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Abstract: Combining theoretical and experimental studies show that 
optical injection strongly changes the behavior of the linewidth 
enhancement factor (αH-factor) and the FM-to-AM indices ratio (FAIR) in 
quantum dash/dot semiconductor lasers. In contrast to solitary lasers, both 
the αH-factor and the FAIR at low-frequency modulation are reduced by 
optical injection. At high modulation frequency, however, the phase-
amplitude coupling characteristics are little influenced by optical injection. 
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1. Introduction

Directly modulated semiconductor lasers are low-cost transmitter sources used for optical 
telecommunication networks without requiring external modulators. However, this 

#243342 Received 22 Jun 2015; revised 1 Aug 2015; accepted 1 Aug 2015; published 11 Aug 2015 
(C) 2015 OSA 24 Aug 2015 | Vol. 23, No. 17 | DOI:10.1364/OE.23.021761 | OPTICS EXPRESS 21762 



modulation scheme suffers from the frequency chirping behavior, which interacts with the 
chromatic dispersion in the optical fiber, leading to the signal degradation throughout the 
propagation. The frequency chirping level is directly connected to the linewidth enhancement 
factor (αH-factor), which describes the coupling between the gain and the refractive index in a 
semiconductor laser. In early studies, semiconductor lasers consisting of quantum dots (Qdot) 
were expected to achieve chirp-free modulation owing to the near-zero αH-factor provided by 
the delta-like density of states [1]. In practice, however, the reported αH-factors of Qdot lasers 
can vary over a wide range due to the inhomogeneous broadening of the density of states [2], 
the carrier population of electronic excited states [3], as well as the influence of the free-
carrier plasma [4]. On the other hand, tremendous efforts have been made to improve the 
dynamical performance of directly modulated semiconductor lasers by using high-quality 
materials and optimization of device structure. Moreover, further improvements can be 
achieved through employment of nonlinear photonic techniques like optical injection, optical 
feedback, and gain lever configuration [5,6]. In particular, the former relies on the injection of 
a single-mode master laser’s light into a slave laser. When the frequency and the phase of the 
slave laser are synchronized to the master one, it is referred as stable injection locking. In this 
case, the dynamical characteristics of the slave laser can be greatly improved such as 
reduction of frequency chirping [7], enhancement of modulation bandwidth [8], suppression 
of relative intensity noise [9] and nonlinear distortion [10]. In addition, optical injection 
locking also produces single-sideband modulation, which can alleviate the dispersion-induced 
power penalty in the fiber [11]. Moreover, Lingnau et al. theoretically reported that optical 
injection could reduce the αH-factor when the laser was operated under steady-state condition 
[12]. 

The determination of the αH-factor has been done through a large variety of experimental 
techniques [13,14], including the Hakki-Paoli method (for below-threshold operation) [15], 
the fiber transfer function method [16], as well as the FM-to-AM technique [17]. The latter is 
based on the measurement of frequency modulation (FM) index (β) and amplitude modulation 
(AM) index (m). The relation between the FM-to-AM indices ratio (FAIR) 2β/m and the αH-
factor for a solitary semiconductor laser is given by [18]: 

2 ( ) 1 c
Hm j

ωβ ω α
ω

 
= + 

 
(1)

where ω  is the modulation frequency, and / (1 )c p gv g S Sω ξ ξ= Γ +  with pΓ  being the 

optical confinement factor, gv  the group velocity of light, g  the optical gain, ξ  the gain 

compression factor, and S  the photon density. The FAIR usually shows diverging high 
values at low modulation frequencies (due to adiabatic chirp and thermal effect), and the αH-
factor can normally be extracted from the FAIR curve when the modulation frequency is high 
enough ( cω ω>> ). Recent experimental studies of the αH-factor of optically injection-locked 

lasers were analyzed based on this classical expression Eq. (1) [19,20]. Reduction of the αH-
factor was indeed pointed out owing to the decrease of the carrier density and thereby the 
refractive index variation, or directly to the relatively large exaltation of the differential gain 
[21]. 

