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Nonlinear dynamics at mid-infrared wavelength is of interest for various applications but has been mainly limited to
quantum cascade lasers so far. In this article, we show that interband cascade lasers can generate complex optical
chaos with bandwidth in the GHz range and this outperforms the performances of quantum cascade laser chaos. The
chaos nature of our signal is confirmed by a thorough time-series analysis. Modelling of the semiconductor laser under
short-cavity external optical feedback allows confirming the high-bias chaos operation that we observe experimentally.
These results pave the way for applications at mid-infrared wavelength, such as private free-space communication.

I. INTRODUCTION

A wide variety of mid-infrared nonlinear dynamics has
been exhibited experimentally1 since the demonstration of
quantum cascade photonic chaos in 2016.2 Quantum cascade
lasers (QCLs) are semiconductor lasers of choice for those
phenomena, and applications such as chaos-based commu-
nication are now available in this wavelength domain.3 Yet,
most of the nonlinear dynamics observed in quantum cascade
lasers have a limited bandwidth,4,5 despite the intersubband
technology of QCLs. This limited bandwidth converts into a
limited transmission rate in the case of chaos-based commu-
nication. In order to circumvent this limitation, we decided to
explore mid-infrared nonlinear dynamics in another structure
called interband cascade lasers (ICLs). These lasers rely on
cascaded interband technology, which means that a sequence
of quantum wells in a designed cascade heterostructure allows
achieving stimulated emission at mid-infrared wavelength,
and they exhibit relaxation oscillations in the range of GHz,
as demonstrated numerically6 and experimentally.7 They are
promising optical sources for various mid-infrared applica-
tions such as greenhouse gases monitoring8,9 and quantum
sensing.10,11

Recently, it has been shown experimentally12 that ICLs can
generate hyperchaos, which is chaos characterized by sev-
eral positive Lyapunov exponents,13 and simulation showed
promising dynamics bandwidth,6 though the influence of the
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number of stages on the dynamics behavior still needs to be in-
vestigated experimentally. The hyperchaos bandwidth in ICLs
is typically one order of magnitude larger than that found ex-
perimentally in QCLs. Consequently, ICLs are relevant for
high-speed applications relying on optical chaos. Apart from
the aforementioned chaos-based communication, optical non-
linear dynamics were proven useful in chaotic LiDARs with
near-infrared wavelength semiconductor lasers, which are of
interest for low-cost deployment and eye-safe operation.14

The high-speed complex dynamics and the fast-decaying au-
tocorrelation function ensure a high-precision, reliable detec-
tion system with a maximum range of several meters and pre-
cision below one centimeter.15 Optical chaos has also been
harnessed for physical random bit generation (RBG). This
method was introduced in 2009 by sampling the fluctuating
optical output of two chaotic lasers for RBG at 1.7 Gbps16 and
this seminal paper led to many demonstrations in the Gbps
range in the following years.17–19 Subsequent improvements
have paved the way towards Tbps RBG,20–23 and a recent
experimental effort taking advantage of spatio-temporal dy-
namics in a broad-area semiconductor laser has achieved the
record rate of 250 Tbps.24

In this work, we show that an interband cascade laser emitting
at 4.1 µm can generate complex chaos with a bandwidth that
outperforms QCL’s chaos by more than one order of magni-
tude. A thorough analysis of the experimental time-series is
carried out and confirms the hyperchaos nature of the non-
linear dynamics we generate. Our simulations based on the
Lang-Kobayashi model are in good agreement with our exper-
imental efforts and show that large bias currents are favorable
for chaos generation.
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FIG. 1. Experimental setup for the generation and observation of nonlinear dynamics in an ICL. Analysis of the recorded time traces are
performed either by a real-time oscilloscope or by a signal analyzer.

II. EXPERIMENTAL SETUP

Several methods were proven useful to generate non-
linear dynamics in semiconductor lasers. One can cite
electro-optical feedback,25,26 optical injection27,28 and direct
modulation.29,30 Experiments with mid-infrared semiconduc-
tor lasers have focused on external optical feedback so far31

and this is the configuration we implement in this article. The
only difference is that in our previous efforts, external optical
feedback was produced by a feedback mirror (or a tilted mir-
ror to produce specific nonlinear dynamics32) with an external
cavity of a few tens of centimeters while here, the laser can
exhibit complex dynamics under solitary operation thanks to
a combination of reflection close to the back-facet and poten-
tially extra beating between many modes of the Fabry-Perot
optical spectrum, even if we were not able to thoroughly con-
firm this claim, as explained in Appendix A.
The setup, described in Fig. 1, is made of a temperature-
controlled laser that faces a fast Mercury-Cadmium-Telluride
(HgCdTe) detector from Vigo Photonics, with a tabulated
bandwidth of 0.8 GHz. This simplifies the experimental setup
as an external cavity is not required but on the other hand,
this means that we cannot tune the feedback strength. Con-
sequently, the two levers to change the conditions of opera-
tion are temperature and bias current. The ICL under study is
housed in a ILX LDM-4872 mount (this package can be vi-
sualized in Ref. 33) that allows accurate temperature control,
and a focusing lens beside the front facet allows gathering the
mid-infrared light so that it impinges on the active area of the
HgCdTe detector. The electrical signal from the HgCdTe de-
tector is sent to a signal analyzer (Rohde & Schwarz, FSW
50 GHz) that is operated in the spectrogram mode. The latter

has a full-screen refresh time of 125 seconds when the anal-
ysis bandwidth is set to 2 GHz and for this reason, the ICL
is modulated with a ramp signal at a frequency of 8 mHz,
that is directly injected into the modulation input of our bias
source (Wavelength Electronics, QCL2000). During this 125
seconds, the bias current of the ICL linearly varies from 75
mA to 180 mA and that allows plotting the frequency map in
real time. For the mathematical characterization of chaos, one
needs to record long time-series. In this case, the HgCdTe
detector is connected to a real-time oscilloscope (Tektronix,
MSO64) with a bandwidth of 2.5 GHz and a maximum sam-
pling rate of 25 GS/s.

