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Abstract— The modulation dynamics and the linewidth
enhancement factor of excited-state (ES) lasing quantum dot
(QD) semiconductor lasers are investigated through a set of
improved rate equation model, in which the contribution of
off-resonant states to the refractive index change is taken into
account. The ES laser exhibits a broader modulation response
associated with a much lower chirp-to-power ratio in comparison
with the ground-state (GS) lasing laser. In addition, it is found
that the laser emission in ES reduces the linewidth enhancement
factor of QD lasers by about 40% than that in GS. These
properties make the ES lasing devices, especially InAs/InP ones
emitting at 1.55 µm, more attractive for direct modulation in
high-speed optical communication systems.
Index Terms— Semiconductor laser, quantum dot, modulation
dynamics.

I. I NTRODUCTION

I

N MODERN optical communication systems, high-speed
semiconductor laser sources are highly requested. Nowadays, owing to the three-dimensional quantum confinement,
nanostructure quantum dot (QD) lasers have shown superior
properties such as lower transparency current density [1],
temperature insensitivity [2] as well as higher tolerance to
optical perturbation [3]–[5] compared to their quantum well
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(QW) and bulk counterparts. As a result, the QD laser
becomes an attractive candidate for applications in worldwide
telecommunication networks and in future photonics integrated
circuits [6]. QD lasers are usually engineered so as to operate
on the ground state (GS) optical transition because of its low
operation current in contrast to the higher-energy bound states.
Nevertheless, several groups pointed out one major drawback
of the GS lasing emission concerning the small modulation
bandwidth, which is inherently limited by the slow carrier
dynamics [7]–[12], the low differential gain as well as the large
gain compression factor [13], [14]. On the other hand, chirpfree operation is crucial for directly-modulated laser devices
to counteract the chromatic dispersion in standard single mode
fibres and thus to enhance the allowable transmission bit rate
for a given distance. The frequency chirp property of a semiconductor laser device is known to be directly connected with
the linewidth enhancement factor (LEF, also known as alpha
factor). QD lasers operating at the GS transition do have the
possibility to achieve a near-zero LEF and low frequency chirp
[15]–[17], however, the reported LEFs vary over a wide range
up to more than 10 [18], [19]. Therefore, it is of great significance to engineer reliable QD laser sources of broad bandwidth, reduced LEF associated with low frequency chirp. Stimulated emission from QD excited state (ES) could be a promising alternative to enhance the laser’s dynamic performance.
In practice, the ES emission can be achieved by increasing
the bias current, shortening the cavity length, coating the cavity
facets or via coupling gratings [20]–[24]. However, ES lasing
devices draw less attention because of the high operation
current as well as the short wavelength located out of the
optical communication windows in the fibre (1.3 μm and
1.55 μm). However, in the InAs/InP QD material system, the
GS laser has potential to emit at 1.60 ∼ 1.65 μm [25], which is
much longer than the communication window. Consequently,
since the ES has a higher optical transition energy than the
GS, it is possible to tune the ES emission close to 1.55 μm
through a proper band energy engineering like the double cap
procedure [26]. On the other hand, the ES in QDs shows faster
carrier capture rates from the surrounding carrier reservoir
states (RS) as well as a higher saturated gain than the GS
[20], [21]. Indeed, QD lasers operating on the ES has shown
a broader modulation bandwidth and the K-factor limited
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bandwidth is estimated almost twice of that in the GS lasing
[20], [21], [27]. A recent work has demonstrated a ES emission
InAs/GaAs QD laser with a large-signal modulation capability
up to 22.5 Gbps [28]. In addition, the ES emission exhibits
a smaller LEF in comparison with the GS emission in a QD
laser [29], [30].
In this work, we theoretically investigate the modulation
dynamics of the ES lasing in QD lasers employing a coupled
rate equation model, in which the carrier capture (from RS
to ES) and relaxation (from ES to GS) processes are both
considered. Particularly, the model takes into account the
contribution of off-resonant states on the refractive index
change of the laser, which makes it possible to study the LEF
of QD lasers. Through the standard small signal analysis of
the QD laser system, it is found that the 3-dB modulation
bandwidth of the ES laser is almost 1.5-fold larger than that of
the GS one. Meanwhile, calculations show that the ES chirpto-power ratio (CPR) is reduced by half. The below-threshold
LEF of the QD laser is calculated through the amplified
spontaneous emission (ASE) technique (also known as HakkiPaoli method), while the commonly used FM/AM method
is employed for extracting the above-threshold LEF. From a
semi-classical analysis, it is proved that the GS contributes to
the reduction of the LEF in the ES emission QD laser, while
the RS increases the LEF value. In addition, the LEF of the
ES laser strongly depends on the energy difference between
the resonant ES state and the off-resonant states (GS and RS).
For the laser under study, the ES lasing LEF is shown to be
40% smaller than that in the GS case.
II. N UMERICAL M ODEL D ESCRIPTION
The semiconductor laser system can be microscopically
described within the framework of Maxwell’s equations and
the semiconductor-Bloch equations [31]–[33]. Adiabatically
eliminating the microscopic polarizations of the QD and the
RS transitions, the optical susceptibility of QD lasers was
derived in [34] and [35]. It is assumed that the resonant
transitions impact mainly the gain, while having little effect
on the refractive index, whereas the off-resonant transitions
mainly contribute to the index change. Within the limit of
rate equations, the model holds the assumption that the active
region consists of only one QD ensemble. The electrons and
holes are treated as excitons (neutral pairs) in the model.
In the QD laser, the carriers are firstly injected into the
3-D separate confinement heterostructure (SCH) from the
contact, and then diffuse into the 2-D RS [36]. As reported
in [7], [11], and [12], the carrier transport process could limit
the modulation dynamics. Nevertheless, in order to simplify
the rate equation model and analytically analyze the dynamics,
this process is not taken into account in this work as already
presented in [8] and [18]. Thus as shown in Fig.1, the external
injected carriers are assumed to directly fill the RS, from which
some of the carriers are captured into the dots. Once in the
dots, the carriers relax from the higher energy level ES to
the lower level GS. It is noted that a possible direct carrier
capture channel from the RS to the GS is not considered in this
work [37], which channel can accelerate the carrier scattering