Our recent work has demonstrated that the αH-factor of solitary Qdot lasers is strongly 
dependent on the modulation frequency—larger at low-frequency regime and smaller at high-
frequency one, which is different to bulk or quantum well lasers [22]. In this work, we 
investigate for the first time both experimentally and theoretically the phase-amplitude 
coupling features of quantum dot/dash (nanostructured) semiconductor lasers subjected to 
external optical injection. It is shown that the injection-locked laser does exhibit a small FAIR 
value (low adiabatic chirp) under low-frequency modulation instead of a large one like the 
solitary laser. The relationship between the FAIR and the αH-factor is found to be strongly 
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altered by optical injection rather than Eq. (1). In addition, the optical injection reduces the 
αH-factor value mostly at low modulation frequencies, while little variations are predicted at 
high modulation tones. 

2. Rate equation model and simulations

The rate equation model takes into account carrier dynamics in the 2D carrier reservoir (RS), 
in the first excited state (ES) and in the ground state (GS) of the dots [22]. The electrons and 
holes are treated as neutral pairs (excitons), and the laser emission is operated on the GS. 
Figure 1 shows the carrier dynamics considered in the rate equation model. Charged carriers 
are firstly pumped into the RS, which is treated as a discrete state with degeneracy 

* 2/ ( )RS B RSD k Tm A π=  , with *m  being the reduced carrier mass and ARS the area of the RS 

[23]. The carriers are then captured into the ES of dots from the RS within a capture time 
RS
ESτ , and finally relax into the lasing GS within a relaxation time ES

GSτ . The carrier 

capture/relaxation times are physically determined by the Auger- and phonon-assisted 
processes. However, in this work both are treated as constants with ( RS

ESτ , ES
GSτ ) = (12.6 ps, 5.8 

ps). On the other hand, the carrier-escape times ( ES
RSτ , GS

ESτ ) are governed by the Fermi 

distribution in a quasi-thermal equilibrium system [24]. The RS-ES energy separation is 100 
meV and the ES-GS separation is 50 meV. 

Fig. 1. Electronic structure of the Qdot laser used for rate equation modeling. 

Based on the electronic structure of the Qdot laser in Fig. 1 and taking into account the 
optical injection field [25], the dynamics of the carrier densities (NRS, NES, NGS), the photon 
densities (SGS) and the phase ( φ ) of an injection-locked Qdot semiconductor laser are 

described by: 

( )1RS ES RS RS
ESES RS spon

RS ES RS

dN N N NI

dt qV
ρ

τ τ τ
= + − − − (2)

( ) ( )1 1ES RS GS ES ES ES
ES GSRS GS ES ES spon

ES ES GS RS ES

dN N N N N N

dt
ρ ρ

τ τ τ τ τ
 

= + − − − − − 
 

 (3) 

( ) ( )1 1GS ES GS GS
GS ES g GS GSES GS spon

GS ES GS

dN N N N
v g S

dt
ρ ρ

τ τ τ
= − − − − − (4)

1
( ) 2 cosGS GS

p g GS GS SP c inj GSspon
P GS

dS N
v g S k S S

dt
β φ

τ τ
= Γ − + +  (5) 
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sininj
N inj c

GS

Sd
k

dt S

φ ω ω φ= Δ − Δ − (6)

where ,ES GSρ  gives the carrier occupation probability, Pτ  is the photon lifetime, spon
GSτ  is the 

spontaneous emission time and SPβ  is the spontaneous emission factor. Parameter ck is the 

coupling coefficient between the master laser and the slave laser. Sinj is the injected photon, 
and the injection ratio is defined as 0/inj GSR S S=  with SGS0 being the photon of the solitary 

laser. The frequency detuning is given by inj master slaveω ω ωΔ = − . NωΔ  describes the 

frequency shift of the electric field induced by the carrier populations in each state [22]: 

1 1 1

2 2 2
GS GS GS

N P g GS H P g ES ES P g RS RSv g v g F v g Fω αΔ = Γ + Γ + Γ (7)

where the material gain of each state is [26] 

2
1

1 2 /

2
1

4 /

2
1

/ ( )

GS GSB
GS

GS B B B

ESB
ES ES

B B B

RS RS
RS RS

RS B RS RS B

a NN
g

S H N H

NN
g a

H N H

D N
g a

A H D A H

ξ
 

= − +  
 

= − 
 

 
= − 

 

(8)

where , ,GS ES RSa  is the differential gain, NB is the area density of the dots, and HB is the height. 

