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Brief Review on Estimation Theory

K. Abed-Meraim

ENST PARIS, Signal and Image Processing Dept.

abed@tsi.enst.fr

This presentation is essentially based on the course ‘BASTA’ by E. Moulines
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Presentation Outline

• Basic concepts and preliminaries

• Parameter estimation

• Asymptotic theory

• Estimation methods (ML, moment, ...)

K. A BED-MERAIM ENST PARIS
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Basic Concepts and Preliminaries
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Definition and applications

The statistics represent the set of methods that allow the analysis (and
information extration) of a given set of observations (data). Application
examples include:

• The determination of the production quality by a probing study.

• The measure of the visibility impact of a web site (i.e. numberof
readed pages, visiting strategies, ...).

• The modelisation of the packets flow at a high-speed network gate.

• The descrimination of important e-mails from spam.

• The prediction of missing data for the restoration of old recordings.

• The estimation and tracking of a mobile position in a cellular system.

• etc, etc, ...

K. A BED-MERAIM ENST PARIS
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Some history...

One can distinguish 3 phases of development:

• Begining of XIX-th century, apprition of the first data analysis
experiments (Prony, Laplace) and the first canonical methodin
statistics (Gauss, Bayes).

• In the first part of the XX-th century (until the 1960s) the basis of the
statistical inference theory have been established by (Pearson, Fisher,,
Neyman, Cramer,...). However, due to the lack of powerful calculation
machines, the applications and the impact of the statisticswere quite
limited.

• With the fast development of computers and data bases, the statistic has
seen a huge expansion and the number of its applications covers a very
large number of domains either in the industry or in researchlabs.

K. A BED-MERAIM ENST PARIS
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Statistical model

• In statistics, the observationx = (x1, x2, · · · , xn) are seen as a

realization of a random vector (process)Xn = (X1, X2, · · · , Xn)

which lawP is partially known.

• The observation model translates thea priori knowledgewe have on

the data.

• The nature and complexity of the model varies considerably from one

application to another...

K. A BED-MERAIM ENST PARIS
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Parametric model

• Parametric model: is a set of probability laws(Pθ, θ ∈ Θ) indexed by

scalar or vectorial parameterθ ∈ IRd.

• Observation: the observationX is a random variable of distributionPθ,

where the parameterθ is unknown.

• The probability of a given event is a function ofθ and hence we’ll

write: Pθ(A), Eθ(X), ...

K. A BED-MERAIM ENST PARIS
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Objectives

When considering parametric models, the objectives are often:

• The estimation: which consists to find an approximate value of

parameterθ.

• The testing: which is to answer the following type of questions... Can

we state, given the observation set, that the proportion of defective

objectsθ is smaller that).)1 with a probability higher than99%?

K. A BED-MERAIM ENST PARIS
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Example: Gaussian model

• A random variableX is said standard gaussian if it admits a p.d.f.

Φ(x) =
1√
2π

exp(−x
2

2
).

which is referred to asX = N (0, 1).

• X is a gaussian random variable of meanµ and varianceσ2 if

X = µ+ σX0

whereX0 is a standard gaussian.

• Gaussian model: the observation(X1, · · · , Xn) aren gaussian iid

random variables of meanµ and varianceσ2 (i.e. θ = (µ, σ)).

K. A BED-MERAIM ENST PARIS
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Statistic’s concept

• To build statistical estimators or tests, one has to evaluate certain

function of the observation:Tn = T (X1, · · · , Xn). Such a function is

calledstatistic.

• It is crucial that the defined statistic is not a function of the parameterθ

or the exact p.d.f. of the observations.

• A statistic is a random variable which distribution can be computed

from that of the observations.

• Note that a statistic is a random variable but not any random variable is

a statistic.

K. A BED-MERAIM ENST PARIS
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Examples

• Empirical mean: Tn =
∑n

i=1Xi/n.

• Median value: Tn = (X)n.

• Min + Max: Tn = 0.5 (max(X1, · · · , Xn) + min(X1, · · · , Xn)).

• Variance: Tn =
∑n

i=1X
2
i /n.

