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Random walk

Random walk

Xm(t) = 1√
m

[mt]∑
j=1

Xj + (mt − [mt]) X[mt+1]


where (Xj , j ≥ 1) are i.i.d. such that E [X1] = 0, E

[
|X1|2

]
= 1
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Prohorov vs Kolmogorov-Rubinstein

De�nition (Prohorov)

Pm
Pro(E)−−−−→ P⇐⇒

(∫
F dPm →

∫
F dP for all F ∈ C0(E )

)

De�nition (Kolmogorov-Rubinstein or Wasserstein 1)

Pm
KR(E)−−−−→ P⇐⇒

(
sup

F∈C1(E)
(
∫

F dPm −
∫

F dP)→ 0
)

where
• C0(E ) : bounded and continuous E → R
• C1(E ) : bounded and 1-Lipschitz continuous E → R
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Donsker Theorem (1951)

Theorem

If E
[
|X1|2

]
<∞,

E [F (Xm)] m→∞−−−−→ E [F (B)]

for all F ∈ C0(C).
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Lamperti improvement (1961)

Theorem

E
[
|X1|2p

]
<∞ =⇒ E [F (Xm)] m→∞−−−−→ E [F (B)]

for F ∈ C0(Hα) where
α <

p − 1
2p
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Lamperti improvement (1961)

Theorem

E
[
|X1|2p

]
<∞ =⇒ E [F (Xm)] m→∞−−−−→ E [F (B)]

for F ∈ C0(Hα) where
α <

p − 1
2p

E
[
|X1|3

]
<∞ =⇒ α < 1/6

p →∞ =⇒ α→ 1/2
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Choice of the functional space F

Generalized problem

sup
F∈F

E [F (Xm)]− E [F (B)]

• C : continuous functions
• Hα : α-Hölder continuous functions

• Fractional Sobolev spaces

Wα,p =
{

f ,
∫∫

[0,1]2

|f (t)− f (s)|p
|t − s|1+αp ds dt <∞

}
• Embeddings

Hα′ ⊂Wα,p ⊂ Hα−1/p

for α′ > α > 1/p
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Stein’s method and Donsker theorem

Barbour ’90 Functional space : 3-times Fréchet di�erentiable functions on
the Skorohod space, rate n−1/2 log n

Coutin and L. Decreusefond ’13 3-times Fréchet di�erentiable functions
on Wα,2 for α < 1/2, rate nα−1/2

Coutin and Laurent Decreusefond’18 following Shih 3-times weakly
di�erentiable functions on Wα,p for 0 < α− 1/p < 1/2, rate
nα−1/2 log n
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Why “Lipschitz” is that important ?

Lipschitz functions of the sample-paths
• Local time, re�ected process

• Entrance time
• Excursions
• etc

• CLT for Lipschitz test functions in dimension 1 immediate
• CLT in dimension d Gallouët, Mijoule, and Swan; Raič; Fang, Shao,

and Xu (2017-2018)
• Rate n−1/2 log n
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Rate of convergence

Theorem (Coutin-D)

For p ≥ 3 and 0 < α− 1/p < 1/2∣∣∣E [F (Xm)]− E [F (B)]
∣∣∣ ≤ c ‖F‖Lip1(Wα,p) ‖X1‖Lp m−1/6+α/3 log m

For α = 0, p =∞, we set Wα,p = C∣∣∣E [F (Xm)]− E [F (B)]
∣∣∣ ≤ c ‖F‖Lip1(C) ‖X1‖Lp m−1/6 log m

end
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Abstract Wiener space

Theorem (Pietsch)

The triple (I1,2, Wα,p,PB) is an abstract Wiener space
for any admissible (α, p) where

I1,2 =
{

f , ∃ḟ ∈ L2, f (t) =
∫ t

0
ḟ (s) ds

}
⊂Wα,p

Theorem (Itô-Nisio)

Let (gn, n ≥ 1) be a CONB of I1,2, Xn i.i.d. ∼ N (0, 1)

N∑
n=1

Xn gn
inWα,p−−−−−−→
with prob. 1

B :=
∞∑

n=1
Xn gn

356 Part 5 .  Applications 

25.6.2. If 1 p < m, 0 < 3, < 1, and DC = l i p  t J., then 

R,: f(t)  + g(s) = - (s - ty--l f(t)  dt 
44 's 0 

defines an operator R, E 2(Lp[0, 13, C1[O, 11) which is called the Riemunn-Limwille 
operator of fractional intqrution; cf. 22.7.5 and [ZYG, vol. 11, p. 1381. In  particular, 
for a = 1, we get the integration qeratw 

8 

R: f ( t ,  + S(S) = J f ( t )  dt. 
0 

25.6.3. According to 22.7.4 and 22.73 the following result is R special case of 22.4.13. 
Proposition. If 2 < p < 00 uruE 0 < I < l,'? - llp, then 

€2 E Vp(Ld0, 11, Cn[O, 11). 
Proof. Put (Y := lip f 3, and B := 1 - l/p - 3.. Because of R,,, = R,R, and 

F > 112 we get the diagram 

€2 

,Lp[O, 11 
J P  

ClO, 11 

The assertion now follows froin 17.3.5. 

