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ABSTRACT
The microwave domain modulation response of an injection-locked laser system is analyzed in the context of a Quantum
Dash Fabry-Perot laser. This work demonstrates the applicability of a newly-derived modulation response function by
using it to least-squares fit data collected on an injection-locked system with a Quantum-Dash Fabry-Perot
semiconductor slave laser. The maximum injection strength, linewidth enhancement factor, coupled phase between the
master and slave, and field enhancement factor characterizing the deviation of the locked slave laser from its freerunning value are extracted by least-squares fitting the collected data with the function. The extracted values are then
compared with theoretically expected values under the given detuning conditions. The correlation between the frequency
of the resonance peak of the modulation response at the positive frequency detuning edge and a pole in the modulation
response function under this detuning condition is illustrated. The calculation of the injection strength based on the
experimental operating conditions is verified by applying the modulation response function to the experimental data.
With the modulation response function, injection-locked behaviors can be accurately simulated in the microwave domain
and used to predict operating conditions ideal for high-performance RF links.
Keywords: Injection-locked laser, quantum-dash, modulation response

1. INTRODUCTION
Injection-locking of semiconductor lasers has been shown to provide several improvements to directly-modulated lasers.
These improvements include increasing the modulation bandwidth, suppressing nonlinear distortion, and reducing
relative intensity noise, mode hopping, and chirp.1-5 Various works found in the literature experimentally and
theoretically analyze the physical mechanisms resulting in significant bandwidth and resonance frequency enhancement
in injection-locked (IL) systems.6-10
This work’s focus is to verify a derived small-signal modulation response function describing IL laser systems in the
microwave domain. The modulation response function is used to describe a Quantum-Dash (QDash) Fabry-Perot (FP)
slave laser that is injection-locked with a tunable single-mode external cavity master laser. This function represents a
novel experimental approach facilitating the comparison of the relative magnitudes of the fitting parameters. The success
of the least-squares fitting process requires the free-running operating parameters of the slave laser to be fully
characterized in order to decrease the number of unknown parameters in the modulation response function. The freerunning slave parameters carried forward and considered constant in the IL function include the free-running relaxation
frequency and damping rate, the inverse differential carrier lifetime, and the parasitic carrier transport time. It is through
the damping rate and relaxation frequency of the free-running slave laser that non-linear gain is included in the
modulation response function. The extracted parameters characterizing the IL conditions include the maximum injection
strength, linewidth enhancement factor, coupled phase between the master and slave, and field enhancement factor
describing the deviation of the locked slave laser from its free-running value. Due to the function’s multiple fitting
parameters, there are many possible solutions that can fit the experimental data, thus requiring the extracted parameters
to be properly restricted such that they can only vary in an acceptable fitting range. The extracted values are then
compared with theoretical predictions and used to calculate the detuning frequency, which is compared to the
experimentally observed value in order to validate the modulation response function. The frequency of the resonance
peak of the observed modulation response at the positive frequency detuning edge is shown to correspond to a pole in the
modulation response function. At the positive frequency detuning edge, one of the modulation response function’s poles
is dominated by the maximum injection strength, allowing for an approximation of the maximum injection strength value
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to be extracted directly from the modulation response. Lastly, the maximum injection strength value extracted from the
experimental data using the modulation response function is compared with the two common analytical methods used to
calculate its value found in the literature.
The results show that under stable locking conditions the modulation response of a coupled IL system has a steady state
solution that is well described with our modulation response function. This function can be used to extract operating
parameters from the coupled system or to predict the maximum modulation bandwidth of an IL system given a
constrained maximum available master laser power. Because the damping rate, relaxation oscillation frequency,
linewidth enhancement factor, and output power of the slave laser vary with bias conditions for the QDash laser under
study, the impact of their variation on IL behavior can be analyzed using the function.

