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ABSTRACT
Many virtual reality applications incorporate realistic room acoustic
simulation to provide increased immersiveness and realism. Traditional geometric methods, although providing modeling accuracy,
are usually impractical for use in interactive applications. At the
same time, artiﬁcial reverberators, with feedback rendering structure, are widely used as a low-cost alternative. This paper presents
the design of a geometric-based artiﬁcial reverberator inspired by
the acoustic rendering equation (ARE) and the feedback delay networks (FDN). The simpliﬁed acoustic rendering equation, which
models both specular and diffuse reﬂections, is incorporated with
the FDN structure. Our reverberator, despite of modeling the
diffuse and late reverberation, is also capable of simulating the
early/specular reﬂections with accuracy. This novel work is among
the very few works which are capable to simulate early reﬂections
using feedback delay networks.
Index Terms— room acoustics, reverberation, feedback delay
networks, acoustic rendering equation
1. INTRODUCTION

In [9], an acoustic rendering equation (ARE) method was presented which can handle both diffuse and nondiffuse reﬂections.
Since the high-order reﬂections computation is precomputed and
decoupled from the run-time computation procedure, this method is
well suited for dynamic applications with moving sources/receivers.
In [10] the accuracy of the modeled early reﬂections was studied using the ARE model and the results showed that the ARE
model provides good accuracy for both early/specular reﬂections
and late/diffuse reverberation.
Feedback delay networks (FDN), a statistical reverberator utilising feedback loops in the simulation structure, are widely used
to model late reverberation in hybrid methods [11] where geometric methods are used to model the more important early/specular
reﬂections. Although it is common to split ER and LR, it would
be desirable to have a single generic method that would be accurate for both parts. It can be noticed that, in the ARE model, the
sound reﬂections between surface patches along the discretized direction can be regarded as feedback loops. Thus it is naturel to
incorporate the ARE model to the FDN for the synthesis of room
reverberation. Our approach inherits the computational efﬁciency
of the FDN structure, but models the specular/diffuse reﬂections by
using the directional discretization of the ARE method. In other
words, this novel reverberator, named acoustic rendering networks
(ARN), is to model the ARE using the FDN structure and relate the
FDN to the physical room layout. This study is an extension of the
geometry-based reverberator presented in [12]. [12] estimates the
parameters of the FDN to model the diffuse reﬂections, while the
presented work introduces directional discretization and models the
specular reﬂections as well.
The paper is organised as follows. In section 2 we recall the
basics of the ARE model and the main computation procedure. In
section 3 we propose a new acoustic rendering equation based on
FDN. The experimental results are given in section 4 and some conclusions are suggested in section 5.

Room acoustics reconstruction considers the problem of modeling
the sounds received at the listener’s position in a sound scene. Multiple sound sources can be considered as well as their reﬂections and
diffractions from surface materials and objects in order to simulate a
realistic sound. The sound propagation effect is commonly divided
into two parts: Early Reﬂections (ER) and Late Reverberation (LR).
ER helps in localization, while LR gives an impression of the size
of the environment and level of furnishing and absorptivity [1].
Numerous methods have been proposed for modeling the Room
Impulse Response (RIR). Amongst geometric methods, the most
widely used are the Image Source Method (ISM) [2] and the Ray
tracing method [3]. Since the computation time of both methods
becomes very large if high reﬂection orders are needed, they are
mostly used for low-order early reﬂections. Recent advances of
beam tracing [4, 5, 6, 7] optimise the computation and achieve interactive modeling performance for both moving sources and receivers.
The late reverberation tail of the RIR usually presents a distinct
noise-like character due to the isotropic addition of a multitude of
late acoustics reﬂections. This motivated the deployment of statistical method for modeling the LR [8]. Nevertheless, since the
statistical methods do not take into account the detailed room geometry and the precise positions of sound sources and listeners, the
simulation accuracy is thus not guaranteed.

The ARE [9, 10] models the sound energy received at the listener’s
location by the contribution of the outgoing sound energy ﬂux on
the surface in each direction. Let L(x, Ω, t) be the time-dependent
outgoing sound energy ﬂux at point x along direction Ω. Then the
acoustic rendering equation can be described as

x − x
L(x, Ω, t) = L0 (x, Ω, t) + R(x, x , Ω, t)L(x ,
, t)dx ,
|x − x |
s
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where L0 is the initial emitted sound energy and L is the total outgoing energy. R(x, x , Ω, t) is the reﬂection kernel which describes
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2. ACOUSTIC RENDERING EQUATION
2.1. Continuous acoustic rendering equation
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Figure 1: Illustration of discretized specular reﬂections.
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Figure 2: System structure of the acoustic rendering networks.

