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Abstract

The purpose of this article is to gather recent findings about the non-linear dynamics of distributed
feedback quantum cascade lasers (QCLs), with a view on practical applications in a near future. As
opposed to other semiconductor lasers, usually emitting in the visible or the near-infrared region,
QCL technology takes advantage of intersubband transitions and quantum engineering to emit in
the mid-infrared and far-infrared domain. This peculiarity and its physical consequences were long
considered as a detrimental characteristic to generate non-linear dynamics under external optical
control. However, we show that a wide diversity of phenomena, from high-dimensional chaos to
giant pulses can be observed when the QCL is under external optical feedback or under optical
injection and with a continuous current bias. Most of these phenomena have already been
observed in other semiconductor lasers under optical feedback or under optical injection, which
allows us to compare QCLs with their interband counterparts.

1. Introduction

The original interest in using external optical control techniques in semiconductor lasers is motivated by
a desire to understand the associated limitations and instabilities and to develop strategies for controlling
the underlying dynamics to improve the laser performance. Using these techniques, external optical
perturbations can affect the parameters associated with the laser’s dynamics, such as threshold gain,
damping, spectral linewidth, intensity noise, and mode selectivity. The external optical perturbations can
often produce undesired instabilities in the laser, but they can be well controlled to produce desirable laser
properties, including improvement in the modulation characteristics and spectral stability.

The objective of this paper is to describe common external optical control techniques with the view on
investigating their impact on the overall behavior of distributed feedback (DFB) quantum cascade lasers
(QCLs), with a focus on the non-linear dynamics under external optical feedback (EOF) and optical
injection. These techniques were previously studied thoroughly in bipolar lasers, but very little is known
about the impact of external optical control on the performances of QCLs, including modulation
characteristics and wavelength stability. QCLs are semiconductor lasers relying on inter-conduction-band
quantum well transitions [1] and their emission domain ranges from the mid-infrared (mid-IR) to the
terahertz (THz) region [2]. The topic of QCL has undergone fast development, with important
breakthroughs still to be expected in the coming years [3-5]. The first operational device, working at
cryogenic temperature and in pulsed mode, was produced at Bell Labs in 1994 after years of theoretical and
technological improvements [6]. This was followed by continuous innovation since then, allowing QCLs to
be operated at room temperature and with continuous-wave (CW) bias up to watts of output power over the
4-8 pm-range [7]. QCLs quickly replaced the other mid-IR sources that were previously available in civilian
and defense sectors [8, 9]. QCLs are indeed candidates of choice for applications such as aerospace
countermeasures [10], environmental and chemical gas sensing [11], free-space communication [12],
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high-resolution spectroscopy and microscopy [13], breath analysis and other biomedical sensing [14]. In
parallel, near-infrared semiconductor lasers have been thoroughly studied in the viewpoint of stability and
dynamical properties since the beginning of the 90ies. As opposed to their near-infrared counterparts,
studies about QCLs’ non-linear dynamics in presence of optical feedback/injection are still sparse but

are mandatory in order to fully unlock the potential of this mid-IR and THz sources. The goal of this paper
is thus to review the recent advances of DFB-QCLSs’ non-linear dynamics when these lasers are either

under optical feedback or under optical injection. We will also remind the predominant role of the
linewidth-broadening factor (i.e. a-factor). This intrinsic parameter plays a key role in the behavior of other
semiconductor lasers because it influences beam quality [15], filamentation [16], modulation properties [17]
or inclination to non-linear phenomena. In that latter case, only lasers exhibiting a linewidth-broadening
factor far above zero can display rich non-linear dynamics in a configuration with optical feedback. In QCLs,
theory predicts a negligible linewidth-broadening factor because of the symmetric differential gain [18] but
we will see that this is not in accordance with the experimental efforts about non-linear phenomena.

The paper shows that QCLs subject to optical feedback can generate chaos dynamics like low-frequency
fluctuations (LFFs) and coherence-collapse regime which is highly meaningful for physical random bit
generation. QCLs can also get locked under a master-slave optical injection configuration that is a key
building-block toward the development of private communication based on chaos synchronization. Overall,
we believe that this research work can also impact on the community of QCL interested in the dynamical
properties of these lasers because they are related to various topics of greater interest such as mid-IR and THz
frequency-combs, mode-locking and frequency stabilization. Besides, it is also of prime importance for
researchers studying real-field applications of temporal chaos, as this work with QCLs opens up new
possibilities in terms of private free-space communication and unpredictable countermeasure systems.

2. Linewidth-broadening factor

2.1. Origin and experimental determination

The linewidth-broadening factor is a parameter of paramount importance for studying the non-linear
dynamics of QCLs that we will develop in the next sections. The a--factor drives the coupling between the
phase and the amplitude of the electrical field or, in a similar manner, the coupling between the gain and the
refractive index of the QCL [19]. This parameter that is typically involved in the dynamics of any
semiconductor lasers is described as the ratio of the derivatives of the real and imaginary components of the
first-order susceptibility x(!) with respect to the carrier density n [20]:

_8x£1)(w,n)/0n
5‘x<(1) (w, n)/@n.

1

(1)

afw,n) =

The operating point of the QCL determines the gain and the real part of the refractive index, that is to say
xfl) and XEI) relatively independently of the excitation. Consequently, it implies a fixed value of #n. When the
injected current is suddenly modified, #, and therefore x(!), changes immediately. The process of returning
to saturated values is very fast in QCLs thanks to ultrafast carrier dynamics whereby no relaxation oscillation
involving the number of carriers and the energy of the field take place. Another peculiar definition of the
a-factor, phenomenologically different, comes from the following equation [21]:

P=co(xV +xPE)E (2)

where P is the polarization, E is the electric field, £ the vacuum permittivity, and X(l) and X(S) are the first
two non-zero coefficients of the development of non-linear susceptibility. The imaginary part of )
accounts for the gain saturation whereas the real part corresponds to an intensity dependent optical index.
Using this definition, the a-factor can be reformulated assuming the following equation:
(3)