2. THEORY
The small-signal modulation response function describing the IL laser system used here is derived from the fundamental
rate equations described thoroughly in the literature.1,2,6,8,11 When the operating parameters of the slave laser are known,
the modulation response function can be used to extract the maximum injection strength, linewidth enhancement factor,
coupled phase between the master and slave, and field ratio characterizing the deviation of the locked slave laser from its
free running value of the coupled system by performing a least-squares fit of experimental modulation response data.
Based on the extracted parameters, the threshold gain shift and the detuning frequency can be calculated. Additionally,
the modulation response function incorporates the contribution of the inverse differential carrier lifetime, which proved
to be relatively large for the FP QDash slave under study. The complete derivation of the response function is given by
Naderi et al.12 The modulation response function, H R(ω), of a stably-locked IL system is described by the following
equations:
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where ωr, and γfr, are the free-running relaxation frequency, and free-running damping rate, respectively, and are known
parameters from the free-running slave laser. γc is defined as 1/τc, where τc is the parasitic carrier transport time. γN is the
inverse differential carrier lifetime. The injection strength, η, is defined as η = ηO/RFE, where ηO is the maximum
injection strength controlled by the experiment incorporating the coupling coefficient, fiber coupling efficiency, and the
external power ratio of the experimental setup. ηO is also defined as ηO = kc(Ainj/Afr), where Ainj is the master laser field
strength, Afr is the free running slave field, and kc is the coupling coefficient. The field enhancement factor, RFE, takes
into account the deviation of the steady-state field magnitude of the slave compared to its free-running value at high
injection ratios11, and is defined as RFE = AO/Afr. The [(γfr - γN)RFE2 + γN] term in (2) - (4) corresponds to the slave
damping rate, γslave, under injection and is related to the free running damping rate and scales with the field enhancement
factor. Thus, the field enhancement factor, RFE, is used to scale free-running slave parameters under varied injection
conditions. The correlation between the steady-state detuning phase offset and the linewidth enhancement factor is given
by Z. The threshold gain shift, γth, and the frequency detuning, ∆f = fmaster - fslave, are given by:
# th = 2("O / RFE ) cos !O
&f = %

$O
1 + ! 2 sin (" O + tan %1 (! ) )
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where α is the linewidth enhancement factor, and φO is the steady-state phase difference between the master and slave
which is related to the detuning. The convention for the frequency detuning is defined as ∆f = fmaster - fslave.
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Analysis of the coupled system requires the operating parameters of the free-running slave laser to be known. First, the
relaxation oscillation frequency, overall damping rate, and parasitic carrier transport time are determined by performing
a least-squares fit on the free-running modulation response based on the standard model expressed as:13
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The slave laser damping rate plotted as a function of fr is used to extrapolate the value of the inverse differential carrier
lifetime, γN. It is by implicitly incorporating the free-running slave laser parameters that non-linear gain is incorporated
into the modulation response function through the K-factor given that γfr = Kfr2 + γN.
The value of the coupling coefficient, kc, is given by several methods found in the literature. Chrostowski14 summarizes
the methods, along with Lau.15 The various approaches differ in how the injected field adds to the slave field. The
calculation method most effective in matching the experimental data collected in this work is found to be given by:15,16
kc =

1
c (1 ! R )
"f =
#i
2ng L
R

(9)

where τi is the internal round-trip time, εf is the field transmission coefficient16, c is the speed of light in vacuum, L is the
length of the laser cavity, R is the reflectivity of the emitting facet, and ng is the group index. The derivation of the field
transmission coefficient given in (9) is found in reference [15]. The field transmission coefficient accounts for the facet
reflectivity in coupling the external field to the internal field. Assuming a reflectivity of 30% for a cleaved facet, the field
transmission coefficient given in (9) is (1-R)/ R = 1.26. An additional analytical means to calculate the field
transmission coefficient uses 1 ! R to account for the coupling of the fields16, and its value is 0.84 given a reflectivity
of 30%. The difference in the two calculation methods are notable, as they differ by a factor of ~1.5 and will therefore
lead to a large change in the maximum injection strength for the case of FP lasers. The maximum injection strength, ηO,
is determined using the coupling coefficient in (9) and is given by:
" O = k c " c Pext =

