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Abstract—The modulation response of an optically injected gain-
lever semiconductor laser is studied for the first time using small-
signal analysis of a rate equation model. Calculations show that
a gain-lever laser operating under medium to strong optical in-
jection provides a unique and robust configuration for ultralarge
bandwidth enhancement. Modulation bandwidths above nine times
the relaxation oscillation frequency of the free-running laser can
be reached using injection-locking conditions that are reasonable
for practical applications. This theoretical work is of prime impor-
tance for the development of directly modulated broadband optical
sources for high-speed operation at 40 Gb/s and beyond.

Index Terms—Semiconductor laser, bandwidth, modulation
response, optical injection, gain lever.

I. INTRODUCTION

D IRECT modulation of semiconductor lasers at high fre-
quencies is a major challenge in the development of low-

cost fiber optic communication networks [1]. In these systems,
the modulation bandwidth (in gigahertz) of a directly modu-
lated laser (DML) is the most important figure-of-merit that
determines the maximum data rate (in Gb/s) achievable. In or-
der to improve the performance and capacity of such optical
networks for operation at 40 Gb/s and above, it is necessary to
first enhance the modulation efficiency and bandwidth of the op-
tical transmitters. This must however be done without increasing
their intensity noise or low-signal distortion, and without suf-
fering from optical frequency deviation (frequency chirp). Ow-
ing to their low-cost, well-established fabrication, compactness
and most importantly their efficiency, DMLs remain the most
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promising candidates for modulated optical sources of high-
speed low-cost communication networks using intensity modu-
lated formats with direct detection [2]. However, the bandwidth
of conventional DMLs remains strongly limited by the intrinsic
relaxation oscillation frequency of the laser gain medium, from
a few to tens of gigahertz [3].

As an alternative, external optical modulators are generally
used in order to reach larger bandwidths with a high linearity
and low chirp [4]. However, this configuration greatly increases
the cost and power requirements of the overall network. Op-
eration cost and power consumption can be reduced when the
laser is directly integrated with a modulator, however fabrica-
tion costs and power requirements remain higher than in the
case of DMLs [3]. While simpler to implement, direct modula-
tion involves modulating the electrical pump current around the
above-threshold bias of the laser, and the light produced thus
strongly depends on the nonlinear characteristics of the laser
cavity dynamics. In order to improve the modulation character-
istics and to cope with the fast-growing need for energy-saving
and high-bandwidth laser diodes [5], [6], the control of intrinsic
parameters of the device such as optical gain or confinement is
highly desirable [7].

It is well-known that the modulation capabilities of DMLs are
mostly limited by frequency chirp and intrinsic parasitic effects
driven by nonlinear gain suppression or carrier transport delay
[3]. The best performers, edge-emitting lasers, have achieved
modulation bandwidths of up to 40 GHz [8], [9]. Vertical-cavity-
surface-emitting lasers (VCSEL) have slightly lower records,
including a 20-GHz bandwidth allowing for 25 Gb/s modula-
tion in a 1.1 μm VCSEL [10], and 10-Gb/s modulation with
a 1.55 μm VCSEL [11]. The most fundamental speed limita-
tion in conventional DMLs is the resonance frequency, typically
below 20 GHz. The fastest DMLs have resonance frequencies
in the range of 5–30 GHz [8]–[11]. Over the past few years,
tremendous efforts have been made to improve the modulation
dynamics of semiconductor lasers. Indeed, most of the afore-
mentioned effects can be attained using high-quality materials
and optimization of the device structure. Most importantly, sim-
ilar and further improvements can be achieved using nonlinear
photonic techniques such as the use of optical injection-locking
(OIL) [12], [13], or the use of optical gain lever (GL) architec-
tures [14], [15].