III. EXPERIMENTAL NONLINEAR DYNAMICS
GENERATED BY THE ICL

Figure 2 shows the spectrograms of the signal retrieved
when varying the laser bias current from 75 mA (just above
threshold) to 180 mA (2.5 times threshold). At 15◦C in Fig. 2
a), the ICL under study is stable for low bias current and
starts to show destabilization above 110 mA. Then, up to the
maximum bias current, the nonlinear dynamics have a broad
spectrum that is limited by the bandwidth of the HgCdTe de-
tector. The combination of broadest and flattest spectrum is
found around 150 mA and this corresponds to the configura-
tion that is highlighted in the RBG described in Appendix C.
For this temperature of operation, it is difficult to clearly iden-
tify the relaxation frequency ( fR) that could correspond to the
orange area spanning around 0.5-0.6 GHz between 150-180
mA. When increasing the temperature to 17.5◦C in Fig. 2 b),
the behavior is globally the same except that now, the relax-
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RÉSUMÉ

Les lasers à cascades quantiques sont connus pour leur dynamique non-linéaire lorsqu’ils
sont soumis à une contre-réaction optique. Nous montrons que l’ajout d’une rotation de
polarisation peut provoquer un autre phénomène non-linéaire, à savoir une onde carrée, avec
l’apparition d’une onde transverse électrique en plus de celle transverse magnétique.

MOTS-CLEFS : lasers à cascades quantiques, moyen-infrarouge, contre-réaction optique,
dynamique non-linéaire, retournement de polarisation

a) b)

c) d) fR

FIGURE 1 : a) trace temporelle expérimentale et b) spectre RF de l’onde TM émise par le LCQ lorsque la contre-
réaction optique est appliquée sans retournement de polarisation. Dans ce cas, il n’y a pas de dynamique TE.

FIG. 2. Experimental spectrograms showing the evolution of the electrical spectrum when varying the bias current of the ICL for four
temperatures a) 15◦C; b) 17.5◦C; c) 20◦C; d) 22.5◦C, in addition this spectrogram highlights the linear evolution of the relaxation frequency
fR (black solid line) for a bias current between 162-182 mA. For high frequencies, the signal is attenuated due to the limited bandwidth of the
detector.

ation frequency can be clearly observed from 140 mA. This
frequency increases with the bias current and that is compat-
ible with our findings for another ICL optimized for high-
frequency modulation.7,34 It is relevant to note that in the
latter references, we retrieved the relaxation oscillation with
a relative intensity noise (RIN) technique and with a direct-
modulation technique, respectively, which are different from
the nonlinear dynamics analysis we are carrying out here. The
conclusion is that three different methods give similar results
for two ICLs with similar material characteristics. Overall, the
low value of the relaxation oscillation frequency is attributed
to the relatively long (3 mm) internal cavity of the lasers under
study. Though the results at 17.5◦C also show a broad electri-
cal spectrum, this configuration is less interesting for applica-
tions like RBG or private communication because the relax-
ation frequency has a stronger influence than most of the fre-
quencies, and this impacts the complexity of the signal. If one
further increases the temperature to 20◦C in Fig. 2 c), the elec-
trical spectrum is no longer broad but mainly displays the evo-
lution of the relaxation frequency with temperature, because
this frequency is now the main component of the spectrum
above 140 mA. Interestingly, the spectrogram shows a fre-
quency doubling phenomenon for all the bias currents above
140 mA. As the detector has a limited bandwidth of 0.8 GHz,

the intensity of frequencies in the 1.4-1.6 GHz range is atten-
uated and it is not possible to say if a higher multiple integer
of the relaxation frequency is also excited. Recent progress in
high-speed mid-infrared detectors now allows responsivities
of several hundreds of mA/W at room temperature35 and, in
the future, we will have the opportunity to analyze how much
what we observe in these spectrograms is limited by the band-
width of our HgCdTe detector. At 20◦C, it is also possible to
see a period doubling phenomenon around 150 mA with four
main frequency components: one around 1

2 × fR, one around
fR, another one around 3

2 × fR and finally one around 2× fR.
As one may notice, there is a discontinued pattern around
fR and around 2× fR which locally broadens the frequency
spectrum around these two values. Further investigation is re-
quired to explain this phenomenon. For the last temperature
of our experimental study (22.5◦C) in Fig. 2 d), the main fre-
quency component that is observed is fR and once again the
dynamics complexity of the signal is reduced when increasing
temperature. It is also possible to see the frequency doubling
effect between 1.6-1.8 GHz, but the signal is very dim due to
the frequency cut-off of the detector.
One can find in Appendix A details about various nonlinear
dynamics that we observe with the aforementioned scheme.
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FIG. 3. Computation of the Lyapunov spectrum from an experimen-
tal time-series of the chaotic ICL with bias current I = 150 mA. The
computation uses 80,000 samples with time-step ∆t = 40 ps (the ini-
tial 1,000 iterations are shown in the figure to show the convergence).
Considering an embedding dimension dE = 8, only the correspond-
ing Lyapunov exponents are represented here, the three positive Lya-
punov exponents are in colored-lines.