c (1 ! R ) Pmaster
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where ηc is the fiber coupling efficiency, Pext is the external power ratio Pmaster/Pslave. Pslave is the total slave power
measured using an integrating sphere in order to account for the total electric field within the laser cavity, and Pmaster is
the power measured at the output of the fiber pigtail. The coupling coefficient is determined by comparing the slave
power measured using the integrating sphere with the power coupled to the lensed fiber.
With the theoretical modulation response function described by (1) – (10), experimental data collected from an IL system
can be lease-squares fit in order to extract α, φO, ηO, and RFE. Due to the large number of possible solutions that will
result from fitting experimental data with these parameters allowed to vary freely, constraints are applied to them such
that they remain within reasonable limits. The constraints on the phase offset, φO, are based on the allowed locking range
through the threshold condition, and show that the phase offset can vary from -π/2 for the positive frequency detuning
edge to cot-1(α) for the negative frequency detuning boundary for stable locking. Based on the phase condition at the
positive frequency detuning boundary, the value of the field enhancement factor, RFE, will be equal to 1 since the slave’s
steady state field matches the free-running field due to the 90 degree phase offset between the master and slave. As the
detuning frequency is decreased from the positive edge, the value of RFE is greater than 1. The maximum injection
strength, ηO, is constrained within an acceptable range from the value calculated using (9) & (10) and the value extracted
directly from the modulation response at the positive frequency detuning edge as discussed in section 4. The value of the
linewidth enhancement factor, α, is constrained closely to the value separately measured using the injection-locking
technique.
The modulation response function can be used to predict the ideal operating conditions in order to achieve maximum
modulation bandwidths of an IL system. Because the damping rate, relaxation oscillation frequency, and linewidth
enhancement factor of the free-running slave laser are known to vary with bias conditions, their values must be
optimized in order to maximize the modulation bandwidth. In a limitless situation a strongly biased slave laser could be
injected with a very strong master laser signal in order to maximize the 3dB bandwidth; however, the master power
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available is typically constrained. With this understanding, the function given can be used to explore the trade-offs
between the operating conditions of the slave laser given a limited master laser power.

3. DEVICE AND EXPERIMENTAL SETUP
The experimental setup used is depicted in Fig. 1. The master laser was a New Focus 6200 external cavity tunable diode
laser. The output of the master laser was fiber-pigtailed into a polarization maintaining (PM) single-mode fiber that was
coupled into the second arm of a 3-port PM circulator. An erbium doped fiber amplified (EDFA), bandpass filter, and
optical attenuator were available to be placed between the master laser and the input to port 2 in order to achieve high
injection ratios when desired. The slave laser was coupled into port 1 of the circulator. The modulation response (S21)
was measured at port 3 of the circulator using an HP8722D network analyzer. An Ando AQ6317B optical spectrum
analyzer, with a wavelength accuracy of 20 pm and wavelength linearity of 10 pm, was also connected to port 3 of the
circulator and used to measure the detuning between the master and slave lasers, as well as determine conditions where
the system was stably or unstably locked based on the side mode suppression ratio (SMSR) as the detuning and injected
power were varied.
PM
Circulator
New Focus
Tunable Laser
(Master)

EDFA w/
Bandpass Filter
and attenuator

Port 2

Port 1

Fabry -Perot
Q-Dash laser
(slave)
DC + RF
Signal

Port 3

5/95 Splitter
Optical Spectrum
Analyzer (OSA)

Detector

HP 8722D
Network
Analyzer

Fig. 1. Injection-locking experimental setup.

The slave laser was grown on an n+-InP substrate. The active region consists of 5 layers of InAs quantum dashes
embedded in compressively-strained Al0.20Ga0.16In0.64As quantum wells separated by 30 nm of undoped tensile-strained
Al0.28Ga0.22In0.50As spacers. Lattice-matched Al0.30Ga0.18In0.52As waveguide layers of 105 nm are added on each side of
the active region. The p-cladding layer is step-doped AlInAs with a thickness of 1.5 µm to reduce free carrier loss. The
n-cladding layer is 500-nm thick AlInAs. The laser structure is capped with a 100-nm InGaAs layer. The lasers were
designed to have four-micron wide ridge waveguides and 500 µm cleaved cavity lengths. The threshold current was
measured to be 45 mA, with a slope efficiency of 0.2 W/A, and a nominal emission wavelength of approximately 1560
nm at room temperature.