OIL relies on the locking of a slave laser (SL) at the fre-
quency of the light from a master laser (ML), which is directly
injected into the SL cavity. Injection-locking regime is reached
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when the strength of the injected ML light and the frequency
detuning between the ML and SL fall within a certain range
described below [16]. In this regime, the dynamical character-
istics of the SL can be greatly improved: the injected oscillator
exhibits relaxation oscillation frequencies much higher than its
free-running value fR , nonlinear distortion is suppressed, rela-
tive intensity noise is lowered, and spectral characteristics such
as mode hopping, frequency chirp and linewidth are reduced
[17]–[21]. However, strong optical injection is often crucial
for reaching the ultimate limits of modulation bandwidth en-
hancement in injection-locked lasers [22]. Under strong optical
injection, a beating between the injected light frequency and the
cavity resonant frequency dominates the dynamic behavior and
controls an enhanced resonance in the modulation response of
the locked laser. Obtaining the widest possible stable locking
range in terms of frequency detuning thus allows reaching a
resonance at very high frequencies. The highest excitation of
the modulation dynamics experimentally observed reached a
relaxation frequency beyond 100 GHz and a 3-dB bandwidth of
80 GHz by far exceeding those achieved for free-running de-
vices. These results have been reported both for injection-locked
VCSELs and DFB lasers [13]. Nevertheless, it is important to
note that while the relaxation oscillation frequency increases
with the injected power, the modulation bandwidth can in fact
be lower than in the free-running case due to a frequency dip
arising in the modulation response of the SL [23]. To this end,
recent results have shown the possibility to maintain a relative
broadband and flat modulation response by controlling both
the differential gain and the linewidth enhancement factor of a
quantum dash Fabry–Perot laser, operating under strong optical
injection [24]. However, further enhancements of injection effi-
ciency remain difficult to reach as both a low mirror reflectivity
and a short cavity roundtrip times are required in order to max-
imize the coupling of the injected light into the SL cavity. In
edge-emitting lasers, the beneficial effect of a rather low mirror
reflectivity on the injection coupling coefficient is counteracted
by a large cavity roundtrip time resulting from the long laser
cavity. Similarly, even though optically-injected VCSELs bene-
fit greatly from very short cavities, and hence very small cavity
roundtrip time, their high-speed performances are compromised
by a very high mirror reflectivity resulting in coupling rate co-
efficients similar to that of edge emitters. In addition, VCSELs
pose a very challenging alignment problem in injection-locking
experiments and, at the same time, are not suitable for mono-
lithic integration of the ML and SL.

In contrast, GL takes advantage of the sublinear relation-
ship between optical gain and pump current in a semiconduc-
tor laser, due to the optical gain saturation occurring with in-
creasing carrier density. Assuming a single-section laser (no
optical interface within the cavity) with two coupled electrical
sections, the modulation efficiency can be increased by using
radio-frequency (RF) modulation on only one of the electrical
sections, continuous-wave (CW) biased below the lasing thresh-
old such that its differential gain is substantially higher than in
the case of a laser biased well above its threshold. The GL pho-
tonic chip thus provides a monolithic way to improve and shape

the modulation performance of semiconductor lasers with lit-
tle impact on fR and without any requirement on the optical
properties of the laser, hence requiring little modification of its
design and fabrication [14], [15], [25]. For instance, in [26] a
6 dB enhancement of the amplitude modulation efficiency was
reported using an optical GL quantum well (QW) device. A
22 dB modulation efficiency increase was also realized using a
220-μm QW laser, with only a marginal increase in the intensity
noise [25]. Recent results have also reported that the strong gain
saturation in quantum dot (QD) lasers operating with GL effect
can be beneficial for enhancing the 3-dB bandwidth at least by
a factor of three as compared to the uniform bias condition [27],
[28]. Such enhancements of the modulation efficiency with lit-
tle effect on fR thus promises increased modulation bandwidths
in GL DMLs. Unfortunately, because the improved amplitude
modulation efficiency is achieved at the expense of linearity in
the gain versus injection current curve, a major drawback of GL
lasers is the increase of non-linear distortion.