K. A BED-MERAIM ENST PARIS
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Parametric Estimation
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Parametric versus non-parametric

• Non-parametric: The p.d.f.f of X is unknown but belongs to a known

function spaceF , e.g.

F = {f : IR → IR+, twice differentiable andf” ≤M}.

leads to difficult estimation problems !!

• Semi-parametric: Consider for example a set of observations

{(Xi, zi)} following the regression modelXi = g(θ, zi) + ǫi whereg

is a known function andǫi are iid random variables. This model is said

semi-parametric if the p.d.f. ofǫi is completely unknown.

• Parametric: The previous model is parametric if the p.d.f. ofǫi is

known (up to certain unknown point parameters).

K. A BED-MERAIM ENST PARIS
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Parametric estimation

• Let X = (X1, X2, · · · , Xn) be an observation of a statistical model

(Pθ, θ ∈ Θ).

• An estimator is a function of the observation

θ̂n(X) = θ̂n(X1, X2, · · · , Xn)

used to infer (approximate) the value of the unknown parameter.

K. A BED-MERAIM ENST PARIS
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Example: Estimation of the mean value

• Let (X1, X2, · · · , Xn) be a n-sample iid observation given by

Xi = θ +Xi0, θ ∈ IR andXi0 are iid zero-mean random variables.

• Mean estimators:

1- Empirical mean: θ̂n =
∑n

i=1Xi/n.

2- Median value: θ̂n = (X)n.

3- (Min + Max)/2: θ̂n = max(X1,···,Xn)+min(X1,···,Xn)
2 .

K. A BED-MERAIM ENST PARIS
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Estimator

• A statistic is referred to as ‘estimator’ to indicate that itis used to

‘estimate’ a given parameter.

• The estimation theory allows us to characterize ‘good estimators’.

• For that one needs ‘performance measures’ of a given estimator.

• Different performance measures exist that sometimes mightlead to

different conclusions: i.e. an estimator might be ‘good’ fora first

criterion and ‘bad’ for another.

K. A BED-MERAIM ENST PARIS
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Bias

• An estimatorT of parameterθ is saidunbiasedif θ is the mean-value

of the distribution ofT (θ being the exact value of the parameter): i.e.

Eθ(T ) = θ.

• Otherwise, the estimatorT is said ‘biased’ and the difference

b(T, θ) = Eθ(T )− θ represents the estimation bias.

K. A BED-MERAIM ENST PARIS
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Example: variance estimation

• Let (X1, · · · , Xn) be an iid observation of pdfpθ(x) = 1
σ
p(x− µ),

θ = (µ, σ2), andp satisfies
∫

x2p(x)dx = 1 and
∫

xp(x)dx = 0.

• Sn = 1
n−1

∑n

i=1(Xi −X)2 is an unbiased estimator ofσ2.

• Vn = 1
n

∑n

i=1(Xi −X)2 is a biased estimator ofσ2 which bias is

given byb = −σ2/n. It is however saidasymptoticallyunbiased as the

bias goes to zero whenn tends to infinity.

K. A BED-MERAIM ENST PARIS
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Unbiased estimator

• Instead ofθ, one might be interested by a function of this parameter...

For example in the previous example, the objective can be to estimate

σ =
√
θ2 instead ofσ2 = θ2. Whenθ is a parameter vector, one might,

in particular, be interested in estimating only a sub-vector of θ.

• T is an unbiased estimator ofg(θ) if Eθ(T ) = g(θ) for all θ ∈ Θ.

• Otherwise,b(T, θ, g) = Eθ(T )− g(θ) would represent the bias of this

estimator.

K. A BED-MERAIM ENST PARIS
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Bias and transforms

• Non-lineat transforms of unbiased estimators are not necessarily

unbiased: i.e. ifT is an unbiased estimator ofθ, g(T ) is not in general

an unbiased estimate ofg(θ).

• For example, ifT is an unbiased estimate ogθ thenT 2 is not an

unbiased estimate ofθ2. Indeed, we have

Eθ(T
2) = varθ(T ) + (Eθ(T ))2 = varθ(T ) + θ2.

K. A BED-MERAIM ENST PARIS
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Mean squares error

Another pertinent performance measure is the mean squares error (MSE).

