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Random walk

Random walk

[mt]
XM(t) = \/% (Z )(1 + (mt — [mt]) X[mt+1])
j=1

where (Xj,j > 1) are i.i.d. such that E[X;] = 0, E [|X1]?] =1

e
i

m
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Prohorov vs Kolmogorov-Rubinstein

Definition (Prohorov)

Pro(E)

p,, J(E), P<:>(/FdP —>/FdeorallFe€°(E)>

Definition (Kolmogorov-Rubinstein or Wasserstein 1)

&(E%m:»( sup ( Fde—/FdP)—>0>
FeCl(E)

Pm

where
e ¢%(E) : bounded and continuous E — R
e ¢I(E) : bounded and 1-Lipschitz continuous E — R

m
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Donsker Theorem (1951)

Theorem
FE[|IX1[?] < oo,
E[F(X™)] === E[F(B)]

forall F € ¢°(C).

]
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Lamperti improvement (1961)

Theorem
E[1X[?] < co = E[F(X™)] === E[F(B)]

for F € €%(H,) where
a< Pl
2p
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Lamperti improvement (1961)

Theorem

E[1X1?%] < 00 = E[F(X™)] ™= E[F(B)]

for F € €%(H,) where

p—1

a < 20
E[]Xlﬂ <oco=a<1/6
p—o0o=a—1/2
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Choice of the functional space F

Generalized problem

sup E[F(X™)] — E[F(B)]
FeF
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Choice of the functional space F

Generalized problem

sup E[F(X™)] — E[F(B)]
FeF

e (C : continuous functions

e H, : a-Hoélder continuous functions
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Choice of the functional space F

Generalized problem

sup E[F(X™)] — E[F(B)]
FeF

e (C : continuous functions

® H, : a-Holder continuous functions not separable
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Choice of the functional space F

Generalized problem

sup E[F(X™)] — E[F(B)]
FeF

e (C: continuous functions
® H, : a-Holder continuous functions not separable

® Fractional Sobolev spaces

PP 46 ae < o0
[0,1]2 It—sl”ap
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Choice of the functional space F

Generalized problem

sup E[F(X™)] — E[F(B)]
FeF

e (C : continuous functions

H,, : a-Hélder continuous functions not separable

Fractional Sobolev spaces
p
{ / / P s e < oo}
0.1 It - sl”“P

Ha/ C Wa,p C Hafl/p

Embeddings

fora/ >a>1/p

m
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Stein’s method and Donsker theorem

Barbour ’9o Functional space : §-times Fréchet differentiable functions on
the Skorohod space, rate n=/2 log n
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Stein’s method and Donsker theorem

Barbour ’9o Functional space : §-times Fréchet differentiable functions on
the Skorohod space, rate n=/2 log n

Coutin and L. Decreusefond ‘13 g-times Fréchet differentiable functions
on W, 5 for oo < 1/2, rate n®~1/2
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Stein’s method and Donsker theorem

Barbour ’9o Functional space : §-times Fréchet differentiable functions on
the Skorohod space, rate n=/2 log n

Coutin and L. Decreusefond ‘13 g-times Fréchet differentiable functions
on W, 5 for oo < 1/2, rate n®~1/2

Coutin and Laurent Decreusefond’18 following Shih g-times weakly
differentiable functions on W, , for0 < o —1/p < 1/2, rate
n®1/2ogn
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Why “Lipschitz” is that important ?

Lipschitz functions of the sample-paths

e [ocal time, reflected process

.
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Why “Lipschitz” is that important ?

Lipschitz functions of the sample-paths
e [ocal time, reflected process

e Entrance time

.
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Why “Lipschitz” is that important ?

Lipschitz functions of the sample-paths
e [ocal time, reflected process
® Entrance time

e Excursions
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Why “Lipschitz” is that important ?

Lipschitz functions of the sample-paths
e [ocal time, reflected process
® Entrance time
® Excursions

® etc

.
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Why “Lipschitz” is that important ?