The weighting coefficients in Eq. (7) are given by 

,
, 2 2

, ,

( )

1 ( )
ES RS GS DGS GS

ES RS
ES RS ES RS GS D

T
F

T

ω ωω
ω ω ω

−
=

+ −
(9)

with , ,GS ES RSω  the transition frequency of each state, and TD the polarization dephasing time. 

The first term in Eq. (7) is attributed to the carrier contribution of the resonant GS, and is 
represented by an empirical α-factor value GS

Hα  which is fixed as GS
Hα  = 0.5 in this work [27]. 

The second term is due to the carrier population in the ES while the third term is to that in the 
RS. 

In the small-signal analysis, a current modulation Iδ with frequency ω  leads to the 
modulations of the carrier densities , ,GS ES RSNδ , the photon density GSSδ  and the phase δφ . 

Based on the differential rate equation of the model [22], the αH-factor of the nanostructured 
laser is given by 

( )2 1
( ) 2

2
N GS ES ES RS RS

H H ES RS
P g GS GS GS

a N a N
F F

v g a N a N

δ ω δ δα ω α
δ δ δ
Δ

= ≡ + +
Γ

 (10) 

with /GS GSa g N= ∂ ∂  being the differential gain. On the other hand, the FAIR of the injection-

locked nanostructured laser is derived as: 
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( )
( )

/
2 ( ) 2

/

( )( 1/ ) / sin ( ) cos

/ cos ( )sin

inj GS GS

H p p g GS c inj GS H

c inj GS H

j

m S S

j v g k S S

j k S S

β ωδφ ωω
δ

α ω ω τ φ α ω φ

ω φ α ω φ

  = 
 

+ − Γ + −
≡

+ −

(11) 

where the gain compression effect is not included in the analytical expression for the sake of 
simplicity. Equation (11) is a good approximation of the FAIR as long as 1GSSξ << . 

However, in all the following simulations, the gain compression is taken into account 
numerically with ξ  = 2 × 10−16 cm3 [28]. In addition, the above formula shows that the 

relationship between the FAIR and the αH-factor is strongly altered by the additional optical 
injection terms, which depends on the injection ratio and the frequency detuning, in contrast 
to the simple case of solitary lasers shown in Eq. (1). In addition, the derived FAIR of the 
injection-locked laser is consistent with the form of chirp-to-power ratio (CPR) following the 
relationship ( )/ 2 (2 / )CPR S mω β=  [29,30].

Fig. 2. Intensity modulation (IM) response (a) at various injection ratios with a zero frequency 
detuning, and (b) at various frequency detuning with an injection ratio of R = 1.0. (c) Carrier 
density responses of injection-locked laser with R = 0.2 at zero frequency detuning. Inset in (c) 
is the corresponding carrier responses of the solitary laser, which is normalized to the GS 
response at the lasing threshold (Ith = 49 mA). The bias current is fixed at 1.2 × Ith. 

The semiconductor laser under study is based on an InAs/InP Qdot structure, for which all 
the numerical parameters used in the simulation are described in [21]. As expected, Fig. 2(a) 
shows that the optical injection enhances the modulation bandwidth under zero frequency 
detuning condition [31]. At low injection ratio (R = 0.2), a high resonance peak along with a 
small pre-resonance dip (not visible due to the large scale) appears in the intensity modulation 
(IM) response [32]. Figure 2(b) illustrates the frequency detuning effect on the modulation 
response. At negative detuning (–8 GHz), the injected laser usually exhibits an overdamped 
response without any resonance peak, while at zero detuning the laser performs a broadband 
and flat response, which is favored in high-speed application. At positive detuning ( + 5, + 7 
GHz), the photon response usually exhibits a high-frequency resonance associated with a pre-
resonance dip, especially when the laser is operated near the Hopf bifurcation [32]. Figure 
2(c) describes the carrier density modulation as a function of the modulation frequency. For 
the solitary laser (inset), the carrier variation of the resonant GS is 15-dB weaker than those 
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of the off-resonant ES and the RS at low modulation frequencies (<0.1 GHz). This 
phenomenon is attributed to the gain clamping of the GS above threshold, while carriers in 
the ES and the RS are not clamped. For the injection-locked Qdot laser (R = 0.2), the carrier 
variations of off-resonant states are reduced down to less than 6 dB by the external light. 
These characteristics in turn substantially change the phase-amplitude coupling features of the 
laser, which depend on the carrier variations as shown in Eq. (10). Interestingly, the GS 
carrier variation GSNδ  exhibits a pre-resonance dip around 5 GHz. This phenomenon occurs 