26.6.4. The Brownian ?notion can be described by the so-called cylindricul Wiener 
probabilit?y g := R(yLZIO,ll) defined on Co[O, 11 := { f  

28.6.5. Immediately from 25.6.3, 25.4.8 and 25.5.4 we have the 

Wiener probability @ which .is regular on the Bore1 a-algebra B(C,[O, 11). 

26.6.6. Finally we show that the Wiener probability is concentrated on certain 
linear subsets of C,,[O, I]. 

C[O, 11: f (0 )  = 0). 

Theorem. The cylindrical Wiener probability e can be uniquely extended to the 

Theorem. If 0 < i, < 1/2, then P(CJ0, 11) = 1. 

Proof. Choose some exponent p such that 112 - A > 1/21 > 0. Then we have 
R E ?&,(,(LBIO, 11, C1[O, 11) by 25.6.3. Hence el := Rl(yLg[O,l l )  is a cylindrical Radon pro- 
bability on C#I, 11. Moreover, @ is the image of el with respect to t.he embedding 
map from C2[0, 11 into Co[O, 11. This proves the assertion. 

Remark. The above result means that almost every sainple path is Holder 
A-continuous €or 0 < 1 < 112. 

Remark. Let us mention that C1[O, 13 with 1/2 < i( < 1 is a @null set; cf. [KUO, 
p. 451 and [YEH, p. 4361. 

L.Decreusefond (I.P.Paris) Donsker theorem in Wassertein 1 distance 2019 10 29



Abstract Wiener space

Theorem (Pietsch)

The triple (I1,2, Wα,p,PB) is an abstract Wiener space
for any admissible (α, p) where

I1,2 =
{
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Dirichlet structure on Wα,p

Ornstein-Uhlenbeck semi-group For F : Wα,p → R, x ∈Wα,p

PtF (x) = E

F (e−tx +
√

1− e−2t︸ ︷︷ ︸
βt

B)



Properties • Stationarity
x ∼ B ⇐⇒ Xt(x) ∼ B

• Ergodicity
PtF (x) t→∞−−−→ E [F (B)]

Generator, see Shih For F ∈ Lip1(Wα,p)

LF (x) = −〈x ,∇F (x)〉Wα,p ,W ∗α,p +

∞∑
j=1
〈∇(2)F (x), gj ⊗ gj〉I1,2︸ ︷︷ ︸

traceI1,2 ∇
(2)F (x)
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An intermediate process

Xm(t) =
m−1∑
j=0

Xj
√

m
∫ t

0
1[j/m, (j+1)/m[(s) ds︸ ︷︷ ︸

hm
j (t)

A�ne interpolation of B

Bm(t) =
m−1∑
j=0

√
m
(
B( j + 1

m )− B( j
m )
)

︸ ︷︷ ︸
√

m
∫ t

0
1[j/m, (j+1)/m)(t) dt︸ ︷︷ ︸
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A�ne interpolation of B

Bm(t) =
m−1∑
j=0

√
m
(
B( j + 1

m )− B( j
m )
)

︸ ︷︷ ︸
N (0,1)

√
m
∫ t

0
1[j/m, (j+1)/m)(t) dt︸ ︷︷ ︸

hm
j (t)
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Remarks

• Xm and Bm share the same functional space :

Vm = span(hm
j , j = 1, · · · ,m)

• Bm and B share the same probability space
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Remarks

• Xm and Bm share the same functional space :

Vm = span(hm
j , j = 1, · · · ,m)

• Bm and B share the same probability space

Strategy
• Compare X and Xm

Sample-paths

• Compare Xm and Bm

Stein’s method

• Compare Bm and B

Sample-paths
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Sample-paths bounds

Theorem (Friz-Victoir)

For any q ≥ 1, for any α < 1/2,

E
[
‖Bm − B‖qHα

]1/q
≤ c

m1/2−α−ε

Theorem (Coutin, D.)