The MSE measures the dispersion of the estimator arround the ‘true’ value

of the parameter:

MSE(T, θ) = R(T, θ) = E(T (X)− θ)2.

The MSE can be decomposed into:

MSE(T, θ) = (b(T, θ))2 + varθ(T ).

K. A BED-MERAIM ENST PARIS
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Example: MSE of the empirical mean

• (X1, · · · , Xn) n-sample iid observation of lawN (µ, σ2).

• Empirical mean:X = n−1
∑n

i=1Xi.

• Unbiased estimator and

var(X) =
σ2

n
.

K. A BED-MERAIM ENST PARIS
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Estimator’s comparison: Risk measure

• We have considered previously thequadratic risk (loss) function:

l(θ, α) = (θ − α)2.

• Other risk (loss) functions are possible and sometimes moresuitable:

1- Absoluve-value error:l(θ, α) = θ − α,

2- Truncated quadratic risk function:l(θ, α) = min((θ − α)2, d2).

3- The 0-1 risk function:l(θ, α) = 0 if θ − α ≤ ǫ andl(θ, α) = 1

otherwise.

• The mean risk value for an estimator is defined asEθ(l(T (X), θ)).

K. A BED-MERAIM ENST PARIS
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Estimator’s comparison

One can compare 2 estimators w.r.t. their risk values.

• An estimatorT is said ‘better’ than another estimatorT ′ if

R(T, θ) ≤ R(T ′, θ), ∀ θ ∈ Θ

with strict inequality for at least one value of the parameter θ.

• Except for ‘very particular cases’, it does not exist an estimator

uniformlybetter than all other estimators.

K. A BED-MERAIM ENST PARIS
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Reducing the class of estimators

• Unbiased estimators: we seek for the unbiased estimator with the

minimum quadratic risk value.

• Invariance: One might be interested in estimators satisfying certain

invariance property. For example, in a translation model, one is

interested in the estimators that satisfy:

T (X1 + c, · · · , Xn + c) = c+ T (X1, · · · , Xn).

• Linearity: One seeks here for the best linear estimator. This is the case,

for example, in the linear regression problem (e.g. Theorem of

Gauss-Markov).

K. A BED-MERAIM ENST PARIS
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Cramer Rao Bound: regular model

• For ‘regular’ statistical models it is possible to determine a lower bound

for the quadratic risk (MSE). It is the Cramer-Rao Bound (CRB).

• A statistical model is regular if:

1- The model is dominated: i.e.Pθ(A) =
∫

A
pθ(x)µ(dx) ∀ A ∈ B(X).

2- Θ is an open set ofIRd and∂p(x; θ)/∂θ exists for allx and allθ.

3- The pdfs have the same support for all values ofθ, i.e. for

A ∈ B(X), we have eitherPθ(A) = 0 ∀ θ or Pθ(A) > 0 ∀ θ.
4-

∫

X
∂
∂θ
p(x; θ)µ(dx) = ∂

∂θ

∫

X
pθ(x)µ(dx) = 0.

K. A BED-MERAIM ENST PARIS

NEWCOM Autumn school : ”Estimation theory in wireless communications”, October 2005 15



Brief review on estimation theory. Oct. 2005 27

�

�

�

�

Cramer Rao Bound: likelihood & score function

• The functionθ → p(x; θ) is calledlikelihoodof the observation.

• For a regular model, the functionθ → S(x; θ) = ∇θ log p(x; θ) is

calledscorefunction of the observation.

• When for allθ, E(S(X; θ)2) <∞, one define theFisher Information

Matrix (FIM) as:

I(θ) = Eθ[S(X; θ)S(X; θ)T ].

K. A BED-MERAIM ENST PARIS
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Fisher information: Properties

• Additivity for iid observations:

In(θ) = Covθ(∇θ log p(X1, · · · , Xn; θ)) = ni(θ)

where

i(θ) = Covθ(∇θ log p(X1; θ))

in other words, each new information contributes in an identical way to

the global information.

• When the score function is twice differentiable, we have:

In(θ) = −Eθ(∇2
θ log p(X1, · · · , Xn; θ)).