4. ANALYSIS OF EXPERIMENTAL DATA
The modulation responses for a constant injection strength under varied frequency detuning values, along with the slave
laser's free running response, are given in Fig. 2. The master laser’s power was kept constant at 6.0 mW. The slave laser
was biased at 60 mA DC, and the power coupled from a single facet was kept constant at 500 µW. Using the integrating
sphere, 1.44 mW was measured from the slave at this bias making the fiber coupling efficiency, ηc, equal to 35% (Pslave =
2.88 mW). The slave laser’s temperature was maintained at 20oC using a thermo-electric cooler. The 15.9 GHz (includes
observed cavity mode shift, 11.3 GHz from free running value) and -20.8 GHz modulation responses represent the
positive and negative stable frequency detuning boundaries, respectively, determined by measuring the SMSR on the
optical spectrum analyzer as detuning is varied. Values of 30dB and 35dB SMSR are accepted values found in the
literature for stable locking.15,16 Reference [14] notes the arbitrary nature of the threshold as it is typically determined by
the experimentalist, while reference [15] discusses SMSR and relative intensity noise characteristics expected for stable
and unstable behavior based on rate equation analysis, and states that 30 dB SMSR is required for stable locking. Fig. 2
also shows the least-squares curve fits of the data using the modulation response function given in (1) – (7). To perform
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the curve fit, the free-running slave laser’s operating parameters were extracted from the free-running modulation
response model using (8), and the inverse differential carrier lifetime, γN, was determined by plotting the damping rate as
a function of fr2.18

Fig. 2. Normalized modulation response of the free-running and the injection-locked laser under zero and extreme positive
and negative frequency detuning conditions. The slave bias is 60 mA, with 500 µW coupled to the fiber. The master
laser power is 6 mW. The frequency detuning value indicated on the figure is from the free running slave mode.

The value of the maximum injection strength can be approximated through inspection of the response at the positive
frequency detuning edge. At this detuning frequency, the phase offset is -π/2 and RFE is equal to 1 due to the 90 degree
phase offset between the master and slave. The threshold gain shift is then equal to 0 (eqn. 6), and the expression for B in
(3) is reduced to:
B = 4π2fr2 + ηO2

(11)

The significance of (11) is that B is directly proportional to the resonance peak frequency in the modulation response at
the positive frequency detuning edge assuming that the free-running relaxation frequency is weak relative to the
resonance peak frequency. With the value of B, the maximum injection strength, ηO, can be approximated. Therefore, it
is seen that the resonance
peak frequency in the modulation response at the positive frequency detuning edge is
!
proportional in the order of terms to the maximum injection strength, as they increase and decrease together with a
constant ratio.
In Fig. 2, the resonance peak for the 11.0 GHz detuning case (15.8 GHz when the cavity mode shift is considered) is
observed at 16.0 GHz while the free-running relaxation frequency was previously extracted to be 2π·2.8 rad/s. Based on
these values, ηO is calculated to be 93.2 GHz using (11). Given a cleaved facet reflectivity is of 30% and a measured
group index of the active region of 3.5, ηO is calculated to be 99 GHz computed using (10), comparing well with the
value extracted directly from the modulation response at the positive frequency detuning edge using (11). The injection
strength was also calculated using other methods found in the literature to calculate the coupling coefficient; however,
the approach given in (9) was found to be in the best agreement with the experimental data. The maximum injection
strength, ηO, is therefore constrained to a range between 93.2 – 99 GHz when least-squares fitting modulation response
data for frequency detuning values away from the positive frequency detuning edge.
Using (1) – (7) to least-squares fit the modulation response curves for the frequency detuning values under the injection
strength given in Fig. 2 where Pmaster = 6mW, Pslave = 2.88 mW, and ηc = 35%, the values for α, φO, ηO, and RFE were
extracted and are given in Table 1. The free running parameters were determined to be: ωr = 2π·2.8 rad/s, γfr = 8.1 GHz,
and 6 GHz. The fitting results for the field enhancement factor, RFE, increase from the positive frequency detuning edge
(RFE = 1) to the negative detuning edge. This trend corresponds to theory describing an increase in the slave laser steadystate power under negative detuning conditions and correlates as expected with the phase offset. The extracted phase
offset results are consistent with the theory stating that stable locking varies from -π/2 at the positive frequency detuning
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edge to cot-1(α) at the negative edge. The extracted linewidth enhancement factor values are consistent with those
reported in reference [18] with respect to the accuracy of the method of measurement.
Table 1. Extracted operating parameters for the injection-locked condition shown in Fig. 2 (Pmaster = 6mW, Pslave = 2.88
mW, ηc = 35%).
Δf (GHz)
(measured w/ cavity
mode shift)
11.0 (15.9)
8.6
6.1
2.5
0.0
-7.4
-12.3
-20.8