The most appropriate experimental set of data for chaos-based
applications corresponds to the chaotic waveform and the
electrical spectrum that were retrieved for a temperature of
15◦C and a bias current of 150 mA. The advantage of this
configuration is that the relaxation frequency is not seen (nor
any other predominant frequency) and this improves the spec-
trum flatness. It is relevant to note that the chaos bandwidth
shown in this article is much larger than that found in other
experimental articles dealing with ICL chaos.12,36

IV. CHARACTERIZATION OF EXPERIMENTAL CHAOS

In this section, the objective is to provide a detailed analysis
of the experimental chaotic time-series generated by the ICL.
In order to go beyond the characterization given in Ref. 12
for another mid-infrared ICL subject to optical feedback, we
complement the Lyapunov exponents computation by com-
paring the fractal dimension of the chaotic attractor with the
information dimension extracted from the Lyapunov spectrum
and by carrying out a statistical-based assessment of the nature
of chaos.

A. Statistical detection of chaos

We use two advanced statistical-based methods to assess
the presence of chaotic behavior: (i) the 0− 1 chaos test and
(ii) the noise titration techniques.
On the one hand, we use a modified 0− 1 chaos test tailored
for noisy experimental data and based on the so-called chaos
decision tree algorithm.37 The 0−1 chaos test originally con-
sists in generating two auxiliary variables from the intensity
time-series and then, we estimate the growth rate K of the
time-averaged mean-square displacement of the map. The
value of K is indicative of the dynamical characteristics of
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FIG. 4. Logarithm of the value of the correlation integral (black line)
and slope of the logarithm of the value of the correlation integral (red
line) as a function of an hyper-spherical radius r in the reconstructed
phase-space. A plateau is found in the slope of the correlation in-
tegral. The estimated correlation dimension on the optical chaos is
Dc ≈ 5.58.

the time-series: if K = 1 (respectively K = 0), the initial time-
series is chaotic (respectively regular and non-chaotic).38,39

In our analysis, we use 100,000 raw samples from the ICL
intensity time-series and find that K = 0.9984. This value is
within 0.0016 of K = 1 and consequently provides additional
evidence to the presence of chaos in our experimental data.
On the other hand, we use the titration of chaos with addi-
tive noise.40 This method has been used to demonstrate the
presence of chaotic behavior in other experimental chaotic
systems.41,42 It performs a statistical test (Mann-Whitney
test or F-test) to compare, with a significance level of 1%,
the quality of one-step linear (auto-regressive) and nonlin-
ear (Wiener-Volterra series) predictive models.43 These com-
parisons are performed for decreasing signal-to-noise ratio
(SNR) associated with the progressive addition of synthetic
additive white Gaussian noise (AWGN) to the original data.
We then call Noise Limit (NL) the noise threshold resulting in
better accuracy of the linear predictive model compared to the
nonlinear model. In the noise titration technique, NL > 0 is
equivalent to detecting a strong nonlinear generation process
in the time-series (i.e. chaos), whereas NL = 0 corresponds to
the absence of nonlinearity or chaos. In our analysis, where
we have considered a maximum degree d = 2 for the Wiener-
Volterra series, a maximum memory depth κ = 10, and a sub-
sampling factor of 20 (determined by the detection of a first
minimum of the delayed mutual information), we find that
NL = 57%. This large value level for the Noise Limit pro-
vides, in addition to the 0− 1 test for chaos, additional evi-
dence of the presence of ICL’s deterministic chaos.

B. Lyapunov spectrum, Kaplan-Yorke dimension and
Kolmogorov-Sinaï entropy

The nonlinear analysis of the intensity time-series is carried
out through embedding techniques with a denoising filtering
step that preserves all the relevant spectral features associated
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with the dynamics.44 The computation of the Lyapunov spec-
trum requires the use of a reconstructed phase space to char-
acterize the expansion/contraction rate in each dimension. We
determine the embedding dimension to be dE = 8 based on
false-nearest neighbor technique with a residual proportion of
false neighbors < 0.5%. Then, we consider the approach by
Eckmann et al.45 to compute the Lyapunov spectrum from the
time-series considering 80,000 samples to get robust estima-
tions. The convergence of the algorithm is illustrated in Fig. 3.
We report hyperchaotic dynamics of the ICL under study, with
three positive Lyapunov exponents at λ1 = 4.53± 0.01 ns−1,
λ2 = 2.80± 0.02 ns−1, and λ3 = 0.84± 0.03 ns−1. This fur-
ther allows estimating the attactor’s fractal dimension46 using
the Kaplan-Yorke conjecture: DKY = j +∑

j
i=1

λi
|λ j+1| ≈ 5.93

with j = 5 such that ∑
j
i=1 λi > 0 and ∑

j+1
i=1 λi ≤ 0. We obtain

the Kolmogorov-Sinaï entropy47 from the Pesin inequality,48

which reads hKS = ∑i|λi>0 λi ≈ 8.17 ns−1.