Fig. 1. Schematic of the carrier dynamics in a QD laser. The ES transition
energy is 0.87 eV, and its energy separation is 0.1 eV with the RS and 0.05 eV
with the GS.

time of the GS. Inversely, carriers can also escape the dots
through thermal excitation. In addition, the RS is assumed as a
discrete energy state with degeneracyD R S = k B T m ∗ A/(π2 ),
with m ∗ the reduced exciton mass and A the laser’s surface
area [18]. Introducing the differential gain aX (X denotes GS,
ES and RS), the gain of each state gX is given by [38]:


2NG S
NB
gG S = aG S
−1
(1)
H B 2N B /H B


2N E S
NB
−1
(2)
gE S = aE S
H B 4N B /H B


DRS
2N R S
(3)
−1
gRS = aRS
AH B D R S /(AH B )
where NB is the QD surface density, HB is the height of the
dots and N X denotes the carrier density in each state. The carrier filling in each state induces change of the refractive index,
and thus shifts the instantaneous electric field frequency:
1
 P v g gG S FGL SS
2
1
1 ES
= ( P v g g E S −
)α
2
τP H
1
=  P v g g R S FRLSS
2

S
ω G
N =

(4)

ω NE S

(5)

ω NR S
with
S
FGL S,R
S =

ω0L S

(ωG S,R S − ω0L S )TD

ωG S,R S 1 + (ωG S,R S − ω0L S )2 TD2

(6)

(7)

where ωG S,R S gives the transition frequency of each state,
and ω0L S is the lasing frequency in the cold cavity which is
resonant with ω E S in the simulations (ω0L S = ω E S ). TD is the
polarization dephasing time and τ P is the photon lifetime,  P
is the optical confinement factor and v g is the group velocity
of the light. Due to the dot size dispersion, the inhomogeneous
broadening is known to have significant impacts on both static
and dynamic characteristics of QD lasers [39]–[41]. This effect
can be quantitatively described by a complex multi-population
rate equation model [10], [39], which can only be computed
numerically. Instead, this work simply introduces an empirical
E S in Eq. (5) to describe the resonant ES induced
parameter α H
LEF, for which the nonzero value is due to the asymmetric
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inhomogeneous broadening and the energy renormalization
[29], [42]. Then, the slowly varying electric field E(t) is given
by