=4 (3)
®3)
Xi

This relationship was derived from a Van der Pol analysis of the laser noise taking into account the
phase-amplitude coupling through an intensity-dependent index of refraction [22]. This is particularly
relevant to analyze the phase-noise of QCLs and optical nonlinearities like spectral or spatial hole burning
whereby the description of the non-linear susceptibility x must incorporate an explicit dependence with |E|?
[23]. Interestingly, when gain and optical index are instantaneous functions of intensity, the dynamics of the
carriers are negligible and time constants associated with the saturation process can be neglected. In such a
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way, equation (3) becomes identical to equation (1). However, when more complex dynamics of the carrier
density are involved, like under rapid modulation, equation (3) cannot be used anymore. The a-factor is
sometimes called linewidth-enhancement factor because the optical linewidth is magnified by a factor (1 +
a?) compared to the Shawlow-Townes limit [24]. The linewidth of a semiconductor laser thus writes [25]:

2
Ve hv agor pg gy

5 =
v 47TPO

(1+a2) (4)
where vy, 115, (o, cpr and Py are the group velocity, the spontaneous emission factor (or population
inversion parameter), the total cavity losses, the mirror losses and the output power, respectively. If we
define the full-width at half maximum (FWHM) of the cavity resonance as v, = % and if we assume a
lorentzian lineshape with a FWHM equal to 2+ for the intersubband transition, then the a-factor of a QCL is

defined as a function of the center frequency of the gain spectrum v, [1]:

vy — UV

alv) = 5

(5)
and is thus close to zero because of an homogeneous gain medium. Indeed, both laser subbands of a QCL are
within the conduction band and exhibit the same reciprocal space curvature. Equation (5) shows that «
vanishes at the transition frequency, independently of 1, hence characterizing detuned oscillators with

v # 1. It has to be noted that equation (5) can be applied to any laser that can be described by a two-level
system (e.g. gas laser) and having an homogeneous broadening with lorentzian profile. Simulations of the
a-factor in intersubband structures have shown the possibility for both negative and positive values, with a
strong dependence on the carrier density [26].

Depending on whether the injection current is above or below threshold, different methods are
considered to experimentally retrieve the a-factor for DFB-QCLs: the amplified spontaneous emission
method [27] for current biases below threshold, the self-mixing interferometry [28] and high-frequency
modulation [29] techniques to obtain a-factor for current biases above threshold. So far, experimental
efforts in the mid-IR [30] and the THz domain [31] tend to confirm that the a-factor in QCLs is non-zero.
In addition, although the first-order value of the QCL’s a-factor is near-zero, any additional perturbation
(e.g. thermal effects, spectral hole burning, etc) produces an increase of the effective a-factor which becomes
most likely driven by the second-order terms, a situation well different than that in bipolar lasers. Last but
not least, the various non-linear dynamics found in QCLs give credit to the hypothesis that QCLs exhibit
a-factor between 1 and 2 because low a-factor values are not compatible with destabilization of
semiconductor lasers [32]. The following sections aim at providing extensive details about destabilization
and non-linear dynamics in QCLs, with a focus on experimental nonlinear dynamics in presence of optical
feedback or injection.

2.2. Role of the linewidth-broadening factor for QCLs under EOF

The preponderant influence of the linewidth-broadening factor in the non-linear dynamics generated by
QCLs subject to EOF can be understood with the Lang and Kobayashi model [33]. This model is widely used
in numerical simulations for semiconductor lasers under self-feedback, and in the case of QCLs, this writes
[34]:

dy ‘
& = (I ia)ZY+ ne " Py(s—0) (6)
T‘;—Zzp—Z—(HzZ)mz (7)

S

where Y and Z are the normalized complex electric field and the normalized carrier density, respectively,

with the following definition:
YZJQ?E (8)

zz(ﬂ?)m>Mm 9)

with 7 the carrier lifetime, 7, the photon lifetime, E the slowly varying envelop of the complex electric field,
N the carrier density of the upper laser state, Ny, the carrier density at threshold, Gy the differential gain, wy
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Figure 1. Minimum normalized feedback to observe a Hopf bifurcation in a QCL with EOF. The numerical model leading to this
result is based on the Lang and Kobayashi model. Parameters used in this simulation are the same than those described in [32].

the free-running laser angular frequency, 7., the external-cavity round-trip time, k the feedback coefficient,
1 = k7, the normalized feedback ratio, {2 = wy 7, the normalized free-running frequency, 6 = 7. /7, the
normalized external-cavity round-trip time, T = 7./7, the carrier-to-photon lifetime ratio and P the pump
parameter, defined as:

P:TPGNNth<]_1)_ (10)
2 Jin

In equation (10), the threshold current J;;, and the carrier density at threshold Ny, are linked by J;, = Ny,q/ 7.
with g the electron charge. The feedback coefficient k is also defined by:

k= iz C/fot (11)
m
where f,; is the ratio of the reflected power to the emitted power, 7;, the laser cavity roundtrip time and C;
the coupling strength coefficient at the front facet, whose expression is complex in DFB lasers and depends
on facet phases as described in [35].

The linewidth-broadening factor is introduced in equation (6) and varying the value of this parameter
changes the dynamical behavior of QCLs under EOF. More specifically, increasing the linewidth-broadening
factor induces a reduction of the feedback ratio leading to the Hopf bifurcation, which corresponds to the
first destabilization one can observe in such lasers. These numerical findings are summarized in figure 1 and
the main conclusion is that for linewidth-broadening factor below 1, the Hopf bifurcation is not observed.
This clearly confirms that this parameter cannot be negligible experimentally, because we are able to observe
destabilization in QCLs under EOF, as shown hereafter.

3. QCLs with EOF

3.1. Laser destabilization

The model used to describe the dynamical behaviors of lasers was established by Haken in 1975 [36] in order
to replace the previous hypothesis about noise-driven fluctuations in lasers emitting irregular trains of spikes
[37]. The Haken model is ruled by a set of three equations, called the Lorenz-Haken equations [38], that

reads:
2 — o 1)~ x(0) "
P (0=t + ) — (1 - i8)y(r) (13)
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dz(t)
dt

= Re(x*(1)y(1)) — bz(1). (14)