C. Correlation dimension analysis

The presence of chaos in experimental time-series is also
linked to the fractal geometry of the physical system’s attrac-
tor. To estimate the fractal dimension of the attractor, we im-
plement the Grassberger-Procaccia (GP) algorithm.49 It com-
putes an estimation of the correlation dimension Dc using cor-
relation summation that reads:

CD(r) =
2

(N −nT )(N −1−nT )
×

N

∑
i=1

N

∑
j=i+1+nT

Θ

(
r−∥x(de)

i −x(de)
j ∥

)
(1)

where x(de)
i is a de-dimensional vector constructed from the

experimental time-series using a time-delay embedding, r is
the radius of a de−dimension hyper-spherical neighborhood
centered in x(de)

i , Θ is the Heaviside function and N is the
number of vectors built from the experimental time-series. In
addition, nT is a threshold introduced by Theiler50 satisfying
the index inequality |i− j| > nT to prevent temporal correla-
tion between vectors, which may induce spurious estimation
of the correlation dimension. If the attractor is self-similar
(i.e. fractal) then the correlation sum should theoretically ex-
hibit a quasi-linear growth in log-scale, which translates into a
constant slope (or plateau). The correlation dimension is then
defined as follows:

Dc = lim
r→0

N→+∞

∂ lnCD(r)
∂ lnr

(2)

To mitigate the effect of experimental noise in our estimation
of Dc, we use a re-embedding procedure based on singular
value analysis (SVA), which is an optimal linear transforma-
tion of the data to filter out the contribution of noise and to

retain mostly the non-stochastic part of the system’s dynam-
ics in the GP algorithm. For the re-embedding, we consider
a sliding time windows containing M samples from the ini-
tial time-series to convert it into a 2D data matrix of size
M× (N −M+1). Finally, we perform a principal component
analysis (PCA) and retain only the most significant principal
components (PCs). As a result, the de− dimensional vectors
x(m)

i in the GP algorithm are substituted by vectors constructed
from the retained PCs.51

We apply the GP algorithm combined with the re-embedding
technique to the optical intensity time-series of the ICL. For
the re-embedding, we sub-sample the time-series by a factor
2 and consider N = 20,000 samples. Then, we use a time-
window of 40∆t = 1.6 ns to create the aforementioned 2D
data matrix. After performing the PCA, we keep the 7 most
significant PCs for the GP algorithm and we also use a Theiler
threshold of nT = 50. The estimation of the correlation sum
and its slope as a function of r are shown in Fig. 4 for in-
creasing embedding dimensions de = [12,14,16,18,20]. We
observe in the approximate range 1.0 < lnr < 1.4 a plateau in
the slope: this value corresponds to an estimation of the cor-
relation dimension Dc = 5.58± 0.11. The estimation found
here is of similar magnitude with that found using Lyapunov
exponents and the Kaplan-Yorke conjecture. Furthermore, we
have Dc < DKY , which is consistent with the theory about the
correlation dimension being strictly smaller than the informa-
tion dimension estimated by the Kaplan-Yorke formula.44

V. MODELLING WITH LANG-KOBAYASHI MODEL

The nonlinear dynamics generated by an ICL subject
to weak external optical feedback can be understood with
the Lang-Kobayashi model on the basis of a rate equation
approach.52 This model is widely used in numerical simu-
lations for diverse types of semiconductor lasers under self-
feedback, such as quantum dot lasers53 and quantum cascade
lasers.2 In the case of ICLs,12 the modified rate equations of
the number of carriers N, the number of photons S and the
field’s phase φ read:

dN(t)
dt

= η
I
q
−ΓpvggS(t)− N(t)

τsp
− N(t)

τaug
(3)

dS(t)
dt

= [mΓpvgg− 1
τp

]S(t)+

mβ
N(t)
τsp

+2κ
√

S(t)S(t − τ)cos∆(t) (4)

dφ(t)
dt

=
αH

2
[mΓpvgg− 1

τp
]−κ

√
S(t − τ)

S(t)
sin∆(t) (5)

where I is the pump bias current, η is the laser injection ef-
ficiency, q is the elementary charge value, τsp is the sponta-
neous emission lifetime, τaug is the Auger recombination life-
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FIG. 5. Simulated spectrogram when varying the bias current of the ICL in a range similar to the experimental scheme. The horizontal dashed
line corresponds to the four bias current conditions in Fig. 6.

time, Γp is the optical confinement factor, vg is the group ve-
locity of light expressed as vg =

c
nr

, m is the stage number, τp

is the photon lifetime which is obtained from:54

τp =
1

vg[αin +
1
L ln 1

R ]
(6)

β is the spontaneous emission factor, αH is the linewidth en-
hancement factor, τ is the external-cavity delay time. g is the
optical gain per stage which is defined as:

g =
a0[N(t)−N0]

A
(7)

N0 is the carrier number at transparency, a0 is the differential
gain coefficient and A is the area of the active region. ∆(t) is
given by ∆(t) = Ψ0+φ(t)−φ(t−τ) with Ψ0 being the initial
phase shift. Additionally, κ is the optical feedback term and
can be written as:

κ =
2Cl

τin

√
fext (8)

In Eq. 8, τin is the internal laser cavity round-trip time, and
fext is the feedback strength that indicates the ratio between
reflected light power and emitted output power. Cl =

1−R
2
√

R
is

the external coupling coefficient with R being the reflectivity
of the laser facet facing the external mirror, whose expression
is more complex in DFB lasers and depends on facet phases.55

All the parameters values are listed in Table. I and the inte-
gration time step during the simulation is set as 0.5 ps. We
integrate the delay differential rate equations Eqs. (3)-(5) nu-
merically with the initial values given by the steady-state so-
lution through the fourth-order Runge–Kutta algorithm. Im-
portantly, the effect of noise is not included in our calculation
since we want to distinguish between laser noise and deter-
ministic chaos. The external cavity length is set to 4 cm in
order to mimic the short-cavity feedback regime. It is relevant
to point out that we set the feedback strength at a constant
value ( fext = 0.3%) to account for the experimental observa-
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Figure 4: Simulated characteristics of the dynamics for four bias currents compatible with
the experimental scheme; a) 110 mA; b) 130 mA; c) 165 mA; d) 175 mA.

and period-doubling phenomena have been observed. Also it confirms that chaos can be

observed at high pump currents, which has the advantage to give intense optical power and

is compatible with applications.