ηO (GHz)

α

φ0 (rad)

RFE

Calculated Δf
(GHz)

99
99
99
99
94
94
99
99

2.8
2.0
2.1
2.1
2.15
2.9
2.9
1.9

-1.57
-1.45
-1.39
-1.31
-1.26
-1.03
-0.841
+0.1

1
1.08
1.12
1.19
1.30
1.35
1.42
1.45

15.6
10.9
8.4
5.8
3.3
-7.5
-13.2
-21.7

Optical spectral responses for the various detuning conditions for the injection condition used in Fig. 2 are shown in Fig.
3. The free-running slave is shown in Fig. 3(a), indicating a Fabry-Perot mode separation of approximately 89 GHz. The
master laser was locked to the mode centered at 1574.757 nm. The negative frequency detuning boundary demonstrated
an abrupt change from locked state to unlocked state, shown in Fig. 3(b) (20 nm span) and Fig. 3(c) (0.5nm span). This
abrupt change required monitoring a larger span than that shown in Fig. 3(c), as the injection conditions at –22.0 GHz
observed using a 0.5 nm scan appeared to be stably locked with an SMSR of 32 dB. Fig. 3(b) shows the FP modes on the
red-side of the master laser cease to be suppressed prior to the locked slave mode appearing as shown in Fig. 3(c). This
is in stark contrast to the positive frequency detuning edge, shown in Fig. 3(d), where the detuning boundary is much
less abrupt with the appearance of the slave mode slowly increasing as the detuning value is increased. The SMSR was
measured to be -20, -30.2, and -38.1 dBm, for the 12.3 (16.5), 11.0 (15.9), and 9.8 (16.1) GHz detuning cases,
respectively (cavity mode shift included in the calculation of detuning frequency). The significance of this gradual
change from a locked state to an unlocked state draws to question the appropriate SMSR at which the system is
considered effectively coupled together. Literature shows that the accepted SMSR is 30 or 35 dB to consider the system
locked.14,15 As the detuning is further reduced, the cavity mode is not observed due to its reduced amplitude and its
obscurity in the noise floor.
A large shift in the cavity mode is exhibited in Fig. 3(d) and dictated by: ∆ω = ∆ωinj - ∆ωshift.19 This shows that when
using the function in (1) – (7) to determine ideal injection-locking conditions to maximize the 3dB bandwidth, the cavity
mode shift phenomenon must be considered. This shift is also apparent in the modulation response at the positive
frequency detuning edge, where the resonance frequency is equal to that of the detuning when the cavity mode shift
observed in the optical spectrum is considered and not the detuning from the free-running slave. For improved curvefitting results, the detuning frequency with consideration of the cavity mode shift is desired, which would allow for the
values given in Table 1 to be more accurately compared with the actual detuning value. The data in Table 1 did include
the cavity mode shift; however, it was only at detuning conditions close to the positive frequency detuning edge that the
cavity mode was observed above the noise floor.
Additional cases where the extraction of the maximum injection strength from the modulation response and its
comparison with corresponding values computed using (9) & (10) are illustrated in Fig. 4. In Fig. 4, the slave laser was
biased at 70 mA, and 1 mW was coupled to the lensed fiber while 2.34 mW was measured from a single facet of the
slave using the integrating sphere (Pslave = 4.68 mW). The master laser power was maintained at 4.5 mW and 7mW for
the two cases shown. Again, the facet reflectivity was taken to be 30% and the group index 3.5. Using (9) & (10), the
maximum injection strength, ηO, for the Pmaster = 4.5 mW case is calculated to be 70.0 GHz, which leads to a resonance
peak at 11.1 GHz (70GHz/(2⋅π)). The expected value of the resonance peak is in strong agreement with the peak
observed at the positive frequency detuning edge as illustrated in Fig. 4. For the Pmaster = 7.0 mW case the maximum
injection ratio, ηO, is calculated to be 87.5 GHz using (10), leading to a resonance peak at 13.9 GHz. Again, the expected
value of the resonance peak at the positive frequency detuning edge compares well with the experimentally observed
value of 13.7 GHz.
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Fig 3. (a) Free-running slave. Negative frequency detuning progression to unlocked condition: (b) 0.5 nm span; (c) 20 nm
span. (d) Positive frequency detuning progression to unlocked condition. The slave bias is 60 mA, with 500 µW
coupled to the fiber. The master laser power is 6 mW.