In these differential equations, x(t) is the time evolution of the scaled electric field, y(t) is the atomic
polarization and z(t) is the population inversion. The parameter o is the ratio of the decay rates for the
population inversion () to that of the electric field (photons) from the laser cavity (k). The parameters r
and 0 are the pump rate and the detuning of the atomic resonance frequency from the optical frequency.
Finally, the parameter b is the ratio of the population inversion decay rate () to that of the atomic
polarization (v ). Regarding the dynamics, lasers are classified in class A, B and C. Lasers with k. ~ v, =~
are called class C lasers [39]. The rate equations cannot be simplified in that case and the three differential
equations are used to describe the dynamics. For instance, gas lasers such as NHj lasers and Ne-Xe lasers are
Class C lasers. Mathematically, it is known from the Poincare—Bendixson theorem that at least three degrees
of freedom, namely three independent variables, are required to observe deterministic chaos in
continuous-time dynamical systems [40]. Therefore, only Class C lasers can produce instabilities under
free-running operation. Lorenz—Haken chaos in a free-running laser was achieved in an 81.5 ym NHj laser,
in which long wavelength and low pressure combine to achieve chaos conditions [41]. If one of these decay
rates is larger than the others, the corresponding variable relaxes faster and consequently, it is possible to
adiabatically eliminate some of the aforementioned equations while always keeping that for the electric field.
When this elimination leads to two coupled equations, that is to say one for the population inversion and one
for the electric field, the laser is considered Class B, for which v > k. > 7. Free-running Class B lasers are
not prone to chaos dynamics because they require one extra degree of freedom to exhibit deterministic
chaos. Yet, destabilization can occur through external perturbations. Among the most studied perturbations
[42], one can cite external optical injection, modulation of the laser parameters, and various schemes of
external optical or electro-optical feedback. One extra degree of freedom can also be achieved via
Q-switching [43]. For instance, CO, lasers and laser diodes are Class B lasers. Thorough experimental and
numerical details of laser chaos have been reported in a CO, laser where loss modulation provides the
additional degree of freedom leading to non-linear dynamics [44]. Class B lasers are subject to relaxation
oscillations, which means that the intensity response of the laser is not stable but produces a periodic signal,
usually at several GHz. This property explains why all semiconductor lasers cannot be considered as Class B
lasers. Indeed, some of them, such as QCLs, do not exhibit relaxation oscillations [45]. The last class of lasers
requires two extra degrees of freedom in order to be destabilized and they are called Class A lasers for which
YL &) > K. In other words, the differential equations for population inversion and atomic polarization
can be both eliminated. Consequently, these lasers are always very stable and dynamical effects do not easily
occur. Examples of Class A lasers include, but are not limited to, visible He-Ne lasers and dye lasers.

3.2. Dynamical regimes

Following the discoveries of Haken, a rate equation model describing the standard dynamics of a
single-mode semiconductor laser was introduced [46]. This was then complemented by the work of Lang
and Kobayashi [33] to derive the formalism of a semiconductor laser under EOF (i.e. one of the
configurations leading to non-linear phenomena), this model being restricted to the configuration where
there is a single reflection on the feedback mirror, which is a fair approximation when the emitting facet
reflectivity is not close to 1 (30% in our case). Experimentally, several dynamics have been spotted in many
different semiconductor lasers: instability, bistability, self-pulsations, and coherence-collapse (CC) states
[47]. It is relevant to note that EOF does not always lead to destabilization and is of utter interest for
controlling the semiconductor laser properties. For instance, it is possible to tune and stabilize the linewidth
of lasers by applying a strong optical feedback [48-51]. However, EOF can also have some downside effects in
the case destabilization is the most dominant phenomenon, generally for high feedback strengths. These
effects may disturb a transmission in the case where the external cavity is defined by the emitting facet

of the laser diode and the input of the fiber. Usually, an isolation of 40 dB is mandatory to avoid
reflection-sensitivity effects. Consequently, the dynamics of semiconductor lasers induced by EOF have a
major impact on both real-field applications and fundamental studies [52].

Many parameters to characterize chaos and instabilities in semiconductor lasers exist, such as the
a-factor, the bias current above threshold, the external-cavity length and the feedback strength. Previous
works, like [34] extensively describe, with numerical simulations, the evolution of the bifurcation diagram of
a QCL under EOF when varying these parameters. One of the most useful and most important parameters to
give an accurate description of the non-linear phenomena is the feedback strength. The first investigation of
semiconductor lasers with optical feedback was performed in 1986 [53]. The instabilities of semiconductor
lasers with EOF are categorized into five regimes that are mainly connected to the feedback strength (which is
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not straightforward to evaluate experimentally). However, the feedback strength is not the only ingredient
since a phenomenon called restabilization sometimes occurs in semiconductor lasers under EOF and leads to
an unpredictable repetition of the aforementioned regimes. These regimes, as well as the restabilization
process, have been observed in almost every kind of semiconductor lasers, including highly-damped
semiconductor lasers such as quantum dot lasers [54] and QCLs [34]. Along the discoveries, features have
been added to the non-linear terminology to describe, for instance, sub-regimes of the CC [55] or to address
the small-cavity regime [56], defined when f,7.; < 1, with f, the relaxation oscillation frequency (if it exists)
and 7,y the external-cavity round-trip time. In the following, we will give more details about the
configurations leading to chaos dynamics and that arise from the CC regime and the LFF regime.

3.2.1. LFFs, CC and chaos

The term CC was introduced by Lenstra and co-workers in 1985 [57]. Numerical simulations showed that,
when the laser is subject to very high feedback ratios, the interaction between phase and amplitude induces
linewidth enhancement [58] and a huge decrease of the coherence length compared to the free-running case.
These findings were in good agreement with the experimental results. The relation between chaos and the
CC regime was experimentally derived from the analysis of the RF spectrum of a laser, which was shown to
match the power spectral density obtained with numerical simulations [59]. In addition, CC dynamics are
generally characterized by a very broad RF spectrum whose limit frequency is often related to the intrinsic
relaxation frequency in the case of the aforementioned near-infrared lasers. This observation initially
supported the claim that QCLs may exhibit chaos waveforms with tremendously large RF bandwidths [60],
but as we will see experimentally, the chaos bandwidth in QCLs seems to be limited by various complex
parameters such as thermo-optical coupling within the quantum structure. That said, the lack of very
high-speed (100 GHz) detectors in the mid-IR prevents from any definitive conclusion about both the
absence of driving frequency and the limited bandwidth of non-linear dynamics.