14

FIG. 6. Simulated characteristics of the dynamics for four bias currents compatible with the experimental scheme; a) 110 mA; b) 130 mA; c)
165 mA; d) 175 mA.

tion and we set the initial phase shift Ψ0 as 1.2×π so as to
obtain significant dynamics behaviors.
Based on the Lang and Kobayashi model, Fig. 5 depicts the
simulated spectral evolution of the ICL under study as a func-
tion of the gradually increasing pump bias current. One can
clearly observe that the laser experiences a typical period-
doubling route to chaos56 through Hopf bifurcations, leading
to a strong line broadening for high bias current. For exam-
ple, just above threshold, meaning 75 mA both in the exper-
iments and in the simulations, the signal remains stable and

there is no destabilization at all. Increasing the bias current
up to around 1.5 × Ith results in the appearance of two main
frequency components, which are the relaxation frequency
fR and its first harmonic at 2 × fR. Further increase of the
current to 2 × Ith allows displaying more discrete frequency
peaks but, up to this current value, the dynamical behaviors
are not chaos patterns. The bias value corresponding to the
maximum experimental current 2.5 × Ith gives rise to a much
more complex electrical spectrum with strong relaxation fre-
quency broadening followed by a dense area where remark-
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able nonlinear dynamics can be found. It is relevant to note
that, in these numerical simulations, a 0.8 GHz low-pass fil-
ter is applied in order to account for the limited bandwidth
of the HgCdTe detector that is described in the experimental
section. Experimentally, one can see that we had to tune the
temperature between 15◦C and 22.5◦C to observe a variety of
nonlinear phenomena. Numerically, such a small change in
temperature has very limited effect on the simulation, but we
are able to observe all the aforementioned nonlinear dynamics
for a fixed value of temperature.
In order to give details about the dynamics that we are able to
exhibit with the aforementioned simulation, we focus on four
pump currents highlighted with white dashed lines in Fig. 5.
In Fig. 6, the left column shows the calculated time-series and
the center column shows the electrical power spectra obtained
with Fourier transform. The time-series reveal that the ICL’s
output goes from stable operation at low bias current, then to
periodic oscillation, and ultimately to an irregular signature at
high bias current. The electrical power spectra confirm such
oscillation at the relaxation frequency, as well as the period-
doubling phenomenon. For instance, as seen in Fig. 6 row
(b), one can observe the period-2 time-series and four main
frequency components in the electrical spectrum that are lo-
cated at 1

2 × fR, fR, 3
2 × fR and 2× fR, which agrees well with

the experimental data displayed in Fig 2 c). However, this
phenomenon is not of interest for applications because it cor-
responds to nonlinear dynamics with low complexity. For the
maximum bias current, Fig. 6 row (d) displays chaos time-
series and the electrical spectrum is broad. In addition, the
right column exhibits the associated phase portraits with nor-
malized carrier number and photon number. It is worth noting
that limit cycle solutions and eventually chaotic attractors can
be viewed from Fig. 6 (a3) to (d3). In summary, these numeri-
cal results are in good agreement with our experiments where
relaxation oscillations and period-doubling phenomena have
been observed. Also, it confirms that chaos can be observed
at high bias currents, which have the advantage to give intense
optical power and are compatible with applications.

VI. CONCLUSION

This work reported a broad and flat hyperchaos extend-
ing beyond 1 GHz at mid-infrared wavelength, and this was
obtained with a solitary Fabry-Perot interband cascade laser.
Mathematical analysis of the most relevant time-series for ap-
plications showed multiple proofs of the deterministic chaos
nature of the nonlinear dynamics, with a Noise Limit of 57%
and three positive Lyapunov exponents. Simulations with the
Lang-Kobayashi model in the short-cavity regime confirmed
that ICLs exhibit a period-doubling route to chaos, as well
as deterministic chaos far from bias threshold. Overall, the
numerical work is in good agreement with the experimen-
tal efforts. We believe this work opens up challenges for
room-temperature mid-infrared applications based on high-
speed ICLs and advocates for the development of sensitive
fast detectors in this optical domain. Our analysis was indeed
partially limited by our (yet very sensitive) HgCdTe detector

TABLE I. Material and optical parameters of the ICL used in the
simulation. Among all the parameters that are used in order to obtain
the computational behavior we described, only η and αH are not
directly reproduced from other references. The values that are chosen
for η and αH are still in agreement with experimentally extracted
parameters, see Refs. 7,57 and Refs. 58,59, respectively.