1
1
d E(t)
=
E(t)
 P vg gE S −
dt
2
τP
 GS

+ j ω N + ω NE S + ω NR S E(t)
(8)
The equation holds the assumption that only the resonant
ES contributes to the gain. With carrier injection, the lasing
frequency becomes ω L S = ωtLhS + ω NL S , where ω NL S =
S
ES
RS
ω G
N +ω N +ω N gives the frequency shift of the electric
field from
value (ωtLhS ). Via the relationship
√ its threshold
j
φ(t
), the photon density S(t) and the
E(t) = S(t)V /  P e
phase φ(t) can be separately described. Combining the carrier
dynamics in QD lasers [37], [43], the coupled rate equations
for the ES emission laser are finally given by:
I
NE S
NR S
d NR S
NR S
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+ E S − R S (1 − ρ E S ) − spon
(9)
dt
qV
τRS
τRS
τE S


NR S
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d NE S
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τ
τ
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dS
1
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(12)
S + β S P spon
dt
τP
τE S
dφ
S
ES
RS
= ω G
(13)
N + ω N + ω N
dt
where ρG S , ρ E S are the carrier occupation probabilities in the
spon
GS and the ES, respectively. τG S is the spontaneous emission
time and β S P is the spontaneous emission factor. Carriers in
the RS are scattered into the dots through the phonon-assisted
and Auger-assisted processes [44], [45]. The latter makes the
scattering rates nonlinearly dependent on the carrier number
in the RS, and those can be accurately obtained by a complex
microscopic calculation [46], [47]. Nevertheless, in order to
simplify the model, the carrier capture time τ ERSS and the
relaxation time τGESS are both treated as constants. On the other
hand, the carrier-escape times (τ RESS , τ EGSS ) are governed by
the Fermi distribution for a quasi-thermal equilibrium system
[48], [49]. For semiconductor lasers operating under smallsignal modulation with frequency ω, the bias current change
δ I induces variations of carriers δ N X , photon δS and phase δφ.
Thus, the differential rate equation is derived as follows:
⎡
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γ53 =  p v g aG S FGESS ;
2
The QD laser dynamics can be explored from the above
equations as follows:
a) The intensity modulation (IM) response is calculated by
[50]:
γ11 =

H ( j ω) = δS( j ω)/(δ I /q V )

(16)

b) The LEF is of great importance for semiconductor lasers
because it influences various fundamental features such
as spectral linewidth, mode stability, frequency chirp
under modulation, as well as nonlinear dynamics subject
to optical injection and optical feedback [51], [52]. The
LEF describes the coupling between the carrier-induced
refractive index (field frequency) change and the gain
change. For conventional bulk and QW lasers, the index
part and the gain part are synchronized [51], whereas
those are desynchronized for QD lasers [34]. The phaseamplitude coupling A EQSD ( j ω) of the electric field for the
ES emission QD laser is
A EQSD ( j ω) =

2 δω L S
 P v g δg E S

ES
≡ αH
+2FGESS

a G S δ NG S
aR S δ NR S
+ 4FRESS
aE S δ NE S
aE S δ NE S
(17)

In the following section, it will be shown that the function A EQSD ( j ω) is actually dependent on the modulation
frequency, and its minimum value gives the conventional
ES
LEF α H,Q
D of QD lasers, that is,


ES
ES
α H,Q
(18)
D = A Q D ( j ω)
min

Experimentally, various techniques have been proposed
for the measurement of the LEF [51], [53]. In this
work, we employ the widely used FM/AM technique
for extracting the above-threshold LEF, while the ASE
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method is used for obtaining the below-threshold one.
The FM/AM technique relies on the direct current
modulation of the laser, which generates both optical
frequency (FM) and amplitude (AM) modulations [54].
Then, the LEF is extracted by taking the minimum ratio
of the FM index (β( j ω)) to the AM index (m( j ω))
F M/ AM
as α H,Q D = [2β( j ω)/m( j ω)]min . Correspondingly,
from Eqs. (14) and (15) we obtain