LFFs is another kind of chaos fluctuations observed in lasers with EOF. LFFs were first reported for high
feedback ratios close to the laser threshold, but it was later proved that LFFs can build-up for various
conditions of operation. Indeed, because of the weak internal reflectivity of the front facet that characterizes
many semiconductor lasers, LFFs are observed not only for currents near the solitary laser threshold, but also
for larger injection currents [61]. Furthermore, increasing the injection current leads to LFFs with higher
frequency components [62]. LFFs were primarily viewed as an obstacle to high-precision applications
because they induce more fluctuations compared with the free-running case. LFFs are characterized by a
sudden power dropout with a following gradual power recovery, or sometimes reciprocally for QCLs under
EOF, as we will see in the experimental section. The LFF pattern is composed of irregular pulses but three
frequency components are predominant. The main repetition frequency of LFFs is usually in the order of a
few MHz to a few dozens of MHz. The name LFFs actually comes from this component that is rather slow
compared to the dynamics of other forms of chaos. Indeed, in other semiconductor lasers, chaos fluctuations
are connected to the relaxation oscillations of the laser (if any), and the frequency of these oscillations is
often at several GHz [63]. LFFs also contain the signature of the external-cavity length, as we will see in the
next section, and another faster time structure within the waveform, consisting of series of subnanosecond
pulses that can be experimentally observed with a streak camera [64].

A method exists to characterize this kind of deterministic chaos and it is based on the study of the
statistics of the period between two consecutive drop-outs [65, 66]. In the case of a QCL under EOF, this
statistics shows a characteristic death area, which represents a period of roughly 10 x 7, below which no
upcoming event is triggered [67]. Moreover, the statistical distribution has the shape of a decaying
exponential at low injection current, and a second maximum pops up for stronger injection currents. With
the help of such distribution, it is possible to distinguish LFF timetraces from other spiking phenomena.

3.2.2. Experimental results

After the discoveries related to deterministic chaos for several semiconductor lasers in the 80ies and the 90ies
[68—71], it was relevant to extend these notions to QCLs because their emission wavelengths in the mid-IR
make them useful for several applications [72—74] which cannot be addressed with near-infrared and
visible-light semiconductor lasers. However, QCLs do not exhibit relaxation oscillations [75] and they are
renown for their low a-factor compared to other semiconductor lasers [76, 77] which, overall, brings
stability to QCLs subject to external perturbations. It is thus not surprising that some experimental
configurations led to stability of QCLs against optical feedback [51, 78]. Several methods exist to trigger
chaos in the output of a laser and we will focus on chaos obtained with EOF, as illustrated in figure 2. The
first experimental proof of LFFs in QCLs was given by Jumpertz and co-workers in 2016 [67]. At both
near-threshold pump current and high feedback strength, they were able to follow the evolution of the
non-linear dynamics, with the advent of oscillations at the frequency of the external cavity and then, at
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LDD AWG
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_ Rotatable polarizer

Mirror

Figure 2. Experimental setup with an external cavity for the optical feedback provided by a gold-plated mirror; NBPS:
non-polarizing beam splitter, MCT: Mercury-Cadmium-Telluride detector, AWG: arbitrary waveform generator, LDD: laser diode
driver.

higher feedback strength, LFFs containing both the frequency of the external cavity and the dropout
signature. Not only they exhibited the temporal chaos waveforms, but also they performed thorough
numerical simulations based on the Lang and Kobayashi equations already mentioned. When taking into
account the peculiarities of QCLs, namely a low a-factor and a very low carrier-to-photon lifetime, the
simulations showed a Hopf bifurcation followed by a chaos bubble, and were compatible with the
experimental results. Although of prime importance because it was the first proof-of-concept of chaos in
mid-IR DFB-QCLs, these preliminary results left many questions unanswered. The non-linear dynamics
were observed only close to the threshold current for a quasi-continuous bias and at room temperature. In
order to have a comprehensive overview of the phenomenon and to take advantage of it for applications, it
was necessary to determine if non-linear dynamics can also be observed far from threshold current and with
continuous bias. Indeed, these two conditions will favor the use of QCLs’ non-linear dynamics for
applications like chaos private free-space communication [79] and physical random number generation [80].
As already described in [81], it is possible to experimentally exhibit dynamics restabilization in the case of
QCLs under EOF. This means that stable signal or chaos islands can be found several times in a bifurcation
diagram. Overall, the observation of a given non-linear phenomenon for a given feedback strength mainly
depends on the initial conditions in the case of a CW bias. This peculiarity of chaos dynamics, as well as the
wide diversity of bifurcation diagrams one can observe with the same QCL, is in favor of a general
description of the exhibited non-linear phenomena rather than an extensive description of the experimental
parameters (external cavity length, feedback strength, bias current...) leading to a given phenomenon.
However, the general trend is that it is easier to observe robust and reproducible non-linear dynamics when
one reduces the external cavity length, powers the QCL far above threshold current and performs very slow
and accurate feedback strength modifications, for instance with a polarizer on piezo-electric actuators.

In the following, we will describe the conventional non-linear dynamics that we were able to observe with
our DFB-QCL in an external-cavity configuration. External-cavity frequency oscillations, period-doubling
oscillations, LFFs and CC dynamics can be visualized in figures 3—5. They are generally observed in that
order, for an increasing value of the feedback strength but, as aforementioned, restabilizations can alter such
order. The main characteristic of these dynamics is that they contain the frequency of the external cavity and
then, more or less complex features. In the case of oscillations at the external-cavity frequency, no other
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Figure 3. Experimental time traces of the output of the QCL when it exhibits non-linear dynamics that are not chaotic (left
panels). RF spectrum analysis of the signal (right panels). (a), (b) Correspond to the case of oscillations at the external-cavity
frequency; (c), (d) correspond to a period-doubling phenomenon.

feature is spotted and the time trace is a regular sine wave (figure 3(a)). When the length of the external
cavity is 25 cm, the related external-cavity frequency should be 600 MHz but experimentally, the retrieved
frequency is always a bit lower, as shown in figure 3(b) where the peak RF frequency is measured around 520
MHz. This discrepancy has already been reported in QCLs [82]. More complex dynamics are likely to be
generated by the QCL. Period-doubling corresponds to a configuration where the frequency of the external
cavity is clearly seen but is modulated by another periodic signal, as shown in figure 3(c). The related RF
spectrum (figure 3(d)) is composed of a combination of frequencies related to the external-cavity period and
twice the external-cavity period, which explains the designation period-doubling phenomenon. In our case,
the observed frequencies are 162.5, 325, 487.5, 650, 812.5 and 975 MHz (i.e. integer multiples of 162.5 MHz).
The highest frequencies are more difficult to observe due to the 3-dB cutoff frequency of the MCT detector
around 700 MHz. The two non-linear dynamics we just mentioned are not chaos phenomena. The chaos
nature of such signal can be further analyzed with Lyapunov exponents [82] which will not be described in
this article.