Symbol Description Value Reference
L Cavity length 3 mm 7
W Cavity width 10 µm 7
R Facet reflectivity 0.32 7
nr Refractive index 3.5 7
Γp Optical confinement factor 0.23 7
αin Internal loss 5 cm-1 7
m Stage number 7 7
τsp Spontaneous emission time 15 ns 7
τaug Auger lifetime 1.08 ns 7
β Spontaneous emission factor 10-4 60
a0 Differential gain 2.8×10-10 cm 61
N0 Transparent carrier number 6.2×107 61
η Current injection efficiency 0.15 Simulation driven
αH Linewidth enhancement factor 3.0 Simulation driven

whose frequency cut-off is below 1 GHz. In the near future,
we expect that free-space communication and nonlinear pat-
tern generation in the mid-infrared will greatly benefit from
the next generation of detectors based on either frequency-
conversion technology62, unipolar quantum optoelectronics63

or resonant cavities,64 those already being able to operate at
frequencies ≥ 5 GHz. In addition, upcoming efforts will study
techniques to broaden the mid-infrared chaos bandwidth be-
yond the GHz range, for instance by implementing strong op-
tical injection schemes65 or by filtering and reinjecting resid-
ual optical side modes.66
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Appendix A: Diversity of dynamics in the experimental data

In the following, we give details about four configurations
corresponding to a given bias current of interest for each of the
temperatures described previously. For a temperature of 15◦C,
we focus on a bias current of 150 mA because it gives the flat-
test chaos bandwidth and this peculiarity is of paramount im-
portance for RBG (and more generally for applications based
on optical chaos, such as LiDAR or private communication).
Figure 7 shows the initial spectrogram at 15◦C and the se-
lected bias current of 150 mA, followed by the associated
chaos timetrace and power spectrum. One can see that the
waveform is complex, as already emphasized in the section
about chaos characterization, and the bandwidth of this chaos
pattern (which contains 80% of the total power in the electrical
spectrum26) is 0.83 GHz and that is in good agreement with
the tabulated bandwidth of the detector. In this application-
oriented experiment, we tested a faster quantum cascade de-
tector similar to the one described in Ref. 67, but the respon-
sivity below 10 mA/W at 4.1 µm was detrimental for our anal-
ysis. With the HgCdTe detector, one can see that we have
more than 20 dB of signal-to-noise-ratio for frequencies up
to 1 GHz (transition between the green/yellow area and the
blue/cyan area in the spectrogram), and this allows extracting
time series that require very few noise-filtering.
When increasing the temperature to 17.5◦C, it is no longer
possible to exhibit areas where the chaos spectrum is flat. In
that case, we focus on a bias current of 133 mA, as shown
in Fig. 8. Even if the spectrogram does not seem very dif-
ferent, this has a tremendous impact on the timetrace and one
can clearly see in Fig. 8 b) that the signal is now much less
complex, with a predominant high frequency modulated by a
lower frequency. These characteristics are clearly observed in
the electrical spectrum (Fig. 8 c)) and the dynamics we exhibit
here is not relevant for most of the aforementioned applica-
tions.
A temperature of 20◦C allows exhibiting a typical period dou-
bling phenomenon when the bias current is 148 mA. As can be
observed in Fig. 9, multiple harmonics of the half-frequency
of relaxation are clearly displayed in the spectrum. The re-
lated timetrace shows a dual period corresponding to the two
most predominant frequencies of the system (red areas around
0.31 GHz and 0.62 GHz). As for the previous case, this non-
linear phenomenon is not categorized as broadband chaos and
is of little interest for applications. It is also relevant to note
that the limited bandwidth of the HgCdTe detector hinders the
analysis of higher harmonics that could exist above 2 GHz but
are not seen with our current setup.
For the maximum 22.5◦C temperature we investigated, the
only phenomenon that is observed for high bias current is
oscillation at the relaxation frequency, with a frequency-
doubling pattern that is strongly attenuated by the limited

bandwidth of our detector, as shown in Fig. 10. In good
agreement with our previous work,7 this configuration with a
higher temperature gives a faster relaxation frequency. Gener-
ation of high-speed sine wave can be of interest for photonics-
assisted radio-frequency transmissions but feedback dynam-
ics, like the ones we just described, are generally limited by
the external cavity frequency or by the relaxation frequency of
the structure and do not allow accessing relevant communica-
tion bands, such as the W-band between 75-110 GHz. Other
methods, such as optical injection68 and heterodyne beating,69

offer alternatives for all-optical millimeter-wave generation.
Due to the absence of true external cavity, one of the hypothe-
ses to explain the diversity of dynamics that we observe is
the interaction between several Fabry-Perot modes. Recent
efforts showed that it is even possible to tune the multimode
emission of a microcavity laser70,71 in order to tailor the chaos
bandwidth of this laser. In our case, one can find the optical
spectra of the ICL in Fig. 11. Those were obtained at a tem-
perature of 15◦C in a configuration where the ICL was not
chaotic (Fig. 11 a)) and in another configuration where the
ICL exhibited broadband chaos (Fig. 11 b)). The two spectra
show multimode emission, but the number of modes increases
with the bias current and, as expected, there is a redshift of
the central wavelength when increasing bias current. Yet, it is
not really possible to extract any mode interaction that would
enhance the mid-infrared chaos bandwidth and this is due to
the resolution of our Fourier Transform Infrared Spectrometer
(FTIR, Nicollet iS50) that is limited to 25 pm (or equivalently,
0.43 GHz at 4.18 µm). Finally, the optical spectrum in Fig. 11
b) allows deriving an average intermode frequency of 13 GHz,
which gives a cavity length of 3.3 mm if we consider a refrac-
tive index of 3.5. This cavity length value is within 10% of
the expected cavity length of 3 mm.