The combination of both effects represents a promising con-
figuration where the drawbacks of OIL and GL balance each
other, potentially leading to DMLs with much larger modulation
bandwidths and a rather flat modulation response. To the best of
our knowledge, only a single experimental study has reported
on an injection-locked GL DFB, showing a 10 dB increase of
modulation efficiency and a three times enhanced modulation
bandwidth, associated to a suppression of the third-order inter-
modulation distortion [29]. Furthermore, the improvement of
the dynamic characteristics of the OIL laser such as the reduc-
tion of its linewidth may in addition reduce the impact of effects
such as frequency chirp, but little substantiated studies have
been done on this topic.

This paper presents the first theoretical investigation of an op-
tically injection-locked gain-lever (OILGL) laser. Using small-
signal analysis of a comprehensive semi-analytical model based
on a set of differential rate equations, a novel expression of
the transfer function of the OILGL is derived. The modulation
properties are then investigated as a function of the OIL and
GL parameters. The paper is organized as follows. In Section
II, the theoretical model describing the OILGL is presented.
From a small-signal analysis of the differential rate equations,
the transfer function of the OILGL laser is introduced. In Sec-
tion III, simulations are discussed and key-features driving the
modulation properties are emphasized. Numerical results are
first studied in cases where only either GL or optical injection is
used, and is compared to previous theoretical work. When study-
ing the combination of both effects, calculations reveal that a
GL laser operating under medium to strong optical injection
provides a unique configuration for ultra-large bandwidth en-
hancement. Finally, we summarize our results and conclusions
in Section IV.

II. RATE EQUATIONS FOR OPTICALLY-INJECTED

SEMICONDUCTOR GL LASERS

Fig. 1(a) shows a schematic view of the GL laser and the evo-
lution of the gain with the carrier density in the semiconductor
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Fig. 1. (a) Schema of the GL laser; The right figure gives the evolution of the
material gain with carrier density and shows the differential gain in both sections;
(b) Schematic view of the equivalent setup for optical injection of the GL laser.
The right figure represents the injection locking map and its boundaries.

material. Section (a), the modulation section, is very short and
biased at Ia + IRF , close to optical transparency (with a mate-
rial gain Ga,0 � 0). Section (b), the gain section, is CW-biased
at Ib and pumped well above the lasing threshold, and its frac-
tional length h is taken close to unity. Section (b) thus provides
a higher material gain that is clamped to its value at threshold
(Gb,0 � Gth ) and balances the optical cavity losses. The differ-
ential gain of section (a) is thus much higher than that of section
(b) (G′

a � G′
b ), hence any small change in carrier density in-

duced by current modulation in this section induces a larger
variation in carrier density in the gain section and consequently
in the total number of photons. In other words, it is possible to
obtain a very large change in carrier density in the gain section
driven above threshold, using only a small variation of current
in the modulation section.

Fig. 1(b) depicts a schematic view of the OILGL laser. OIL
of semiconductor lasers involves two optical sources, referred
to as the ML and SL. The light output from the ML, typically
a single-mode narrow-linewidth tunable laser, is injected into
the SL cavity. The two degrees of freedom of optical injection
of edge-emitting semiconductor lasers are the frequency detun-
ing between the ML and SL Δf = fML − fSL , with fML/SL
the lasing frequency of the ML/SL, and the injected power
PML . These scale to the characteristics of the free-running SL,
namely its relaxation oscillation frequency fR and its output
power PSL . The ratios Δf/fRF and K = PML/PSL are thus
commonly used to indicate the optical injection conditions, and
allow comparison between results obtained with different lasers.
Within the stable injection-locking regime, the SL wavelength is
locked onto the injected ML wavelength. As shown on the right
hand side of Fig. 1(b), the stable-locking area is limited by two
types of bifurcations: a Hopf bifurcation in the upper part of the
locking region and a saddle-node bifurcation in its bottom part
[30]. The asymmetry between these two bifurcations mainly de-

pends on the linewidth enhancement factor of the semiconductor
laser [16].