Transition toward a chaotic behavior occurs when LFF are observed (figure 4(a)). The LFF pattern in
QCLs has a maximum frequency of a few dozens of MHz with a wide low-frequency component, as shown in
figure 4(b), but the contribution of the external cavity at several hundreds of MHz is still present and can be
observed by carefully zooming on the LFF signal, for instance in figures 4(c) and (d). LFF is a phenomenon
that is also observed in other semiconductor lasers subject to EOF, such as laser diodes, but in the case of
near-infrared lasers, the shape of the LFF is usually reversed. The other chaos phenomenon one can observe
with QCLs is CC dynamics and is of paramount importance for private communication with chaos or
physical random bit generation because it corresponds to highly complex patterns, designated as hyperchaos
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Figure 4. Experimental time traces of the output of the QCL when it exhibits LFF dynamics (left panels). RF spectrum analysis of
the signal (right panels). (a), (b) Correspond to the global LFF pattern; (c), (d) correspond to a zoom of the observed dynamics
and allow retrieving the signature of the external-cavity frequency.

when more than one Lyapunov exponent can be retrieved [83]. A typical example of CC dynamics in
DFB-QCL under EOF is shown in figure 5(a). Again, the RF spectrum of the chaos component spreads out
but is limited to 25 MHz in figure 5(b) (contrary to what can be found in near-infrared lasers) and a closer
look at the signal allows retrieving the external-cavity frequency in figures 5(c) and (d). Something that is
relevant to note is that destabilization in QCLs arises from the external-cavity frequency, and this is the
reason why this frequency can be found in the RF spectrum for the dynamics we described. In other
semiconductor lasers, which are categorized as Class B lasers, destabilization is related to the relaxation
frequency (generally in the order of a few GHz). This configuration cannot apply to QCLs because they do
not exhibit relaxation oscillations as they are overdamped semiconductor lasers.

3.3. Other QCLs and feedback configurations

In the previous subsection, we have only focused on DFB-QCLs, and investigations considering other QCL
configurations can be found in the literature [78, 84]. We have described typical non-linear dynamics that
can be observed with EOF, sometimes called conventional optical feedback, because this configuration
corresponds to the reinjection of the light back to the QCL with a regular mirror. This means that the mid-IR
light is not altered on its way back to the laser’s cavity. Other optical feedback configurations exist but will
not be fully detailed in this work. One can cite phase-conjugate feedback where the reinjected beam is
self-correcting and self-aligning [85]. That describes the principle that any phase-shift and spreading that the
laser beam could undergo in its path from the emitting facet of the semiconductor laser to the mirror due to
propagation in the air or through distorting media is compensated in the backward trip. This means that,
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Figure 5. Experimental time traces of the output of the QCL when it exhibits CC dynamics (left panels). RF spectrum analysis of
the signal (right panels). (a), (b) Correspond to the global CC pattern; (c), (d) correspond to a zoom of the observed dynamics
and allow retrieving the signature of the external-cavity frequency.

when fed back into the laser cavity, the photons have exactly the same phase as at the moment they were
emitted out of it. Actually, phase conjugation is an equivalent of the time-reversal phenomenon [86], which
is not limited to the optoelectronics domain [87, 88]. This technique is however more difficult to implement
because it relies on four-wave mixing process and this is generally achieved when the beam from the
semiconductor laser is sent toward a grating and the resulting scattering on the grating creates a fourth beam
which properties are to be counter-propagating and phase-conjugate with respect to the initial beam [89].
This complex implementation has hindered experimental efforts with QCLs under phase-conjugate feedback
but it is relevant to note that a few numerical studies are available [90]. Another example that differs from
conventional optical feedback is what is broadly called cross-polarization feedback. In this configuration, the
polarization of the feedback light is rotated on its way back to the laser cavity. This technique has been used
in semiconductor lasers that emit on two orthogonal polarizations, such as vertical-cavity surface-emitting
lasers [91], but also in semiconductor lasers where one of the two polarization states is mostly suppressed.
For instance in laser diodes, the TM mode is mainly suppressed but a cross-polarization feedback scheme
was proven useful in generating dynamics in this otherwise suppressed TM mode [92]. The most relevant
option to implement a cross-polarization configuration is to insert a Faraday rotator within a linear external
cavity [93], because this allows selecting a single, linear polarization state for the light that is fed back, which
simplifies interpretation of the observed non-linear phenomena. Another possibility to select a single
polarization state relies on a loop-injection scheme with an optical isolator, a half-wave plate and a polarizer
[94]. The last method consists in inserting a quarter-wave plate within the linear external cavity. If the output
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light is perfectly TM polarized (as it is almost the case in QCLs), the polarization of the wave will become
circular after the first crossing through the quarter-wave plate. Then, the wave is reflected by the mirror, so
the polarization remains circular but in the opposite direction. On its way back to the laser, this circularly
polarized wave travels once again through the quarter-wave plate, which converts it into a TE wave.
Consequently, this method allows turning a linearly polarized wave into a linear orthogonal wave. However,
if the initial wave is not purely linear, the feedback wave will have a polarization state more complex than the
one previously described, and it is difficult to control what is the exact amount of TM/TE polarization
reinjected into the laser. This third method has been recently investigated in the case of mid-IR QCLs [95]
but the theory is still lacking to explain the experimental findings.

4. Giant pulses in QCLs with tilted EOF

4.1. Giant pulses in optics
Following the efforts about giant waves in an oceanographic context [96, 97], the concept of extreme events
(which encompasses rogue events) was extended to many research fields, such as economics [98], acoustics
[99] and astrophysics [100], with similar properties but sometimes different mechanisms. In hydrodynamics,
this term is applied for single waves that are extremely unlikely as judged by the Rayleigh distribution of wave
heights [101]. In optics, giant pulses were first mentioned in 2007 in the context of super-continuum
generation in optical fibers at a near-infrared wavelength [102]. In this first demonstration, giant pulses were
categorized as rogue events because their occurrence was theoretically explained by a generalized Non-Linear
Schrodinger equation, which confirmed not only the mechanism for giant pulses but also the soliton
behavior that was previously found in hydrodynamics systems [103]. This discovery paved the way for the
analysis of giant events in many other domains of physics and continues to inspire innovative advances [104].
In semiconductor lasers, the first experimental demonstration of giant pulses was released in 2011 [105]
and the rare occurrence of these high-amplitude pulses was confirmed by simulations based on a simple
noise-free rate equation model compatible with a deterministic non-linear process. Most of the experimental
and numerical works studying giant pulses in semiconductor lasers focus on an injection scheme [106—108].
VCSELs and laser diodes are the most common devices in these experiments because they are renowned for
their sensitivity to external perturbations. A very limited number of papers deals with the study of giant
pulses in the case of optical feedback [109, 110] and, among these papers, the conventional optical feedback
is sometimes replaced by phase-conjugate feedback [111] or filtered optical feedback [112]. Without any
specific control, giant pulses are expected to pop up randomly and may not be reliable for applications. Yet,
extensive studies about controllable giant pulses can be found in the literature [113—116] with the view of
taking advantage of these sudden bursts for high precision remote-sensing [117] or photonic reservoir
computing [118].