K. A BED-MERAIM ENST PARIS
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Cramer Rao Bound

• Let T (X) be a statistic such thatEθ(T (X)2) <∞, ∀ θ and assume

that the considered statistical model is regular.

• Letψ(θ) = Eθ(T (X)). Then

varθ(T (X)) ≥ ∇θψ(θ)T I−1(θ)∇θψ(θ).

• If T is an unbiased estimator ofθ, then the CRB becomes:

varθ(T (X)) ≥ I−1(θ).

K. A BED-MERAIM ENST PARIS
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Example: Empirical mean for gaussian process

• (X1, · · · , Xn) n-sample iid observation of lawN (µ, σ2) (σ2 known).

• The Fisher information for the mean parameter is given by:

In(θ) = n/σ2.

• The empirical mean MSE reaches the CRB and hence it is the best

estimator (for the quadratic risk) in the class of unbiased estimates.

K. A BED-MERAIM ENST PARIS
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Example: Linear model

• Observation model:X = Zθ + ǫ whereX = [X1, · · · , Xn]T is the
observation vector,Z is a full rank known matrix andǫ is the error
vector of zero-mean and covarianceE(ǫǫT ) = σ2I.

• The least squares estimate ofθ given by

θ̂ = Z#X

is unbiased and of MSE

V arθ(θ̂) = σ2(ZTZ)−1.

• If ǫ is a gaussian noise, then the FIM is given byI(θ) = (ZTZ)/σ2

and hence the LS estimate is the best unbiased estimate w.r.t. the
quadratic risk.

K. A BED-MERAIM ENST PARIS
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Efficiency

• An unbiased estimate ofθ which reaches the CRB is saidefficient. It is

an unbiased estimate with minimum error variance.

• Efficient estimators exist for the class of exponential distributions

where

p(x; θ) ∝ exp(A(θ)T (x)−B(θ)).

K. A BED-MERAIM ENST PARIS
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Asymptotic Theory
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Asymptotic approach

• Study of the estimators in the limit of ‘large sample sizes’,i.e. n→∞.

• For usual models, the estimates converge to the exact value of the

parameter:consistency.

• We then study the dispersion of the estimators around the limit valueθ.

• Our tools are: the law of large numbers and the central limit theorem.

K. A BED-MERAIM ENST PARIS
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Consistency

• Let (X1, · · · , Xn) be an observation of a statistical model(Pθ, θ ∈ Θ).

• Tn = Tn(X1, · · · , Xn) is a sequence of consistent estimators ofθ if for

all θ the sequence of random variablesTn converges in probability toθ:

lim
n→∞

Pθ(Tn − θ ≥ δ) = 0 ∀θ ∈ Θ, δ > 0.

.

K. A BED-MERAIM ENST PARIS
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Large numbers law

• The consistency is often a consequence of thelarge numbers law.

• Large numbers law: Let (X1, · · · , Xn) be a sequence of iid random

variables such thatE(X1) <∞. Then

1

n

n
∑

i=1

Xi →P E(X).

K. A BED-MERAIM ENST PARIS
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Consistency & continuous transform

• Let Tn be a consistent sequence of estimators ofθ, Tn →p θ.

• Let φ be a continuous function inΘ.

• φ(Tn) is then a sequence of consistent estimators ofφ(θ).

K. A BED-MERAIM ENST PARIS
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Convergence rate

• The consistency is an interesting property but does not giveus

information on how fast the estimator converges to the limitvalue.

• In the case of the empirical mean one can easily verify that√
n(Xn − µ) is bounded in probability which gives us a rough idea on

the convergence speed!!

K. A BED-MERAIM ENST PARIS
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Asymptotically normal estimator

• An estimator sequenceTn of θ is said asymptotically normal if

√
n(Tn − θ) →d N (0, σ2(θ)).

whereσ2(θ) is theasymptotic varianceof the considered estimator.

• This asymptotic result allows us to evaluate (often in a simpler way) the

dispersion of the estimators aroud the true value of the parameter.

K. A BED-MERAIM ENST PARIS
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Convergence in distribution

Let (Xn, n ≥ 0) be a sequence of random variables.Xn is said to converge

in distribution toX (i.e.Xn →d X) if one of the following equivalent

properties is verified:

• For any bounded continuous functionf :

limn→∞E(f(Xn)) = E(f(X)).