how the outgoing energy from point x inﬂuences the outgoing energy at point x in direction Ω.
2.2. Discretization
In order to solve the acoustic rendering equation by numerical simulation, the room surface is discretized into patches. The Bidirectional Reﬂectance Distribution Function (BRDF), which deﬁnes
how the incoming sound ﬂux is reﬂected at a surface, is discretized
by dividing the hemisphere into solid angles.
Unlike the directional discretization scheme used in [9] where
the azimuth and elevation of the hemisphere are uniformly quantized, we divide the hemisphere with respect to all the other visible
patches in the enclosure. As an example, the discretized direction
for patch k is illustrated by the dotted lines in Figure 1. In our discretion scheme, one quantized direction corresponds to an unique
patch-to-patch pair. This directional division scheme reduces the
redundancy of the discretization between near patches where multiple quantized solid angles hit onto the same patch, and increases the
accuracy of discretization between far patches where one quantized
solid angle hits onto multiple patches. This discretization scheme
also eases the implementation using feedback loop structure, since
the patch-to-patch reﬂection and the directional discretization are
uniﬁed.
For simplicity, we further simplify the ARE by assuming that
the incoming energy from patch k to patch p will be specularly reﬂected along only one discretized direction, for example, to patch l,
as shwon in Figure 1. This can be done by choosing patch l as the
direction which receives the most reﬂected energy.

L̂ī into vector form φ and Fj̄,ī into matrix F ,
⎞
⎛
F1,1
L̂1
⎜ .
⎜ . ⎟
φ = ⎝ .. ⎠ , F = ⎝ ..
FN,1
L̂N
⎛

···
..
.
···

⎞
F1,N
.. ⎟ , F = 0.
. ⎠ ī,ī
FN,N

(2)

Let φ0 denote the initial outgoing energy along the directions between all patches due to the arriving sound from the source, and ξ
denote the contribution of energy arrived at the listener from the directions of all patches, then the resulting source-to-listener response
(excluding the direct sound) can be formed as
χ = (φ0 +

∞


φ0 F n )ξ T = φ0 (I +

n=1

∞


F n )ξ T .

(3)

n=1

We use energy-based ray tracing to compute the initial outgoing energy φ0 , ﬁnal gathering energy ξ and the matrix F as follows. During pre-computation, rays are emitted uniformly along
the discretized directions ī over the patch. When each ray encounters surfaces, it is specularly and/or diffusely reﬂected, according to
the pre-deﬁned BRDF. The reﬂected energy ﬂux in each outgoing
direction j̄ is accumulated. The direction which receives the most
specularly reﬂected energy is chosen as the unique specular reﬂection direction and transports all the reﬂected energy. This forms the
one-order direction-to-direction response Fī,j̄ .
At the initial shooting stage, rays are uniformly emitted from
the sound source. These rays are collected in each discretized direction to form the initial condition φ0 . During the ﬁnal gathering
stage, energy is uniformly emitted from all visible patches along the
discretized directions and accumulated at the listener’s location to
form the ﬁnal gathering vector ξ.

2.3. Discretized acoustic rendering equation
3. ACOUSTIC RENDERING NETWORKS
Let ī = {k, p} denote the discretized direction element from patch
k to patch p, and j̄ = {l, q} denote the discretized direction element
from patch l to patch q. Suppose the initial outgoing energy for the
direction j̄ is L̂j̄0 . The total outgoing energy for the direction ī due
to the reﬂections from all other patches is
L̂ī =

∞


Fj̄,ī L̂j̄0 .

(1)

j̄=1

Fj̄,ī is determined by the discretized reﬂection kernel, which models the reﬂected energy ﬂux along the direction ī by the contribution
of the reﬂected or emitted energy ﬂux along the direction j̄. We put

3.1. Design overview
The acoustic rendering networks based reverberator proposed in this
paper uses one delay line to represent a discretized direction between the patches. We name this reverberator acoustic rendering
networks because it is a combination of acoustic rendering method
and feedback delay network structure. Figure 2 shows a conceptual
depiction of the ARN reverberator.
3.2. Feedback delay components
The feedback delay components include the feedback matrix A,
unidirectional delay units Df (z) and absorptive ﬁlters H(z). Each
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discretized reﬂection direction corresponds to a delay line in the
feedback delay networks. Thus the total number of delay lines is
N = M
k=1 Nk , where Nk is the number of visible patches from
patch k and M is number of patches. Let’s place the delay lines
in the order of [1 → ρ1 , · · · , k → ρk , · · · , M → ρM ], where ρk
denotes the assemble of visible patches from patch k.
The length of the delay between patch k and p is calculated as
Dk→p = Fs xk − xp /c, where c is the sound celerity, Fs is the
sampling rate, xk and xp are the positions of the central points of
patch k and p respectively. Then the feedback delay vector is
Df (z) = [D1→ρ1 (z), D2→ρ2 (z), · · · , DM →ρM (z)].