4.2. Giant pulses in QCLs

As we will expose in the following, giant pulses can be triggered in a QCL under EOF, and more specifically
when a pulse-up pattern is applied to the electrical bias of the laser. Hence, it is of first importance to study
and map this phenomenon because it can really disturb the message encoded via the electrical current of the
QCL when it comes to realize a private free-space transmission [79]. The succession of bits can indeed be
considered as a pulse-up and if giant pulses pop up, they can magnify the hidden bits and reveal them in the
viewpoint of an eavesdropper. In order to generate giant pulses with a QCL under EOF, we consider the same
setup than that described in figure 2, except that the feedback mirror is slightly tilted and the reinjected light
may couple with lateral modes if the laser cavity is wide enough. Recent work by another group has shown
that it is also possible to trigger non-linear dynamics, like those shown previously, with this tilt configuration
[119]. Figure 6(a) shows a typical timetrace gathering giant pulses with an amplitude larger than several
times the standard deviation of the free-running signal. A peculiar feature of these pulses is that their
amplitude varies and there is a continuous distribution of the events heights. This basically means that the
amplitude of the upcoming giant pulse is unpredictable. Figure 6(b) shows that the time-interval between
the events we observed is not easily foreseen, which is another characteristic of giant pulses. Other studies
have shown that the separation time (S) between giant events follows a Poissonian distribution [120]

when the time elapsed between these events (numbered k — 1 and k) is written in log scale: S = log(T%)
—log(Tx—1). A deviation of the statistics is sometimes found for high feedback ratios [121], and in this case,
the curve is characterized by two slopes instead of one. Figure 6(b) shows the evolution of the separation
count with S when taking into account 419 giant pulses intervals in the case of a QCL. The trend follows a
decreasing exponential as encountered in other semiconductor lasers.
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Figure 7. (a) Experimental time trace of the output of the QCL when adding a periodic electrical excitation. The success for
triggering giant pulses is high and only a few excitation signals do not give birth to extreme events (light blue arrows). For the

triggered giant pulses, they are synchronized with excitation and their amplitude is consistent. (b) Configuration where the

amplitude of the pulse-up excitation (light blue arrows) is not sufficient to trigger synchronized giant pulses; trains of consistent
pulses are yet fired in a time-irregular pattern.

It is possible to tune the time intervals between the giant pulses and to stabilize their amplitude by adding
a periodic electrical perturbation. Figure 7(a) shows giant pulses with a consistent amplitude and they are
synchronized with the small pulse-up signal at a repetition frequency of 100 kHz. This electrical pulse-up
signal generally triggers a giant pulse in the optical response but the success rate is not 100%. The small
excitation pulses which were not followed by a giant pulse are marked with light blue arrows in figure 7(a).
However, the parameters of the pulse-up excitation must be chosen carefully, otherwise the triggering
process is noneffective. Figure 7(b) shows another example where the repetition frequency of the excitation
signal is 100 kHz but with a lower amplitude. The resulting optical response is a train of giant pulses with a
very homogeneous amplitude but they are not synchronized with the pulse-up excitation (marked with light
blue arrows). Furthermore, the number of giant pulses within each bursting train seems to be random and
no specific relation between two consecutive trains can be drawn. It is relevant to note that the two
configurations we just described have a time distribution which does not match the regular giant pulses
distributions because of the extra electrical excitation disturbing the non-linear process.
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5. QCLs with optical injection

5.1. Configuration with free-running QCLs

In optical injection, the light of a master laser is sent toward the cavity of a slave laser. As we will see in the
following, the master laser may be free-running or may exhibit non-linear dynamics before being injected
into the slave laser. In the optical injection experimental setup shown in figure 8, avoiding optical feedback in
the master laser after reflection on the slave’s facet is of paramount importance, as well as avoiding optical
injection from the slave laser toward the master laser, and this is the reason why an optical isolator is placed
between the two lasers. Without optical isolator, the two lasers impact each other, and this corresponds to
mutually coupled lasers, which also experience complex dynamics [122]. We tested a mutual coupling
scheme in the case of QCLs and saw that, even when the coupling between the two lasers is weak, the slave
QCL can really disturb the non-linear pattern of the master QCL, hence justifying the necessity of an optical
isolator between the two lasers. This is illustrated by figure 9. Optical injection can improve the emission
properties of the slave laser with a significant impact. In the case of injection-locking, the emission properties
of the slave laser are changed. For instance, the side-modes of a Fabry—Perot (FP) slave laser can be
suppressed [123] while the spectral linewidth of the slave laser can be reduced by one order of magnitude
[124]. Other improvements have been studied in semiconductor lasers, both numerically and experimentally,
in terms of intensity-noise, frequency-noise and bandwidth. If the master laser has low intensity-noise and
phase-noise, then the slave laser tends to reproduce the intensity-noise and frequency-noise of the master
[125]. In laser diodes, optical injection was also found useful in enhancing the chaos bandwidth of a slave
laser subsequently subject to EOF [126]. This technique is also very relevant in terms of private
communication if a third laser is used for the synchronization of the enhanced chaos [127].