Lipschitz functions of the sample-paths
¢ Local time, reflected process
¢ Entrance time
¢ Excursions

® ctc

e CLT for Lipschitz test functions in dimension 1 immediate

e CLT in dimension d Gallouét, Mijoule, and Swan; Rai¢; Fang, Shao,
and Xu (2017-2018)

e Rate n=Y2logn

] =
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Rate of convergence

Theorem (Coutin-D)

Forp>3and0<a—1/p<1/2

[E[F(X™)] — E[F(B)]| < IFllLipy(wi ) Xl m /57 2 10g m

]
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Rate of convergence

Theorem (Coutin-D)
Forp>3and0<a—1/p<1/2

[E[F(X™)] — E[F(B)]| < IFllLipy(wi ) Xl m /57 2 10g m
Fora =0,p = oo, weset W, p, =C

[E[F(X™)] — E[F(B)]| < ¢ [IFllLipy(c) I1Xallir m~/® log m

]
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Abstract Wiener space

Theorem (Pietsch)

The triple (h2, Wa.p, Pg) is an abstract Wiener space
Jor any admissible (o, p) where

. t,
ho={f 3F € 12,£(t) = /0 F(s) ds} C Wap
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Abstract Wiener space

Theorem (Pietsch)

The triple (h2, Wa.p, Pg) is an abstract Wiener space
Jor any admissible (o, p) where

ho={f 3Fecl?f / F(s) ds} C Wap

Theorem (It6-Nisio)
Let (gn,n > 1) be a CONB of h 5, X, i.i.d. ~ N(0,1)

in Wy >
X — B = X
Z L with prob. 1 ; det
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Dirichlet structure on W, ,

Ornstein-Uhlenbeck semi-group For F : W, , = R, x € W, ,,

P.F(x) =E |F(e tx + V1 — e 2t B)
Be

]
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Dirichlet structure on W, ,
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P.F(x) =E |F(e tx + V1 — e 2t B)
Be
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Dirichlet structure on W, ,

Ornstein-Uhlenbeck semi-group For F : W, , = R, x € W, ,,

P.F(x) =E |F(e tx + V1 — e 2t B)
Be

Properties @ Stationarity

X~ B <= Xi(x)~ B

]
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Dirichlet structure on W, ,

Ornstein-Uhlenbeck semi-group For F : W, , = R, x € W, ,,

P.F(x)=E |F(e 'x+V1—e2tB)
B
Properties @ Stationarity
X~ B <= Xi(x)~ B
® Ergodicity
PeF(x) == E[F(B)]

] L
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Dirichlet structure on W, ,

Ornstein-Uhlenbeck semi-group For F : W, , = R, x € W, ,,

P.F(x) =E |F(e tx + V1 — e 2t B)
Be

Properties @ Stationarity

X~ B <= Xi(x)~ B
e Ergodicity
PeF(x) == E[F(B)]

Generator, see Shih For F € Lipy (W, p)

LF(x) = —(x, VF(x)) W, ,,wz, +Z x), 8®8j)h

m
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Dirichlet structure on W, ,

Ornstein-Uhlenbeck semi-group For F : W, , = R, x € W, ,,

P:F(x) =E |F(e” x+\/1—e—2f8)
5:
Properties @ Stationarity

X~ B <= Xi(x)~ B
e Ergodicity
PeF(x) == E[F(B)]

Generator, see Shih For F € Lipy (W, p)

LF(x) = =06, VFC))wapwz, + 2 (VOF(x), 8 @ g},
j=1

trace;, , VIF(x)

m =
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An intermediate process

m—1 t
X"(t)= ) X \/5/0 Ljj/m, (j+1)/m(s) ds
j=0
h(t)
Affine interpolation of B
= jt1 j ‘
Bm(t) = Z \/E(B(T) — B(;)) \/E/o ]‘U/m’ (j—l—l)/m)(t) dt
=0
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An intermediate process

m—1
X7(5) = 3 X h()
j:
Affine interpolation of B
e _ e j+1 j :
B"(t) = 2 Vm(B(*—=) - B(-))) \/5/0 Lj/m, j+1)/m)(t) dt
N(0,1) him(t)
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Remarks

e X™and B™ share the same functional space :

Vi = span(h”,j=1,---,m)