• For allu, limn→∞E(eiuXn) = E(eiuX)

• For all subsetsA ∈ B(IR) such thatP (X ∈ ∂A) = 0 we have

limn→∞ P (Xn ∈ A) = P (X ∈ A).

K. A BED-MERAIM ENST PARIS
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Confidence interval

• Let (Tn, n ≥ 0) be a sequence of random variables such that√
n(Tn − θ) →d T Ñ (0, σ2).

• LetA = [−a, a] such thatP (T ∈ {a,−a}) = 0, then we have

lim
n
Pθ(

√
n(Tn−θ) ∈ [−a, a]) =

1√
2πσ2

∫ a

−a

exp(−x2/2σ2)dx = α, ∀ θ.

• Consequently,

lim
n
Pθ(θ ∈ [Tn − a/

√
n, Tn + a/

√
n]) = α, ∀ θ

which represents a confidence interval of levelα for θ.

K. A BED-MERAIM ENST PARIS
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Central limit theorem

The asymptotic normality of the estimators comes from thecentral limit

theoremthat can be stated as follows:

Let (X1, · · · , Xn) a sequence of iid random variables of meanµ and

varianceσ2 = E(X2) <∞. Then,

1√
n

n
∑

i=1

(Xi − µ) →d N (0, σ2).

K. A BED-MERAIM ENST PARIS

NEWCOM Autumn school : ”Estimation theory in wireless communications”, October 2005 23



Brief review on estimation theory. Oct. 2005 43

�

�

�

�

The δ-method

• Let Tn a consistent sequence of estimators ofθ.

• The continuity theorem states thatg(Tn) is a consistent estimate of

g(θ).

• However, this result does not give any information about the

convergence rate nor about the asymptotic normality of the estimator

g(Tn)??

K. A BED-MERAIM ENST PARIS
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The δ-method

• Suppose that
√
n(Tn − θ) →d T and letg be a locally differentiable

function atθ. Then:

√
n(g(Tn)− g(θ)) →d g

′(θ)T.

• If T = N (0, σ2), then
√
n(g(Tn)− g(θ)) is asymptotically normal

N (0, g′(θ)2σ2).

K. A BED-MERAIM ENST PARIS
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Relative asymptotic efficiency

• Let Tn andSn be two asymptotically normal estimators ofθ:

√
n(Tn − θ) →d N (0, σ2

T (θ))
√
n(Sn − θ) →d N (0, σ2

S(θ))

• Tn is said ‘asymptotically better’ thatSn if

σ2
T (θ) ≤ σ2

S(θ) ∀ θ.

K. A BED-MERAIM ENST PARIS
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Estimation methods
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Moments method

• (X1, · · · , Xn) n iid random variables(Pθ, θ ∈ Θ).

• Let µi(θ) = Eθ(gi(X)) (gi, i = 1, · · · d are given functions).

• Moments method consists in solving inθ the equations

µi(θ) = µ̂i, i = 1, · · · d.

whereµ̂i are empirical (sample averaged) moments.

K. A BED-MERAIM ENST PARIS
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Moments method

• Several moment choices exist. They should be chosen such that:

1- One can express explicitely the considered moment function in terms

of θ.

2- Insure a bi-univoque relation between the moments and thedesired

parameterθ.

• The method is applicable in simple cases only where we have a small

number of parameters and there is no ambiguity w.r.t. the choice of the

statistics.

K. A BED-MERAIM ENST PARIS
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Consistency of the moment’s estimator

• Using the large numbers law, we have:

1

n

n
∑

i=1

gl(Xi) →d Eθ(gl(X)).

• If the functionµ: Θ → IRd is invertible with a continuous inverse
function, then the continuity theorem states that

θ̂ = µ−1(µ̂)

is a consistent estimate ofθ. Similarly, one can establish the asymptotic
normality of the moment’s estimator using the central limittheorem
and theδ-method.

K. A BED-MERAIM ENST PARIS
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Maximum likelihood method

• LetX = (X1, · · · , Xn) a sequence of random variables corresponding
to the model(Pθ, θ ∈ Θ). Let pθ represents the pdf ofX.