δω L S /ω
F M/ AM
α H,Q D = 2
δS/S min

j ω + 1/τ p −  p v g g E S
≡
jω


aR S δ NR S
ES
E S a G S δ NG S
× α H +2FG S
+4FRESS
(19)
aE S δ NE S
a E S δ N E S min

TABLE I
M ATERIAL PARAMETERS AND L ASER PARAMETERS

For semiconductor lasers operating below threshold,
slightly tuning the pump current (I ) without any
modulation will change the carrier density as N X . The
LEF can be extracted from the direct measurement of the
gain and wavelength (refractive index, field frequency)
changes by monitoring the variation of longitudinal
modes in the laser cavity [13]. Thus, the below-threshold
LEF is calculated by
AS E
α H,Q
D =

aG S NG S
2 ω L S
ES
≡ αH
+ 2FGESS
 P v g g E S
a E S N E S
a
N
R
S
R
S
+4FRESS
(20)
a E S N E S

It is noted that for the sake of simplicity, the gain
compression contribution is not indicated in expressions
(17)–(20). Nevertheless, the gain compression effect has
been taken into account in the numerical results of the
LEF presented hereafter.
c) Generally, QD lasers have high gain compression factors
(ξ ) in the range of 10−16 ∼ 10−15 cm3 , which are one or
two orders of magnitude larger than those in QW lasers
[14], [55]. The gain compression effect is modeled by
improving the gain expression as
gE S →

gE S
1 + ξS

(21)

Using the improved gain expression, the frequency chirp
property of the QD laser is characterized by the CPR
as [56]:
ES
α H,Q

δω L S (ω)
D 
p
≈
j ω +  p vg aE S S
δS(ω)
2S
(22)
p
with a E S = −∂g E S /∂ S. The above threshold relation
 p v g g E S ≈ 1/τ p has been used in the above equation.
In order to compare the dynamic performance with a laser
operating on the GS, rate equations (9)-(13) can be rewritten
by considering the stimulated emission in Eq. (11) instead
of Eq. (10), and the electric field is modified correspondingly.
Following a similar approach of small-signal analysis as above,
the analytical expressions for the GS lasing dynamics can be
derived [38]. It is noted that simultaneous lasing on the GS
and ES is not considered in this work [37].

C P R E S ( j ω) =

III. C OMPARISON OF THE DYNAMICAL P ROPERTIES FOR
QD L ASING ON THE GS AND ON THE ES
The laser under study is based on the InAs/InP(311B) QD
structure [11], and the laser device parameters used in the
simulation are listed in Table 1 [57]–[59]. One can select the
sole lasing on the ES (GS) by facet coating in order to suppress
the GS (ES) lasing. The facet reflectivity for the lasing mode
is set as R1 = 0.32. The internal loss parameter (αi = 6 cm−1 )
is assumed to be constant [39] and to be independent of the
free carrier density in the waveguide [60]. The cavity length
as well as other parameters in the table is kept the same
for comparison. In such way, Figure 2 compares the steadystate solutions of lasing in the ES (Fig. 2(a)) and in the GS
(Fig. 2(b)). The threshold current of ES lasing is about 90 mA,
which is 1.8-fold larger than that of the GS. In Fig. 2(a),
carriers both in ES and GS are clamped above threshold, and
the former population is larger due to the higher degeneracy
of ES than GS. Thus, despite a higher threshold current the ES
does provide a larger saturated gain. In figure 2(b), however,
the carrier population in the ES keeps increasing when the GS
laser reaches the threshold current.
Through Eq. (16), the calculated IM responses for GS and
ES lasing operations are shown in Fig. 3(a), respectively.
As observed, the ES response indeed exhibits a broader and
flatter response in contrast to the GS one. The broader bandwidth is attributed partly to the faster carrier capture time [20],
as well as to the higher ES differential gain (aES ) [21], which
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Fig. 2. Steady-state solution for (a) lasing in the ES and (b) lasing in the
GS. Solid lines denote the photon number, dashed and dotted lines represent
the carrier number in the GS and ES, respectively.