The analysis of the OILGL semiconductor laser can be
described through a comprehensive set of differential rate
equations:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dNe−,a

dt
=

Ja

eD
− Ne−,a

τc,a
− GaNγ (1a)

dNe−,b

dt
=

Jb

eD
− Ne−,b

τc,b
− GbNγ (1b)

dNγ

dt
= FNγ + 2kc

√
Nγ,injNγ cos(φ) (1c)

dφ

dt
=

FαH

2
− Δωinj − kc

√
Nγ,inj

Nγ
sin(φ) (1d)

where Ne−,k is the carrier density of section k, Jk its current
density, τc,k the carrier lifetime and Gk the optical gain. In addi-
tion, Nγ and τp are the photon density and lifetime, respectively,
of the SL cavity of linewidth enhancement factor αH . According
to [3] a logarithmic gain is taken into account such that:

Gk(Ne−,k , Nγ ) =
Gk,0

1 + εNγ
ln

(
Ne−,k + Ns

Ntr + Ns

)

(2)

where ε is the gain compression factor, Ntr is the carrier
density at the transparency and Ns is a fitting parameter
that is used to force the natural logarithm to be finite at
Ne−,k = 0 [3]. Regarding the optical injection, Nγ,inj is the
photon density injected with a coupling factor kc and detuned
from the free-running SL by Δωinj = 2πΔf , with φ the
phase offset between ML and SL. Finally F corresponds to

F = Γ [Ga (1 − h) + Gbh)] − 1
τp

where h is the fractional

length of section (b) and Γ the optical confinement factor.
As in [27], spontaneous emission is ignored in (1a) and (1b)

and the same photon density and phase evolution is assumed in
(1c) and (1d) as in [31].

In analogue modulation, a sinusoidal current variation is usu-
ally added to the continuous bias current. The modulation re-
sponse of a semiconductor laser is thus studied by solving the
rate equations with a time-varying current I(t) = I1 + imejωt ,
where I1 is the bias current and im the modulation current. An-
alytic solutions of the rate equations can simply be obtained by
biasing the laser above threshold such that I1 is larger than the
threshold current Ith , with im << I1 − Ith . This small-signal
condition leads to variations of carrier density Ne− and output
power P well below the steady-state values Nth and P0 , respec-
tively. It is therefore possible to linearize the rate equations and
solve them analytically using the Fourier transform technique
[32]. In our configuration, a small-signal analysis of the rate
equations is used to derive the transfer function of the OILGL
laser by considering Jk , Gk , Ne−,k , Nγ and φ as dynamical
variables. In order to do so, let us assume solutions of the form:
⎧
⎪⎨

⎪⎩

dX = X1eıω t (3a)

dGk =
G′

k,0

1 + εNγ
dNe−,k − εGk

1 + εNγ
dNγ (3b)
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where X can be any variable other than the optical gain. Relation
(3b) comes from the derivation of equation (2) with respect to
Nγ and Ne−,k , where the differential gain G′

k,0 is defined as
G′

k,0 = ∂Gk/∂Ne−,k = Gk,0/ (Ne−,k + Ns). In what follows,
the gain compression factor is not taken into account (ε = 0) and
its impact on the OILGL modulation dynamics is left over for
further studies. Combining (3) into the differential rate equations
leads to:

⎡

⎢
⎢
⎢
⎢
⎣

m11 0 m13 0

0 m22 m23 0

m31 m32 m33 m43

m41 m42 m43 m44

⎤

⎥
⎥
⎥
⎥
⎦

⎡

⎢
⎢
⎢
⎢
⎣

Ne−,a,1

Ne−,b,1

Nγ,1

φ1

⎤

⎥
⎥
⎥
⎥
⎦

=

⎡

⎢
⎢
⎢
⎢
⎣

Ja,1/eD

Jb,1/eD

0

0

⎤

⎥
⎥
⎥
⎥
⎦

(4)