Taubman and co-workers reported the first injection-locking of a DFB-QCL into another DFB-QCL
[128]. When increasing the injection strength up to 3%, they observed a locking range of +500 MHz. The
second key observation was a strong optical linewidth reduction in the slave laser and this was deduced by
observing the heterodyne beating between the slave QCL and the master QCL. Noise limitations have also
been tackled with the help of optical injection-locking. In particular, when injecting a DFB-QCL into a
second DFB-QCL, numerical simulations showed a 20 dB Hz ™! reduction of the relative intensity noise
(RIN) at low frequency [129]. The experiments following the numerical efforts achieved a 10 dB Hz ™!
reduction of the RIN [130]. In a DFB-QCL, the optical side modes are suppressed by the grating to achieve
single-mode emission. But in the case of optical injection, the optical frequency of the master can quench the
main mode of the free-running slave QCL to enhance, one after another, the side-modes of the slave. This
phenomenon comes with RIN reduction and optical power increase. By injecting a frequency-comb into a
FP-QCL, the low-frequency noise was also significantly reduced [131]. The global idea when studying optical

13



10P Publishing

J. Phys. Photonics 4 (2022) 022001 O Spitz and F Grillot

0.15 0.15 1
£} £

g 0.10- £ 0.10
S 8
= 2z
2 2

g 0057 @ 0.05-
it
£ £

0.00 0.00 “

I T T | 1 T T T T ]
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 15 2.0
Time (ps) Time (us)
(@) (b)

Figure 9. (a) The master laser (in blue) is driven chaotic and is weakly coupled into the slave laser (in red) which weakly
synchronizes with the fluctuations of the master. There is no optical isolator between them, so the slave laser influences in turns
the master output. (b) When hiding the path between the two lasers, the synchronization is (obviously) lost but the frequencies of
the master non-linear fluctuations are also modified. This highlights the fact that an optical isolator is required between the two
lasers, otherwise the slave can disturb the master laser, even if they are weakly coupled.

injection is that the master’s behavior is reproduced by the slave QCL, and the best performance were
achieved by reducing the frequency noise of the slave by several orders of magnitude or decreasing the optical
linewidth of the slave to 20 kHz while the free-running slave laser had a linewidth of several MHz.

Another interest of optical injection in QCLs is to improve the modulation bandwidth of such lasers. In
their near-infrared counterparts, it was shown experimentally that a high injection rate (up to 45% of the
slave output intensity) drastically enhances the bandwidth of the slave laser [132]. Based on QCL rate
equations, a few theoretical efforts [133, 134] showed an increase of the modulation bandwidth of several
dozens of GHz. Apart from showing the improved modulation bandwidth, these theoretical efforts found no
unstable locking region in the injected QCL, provided that the frequency detuning remains small [135]. A
potential explanation for this relies on the ultra-fast carrier lifetime in such gain medium. Yet, these
predictions are not supported by experimental studies and we will see in the following that injected QCLs
can be destabilized, even though the optical detuning between the master and the slave laser is small.

5.2. Experimental results with QCLs

The numerical model for the non-linear dynamics analysis of a QCL under optical injection was developed
by Erneux and co-workers [136] and then subsequently studied in [34]. Depending on the injection rate and
the detuning between the master QCL and the slave QCL, the latter exhibits damped oscillations,
overdamped oscillations or a pattern looking like the one found in LFFs, but with a more periodic repetition
rate. Another finding from the numerical efforts is that the repetition rate of the oscillations (if any) is
dependent on the injection rate and its frequency is, at maximum, the value of the optical detuning between
the master and the slave.

When injecting unidirectionally the light of a free-running master QCL into a free-running slave QCL,
the slave is destabilized and its optical output is no longer constant, provided that the optical detuning
between the two lasers is small. Typical dynamics generated by the slave can be seen in figure 10(a) (red
trace) and the non-linear phenomenon observed looks similar to the one retrieved with a numerical
simulation based on the aforementioned model and shown in figure 10(b). In both cases, the dynamics show
a LFF-like pattern with the main frequency centered around the value of the frequency detuning for the
experimental results and a main frequency lower than the frequency detuning for the numerical result. The
main difference between the simulation and the experimental work is that changing the injection strength
does not modify the frequency of the observed pattern in the experimental case. Indeed, the only parameter
affecting the slave output is the optical frequency detuning between the master and the slave, as illustrated in
figure 11. When the optical detuning between the master and the slave QCL is too large, it is not possible to
observe the aforementioned dynamics and the slave output is only noisy, as shown in figure 10(a) (blue
trace). The value of the frequency detuning is actually the main frequency component of the RF spectrum
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Figure 10. (a) Experimental time traces of the output of the slave QCL when the bias current of the slave QCL is at 485.8 mA
(red), showing a non-linear phenomenon with quasi-regular pulsing and at 485.5 mA (blue), showing only noise. (b) Numerical
simulation of the injection process displaying a periodic phenomenon close to the one observed experimentally. This result is
obtained for an optical detuning of 1.2 GHz and a strong injection rate.

obtained by analyzing the light coming from the injected slave laser. But even if this value is centered around
the frequency detuning, the RF spectrum is quite large, with a bandwidth of roughly 50 MHz. This led us to
the conclusion that the non-linear pattern we observed is not a period-1 oscillation because its frequency
spectrum is too complex. However, the limited bandwidth of the signal may not be in favor of chaos
dynamics either, which is in agreement with a recent study pointing out that it could be difficult to generate
chaos solely with optical injection in QCLs [137]. In other semiconductor lasers, the properties of the laser
subject to injection varies a lot depending if it is considered as a highly-damped semiconductor laser [138] or
not. In the case it is not, one can observe several dynamical behaviors [139] from chaos to period-1 and
period-2 oscillations, with sometimes stability islands. In our case, the pattern keeps a steady RF spectrum
signature whatever the injection-strength conditions and is visible from a near-zero detuning up to a
detuning of 600 MHz, as can be seen in figure 11. The influence of the drive laser is strong for detuning
values below 100 MHz and around 400 MHz. Apart from those values, the noise becomes predominant and
limits the analysis of the slave signal. It is relevant to note that the frequency of the pattern is very sensitive to
the emission properties of the slave QCL or the master QCL. For instance, if the bias current undergoes a
100 pA variation, this corresponds to a frequency detuning of 75 MHz and this modifies the frequency of the
observed pattern. Even if not carefully assessed, a change in the heat sink temperature would lead to the same
conclusion because the optical spectrum of a QCL is strongly dependent on the temperature of the structure.