• Likelihood: θ → p(x; θ) seen as a function ofθ.

• Maximum likelihood estimation: estimation of̂θ such that

p(x; θ̂) ≥ max
θ
p(x; θ).

• If p(x; θ) is differentiable, then̂θ is a solution of

∆θlogp(x; θ̂) = 0.

K. A BED-MERAIM ENST PARIS
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Log-likelihood function

• Log-likelihood: L(x; θ) = log p(x; θ).

• In the case of iid observations:

1

n
log p(x; θ)p −K(θ0, θ)

whereK(θ0, θ) is the Kullback-Leibler information defined by

K(θ0, θ) = −Eθ0

[

log
p(X; θ)

p(X; θ0)

]

.

K. A BED-MERAIM ENST PARIS
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Kullback information

The Kullback-Leibler information is a ‘distance’ measure between two pdf

satisfying:

• K(pθ0
, pθ) ≥ 0

• K(pθ0
, pθ) = 0 iff

Pθ0
(x : p(x; θ0) = p(x; θ)) = 1.

K. A BED-MERAIM ENST PARIS
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Mean and variance of a gaussian

• Log-likelihood:

log p(x;µ, σ2) = −n
2

log(2π)− n

2
log(σ2)− 1

2σ2

n
∑

i=1

(xi − µ)2.

• Likelihood equations:

∂p

∂µ
(x; µ̂; σ̂2) = 0,

∂p

∂σ2
(x; µ̂; σ̂2) = 0.

• Solutions:

µ̂ =
1

n

n
∑

i=1

Xi, σ̂2 =
1

n

n
∑

i=1

(Xi − µ̂)2.
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Non-unicity of ML estimate: Uniform distribution

• (X1, · · · , Xn) iid random variables of uniform distribution in

[θ − 0.5 θ + 0.5].

• Likelihood

p(x; θ) =







1 if θ ∈ [max(Xi)− 0.5,min(Xi) + 0.5]

0 otherwise

• The likelihood is constant in the interval

[max(Xi)− 0.5,min(Xi) + 0.5].

K. A BED-MERAIM ENST PARIS
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Other methods

• Minimum contrast method,

• M-estimation,

• Z-estimation

• Robust estimation

•
...

K. A BED-MERAIM ENST PARIS
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Synchronization 
and

Digital Receivers

Marie-Laure BOUCHERET
IRIT/ENSEEIHT

E-mail : Marie-Laure.Boucheret@enseeiht.fr

Synchronization (SC, Gaussian) 2

Synchronization algorithms
(Single carrier systems, Gaussian channels)
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Impact of synchronization errors
Analog vs digital demodulators
Baseband signal generation
Likelihood functions
Carrier phase recovery
Timing recovery
Carrier frequency recovery
Digital demodulators examples
Advanced topics
References
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Impact of synchronization errors (1)

Carrier phase error:
BPSK, « NRZ »filter

Maximum phase jitter is 
determined by the 
implementation loss in the 
link budget.
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Impact of synchronization errors (2)

Timing error
BPSK, « NRZ »filter

Maximum timing jitter is 
determined by the 
implementation loss in the 
link budget.

Synchronization (SC, Gaussian) 6

Demodulation

Functions to be implemented
Baseband conversion
I,Q generation
Carrier recovery
Timing recovery
Matched filtering
Demodulation/decoding
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Analog demodulators 

• Typical analog demodulator architecture
PLL : baseband conversion + carrier frequency/phase correction

PLL Timing  
correction

Decoder
dataIF input

PLL : baseband conversion + carrier frequency/phase 
correction

Timing correction : FF/FB structure AFTER PLL

Synchronization (SC, Gaussian) 8

Digital demodulators

A digital demodulator is NOT the sampled version of the 
equivalent analog demodulator. 

⇒ Specific algorithms suited to digital implementation have 
been developped. 