Appendix B: Entropic limit for randomness extraction

The capacity for physical entropy sources, such as chaotic
ICLs, to generate random numbers at high-speed is bounded
by the Shannon-Hartley limit72 that reads, hSH = 2BW Nε with
BW the total bandwidth including the device and the measure-
ment apparatus, and Nε the number of quantification bits for
a bin size ε . This upper limit is obtained under the provi-
sion of uniformly distributed samples and acquisition rate at
the Shannon-Nyquist limit. However, with physical devices,
those are generally not satisfied and the maximum entropy rate
is then given by the more general expression (see Ref. 73 for
more details):

hSH = min(1/Ts,2BW ) [Nε +DKL(p(x)||u(x))] , (B1)

with 1/Ts the sampling frequency of the measurement device,
and DKL(p(x)||u(x)) the Kullback-Leibler (KL) distance be-
tween p(x) the estimated probability distribution of the exper-
imental data and u(x) the uniform distribution taken over the
maximal range of the recorded data and defined as:
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RÉSUMÉ

Les lasers à cascades quantiques sont connus pour leur dynamique non-linéaire lorsqu’ils
sont soumis à une contre-réaction optique. Nous montrons que l’ajout d’une rotation de
polarisation peut provoquer un autre phénomène non-linéaire, à savoir une onde carrée, avec
l’apparition d’une onde transverse électrique en plus de celle transverse magnétique.

MOTS-CLEFS : lasers à cascades quantiques, moyen-infrarouge, contre-réaction optique,
dynamique non-linéaire, retournement de polarisation

a)

b) c)

FIGURE 1 : a) trace temporelle expérimentale et b) spectre RF de l’onde TM émise par le LCQ lorsque la contre-
réaction optique est appliquée sans retournement de polarisation. Dans ce cas, il n’y a pas de dynamique TE.

FIG. 7. Experimental characteristics of the optical chaos that is subsequently used for RBG; a) spectrogram at 15◦C with a dashed white line
highlighting the bias current of interest (150 mA); b) temporal timetrace showing the complex non-linear dynamics; c) electrical spectrum
showing a flat behavior with the bandwidth of the detector (0.8 GHz) limiting the analysis.
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FIGURE 1 : a) trace temporelle expérimentale et b) spectre RF de l’onde TM émise par le LCQ lorsque la contre-
réaction optique est appliquée sans retournement de polarisation. Dans ce cas, il n’y a pas de dynamique TE.

FIG. 8. Experimental characteristics of non-linear dynamics strongly driven by the relaxation frequency; a) spectrogram at 17.5◦C with a
dashed white line corresponding to 133 mA; b) temporal timetrace showing the non-linear dynamics; c) electrical spectrum.
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FIGURE 1 : a) trace temporelle expérimentale et b) spectre RF de l’onde TM émise par le LCQ lorsque la contre-
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FIG. 9. Experimental characteristics of period-doubling dynamics; a) spectrogram at 20◦C with a dashed white line corresponding to 148 mA;
b) temporal timetrace showing the period-doubling dynamics; c) electrical spectrum showing four main frequency contributions.

DKL(p(x)||u(x)) =
∫

p(x) log2(
p(x)
u(x)

)dx (B2)

Considering the experimental time-series with well-
developed chaos for pumping current I = 150 mA, we estimate
the distribution p(x) by computing the histogram of the time-
series and numerically estimate DKL ≈ −0.425. As a result,
the maximum extractable entropy rate from the chaotic ICL is
hSH ≈ 30.3 Gbps.

Appendix C: Physical random bit generation

In this section, we show that ICLs’ hyperchaos can be
of interest for applications and we experimentally demon-
strate a fast RBG at 25 Gbps based on the temporal chaos
that we described previously. As detailed in the previous
section, the limited bandwidth of the detector led to a cor-
rected Shannon-Hartley limit of roughly 30 Gbps that will
eventually be the maximum data rate for random bit gener-
ation with our configuration. In recent years, various groups
have implemented RBG processes in a wide range of opti-
cal systems from random fiber lasers74,75 to optomechanical
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FIGURE 1 : a) trace temporelle expérimentale et b) spectre RF de l’onde TM émise par le LCQ lorsque la contre-
réaction optique est appliquée sans retournement de polarisation. Dans ce cas, il n’y a pas de dynamique TE.

FIG. 10. Experimental characteristics of non-linear dynamics with relaxation oscillations and a small frequency-doubling contribution (atten-
uated by the limited bandwidth of the detector); a) spectrogram at 22.5◦C with a dashed white line corresponding to 175 mA; b) temporal
timetrace showing the non-linear dynamics; c) electrical spectrum.
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FIGURE 1 : a) trace temporelle expérimentale et b) spectre RF de l’onde TM émise par le LCQ lorsque la contre-
réaction optique est appliquée sans retournement de polarisation. Dans ce cas, il n’y a pas de dynamique TE.

FIG. 11. Optical spectrum of the ICL under study when the temperature is 15◦C a) for a bias current of 85 mA, corresponding to a case without
temporal dynamics; b) for a bias current of 150 mA corresponding to a case with well-developed temporal chaos dynamics.

microcavities,76 and overall, the topic of complex dynamics
for RBG remains vivid.77–82 The proposed post-processing
scheme combines a high-order derivative algorithm83 and a
bit-order reversal bitwise exclusive-or (XOR) post-processing
operation, adapted from the approach by Akizawa et al. with
8-bit vertical resolution.84 The schematic of our RBG method
is illustrated in Fig. 12. In the high-order derivative algorithm
part, the chaotic signal was initially converted to an electronic
signal by the HgCdTe detector, and multiple alterable-delay
digitized signals were used to obtain the nth discrete deriva-
tive.
The bit-order reversal procedure is shown in Fig. 13. Af-
ter the 7th derivative is calculated, the result is divided into

FIG. 12. Schematic diagram of the processes implemented in order
to produce random bits with the experimental hyperchaos generated
by the solitary ICL.

two signals, one of which is 34.055 µs time-delayed to avoid
cross-correlation between the two signals. The two electronic
signals are simultaneously sampled at a fixed clock rate with

FIG. 13. Details of the bit-reversal XOR operation between signal
S1 and delayed signal S2, which consists of swapping the least sig-
nificant bit (LSB) and the most significant bit (MSB).
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FIGURE 1 : a) trace temporelle expérimentale et b) spectre RF de l’onde TM émise par le LCQ lorsque la contre-
réaction optique est appliquée sans retournement de polarisation. Dans ce cas, il n’y a pas de dynamique TE.