5.3. Injection of giant pulses
As we previously saw, mid-IR QCLs are able to generate giant pulses and further tuning of the spiking is
possible by adding an electrical excitation. However, the amplitude and the frequency of the excitation
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Figure 11. RF spectrum of the slave QCL when varying the pump current of the slave QCL and thus the frequency detuning
between the two lasers. The peak frequency for each case corresponds to the frequency detuning between the master laser and the
slave laser. The influence of the master is visible up to a detuning of 600 MHz. Negative frequencies are only for convenience for
the reader, and correspond to their positive frequency counterparts. The noise level is arbitrarily fixed at 0 dB.

cannot be set randomly if one wants to trigger spikes similar to those relevant in neuromorphic
configurations [140]. Figure 12(a) blue curve gives an example of a periodic excitation (marked with light
blue arrows) that has no impact on the spiking dynamics of the QCL under study. Indeed, the QCL exhibit
pulses with a consistent amplitude but these trains of pulses are made of an arbitrary number of spikes and
the excitation does not give any indication about the upcoming sequence. To complement our study about
injection in QCLs, we decide to unilaterally inject the spiking output of the master into the slave laser instead
of injecting the signal of a free-running master QCL. Contrary to what is observed in the case of chaos
synchronization [141] where the output of the slave laser reproduces the output of the master laser, we
observe that the slave laser produces an optical signal that is close to the time derivative of the master’s signal.
Figure 12 shows the spiking master signal, the slave response signal and the numerical time derivative of the
master’s signal. One can see that the slave laser displays a response every time the master laser triggers a spike.
A closer look at the slave’s signal shows that the response (in red) is similar to the calculated time derivative
(in black) and more specifically when the master’s signal has a positive slope. In that specific case, the
response of the slave displays a main pulse followed by weaker oscillations which are also found in the
numerical calculation. When the master signal shows a decreasing slope, the slave laser outputs a magnified
response compared to the numerical calculation, but the shape of the response is still consistent. We thus
experimentally demonstrated an all-optical differentiator with an unilaterally injected QCL. The concept of
differentiator, that is commonly used in electronics circuits [142], is relevant to perform all-optical edge
detection [143, 144]. This achievement paves the way toward complex photonics at mid-IR wavelength and
complements the recent experimental efforts about basic optical neurons in QCLs [145]. The explanation for
the slave’s behavior is the object of ongoing work but to the best of our knowledge, this differentiator feature
has not yet been explored theoretically and experimentally in other semiconductor lasers such as laser diodes
and VCSELs. This is worth noting because usually, the dynamics observed in QCLs have previously been
thoroughly reported in near-infrared semiconductor lasers. Further experimental work will also consider the
case of mutually coupled lasers without optical isolator in between [146]. In the case of QCLs, it was shown
theoretically that this configuration also exhibits non-linear dynamics with a frequency centered around the
optical detuning between the two lasers, provided that this detuning is far outside the locking range [147].

6. Toward secure applications with QCL’s non-linear dynamics
Applications such as private communication based on chaos synchronization or physical random bit

generation require complex chaos dynamics. In such chaos configuration, the attractor shows no discernible
structure, indicating that the chaos can be highly dimensional, which is of paramount importance for
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Figure 12. Experimental time traces of the output of the master QCL (blue), the injected slave QCL (red) and the calculated
derivative of the master signal (black) when the master laser exhibits pulses which are not triggered by an electrical excitation;

(a) global picture showing that the pulse-up excitation (light blue arrows) has no influence on the spiking dynamics of the master;
(b) zoom on the behavior of the slave QCL when the master QCL fires a spike; (c) focus on the similarities between the slave’s
signal and the calculated derivative of the master’s signal, the pulse-down occurs simultaneously in both cases but their amplitude
is different while the pulse-up occurs also simultaneously with a comparable intensity.

increasing the privacy of the communication links and the data rate of the random bit stream. When studying
private communication with chaos synchronization, a particular attention must be paid to the conditions of
operation of the two lasers in order to limit any time-divergence. In the case of general synchronization [132],
this may not be an issue since the synchronization area spreads around a wide bunch of parameters. But in
the case of complete synchronization, which is more likely to happen for low rates of injection from the
master laser to the slave laser, any shifting may be enough to stop the synchronization. The aforementioned
method relying on synchronization is not the only way chaos can be utilized for private communication.
Other methods of communication relying on chaos have been successfully tested through an accurate control
over the emitted chaos fluctuations [148]. Control can be utilized to tune the signal emitted by the chaotic
system so that it follows a prescribed symbol sequence, and this allows encoding any desired message from a
chaotic oscillator. Most of the time, the phase diagram of such oscillators gathers multiple orbit attractors
which are paired with a grammar [149]. The purpose is to choose a code whereby any message to be
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transmitted can be encoded with a sequence included in the grammar. This sequence must bind a structure
that is compatible with the constraints imposed by the dynamics in the presence of the control, which could
be, for example, a periodic modulation. Therefore, it is of prime importance to control the spiking with
thoroughness for reproducibility reasons and this can be achieved with drive-current modulation,
external-cavity phase modulation or cavity-loss modulation [150], the perturbation being small compared to
the chaos fluctuations [151]. However, as the phase space breaks up into distinct partitions [152], each of
them corresponding to a distinct symbol, this solution is not necessarily the best in terms of privacy, even if
efforts have already shown ways to improve it [153]. Nonetheless, this configuration is more prone to
complete synchronization since the temperature of the device remains steady for small perturbations.

7. Conclusion

We have focused on the several non-linear dynamics QCLs can exhibit with a particular focus on EOF and
optical injection. The former was found useful to display two kinds of chaos dynamics, namely LFFs and
coherence-collapse regime. These non-linear phenomena are of utter interest for the realization of private
communication based on chaos synchronization and for physical random number generation. When tilting
the external cavity mirror, QCLs can exhibit giant pulses and further control of these pulses is possible via a
pulse-up excitation with specific parameters. This concept is the cornerstone of neuromorphic photonics
where semiconductor lasers reproduce the behavior of biological neurons to process complex tasks. The
optical injection analysis displayed less complex dynamics in the output of the slave laser and this may be
explained by the overdamped nature of QCLs. Nevertheless, when the drive signal is not in a free-running
state but exhibits spiking dynamics, the slave QCL generates a signal close to the time derivative of the
spiking pattern, which differs from regular chaos synchronization where the slave’s output tends to be a copy
of the master’s output. This finding needs more investigation, especially on the numerical side, but accounts
as a new tool for complex photonics with QCLs. More generally, for all the non-linear dynamics we exhibited
in this article, as the technology of QCL is less mature than that for regular laser diodes and VCSELs,
theoretical background is still sparse and will be required in the future to confront the experimental efforts.
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