with

m11 = ıω +
1

τc,a
+ G′

a,0Nγ , m13 =
1
τp

− Ga,0Nγ

m22 = ıω +
1

τc,b
+ G′

b,0Nγ , m23 =
1
τp

− Gb,0Nγ

m31 = −Γ(1 − h)G′
a,0Nγ , m32 = −ΓhG′

b,0Nγ

m33 = ıω + η cos(φ1), m34 = 2ηNγ sin(φ1)

m41 = −
αHΓ(1 − h)G′

a,0

2
, m42 = −

αHΓhG′
b,0

2

m43 = − 1
2Nγ

η sin(φ1), m44 = ıω + η cos(φ1)

(5)

where m33 and m44 are coefficients given by the steady state
solution of (1c) and (1d). Let us note that η is expressed as
follows:

η = kc

√
Nγ,inj

Nγ
= kc

√
K. (6)

The photon lifetime and internal losses are given by τp =
ng/ [c (αi + αm)] and αm = − ln(R)/L while the coupling fac-
tor kc depends on R, L and ng following:

kc =
c (1 − R)
2ngL

√
R

. (7)

Then, the extraction of the modulation transfer function R (ω) =
Nγ,1(ω)/Ja,0(ω) is performed using Cramer’s rules to express
Nγ,1 as the following determinant quotient,

Nγ,1 =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

m11 0 Ja,1/eD 0

0 m22 Jb,1/eD 0

m31 m32 0 m43

m41 m42 0 m44

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

m11 0 m13 0

0 m22 m23 0

m31 m32 m33 m43

m41 m42 m43 m44

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

. (8)

Assuming h ∼ 1 and Jb � Ja , the normalized modulation
transfer function of the OILGL laser R(f) = R(f)/R(0) can
be expressed as follows:

|R(f)|2 =
A2

0

[(
η −A′

2f
2
)2 + (A′

1f)2
]

[A1f −A3f 3 ]2 + [ηA0 −A2f 2 + f 4 ]2 .
(9)

Equation (9) constitutes a novel expression of the modulation
transfer function describing an OILGL, in which all parameters
Ai correspond to:

A0 =
ηγ2

bg

16π4 +
γbgZφ,αH σ

16π4 , A′
1 =

2π

Zφ,αH

+
2πη

γb

A1 =
[
γb (g + 1) η2 + 2η cos(φ)γ2

bg + σ (γbg

+ ηZφ,αH )]
1

8π3 ,

A2 =
[
η2 + 2η cos(φ)γb (g + 1) + γ2

bg + σ
] 1

4π2 ,

A′
2 =

4π2

γbZφ,αH

, A3 = [2η cos(φ) + γb (g + 1)]
1
2π

(10)

with σ and Zφ,αH defined as:

σ =
1

τp,slave

(

γb − 1
τc,b

)

, Zφ,αH = cos(φ) − αH sin(φ).

(11)

Finally, let us note that g is expressed as follows:

g =
γa

γb
, (12)

where γa and γb are the damping rate factors for sections (a) and
(b), respectively. Let us stress that these two different damping
rates are included to describe the damping effect on the reso-
nance frequency and the modulation response. These are related
to the carrier lifetime, photon density and differential gain [27].
It is also important to emphasize that (γb , g) are the parameters
representing the GL effect while (Δωinj,K) are those control-
ling the optical injection conditions. In order to obtain a strong
GL effect, the device operation point is chosen such that the
resultant differential gain ratio G′

a/G′
b is as large as possible,

which is obtained by pumping the short section close to optical
transparency and the longer one above the lasing threshold. Un-
der these conditions, the ratio of the damping rates quantifies
the strength of the GL effect.

The detuning coefficient Δωinj is related to the phase shift φ
and the frequency detuning Δf by the relations :

Δωinj = 2πΔf, φ = arcsin

[

− Δωinj

η
√

α2
H + 1

]

−tan−1 (αH) .