= -
L.Decreusefond (I.P.Paris) Donsker theorem in Wassertein 1 distance 2019 13]29



Remarks

e X™and B™ share the same functional space :
Vi = span(h”,j=1,---,m)

e B™ and B share the same probability space
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Remarks

e X™and B™ share the same functional space :
Vm = span(hjm,j =1, am)

e B™ and B share the same probability space

Strategy
e Compare X and X"
e Compare X™ and B™
e Compare B™ and B

m =
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Remarks

e X™and B™ share the same functional space :
Vm = span(hjm,j =1, am)

e B™ and B share the same probability space

Strategy
® Compare X and X™ Sample-paths
e Compare X™ and B™ Stein’s method
e Compare B™ and B Sample-paths

m
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Sample-paths bounds

Theorem (Friz-Victoir)
Forany g > 1, forany o < 1/2,

}l/q - c

q
E[I8™ - BII3, S ama—c

] =
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Sample-paths bounds

Theorem (Friz-Victoir)
Forany g > 1, forany o < 1/2,

1/q c
q
E[IB" = BIE,] " < e J
Theorem (Coutin, D.)
Forany g > 1, forany o < 1/2,
1/q c
q
E[HX’"—XH Oj SW ]

]
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Stein method in dimension 1

Stein-Dirichlet representation formula

E [F(%)} —/qu = E{/Ooo L (/R F(e_t% + Bty) d,u(y)) dt]
PF(Sn/+/n)

where 8 = V1 —e2t,S, = X; + ...+ X, and
Lf(x) = —xf'(x) + f"(x)

]
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Into the deep

]
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Into the deep

]
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Into the deep

Sn op pyg Syl _ Ly Suil_
e[ 75 (Y] = 7 o [ (Y ()] -0
I Sn Sn X
- e (B - ey - )]

m
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Into the deep

Sh / S _i : /i —
E W(PtF)(ﬁ)]—ﬁjzlE[x, (PeFY(22)| 0
S (PR - (PR - )
=1
A

_ \%/015 [)g?(Ptf)”(j"ﬁJrrxj/ﬁ))] dr



Into the deep

> (2ny = L C(PEY (2] -
E I(PtF)(ﬁ)]—ﬁjzlE[x, (PeFY(22)| 0
O W (YOI ST TE )]
=1
A

_ \%/015 [)g?(Ptf)”(j"ﬁJrrxj/ﬁ))] dr



Consequence

Since

0

L.Decreusefond (I.P.Paris)
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Consequence

Since
! 2 " ;j . 1 ,?j
/O E[xj(Ptf) (ﬁ)l dr_E[(Ptf) (ﬁ)17
we get
Sh
LPF( L) |
N o B P VI PNPIL SN I
_ nj:1/0 Elxj ((P.f) (4 PG/ = (Pif) (ﬁ))] d

+= ZE[Pt )"( f}) (Ptf)“(f%)]
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Key elements

¢ The bound depends on the Lipschitz continuity of (P¢f)"

o [PV 0) = (P (1)
X#y ’X - y‘

m =
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Key elements

¢ The bound depends on the Lipschitz continuity of (P¢f)"

o [PV 0) = (P (1)
X#y ’X - y‘

® The 1/y/n factor

] =
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Higher dimension

Finite dimensional Gaussian measure

Lf(x) = —x.Vf(x) + %Af(x) = —x.Vf(x) + %trace v f(x)

P.f(x) = o f(e™"x + Bry) dum(y)

m =
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Higher dimension

Finite dimensional Gaussian measure

Lf(x) = —x.Vf(x) + %Af(x) = —x.Vf(x) + %trace v f(x)

P:f(x) = - f(e "™ + Bry) dpm(y)
Remind

m—1

X™(t) = X; hi"(t)
j=0
m—1

B™(t) = dhi™ h(t)
j=0 >~

N(0,1)
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Pushforward

Definition (Gaussian measure on V)

S:R" — Vp=span{h,1<j<m} ChyC Wy
Xn—>ijhJ’-”
J

] =
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Pushforward

Definition (Gaussian measure on V)