is set two-folder larger than the GS one (aGS ) as listed in
Table I. However, it is noted that the values of the differential
gain in QD lasers can vary in a wide range in the order of
10 −16 ∼ 10−14 cm2 [13], [61]. The lower resonance peak in
the ES response indicates a stronger damping factor. From
the IM response curve, the 3-dB modulation bandwidth is
extracted and depicted in Fig. 3(b) as a function of the
normalized bias current (I/Ith ). The ES and GS bandwidths
firstly increase with the bias current and then reach a maximum value. The calculated maximum ES bandwidth is about
5 GHz larger than the GS case. Further increase of the
bias current reduces the bandwidth because the modulation
response becomes over-damped [11], [12]. It is found that
the ES bandwidth decreases faster than the GS lasing case,
which means that the ES damping factor is more sensitive to
the bias current. It is noted that the carrier transport process
from the SCH as well as the inhomogeneous broadening in
the QDs can further reduce the 3-dB bandwidth described
in Fig. 3 [41].
With respect to Eq. (22), Fig. 4(a) presents the CPR
response of the ES laser. In the so-called adiabatic chirp
regime, the gain compression dominates and the CPR can be
p
ES
approximated by  p v g a E S α H,Q
D /2. As the thermal effect is
not included, the CPR remains constant at a low level less
than 1 GHz/mW for modulation frequencies below 1 GHz.
For higher modulation frequencies, the CPR rises almost
parabolically with the modulation frequency following the
ES
relation j ωα H,Q
D /(2S). Due to the reduced LEF in the ES
(this will be discussed in the following section), the ES
lasing CPR is found always smaller than the GS case. The
discrepancy becomes larger at high modulation frequencies.
For instance, at 20 GHz the CPR of the ES laser is 60%
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Fig. 3. (a) Intensity modulation response versus modulation frequency. The
dotted line indicates the 3-dB modulation bandwidth. (b) 3-dB bandwidth for
stimulated emissions in the ES and GS, respectively. The bias currents are set
at IES = 1.2 × Ith,ES and IGS = 1.2 × Ith,GS .

Fig. 4. (a) CPR response versus the modulation frequency with respect to
Eq. (22). The bias currents are set at IES = 1.2 × Ith,ES and IGS = 1.2 ×
Ith,GS , respectively. The dotted line indicates CPR at modulation frequency
f = 5.0 GHz (b) CPR variation as a function of the normalized bias current
(I/Ith ) at f = 5.0 GHz.

smaller than that in the GS configuration. Figure 4(b) shows
the CPR calculated at a fixed modulation frequency (5 GHz)
as a function of the bias current. The CPR decreases with the
pump current because of the higher output power and finally
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Fig. 5. Frequency dependence of the phase-amplitude coupling of the electric
field for the ES lasing at I = 1.2 × Ith . The direct calculation follows Eq. (17),
and the FM/AM method follows Eq. (19). Note that the gain compression
effect is included in the plot. The minimum level of the curve gives the LEF
value (dotted line).

Fig. 6. A comparison on the LEFs between the ES and GS emission lasers.
The dashed line gives the resonant state contributed part (0.5) of LEF.
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S
Fig. 7. Dependence of the FGES,RS
parameters on the GS-ES and ES-RS
energy separations in the case of a QD laser emitting on its excited state. The
dashed line indicates the ES emission energy of EES = 0.87 eV, and the stars
S
denote FGES,RS
values used in this work.

becomes relatively linear. At threshold, it is found that the
LEFs extracted from the ASE method and from the FM/AM
method are in good agreement. For both below and above
threshold, the predicted ES LEF is found always smaller than
the GS one. The ES lasing LEF at threshold is reduced by
about 40% in contrast to the GS lasing case. It is noted that the
GS LEF is always larger than the resonant GS state contributed
S
part (α G
H = 0.5), whereas the ES LEF can be smaller than that
E
S
(α H = 0.5). In order to explore the underlying mechanisms,
we write the LEF expression for lasing in the GS [38]:


1 G S aE S δ NE S
S
GS
G S aR S δ NR S
F
αG
=
α
+
+
2F
H,Q D
H
RS
2 E S a G S δ NG S
aG S δ NG S min
(23)
with

reaches a finite value. Still, the ES CPR remains lower than the
GS CPR level. Since directly-modulated semiconductor lasers
suffer significantly from the frequency chirp, these results
make the ES lasing transmitters very promising for the optical
communication networks.
Figure 5 presents the phase-amplitude coupling of the
electric field as a function of modulation frequency. It shows
that the modulation index ratio 2β( j ω)/m( j ω) (dashed curve)
obtained from Eq. (19) is highly consistent with the direct
calculation A EQSD ( j ω) (solid curve) extracted from Eq. (17).
Only a slight discrepancy arises at very low frequencies due
to the gain compression. The plots prove that the phaseamplitude coupling ratio is strongly dependent on the modulation frequency [62]. The coupling magnitude is rather
high at low modulation frequency and decreases to a plateau
when increasing the frequency. Conventionally, the LEF of
semiconductor lasers is given by this minimum as indicated by
the dotted line. As we can see, the LEF obtained from Eq. (19)
matches quite well with the one calculated from Eq. (18), i.e.,
F M/ AM
ES
α H,Q
D ≈ α H,Q D . In contrast to QW lasers, further increase
of the modulation frequency could raise the coupling ratio as
already reported in [52] and [63].
Figure 6 compares the variations of ES and GS LEFs with
the injected current. Below threshold, carriers in both resonant
and off-resonant states increase with the pump current and the
LEFs rise nonlinearly. Above threshold, the carrier population
in the resonant state is clamped while the LEF evolution

S
FEGS,R
S =

(ω E S,R S − ωG S )TD
ωG S
ω E S,R S 1 + (ω E S,R S − ωG S )2 TD2

(24)

Because the off-resonant state energies of ES (ω E S ) and RS
(ω R S ) are both higher than the GS one (ωG S ) we obtain
FEGSS > 0 and FRGSS > 0 in Eq. (24). So in the case of the
QD laser operating on the GS transition, both the ES and the
RS contribute to enhance the LEF [64], [65]. In contrast for
the ES lasing case depicted in Eq. (7) where FGESS < 0 and
FRESS > 0, the lower-energy GS contributes to reduce the LEF
of ES laser while the RS remains increase its value. Therefore
when the GS contributes more than the RS, the ES lasing
LEF will become smaller than the resonant ES state induced
part.
IV. E FFECT OF QD E LECTRONIC S TRUCTURE
ON THE ES LEF
Equations (7) and (24) also indicate that the LEF value
strongly depends on the energy separation between the resonant state and the off-resonant states. Figure 7 presents
S
the variations of the FGES,R
S parameters for the ES emission as a function of GS-ES and ES-RS energy separations.
For small energy separation values (∼0.01 eV) the parameS
ters FGES,R
S undergo drastic variations, followed by a rapid
increase (decrease) with the enlarged energy split. It is also
shown that those off-resonant states have little contribution
to the LEF when the energy separation becomes larger than
0.25 eV.
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lasing one. It is found that although the ES laser requires a
higher operation current, it provides a larger modulation bandwidth and a lower frequency chirp, which are much superior to
those of GS lasers. In addition, the ES laser exhibits a smaller
LEF due to the contribution of the lower energy off-resonant
GS state. From the semi-analytical analysis, calculations prove
the possibility of reducing the ES lasing LEF to zero or
even negative values through the band energy engineering.
This work paves the way for the realization of high speed,
chirp free directly-modulated semiconductor laser sources for
applications in the future optical telecommunication networks.
Future work will take into account the inhomogeneous broadening through a multi-population rate equation model as well
as the carrier transport process from the 3-D SCH to the 2-D
RS. In addition, the chosen parameters listed in Table 1 do
not necessarily lead to an optimal ES lasing operation. We
believe that, the present theoretical model will put forward
QD lasers operating on the ES state. For that purpose, it will
be essential to optimize the optical loss (photon lifetime) by
properly controlling the cavity length or the facet reflectivity
so as to further enhance the dynamic performance [60], [69].
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GS transition energy EGS . For a band gap of 10 meV, the
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the ES leads to a large α-factor. When the separation is
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