free monoid A*

asz...
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The input belongs to a free monoid A*
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s € K(A")



Quotient of series

diaz

k= (s a3...a,) = (s,a1axas...a,)



Quotient of series

diaz

k= (s a3...a,) = (s,a1axas...a,)

s' = [ajax] s

The series s’ is the quotient of s by aja»



Quotient of series

S

s € K(A")
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Quotient of series

piiie

k= (s v)={(s,uv)




Quotient of series

The series s’ is the quotient of s by u
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Quotient of series

s € K({(A*)

ueA* uls = Z (s,uw)w
wEA*

L K(A*) — K(A*) endomorphism of K-modules

v i(s+t)=ults+utt ut(ks)=k(ults)
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Quotient of series

s € K({(A*)

ue A" uls = Z (s,uw)w

wEA*
™ K(AY) — K(A*) endomorphism of K-modules
A*
K((A*) —— K((A") sh———— uls

Quotient is a (right) action of A* on K({(A*))

(uv)ts=vi(uts)



The minimal automaton

s € K({(A*)

R, = {u_ls‘ u€ A*}



The minimal automaton

s € K({(A*)

R, = {u_ls‘ u€ A*}

Quotient turns
R. into the minimal automaton A, of s
(possibly infinite)
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The observation morphism

A=(lLpT)

ba: K9 — K(A™) ®A(x) =106, T =D Gep(w) T)w
wEA*

s=|(1p, T )= () wrs = (1 p(w),m, T



The observation morphism

A=(lLpT)
®4: K9 — K(A") Sa(x) =[x, T =Y (xep(w)-T)w
WEA*
s=|(1,u, T)|=®all) wls =|(1 - p(w),p, T)|

w4 (x) = Ga(x - u(w))



The observation morphism

A=(lpT)

a1 KO — K(AY) O40) =|(xo, T = 32 (xep(w)-T)w
wEA*

WA 4(x) = D (- ()

K@ X

K{A") t



The observation morphism

A=(lpT)

a1 KO — K(AY) O40) =|(xo, T = 32 (xep(w)-T)w
wEA*

WA 4(x) = D (- ()

The observation morphism is a morphism of actions



The observation morphism

A=(lpT)
®4: KQ — K(A*) Sa(x) =%, T) = D (xep(w) T)w
weA*
w04(x) = D A(x - ju(w))
A*
K(A*) = K(A") W hb—— wa
Wy ‘ ‘ V4 Wy Yy
A*
K@ =— K¢ X F—— x - p(a)
P4 , P4y D4 ‘ P4
K{A*)) =—=> K({(A*) thb——————— a1t

The observation morphism is a morphism of actions



The representation theorem

U C K{A™) submodule U stable (by quotient)

Theorem (Fliess 71, Jacob 74)
s € KRec A* — dU stable finitely generated s € U



The representation theorem

U C K{A™) submodule U stable (by quotient)

Theorem (Fliess 71, Jacob 74)
s € KRec A* — dU stable finitely generated s € U

A*
V4 V4
A*
KQ > K@
d 4 b4
A*




The representation theorem

U C K{A™) submodule U stable (by quotient)

Theorem (Fliess 71, Jacob 74)
s € KRec A* = dU stable finitely generated s € U

A*
14 € K(A*) =—= K(A*)
Yy Yy
A*
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by D4
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The representation theorem

U C K{A™) submodule U stable (by quotient)

Theorem (Fliess 71, Jacob 74)
s € KRec A* — dU stable finitely generated s € U

A*
V4 V4
A*
KQ > K@
d 4 b4
A*




The representability theorem for recognisable series

Proposition
A= (Il,u, T) dimension Q s=|A]
(R4 ) generated by G C K@

3 A¢ of dimension G s =|Ag] A Y Ac



The exploration procedure

K-automaton A = (/,u, T) Search for P C A*
K(A*) P
V4 \ V4

ImW 4 KQ W 4(P) generating set of ImW 4
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The exploration procedure

K-automaton A= (/,pu, T) Search for P C A*
K(A*) P
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» B finite finite ImW¥ 4
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The exploration procedure

K-automaton A= (/,pu, T) Search for P C A*
K(A*) P
Wy l Wy
Im W4 KQ (W4(P)) generating set of ImW 4

Halting criterium

» B finite finite ImW¥ 4
» [ field finite dimension
» 7Z ED Noetherian

» N well partial ordered set



The exploration procedure

K-automaton A = (/,u, T) Search for P C A*
K(A*) P
vy l vy
ImW 4 K@ (W4(P)) generating set of ImW 4
Result



Co

Computation of an example




Computation of an example




Reduced representation

A=(lpT)

A is reduced if its dimension is minimal

(among all equivalent representations)

We suppose now that K is a (skew) field

Proposition
A is reduced iff V4 is surjective and 4 injective

Theorem
A reduced representation of |A| is effectively computable
(with cubic complexity)

Corollary
Equivalence of KK-recognisable series is decidable



Equivalence of weighted automata

Equivalence of weighted automata with weights in

the Boolean semiring B decidable
a subsemiring of a field decidable
(Z, min, +) undecidable
Rat B* undecidable

NRat B* decidable



Equivalence of weighted automata

Equivalence of weighted automata with weights in

the Boolean semiring B
a subsemiring of a field
(Z, min, +)

Rat B*
NRat B*

Equivalence of transducers
transducers with multiplicity in N

functional transducers
finitely ambiguous (Z, min, +)

decidable
decidable
undecidable

undecidable
decidable

undecidable
decidable

decidable
decidable



The 1W kT Turing machine

Finite control
@ State

ki

— Direction of movement of the k read heads

The 1-way k-tape Turing Machine (1W kT TM)