Main differences between digital and analog demodulators:
Down conversion is INDEPENDENT from phase recovery
Timing recovery is performed BEFORE phase recovery
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Receiver input signal

( ) ( )0 02 2

( )

0

( ) Re ( ) Re ( )

( ) ( )

( ) 2

j f t j f t

j t
k

k

y t x t e n t e

x t e d h t kT

t ft

π π

ϕ τ

ϕ π ϕ

= +

= − −

= ∆ +

∑

f0 : carrier frequency, Df :carrier frequency uncertainty

φ0 : phase offset, τ : timing offset

dk : emitted symbols 

h(t): emission filter (wideband channel assumed)

Synchronization (SC, Gaussian) 10

Baseband signal generation (1)

Analog implementation

LPF

LPF

π/2

Real part

Imag part

f0

This process  can be digitally implemented

(DAF : digital anti aliasing filter)
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Baseband signal generation (2)

Digital implementation (1)

s(t) is the real received passband signal (allocated bandwidth : 
FI, centred at f0=FI)

Fe=4FI

-FI

HPB 2
sr sd xs(t)

 

Fe/8 Fe/4 f0 

| HPB(f)| 

Synchronization (SC, Gaussian) 12

Baseband signal generation (3)

Digital implementation (2)

hO(n)
Re(x(n))

s(t)

+/-1
Im(x(n))z-n

Fe=4Fi
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Likelihood functions (1)

( )

0

( ) ( ) ( )

( ) ( )

( ) 2

j t
k

k

r t x t n t

x t e d h t kT

t ft

ϕ τ

ϕ π ϕ

= +

= − −

= ∆ +

∑

ρ(T0) : signal observed during a period of duration T0

{ }{ }
{ }{ }

0

0

, , ,

ˆ ˆˆ ˆ , , ,ˆ

k

k

f d

f d

ϕ τ

ϕ τ

Φ = ∆

Φ = ∆

Vector of unknown parameters

Vector of parameters estimates
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Likelihood functions (1)

0

0

0

2

0

2

( ) Pr( ( ) / )
In Gaussian channel:

1( ) exp ( ) ( , )

( , ) ( )

( , ) :  signal replica

T

j ft j
k

k

T

r t s t dt
N

s t Ae d h t kT

s t

π ϕ

ρ

τ∆ +

Λ Φ = Φ

 
 Λ Φ = − − Φ
 
 

Φ = − −

Φ

∫

∑
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Likelihood functions (2)

Sub-optimal likelihood functions :
- DD : Decision Directed  
- NDA : Non-data aided (depends on modulation)

These sub-optimal likelihood functions are derived for 
timing, phase and frequency.

Synchronization (SC, Gaussian) 16

Likelihood functions (3)

Timing :

( ) 2( , )NDA
k

L p kτ τ= ∑

h*(-t)

kT τ+

( , )p k τr(t)

Timing recovery is performed prior to phase recovery
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Likelihood functions (4)

Carrier phase:
DD likelihood function

( ) ( )ˆ( ) Re ( , ) Im ( , )ˆ ˆ ˆj j
DD k k

k k
L a p k e b p k eϕ ϕϕ τ τ− −= +∑ ∑

NDA lokelihood function for general rotationnaly 
symetric signal constellation (2p/N symetry)

( )*( ) Re ( , )ˆ
N N jN

NDA k
k

L E d p k e ϕϕ τ − =  
 

∑

Synchronization (SC, Gaussian) 18

Likelihood functions (5)

Examples of general rotationnaly symetric signal constellation

QPSK N=4

16QAM   N=4
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Likelihood functions (6)

Carrier frequency recovery

{ }

{ }

,

,

2 2
*

2
*

 

( , ) 2 Re ( , )ˆ

 

( , ) Re ( , )ˆ

k

k

a

a

j fkT
k k

k k

j fkT
k

k

QAM

L f d p k d e

PSK

L f p k d e

π ϕ

π ϕ

ϕ τ

ϕ τ

 
 
 
 
 

 
 
 
 
 

 
 
 
 
 
  

 
 
 
 
 
  

− ∆ +

− ∆ +

∆ = +

∆ =

∑ ∑

∑
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Carrier phase recovery : DDMLFB (1)