(4)

The feedback attenuation is the caused by the wall material absorption from the emitting patch, which can be a ﬁxed attenuation
factor or a frequency-dependent wall absorption ﬁlter. The feedback
attenuation vector is
H(z) = [H1 (z), · · · , H1 (z), · · · , HM (z), · · · , HM (z)],


N1

(5)

NM

where Hk (z) is the wall reﬂection ﬁlter of patch k.
The feedback matrix deﬁnes which delay lines are connected
via specular or diffuse reﬂections, and the amount of energy exchanged between them. We ﬁrst neglect the diffuse reﬂections.
Suppose the incoming energy from patch k to patch p is specularly
reﬂected to the direction from patch p to patch l. Then the īth row
of the feedback matrix is
[0, · · · , 0, · · · , 0, · · · , 1, · · · , 0,, · · · , 0, · · · , 0],



N1

Np

NM

where ī = {k, p}, and the “1” is at the corresponding index j̄ for
the direction pair {p, j}.
Because of the reﬂection kernel simpliﬁcation in Section 2.2,
each row of the feedback matrix has only one “1” element, and the
rest are all zeros. This reduces the feedback matrix to a permutation
matrix, namely P . If diffuse reﬂections are considered, the ith row
of the feedback matrix is
2
2 − Np
2
,··· ,
,··· ,
,, · · · , 0, · · · , 0],
[0, · · · , 0, · · · ,


Np
Np
Np

N1
NM
Np

where the specular reﬂection contains energy of 1 −
4(Np −1)
.
Np 2

4(Np −1)
Np 2

and

the diffuse reﬂections contain energy of
The specular and diffuse energy is distributed in such a way that
the corresponding sub-matrix is a permuted householder matrix of
order Np , which is itself unitary and lossless. Thus the feedback
matrix A containing diffuse reﬂection can be constructed as
A = diag([ΛN1 , ΛN2 , · · · , ΛNM ])P,

(6)

where Λn is the householder matrix of order n and P is the permutation matrix. Since the matrix diag([ΛN1 , ΛN2 , · · · , ΛNM ]) is
diagonalized householder matrices and thus is unitary. Its permutation is also unitary. The unitary feedback matrix guarantees that the
FDN is lossless and that the energy decaying trend of the reverberator is only affected by the attenuation vector. This makes it possible
to link the frequency-dependent absorption property of the material
with the attenuation ﬁlter of each delay line.
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3.3. Initial and ﬁnal components
The length of the delay between the source at xS and the central
point of the patch k at xk is determined by the propagation delay
DSi = Fs xS − xk /c. Thus the initial-shooting delay vector is
DS (z) = [DS1 (z), · · · , DS1 (z), · · · , DSM (z), · · · , DSM (z)].


N1

NM

(7)
The initial-shooting amplitude vector is determined by the amount
of energy received by each discretized angle from the source. Since
the feedback delay networks simulate the reﬂections in the sense of
sound pressure, the received energy is square-rooted to get GS .
Like the initial shooting delays, the length of the delay line between the central point of the patch k at xk and the listener at xR
is determined by the propagation delay DiR = Fs xk − xR /c.
The ﬁnal-gathering delay vector is
T
DR
(z) = [Dρ1 R (z), Dρ2 R (z), · · · , DρM R (z)]T .

(8)