(13)

The next section investigates the different configurations where
these key parameters are varied first independently to study their
respective effects, then together.
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TABLE I
MATERIAL AND LASER PARAMETERS

Simulation parameters Symbols Value

Cavity length L 500 × 10−6 m
Mirror reflectivity R1 = R2 0.32
Internal modal losses α i 14 × 102 m−1

Mirror losses αm 22.8 × 102 m−1

Optical index ng 3.5
Carrier lifetime τc 0.1 × 10−9 s
Photon lifetime τp 3.17 × 10−1 2 s
Linewidth Enhancement Factor αH 2
Coupling S-M factor kc 1 × 101 1 s−1

Damping rate factor (section b) γb 12, 20 GHz

III. RESULTS AND DISCUSSION

All material and laser parameters used in the calculations
are given in Table I and correspond to an InAs/InP QD laser
structure with lasing wavelength around 1550 nm, the study
being performed in a similar fashion as in [27]. Although the
model does not fully take into account the fine structure of a
QD laser [33], [34], the basic features of the nanostructures are
implicitly incorporated into the rate equations through the set of
parameters reported in Table I.

A. Free-Running GL

In this section, the GL laser is studied without optical injection
(K = 0 and φ = −π/2). Let us note that while the terms using
φ disappear in the rate equations, the terms A0 , A′

1 and A′
2 of

the transfer function do still depend on φ. To this end, a value
of −π/2 is used to obtain an expression of these terms similar
to the free-running model.

The description of the GL laser usually requires two damping
rates that are related to the different carrier dynamics introduced
by the asymmetric pumping. Specifically, the modulation effi-
ciency enhancement is known to be directly proportional to the
ratio of the differential gains of the two sections [27]. This study
concentrates on a limiting case such that Ga,0 = 0 and h ≈ 1,
in other words a very short modulation section biased close to
optical transparency. Therefore, the gain section accounting for
the majority of the device, both the damping rate and relaxation
oscillation frequency fR of the gain section are approximated
to that of the uniformly-biased device. Fig. 2 depicts the modu-
lation response calculated for g = 1, 2, 4 and 10. In Fig. 2, the
x-axis is normalized to the free-running fR in order to express
the bandwidth enhancement in a way that is not device-specific.
Solid lines are directly calculated from (9) while the superim-
posed white dashed lines show the results obtained using the
original modulation transfer function of the GL laser from [27].
Very good agreement is thus found between this previous for-
mulation of the GL effect and our novel transfer function (9). In
what follows, a damping rate of the gain section γb of 12 GHz is
used in order to obtain realistic pumping conditions of the laser.
Under these conditions the free-running relaxation oscillation
frequency fR is of 3.8 GHz. The red solid line is obtained under
uniform pumping conditions (g = 1, no GL effect). As already
described in [27], the −3 dB modulation bandwidth f−3dB is

Fig. 2. Transfer functions of the free-running GL laser calculated for g =
{1, 2, 4, 10} both from (9) (solid lines and markers) with K = 0 and φ = −π/2,
and from the classical GL model (superimposed white dashed lines).

found to be limited to 1.55 ×fR ≈ 6 GHz [33]. These results
are well known for QD lasers for which fR is limited by the
maximum material gain and gain compression effects, while
the strong damping factor of such lasers limits f−3dB [35]. As
g is increased beyond the unity, i.e., by moving from uniform
to asymmetric pumping conditions, simulations reveal the GL
effect. The amplitude of the modulation response is largely in-
creased with little effect on the relaxation oscillation frequency
even under a strong asymmetric bias (g = 10). In addition, for
f > fR , the slope of the transfer functions is slightly reduced
with increasing values of g. These two effects combined allow
a large increase of the −3 dB modulation bandwidth for the GL
laser. For instance, a free-running GL device operating with g
=10 would exhibit values of f−3dB of about 3 ×fR ≈ 11 GHz.
The latter corresponds to an increase of f−3dB by factor of two
compared to the case g = 1. However, the enhancement of the
modulation efficiency (increasing by about 5 dB in Fig. 2 around
f = fR ) may lead to a larger non-linear distortion, and is the
main drawback of the GL.