when the optical injection is operated near the Hopf bifurcation, where the photon (IM) 
response also shows a pre-resonance dip as shown in Figs. 2(a) and (b). The occurrence of 
such a resonance is attributed to the limited stimulated recombination rate on the order of a 
few GHz as explained in [33]. Physically, the carrier injection rate in injection-locked lasers 
is no longer coupled to the relaxation oscillation dynamics, which is dominated by the 
master’s and slave laser’s electrical field interaction. This is in contrast to the solitary laser, 
whose carrier injection rate is directly coupled to the relaxation oscillation dynamics, which is 
created by the energy exchange between carriers and photons [33]. 

Indeed in Fig. 3(a), the αH-factor calculated at low modulation frequencies (<0.1 GHz) is 
reduced from 5.5 down to about 1.0 by the optical injection due to the smaller carrier 
variations. This reduction behavior is in agreement with the theoretical report in [12], where 
the laser was operated under DC condition. Interestingly, the αH-factor presents a peak around 
5-7 GHz where the carrier variation exhibits a pre-resonance dip. The peak vanishes when the 
injection ratio is increased. Increasing modulation frequency higher than 50 GHz raises the 
αH-factor value due to different carrier decay rates in each state as described in Fig. 1(b). 
Figure 3(b) shows that the FAIR of the injected laser remains constant at a small value (< 1.0) 
for modulation frequencies less than to 1.0 GHz, in contrast to the large value in the solitary 
laser. In addition, high injection ratio reduces this constant level of the FAIR. However, the 
optical injection has little impact on the FAIR value at high modulation frequency (> 20 
GHz). The frequency detuning has similar effects on both the αH-factor and the FAIR as well 
as described in Fig. 4. Generally, positive frequency detuning leads to a smaller αH-factor 
(Fig. 4a) but a larger FAIR (Fig. 4b) at low modulation frequencies. Besides, it also results in 
a high peak of the αH-factor around 10 GHz. For even higher frequencies, the behaviors of the 
αH-factor and the FAIR are close to those of the free running laser. 

Fig. 3. (a) The αH-factor and (b) the FAIR of the Qdot laser subject to optical injection for 
various injection ratios. The frequency detuning is fixed at 0 GHz. 
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Fig. 4. (a) The αH-factor of the injected laser for frequency detunings from −5 GHz up to 7 
GHz; (b) The FAIR for the corresponding frequency detunings shown in (a). The injection 
ratio is fixed at R = 1.0. 

It is noted that although the rate equation model is primarily developed for Qdot lasers, 
the above numerical results are also applicable to quantum dash (Qdash) lasers through 
adjustment of values of differential gain, gain and reduced state-energy separation owing to 
the moderate in-plane geometric anisotropy in the growth procedure [34–36]. However, the 
model is not expected to be proper for quantum wire (Qwire) lasers, where the nanostructures 
exhibit almost 1D electronic density of sates. 