FIG. 14. Characterization of the signal used for random bit generation. a) distribution of amplitude for the original chaotic signal downsampled
to a sampling rate of 3.125 GS/s; b) distribution of amplitude for the 7th-derivative post-processed 3.125 GS/s timetrace; c) probability
distribution of the 8-bit sequence value obtained after post-processing of the 7th-derivative timetrace; d) statistical bias of random sequence
with 6,7,8-LSB processes and comparison with the 3-σ limit; e) autocorrelation coefficient denoted 8-LSB bit sequence.

8-bit resolution to obtain two 8-bit sequences: signal S1 and
delayed signal S2, respectively. Then the order of every 8-
bit data stream of S2 is reversed for each sampling data, i.e.
the 8-bit data a8a7...a1 are converted to a1...a7a8, with ai the
ith significant bits. The bit-order-reversed 8-bit S2 signal is
called S2

′r, thus the most significant bit (MSB) turns to least
significant bit (LSB) and the least significant bit turns to most
significant bit. Eventually, XOR operation is performed be-
tween every 8-bit data of signal S1 and signal S2

′r so that we
could obtain the random bit sequence.

TABLE II. Results of NIST tests.

NIST test p-value Proportion Result
Frequency 0.550347 0.984 Success
Block-frequency 0.534146 0.988 Success
Cumulative-sums 0.397688 0.984 Success
Runs 0.715679 0.981 Success
Longest-run 0.344048 0.988 Success
Rank 0.063615 0.992 Success
FFT 0.195864 0.988 Success
Non overlapping-template 0.649612 0.992 Success
Overlapping-template 0.858002 0.984 Success
Universal 0.357000 0.996 Success
Approximate entropy 0.574903 0.981 Success
Random-excursions 0.722135 0.989 Success
Random-excursions-variant 0.698104 0.994 Success
Serial 0.494392 0.984 Success
Linear-complexity 0.363593 0.988 Success

It is relevant to note that, with this method, no bit is elimi-
nated, and this differs from previous methods like extracting
LSBs.76 All of the 8 bits can be used for RBG which can ef-
fectively increase generation rate. Figure 14 a) shows the dis-
tribution of the original electronic signal that is downsampled
from 25 GS/s to 3.125 GS/s, while Fig. 14 b) shows the distri-
bution of the 7th-derivative result, the latter indicating that the
derivative method can achieve gaussian-like distribution. Fig-

TABLE III. Result of Diehard tests.

Diehard test p-value Assessment
Birthday spacing 0.86944941 Passed
Overlapping 5-permutation 0.18288592 Passed
Binary rank for 32 × 32 matrices 0.51547518 Passed
Binary rank for 6 × 8 matrices 0.90019978 Passed
Bitstream 0.23850040 Passed
Overlapping-Paris-Sparce-occupancy 0.22296190 Passed
Overlapping-Quadruples-Sparce-occupancy 0.57949254 Passed
DNA 0.37955114 Passed
Count-the-1’s in a stream of bytes 0.52427260 Passed
Count-the-1’s for specific bytes 0.86043748 Passed
Parking lot 0.59516268 Passed
Minimum distance 0.28734451 Passed
3D spheres 0.97551664 Passed
Squeeze 0.26074910 Passed
Sums 0.06853903 Passed
Runs 0.06857172 Passed
Craps 0.49872490 Passed



Generation of broadband optical chaos at mid-infrared wavelength with an interband cascade laser 13

ure 14 c) is the probability distribution histogram in the case
of 8-bit sequences, demonstrating equiprobability for the 256
possible values. As shown in Fig. 14 d), we tested the statisti-
cal bias of the retained 6, 7 and 8-LSB sequences. The statisti-
cal bias B is defined as: B=P1−0.5, where P1 is the probabil-
ity of ’1’ in the bit sequence. The bias level is considered com-
patible if it is lower than the 3-sigma criterion85 (3σ = 3

2
√

Nb
where Nb is the number of random bits). As one can see, what-
ever the number of retained LSB, the bias is under the 3-sigma
threshold, which means that we can achieve the maximum 8
× 3.125 GS/s = 25 Gbps rate for RBG and this value com-
plies with the aforementioned Shannon-Hartley limit. Finally,
Fig. 14 e) gives the autocorrelation of the bit sequence with
8-LSB, and the value of this coefficient is lower than the stan-
dard 3-sigma criterion. We tested the generated bit sequences
with both NIST tests (Table II) and Diehard tests (Table III).
Every single test shows valid p-value and qualified random-
ness. The NIST tests were used to evaluate the statistical ran-
domness of the experimental bit sequences.86 For NIST test’s
’success’, the p-value should be larger than 0.0001 and the

pass proportion should be within 1−αSL±3
√

αSL(1−αSL)
Nseq

, i. e.
in the range of 0.99 ± 0.0094392 using a number Nseq of 1000
sequences of one million bit data with a significance level of
αSL = 0.01.24 For the tests that produce multiple p-values and
proportions, the worst case is given. In addition, the Diehard
tests are a battery of statistical tests for measuring the qual-
ity of a random number generator, including twelve tests for
which the process is repeated with different parameters.87
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