B. Optical Injection-Locking

In this section transfer functions are now calculated from
(9) without GL effect (g = 1) in the case of optical injection
only. Fig. 3 depicts modulation responses calculated for various
values of the injection strength K. For each value of K, the
frequency detuning Δf is chosen so that the SL is operated
within the stable locking range very close to the Hopf bifur-
cation in order to better see the resonance in the modulation
response [30]. For the studied range of injection strengths, K
= 0 (free-running), 0.5, 2 and 5, the corresponding values of
the normalized detuning are thus Δf/fR = 0, −2.20, 1.12 and
6.10. Fig. 3(a) shows that the injection-locking configuration
greatly increases the resonance frequency up to a value of 9
times the free-running fR for K = 5. This large enhancement
mostly results from the beating between the ML light frequency
and the cavity resonant frequency. Note that these are not de-
tuned by Δf anymore when K becomes large as the SL cavity
red-shifts due to the carrier density change induced by the in-
jected light. However, Fig. 3(a) shows that the shape of the
modulation response is altered under injection-locking with an
amplitude much weaker than in the free-running case.
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Fig. 3. Transfer functions calculated from (9) for the sole OIL laser (g = 1)
and (a) γb = 12 GHz and K = {0, 0.5, 2, 5}, with corresponding Δf/fR =
{0, −2.20, 1.12, 6.10}, and (b) γb = 20 GHz and K = {0, 1, 3.5, 8}, with
corresponding Δf/fR = {0, −0.6, 1.7, 4.0}.

Fig. 3(b) shows transfer functions obtained for a value of γb
of 20 GHz, in which case the relaxation oscillations of the soli-
tary laser have a frequency of 8 GHz and appear as a stronger
peak in the transfer function. Calculations are done with K =
0, 1, 3.5, 8, while the corresponding values of the normalized
detuning are set to Δf/fR = 0, −0.6, 1.7, 4.0. Note that this
value of γb is closer to that reported for QD lasers under normal
operation, but as gain compression is not taken into account
in the present model the value of fR may be slightly overesti-
mated [35]–[37]. This case better reveals the evolution of the
transfer function of an optically injection-locked laser: as the
injection becomes stronger, while the resonance is pushed to-
wards higher frequencies due to the red-shift of the SL, a dip
appears at lower frequencies and limits the −3 dB bandwidth.
The behavior is thus complementary to that of the free-running
GL laser, where the relaxation oscillation frequency did not
change while the modulation efficiency was strongly increased.
It can be seen that f−3dB would also largely increase, and reach
almost 6×fR for K = 8, if the dip was not appearing in the
transfer function as injection becomes stronger. These simula-
tions give an account of the well-known fact that when using
solely optical injection, while large values of K are required to
push the resonance frequency towards higher values, the −3 dB
bandwidth may then not significantly increase or may even be re-
duced due to the pre-resonance frequency dip [26]. For instance,
Fig. 3(b) shows that for (K = 8, Δf/fR = 4), the dip crosses the
−3 dB line and in fact reduces by half the −3 dB modulation
bandwidth. As a conclusion, although the largest values of fR

Fig. 4. Transfer functions calculated from (9) for the OILGL laser for g =
{1, 2, 4, 10} with (a) γb = 12 GHz, K = 4, Δf/fR = 1.5, and (b) γb =
20 GHz, K = 10, Δf/fR = 0.5.

can be obtained under strong optical injection, the corresponding
modulation bandwidth is significantly reduced making sole
optically injection-locked DMLs unsuitable for broadband
applications.