The ﬁnal-gathering amplitude vector GR is the square-root of the
received energy at the listener from each discretized angle.
3.4. Relation to previous works
After JOT reverberator [13], numerous extensions have been reported. However, among them, only a few have been devoted to
model early/specular reﬂections using feedback networks [14, 15].
In [12], the geometric acoustic model and the parameters of the
feedback networks are linked and a geometry-based artiﬁcial reverberator is proposed. Compared with these works, the proposed
acoustic rendering networks have the following major differences.
The work in [12] relates the geometric acoustic model with the
feedback delay network. A geometric-based FDN is constructed by
studying the sound energy exchange between each delay line using
the acoustic radiance transfer model. However, the radiance transfer
model utilised in [12] only includes diffuse reﬂections, where the
ARN model incorporates specular reﬂections.
In [14], the early/specular reﬂections are modeled using the
FDN whose parameters are estimated using the ISM method. This
model relies on two parallel networks, one for the early reﬂections
and another for the late reverberation. In the proposed ARN, early
reﬂections and late reverberations are modeled in one generic feedback network which uniﬁes both specular and diffuse reﬂections.
[15] uses digital waveguide mesh to model the sound propagation. The method only guarantees the accuracy of the ﬁrst order
specular reﬂections by estimating the parameters using the ISM.
The simulated RIR quickly transits to diffuse-like dense pulses from
the second order reﬂection. In the ARN model, although directional
discretization error may exist, the specular and diffuse reﬂections
are modeled to inﬁnite high order using the feedback loops.
4. NUMERICAL EVALUATION
4.1. Early reﬂections
Two examples are given to illustrate the simulated early reﬂections.
The Room 1 is a shoebox room with dimension (in m)
L = [lx , ly , lz ] = [15, 20, 5]. The surfaces are discretized into
152 square patches, each of size 2.5 × 2.5m. The source is
placed at xS = [5.78, 14.91, 3.27], and the receiver at xR =
[8.23, 11.92, 2.02]. All the walls have a frequency-independent absorption coefﬁcient α = 0.3, which corresponds to the reﬂection
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one second order reﬂection that are largely under-estimated. The errors of the amplitudes of the modeled early reﬂections mainly come
from the coarse spatial discretization and the simpliﬁcation of the
ARE model. Besides using a denser discretization, improvement of
the initial shooting and ﬁnal gather schemes can also increase the
modeling accuracy of the early reﬂections, as detailed in [10].
The computation times using Matlab on a standard computer
(2.8 GHz CPU) to synthesize a one-second RIR are 429s for Room
1 and 16.5s for Room 2. Coarser discretization can further reduce
the computation time. For example, the shoebox can be discretized
into 6 patches, i.e. each wall being a patch. In this case, the attenuation ﬁlter of each delay line need to be adjusted using the ISM
model in order to compensate the degradation of accuracy of the
modeled early reﬂections. Besides, the sparsity of the feedback matrix can be explored for more efﬁcient implementations.

0.04

4.2. Late reverberation
Figure 3: Simulation results of Room 1 with absorption α = 0.3.
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Reverberation time T60 is used as a rough metric to assess the performance of the ARN reverberator in modeling the late reverberation. The reverberation time is predicted by the Sabine formula [1].
The absorption coefﬁcient varies from α = 0.2 to α = 0.6.
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Figure 4: Simulation results of Room 2 with absorption α = 0.25.
√
coefﬁcient β = 1 − α. The simulation results are shown in Figure 3.
As expected, the simulated RIR has distinct early reﬂections
during the ﬁrst 50ms. The simulated RIR transits to diffuse-like
dense pulses gradually, while the energy of distinct specular reﬂections diminishes. This is in accordance with sound propagation
properties. Carefully observing the zoomed-in early echoes, we can
see that most of the early reﬂections are modelled with good accuracy. Slight time shifts, compared to the reference ISM method, is
the result of the coarse discretization, where the reﬂecting point is
always chosen as the central point of each patch. However, such
time shifts are hard to perceive for human ears.
The Room 2 is a shoebox room with dimension (in m) L =
[lx , ly , lz ] = [4, 6, 4]. The surfaces are discretized into 32 square
patches, each of size 2 × 2m. The source is placed at xS =
[1.21, 4.78, 3.02], and the microphone at xR = [3.11, 1.92, 0.83].
All the walls have a frequency-independent absorption coefﬁcient
α = 0.25. The simulation results are shown in Figure 4. Most of the
early echoes are well modeled, except one ﬁrst order reﬂection and

Table 1 shows the predicted T60 using the ARN model. The
prediction results are good for Room 1 where the highest prediction
error is 7.6%. However, the prediction for Room 2 has higher error,
mainly because the reverberation time is shorter and thus is more
sensitive to errors. It may also come from the coarse discretization
of the geometry.
Informal listening tests of the late reverberation reveal that, due
to the high number of delay lines and the permutation of the feedback matrix, the late reverberation is of satisfying sound quality
with smooth reverberant sound.

5. CONCLUSION
In this paper we present a novel geometry-based artiﬁcial reverberator which is capable of modeling both early/specular reﬂection
and late/diffuse reverberations. Although coarse discretization is
the main source of error, the modeled early echoes have considerable accuracy. The results also shows that the extension to specular
reﬂections does not degrade its performance in late reverberation
modeling. The sparsity of the feedback matrix can be explored for
more efﬁcient implementations in the future. Besides, some more
quantitative measures can be investigated to assess the accuracy of
the early reﬂections.
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