S:R" — Vp=span{h,1<j<m} ChyC Wy
Xn—>ijhJ’-”
J

fm — W, = S fim
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Pushforward

Definition (Gaussian measure on V)

S:R" — Vp=span{h,1<j<m} ChyC Wy
X —> ZXJ hi"
J
fm — W, = S fim
PF(Yh7) = | F(e™tx+ Biy) diavy ()
—_—— Vm

] =
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Pushforward

Definition (Gaussian measure on V)

S:R" — Vp=span{h,1<j<m} ChyC Wy
XI—>ZXJ'hJ'-n
J

fm — W, = S fim
PF(Yh7) = | F(e™tx+ Biy) diavy ()
—_—— Vm

m

Ly, F(x) = —(x, VF(x))1,, + %trace VA F(x)

m =
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Back to the deep

® We must compute

—ZE X<hj’7’, VPtF(ZXJ-hJ’-")>
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Back to the deep

® We must compute

® We can use the trick

m

-> E|X
j=1

L.Decreusefond (I.P.Paris)
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k
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Back to the deep

® We must compute

S E X<hj’-”, VP F(> X;h >
J

hp

® We can use the trick

m

-> E|X
j=1

<hj’-", (VPtF(Z Xih?) = VPF(D Xihi)
k k]

® The first term of the Taylor expansion is

STE|X? <hj" ®h" VOPF(S th;;’)>
j=1 /

L.Decreusefond (I.P.Paris)
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Properties of h”

® Norm inC
1A lc = —=

ﬁ
e

i/m  (+1)/m

T
j/m  (+1)/m

hm

m =
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Properties of h”

® Norm inC 1
Il = ==

vm
L/vm — ® Normin /i

i/m  (+1)/m

.

j/m  (+1)/m

17z = 1872 = 1

hm

]
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Properties of h”

® Norm inC 1
Il = ==

vm
L/vm — ® Normin /i

im G+ 1/m i .
1A [h. = A"l 2 =1

Vm e Norm in L2 c

J
/m o G+1)/m vm

hm

]
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Properties of h”

® Norm inC ]
1A lc = —=

v/m
L/v/m — ® Normin /i

i/m G+ 1)/m - .
1A [, = A"l 2 = 1

vim e Norm in L2 c

J
j/m G+ 1)/m vm

hm

Problem

No m~1/2 factor since we work in ho!

]
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Representation formula

Theorem (Shih)

@) e—3‘r/2 R .
(VOPPf(v), he h>h,2®2 = E [f(wr(v, B", B™))oh(B)oh(B™)]
where

wr(v,y,z) = e—T/2(e—T/2V + 57/2)/) + 67/22
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Projecting, conditionning, averaging

o [etN<m
DN:{.//NL/:O)vN_]'}

m =
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Projecting, conditionning, averaging

o [etN<m
DN:{.//NL/:O)?N_]'}

® 7y : orthogonal projection from span{h™} onto span{hN}
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Projecting, conditionning, averaging

o [etN<m
DN:{.//NL/:O)?N_]'}

® 7y : orthogonal projection from span{h™} onto span{hN}

e Compare
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Projecting, conditionning, averaging

® Let N<m
DN:{J/Na./:Oa 7N_]-}
® 7y : orthogonal projection from span{h™} onto span{hN}

e Compare
m XM with Ty X™
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Projecting, conditionning, averaging

o Jet N<m

Dy ={j/N,j=0,---,N—1}
® 7y : orthogonal projection from span{h™} onto span{hN}
e Compare

m XM with Ty X™
m 7y X™ with myB™ ~ BN
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Projecting, conditionning, averaging

o [etN<m
DN:{.//NL/:O)?N_]'}

® 7y : orthogonal projection from span{h™} onto span{hN}
e Compare

m XM with Ty X™

m 7y X™ with myB™ ~ BN

» B" with B
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The key lemma

E[f o mn(we(v, B", B™))3h(B™)oh(B™)]

—E [f(W-r(V,TFNBm,TFNBm)>E [6h(B™) | 7nB™ E [5/1(@;'") |7TNE;mH

Lemma

var (E[0h(B™) | mnB™]) < Cg
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Questions ?

i L
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