C. Combined Effects

From the results presented above, it can be anticipated that
the drawbacks of both effects may be able to balance each other:
while optical injection allows reaching high relaxation oscilla-
tion frequencies with weak modulation efficiency, the GL effect
allows greatly increasing the modulation efficiency with little
effect on the resonance frequency. Fig. 4 show situations where
GL and optical injection are used simultaneously for the two
values of γb studied. The red line represents the transfer func-
tion in the free-running case under uniform pumping conditions
(K = 0, φ = −π/2, and g = 1). The other lines are obtained
by fixing the injection-locking conditions {K, Δf/fR} to {4,
1.5} for the case γb = 12 GHz and {10, 0.5} for the case γb =
20 GHz, while g is varied from 1 (no GL effect) to 10 (strong
asymmetry in the pumping). Here, the values of Δf/fR were
chosen so that the SL is operated inside the locking range, away
from the Hopf bifurcation, in order to obtain a flat modulation re-
sponse. When the GL is raised (g = 2, 4, 10), simulations show
that the undesirable dip observed in the modulation response is
lifted up without sacrificing the high resonance frequency. For
instance, for g = 4, the pre-resonance dip is lifted towards the
−3 dB level, allowing recovery of the modulation bandwidth.
The most promising result is obtained with g = 10: in this case,
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Fig. 5. f−3dB /fR in the stable-locking region of the OILGL laser with γb =
20 GHz, for (a) g = 1 and (b) g = 10. Areas in grey are outside the stable-locking
region.

the coupled oscillator can reach −3 dB modulation bandwidths
as large as 10 ×fR . However, a large GL effect may not always
be suitable for practical applications as there may be a tradeoff
between modulation bandwidth and modulation efficiency, as
strong levels of the latter may not be tolerable in many digital
applications [38]. It can however be seen that very flat modula-
tion response can be achieved by operating the SL away from
the boundaries of the locking region, where the resonance peak
would be much stronger. Finally, the results depicted in Fig. 4(a)
and (b) are found in a qualitative agreement with the only ex-
perimental results published in the literature with an OILGL
laser [29]. In order to understand the effect of GL within the
whole stable-locking region, maps of the bandwidth of the opti-
cally injection-locked laser for various injection conditions are
presented in Fig. 5 for γb = 20 GHz, with and without GL.
The maps reveal that for a laser with fR = 8 GHz, while opti-
cal injection alone allows for −3 dB bandwidths of at most 32
GHz (4×fR ), the GL effect allows reaching bandwidths above
60 GHz (g = 10) within reasonable optical injection conditions.
It can be seen in Fig. 5(a) that in the upper part of the map and for
values of K close to 5 dB, f−3dB suddenly drops from 4 × fR
to values below fR . This corresponds to the situation where the
dip in the transfer function crosses the −3 dB line, as depicted
in Fig. 4(b). When the GL is used, a substantial enhancement of
the modulation dynamics is observed. In Fig. 5(b), the injection-
locking map calculated for g = 10 allows identifying operating
positions where the modulation bandwidth can be well above
40 GHz. These results are of prime importance for the devel-
opment of novel DML transmitters operating at 40 Gb/s and
beyond.

IV. CONCLUSION

This paper theorizes for the first time the concept of the
OILGL laser using small-signal analysis of a set of differential
rate equations. Following a semi-analytical approach, a novel
formulation of the modulation transfer function is derived. In
addition, calculations show that an injection-locked GL-laser
constitutes a powerful technique to increase the resonance fre-
quency of the DML and greatly improving its−3 dB bandwidth,
making it possible to reach values above 60 GHz using a laser
with relaxation oscillations between 4 and 8 GHz and without
modulation of the injected light. Future work will concentrate
on the incorporation of the fine structure of QD nanostructures
into the rate equations, on the experimental demonstration of
the enhanced modulation dynamics of OILGL lasers as well as
on the study of the impact of OIL on the frequency chirp of
the GL laser. These results are of prime importance for low-
cost applications including the development of high-bandwidth
directly-modulated optical sources for future high-speed optical
networks as well as monolithic integrated injection-locked laser
networks with SLs referenced to the same ML.
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