3. Experimental demonstration

In order to experimentally test the theoretical predictions, we measured the phase-amplitude 
coupling properties of an InAs/InP Qdash laser, which was grown by chemical beam epitaxy 
(CBE) method [37]. The active region contains 5 stacked layers of self-assembled Qdashes. 
The Qdash laser has a 1000 μm long cavity and a 2 μm width ridge. Both facets are as 
cleaved. Figure 5 illustrates the experimental setup for the time-resolved intensity and chirp 
measurement of the injection-locked Qdash laser. The optical injection is done with a tunable 
external cavity laser, and the light is injected into the Qdash laser through an optical 
circulator. The Qdash laser is modulated by a small-signal sinusoidal wave produced from a 
waveform generator. The output light is amplified by an erbium doped fiber amplifier 
(EDFA). Passing through a polarization stabilizer, the optical signal is processed by an optical 
frequency discriminator. The frequency discriminator is a fibre-based interferometer, which 
consists of polarization maintaining fibres (PMF) and a phase shifter unit (including a half 
wave plate, a quarter wave plate and two polarizers) [38,39]. A high-speed sampling 
oscilloscope is synchronized with the waveform generator, and is used to analyse the data in 
the time domain. The intensity and the chirp waveforms are extracted in a similar approach as 
in [40], where a Mach-Zehnder interferometer and a radio-frequency network analyzer was 
utilized to record the data in the frequency domain. The network analyzer responds to only 
linear components of the photocurrent at the modulation frequency fm while high-order 
harmonics at 2fm, 3fm and nonlinear distortions of the light signal are automatically neglected. 
Nevertheless, the time-domain analysis in this work is capable of taking into account all these 
nonlinear effects [41]. The Qdash laser is biased at 80 mA at room temperature. The lasing 
power is about 0 dBm and the Fabry-Perot modes peak around 1550 nm. The longitudinal 
mode under study is at 1550.64 nm measured with a 10-pm resolution optical spectrum 
analyzer. 
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Fig. 5. Schematic of the experimental setup. PMF: polarization maintaining fibre; HWP: half-
wave plate; QWP: quarter-wave plate. 

Figure 6(a) shows an illustration of the measured intensity (black) and chirp (blue) 
profiles. The AM (m) and the FM (β) indices are extracted by fitting the waveforms using the 
sine function. Figure 6(b) shows that the solitary Qdash laser exhibits a large value of FAIR 
at low modulation frequencies as the simulation in Fig. 3(b), and it decreases to a minimum of 
5.4 around a frequency of fm = 3 GHz, which gives the αH-factor of the Qdash laser through 
Eq. (1). Further increasing the modulation frequency slightly raises the value of the FAIR due 
to the carrier population in the ES and in the RS [22]. When the laser is subjected to the 
optical injection, the behavior of the FAIR becomes quite different. The injected laser shows 
a low value instead of a large value at low modulation frequencies, which is even smaller than 
the αH-factor of the solitary laser. For an injection of R = 2.0, the FAIR increases from 4.0 for 
fm = 0.2 GHz up to 7.2 for fm = 5.0 GHz. In contrast, for R = 5.0, the FAIR remains almost 
constant around 3.0 for fm = 0.2~5.0 GHz. These preliminary experimental results are 
consistent with the observation in [19], and are qualitatively in agreement with the 
simulations depicted in Fig. 3 and Fig. 4. In addition, further systematical measurements of 
the FAIR as a function of the injection strength and the frequency detuning will be performed 
in our future work. On the other hand, because the current experimental techniques used for 
measuring the αH-factor of solitary lasers are hardly transposable to the injection-locking 
configuration, the development of a proper experiment is under investigation. 

Fig. 6. (a) An illustration of the measured intensity (black) and chirp (blue) waveforms; (b) 
FAIR of the solitary laser as well as of the laser subject to optical injection with injection ratios 
of R = 2.0 and R = 5.0. The frequency detuning of the master laser with respect to the slave 
laser is fixed at −4.0 GHz. The grey horizontal line indicates the αH-factor of the Qdash laser. 

4. Conclusion

In conclusion, this work demonstrates that the optical injection strongly impacts the behaviors 
of the αH-factor as well as the FAIR of Qdot/Qdash semiconductor laser, and a new 
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theoretical expression is derived to describe this effect, beyond the classical model. At low 
modulation frequencies (less than several GHz), optical injection can reduce the αH-factor 
value, and removes the large value of the FAIR. In addition, the αH-factor exhibits a peak in 
the modulation response at low injection ratio or at positive frequency detuning. However, the 
phase-amplitude coupling behavior at high modulation frequency (more than 10 GHz) is little 
changed by optical injection. These combined theoretical and experimental results show that 
optical injection offers a promising way to manipulate the linewidth enhancement factor of 
nanostructured lasers. Future work will involve additional experiments on other types of 
nanostructure lasers with different compositions and/or material substrates, spectral linewidth 
investigation of the modulation-frequency dependence of the αH-factor as well as 
comprehensive numerical studies to understand the physical origin of the peak in the αH-
factor response. 
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