Fig. 4. Normalized modulation response of the free-running and the injection-locked laser at the positive frequency
detuning edge. The slave bias is 70 mA, and Pmaster is varied for the two cases shown.
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The extracted fitting parameters for the Pmaster = 7 mW case in Fig. 4 at the positive frequency detuning edge where Δf =
8.9 GHz (13.6 GHz with cavity mode shift accounted for) were: α = 2.7, φO = -1.5 radians , ηO = 85.3 GHz, and RFE =
1.05. The free running parameters were determined to be: ωr = 2π·3.44 rad/s, γfr = 9.8 GHz, and 6 GHz. The linewidth
enhancement factor, α, at this bias current was previously measured to be 3.1, corresponding well with the extracted
value. Thus, all values are in reasonable agreement with their expected theoretical magnitudes at the positive frequency
detuning edge; however, the frequency detuning calculated using these values in (7) is 10.3 GHz where the expected
value is 13.6 GHz, corresponding to the detuning with the cavity mode shift included. A second set of curve-fitting
results for this injection strength resulted in the following parameter values: α = 1.1, φ O = -1.56 radians , ηO = 86.3 GHz,
and RFE = 1.05, yielding a calculated frequency detuning value of 12.8 GHz which is in agreement with the expected
value. These results yield a questionable value for the linewidth enhancement factor, α, which is smaller than the
expected value measured using the injection-locking technique based on the asymmetry of the stable locking range18.
Similarly, the extracted fitting parameters for the Pmaster = 4.5 mW case in Fig. 4 where the frequency detuning was 6.4
GHz (11.6 GHz with cavity mode shift accounted for) were: α = 2.7, φO = -1.47 radians, ηO = 68.1 GHz, and RFE = 1.05.
The primary change, as expected, between the two injection powers is the maximum injection strength, ηO, value. The
downside of the extracted values is that the calculated frequency detuning value, 8.8 GHz, is less than the expected value
of 11.6 GHz. It is noted that the extracted value of the phase offset, φO, differs from the expected value of –π/2 at the
positive frequency detuning edge. Although the response was measured for a SMSR of 30dB, this extracted phase offset
value indicates that the response was taken in the positive frequency detuning region, but not at the positive frequency
detuning edge.

5. CONCLUSION
The curve-fitting results, when constrained by expected theoretical values, show that under stable locking conditions the
modulation response function of coupled IL lasers has a steady state solution that is well described. This modulation
response function can then be used to extract operating parameters from the coupled system, and to predict the maximum
modulation bandwidth. Slave lasers ideal for injection-locking can be characterized in order to maximize modulation
bandwidths by minimizing the sag in the modulation response when the IL system is under positive frequency detuning,
which is shown in Fig. 2 to have the highest resonance frequency and hence the highest possible modulation bandwidth
if the sag were to be reduced. The experimental data, along with the analytical modulation response function, was used
to verify the calculation for the maximum injection strength for a FP slave laser. Because the damping rate, relaxation
oscillation frequency, and linewidth enhancement factor of the slave laser are known to vary with bias conditions, the
impact of the variations on the injection-locking behavior can be analyzed using the modulation response function.
Lastly, the observations presented here show that QDash FP lasers are flexible transmitters capable of operating in highperformance RF links in that their operating characteristics (injection strength, detuning frequency, slave bias) can be
manipulated to deliver a desired modulation response. With this flexibility they can be designed to have a high frequency
resonance peak for bandpass operation or designed to have their pre-resonance sag stay above the –3dB point allowing
them as operate in wideband transmitters.20
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