For any q ≥ 1, for any α < 1/2,

E
[
‖Xm − X‖qHα

]1/q
≤ c

m1/2−α
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Stein method in dimension 1

Stein-Dirichlet representation formula

E
[
F ( Sn√

n )
]
−
∫

F dµ = E
[∫ ∞

0
L
(∫

R
F (e−t Sn√

n + βty) dµ(y)︸ ︷︷ ︸
PtF (Sn/

√
n)

)
dt
]

where βt =
√

1− e−2t , Sn = X1 + . . .+ Xn and

Lf (x) = −xf ′(x) + f ′′(x)
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Into the deep

E
[ Sn√

n (PtF )′( Sn√
n )
]

= 1√
n

n∑
j=1

E
[
Xj (PtF )′( Sn√

n )
]

n∑
j=1

E
[
Xj
(

(PtF )′( Sn√
n )− (PtF )′( Sn√

n −
Xj√

n )
)

︸ ︷︷ ︸
A

]

E
[
Xj
(

(Pt f )′( Sn√
n )− (Pt f )′( Sn√

n − Xj/
√

n)
)]

= 1√
n

∫ 1

0
E
[
X 2

j (Pt f )′′( Sn√
n + rXj/

√
n)
)]

dr
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Consequence

Since ∫ 1

0
E
[
X 2

j (Pt f )′′(S¬j
n√
n )
]

dr = E
[

(Pt f )′′(S¬j
n√
n )
]
,

we get

LPt f ( Sn√
n )

= −1
n

n∑
j=1

∫ 1

0
E
[
X 2

j

(
(Pt f )′′(S¬j

n√
n + rXj/

√
n)− (Pt f )′′(S¬j

n√
n )
)]

dr

+ 1
n

n∑
j=1

E
[

(Pt f )′′(S¬j
n√
n )− (Pt f )′′(S¬j

n√
n )
]
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Key elements

• The bound depends on the Lipschitz continuity of (Pt f )′′

sup
x 6=y

|(Pt f )′′(x)− (Pt f )′′(y)|
|x − y |

• The 1/
√

n factor
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Higher dimension

Finite dimensional Gaussian measure

Lf (x) = −x .∇f (x) + 1
2∆f (x) = −x .∇f (x) + 1

2 trace∇(2)f (x)

Pt f (x) =
∫

Rm
f (e−tx + βty) dµm(y)

Remind

Xm(t) =
m−1∑
j=0

Xj hm
j (t)

Bm(t) =
m−1∑
j=0

δhm
j︸︷︷︸

N (0,1)

hm
j (t)
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Pushforward

De�nition (Gaussian measure on Vm)

S : Rm −→ Vm = span{hm
j , 1 ≤ j ≤ m} ⊂ I1,2 ⊂Wα,p

x 7−→
∑

j
xj hm

j

µm 7−→ µVm = S#µm

PtF (
∑

xjhm
j︸ ︷︷ ︸

x

) =
∫
Vm

F (e−tx + βty) dµVm (y)

LVmF (x) = −〈x ,∇F (x)〉I1,2 + 1
2 trace∇(2)F (x)
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Back to the deep

• We must compute

−
m∑

j=1
E

X
〈

hm
j , ∇PtF (

∑
j

Xjhm
j )
〉

I1,2



• We can use the trick

−
m∑

j=1
E

Xj

〈
hm

j ,

(
∇PtF (

∑
k

Xkhm
k )−∇PtF (

∑
k 6=j

Xkhm
k )
)〉

I1,2


• The �rst term of the Taylor expansion is

m∑
j=1

E

X 2
j

〈
hm

j ⊗ hm
j , ∇(2)PtF (

∑
k 6=j

Xkhm
k )
〉

I1,2


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Properties of hm
j

1/
√

m

j/m (j + 1)/m

hm
j

√
m

j/m (j + 1)/m

ḣm
j

• Norm in C
‖hm

j ‖C = 1√
m

• Norm in I1,2

‖hm
j ‖I1,2 = ‖ḣm

j ‖L2 = 1

• Norm in L2

‖hm
j ‖L2 ≤

c√
m

Problem

No m−1/2 factor since we work in I1,2!
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j ‖L2 = 1

• Norm in L2

‖hm
j ‖L2 ≤

c√
m

Problem

No m−1/2 factor since we work in I1,2!

L.Decreusefond (I.P.Paris) Donsker theorem in Wassertein 1 distance 2019 22 29



Representation formula

Theorem (Shih)

〈
∇(2)Pm

τ f (v), h ⊗ h
〉

I1,2⊗2 = e−3τ/2

β2
τ/2

E
[
f
(
wτ (v ,Bm, B̂m)

)
δh(Bm)δh(B̂m)

]
where

wτ (v , y , z) = e−τ/2(e−τ/2v + βτ/2y) + βτ/2z
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Projecting, conditionning, averaging

• Let N < m
DN = {j/N, j = 0, · · · ,N − 1}

• πN : orthogonal projection from span{hm
j } onto span{hN

k }
• Compare

Xm with πNXm

πNXm with πNBm ∼ BN

BN with B
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The key lemma

E
[
f ◦ πN

(
wτ (v ,Bm, B̂m)

)
δh(Bm)δh(B̂m)

]
= E

[
f
(
wτ (v , πNBm, πN B̂m)

)
E [δh(Bm) |πNBm] E

[
δh(B̂m) |πN B̂m

]]

Lemma

var (E [δh(Bm) |πNBm]) ≤ c N
m
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Questions ?
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