Derivation of detector expression from Likelihood function

( )*

( ) 0 for ˆ

Im ( , ) 0 for ˆˆ

DD

j
k

k

d L
d

d p k e ϕ

ϕ ϕ ϕ
ϕ

τ ϕ ϕ−

= =

⇒ = =∑

( ) ( )* Im ( , )  is a phase detectorˆ j
ku k d p k e ϕτ −⇒ =
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Carrier phase recovery : DDMLFB (2)

S curve (example for QPSK)
=> Phase ambiguity (solved by using differential encoding/decoding)

Synchronization (SC, Gaussian) 22

Carrier phase recovery : DDMLFB (3)

DPLL

phase detector

decision

F(z)1/(z-1)

ˆ( , )p k t
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Carrier phase recovery : DDMLFB (4)

Other possible detectors

*
1

*
2

*
3

*
4

ˆ( , ) ( )

ˆ( ) Im ( ).sgn ( )

ˆ ˆ( ) Im ( )

ˆ( ) Im . sgn ( )

ˆ ˆ( ) Im sgn ( )

k

k k

k k

k k

p k w k

u k w k w k d

u k d w k d

u k d c w k d

u k d w k d

τ
         
   
         
         
   
         

=

= −

= −

= −

= −
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Carrier phase recovery : DDMLFB (5)

Phase equivalent scheme

* 1

2

0

ˆ( )( )
( )
12 ( ) ( )

2

/

L

L

s

zH z
z

dzB T H z H z
j z

B T
E N

γ

ϕ
ϕ

π

σ

−

=

=

∝

∫

F(z)

1/(z-1)

j

j
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Carrier phase recovery : NDAMLFB (1)

Example for QPSK

{ }4

( ) 0 for ˆ

Im ( , ) 0 for ˆˆ

NDA

j

k

d L
d

p k e ϕ

ϕ ϕ ϕ
ϕ

τ ϕ ϕ−

= =

 ⇒ = = 
 

∑

( ) { }4
 Im ( , )  is a phase detectorˆ ju k p k e ϕτ − ⇒ =  

 
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Carrier phase recovery : NDAMLFB (2)
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Carrier phase recovery : NDAMLFB (3)

ˆ( , )p k t
decision

phase detector

F(z)1/(z-1)

Synchronization (SC, Gaussian) 28

Carrier phase recovery : NDAMLFF (1)

Suited for burst transmission
Two types of structures : block window, sliding window
Example for QPSK

{ }

( )

4

4

Im ( , ) 0 for ˆˆ

1ˆ , ˆ
4 2

 Phase ambiguity (k /2)

j

k

k

p k e

Arg p k k

ϕτ ϕ ϕ

πϕ τ

π

−  = = 
 

 ⇒ = + 
 

⇒

∑

∑
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Carrier phase recovery : NDAMLFF (2)

« Sliding window » estimator

Delay (L samples)

Phase estimator (*)

Exp(-j .)

decision
ˆ( , )p k t

(*): averaging over 2L+1 samples

Synchronization (SC, Gaussian) 30

Carrier phase recovery : NDAMLFF (3)

« Block » estimator

Delay (L samples)

Phase estimator (*)

Exp(-j .)

decision
ˆ( , )p k t

L hold
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FF structures vs FB structures

Advantage
No acquisition time

Drawbacks
Smaller BLT => higher jitter, higher cycle slip 
probability
Sensitivity to frequency deviation

Synchronization (SC, Gaussian) 32

Timing recovery (1)

( ) ( )2 2 2( , ) Re ( , ) Im ( , )

( ) 2 Re( ( , )) Re( ( , )) 2 Im( ( , )) Im( ( , ))

( )
k k k

NDA
k k

p k p k p kNDA
d d dL p k p k p k p kd d d

L τ τ τ

τ τ τ τ ττ τ τ

τ = +

= +

∑ ∑ ∑=

∑ ∑

⇒Derivative vs timing is approximated by a difference

Re( ( , )) Re( ( , )) Re( ( , ))
Im( ( , )) Im( ( , )) Im( ( , ))

p k p k p k
p k p k p k

τ λ τ λ τ
τ λ τ λ τ

∝ + − −
∝ + − −
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Timing recovery (2)

Gardner:
l=1/2 => detector output is independent from carrier phase error.

                    

( ) Re( ( 1/2, )) Re( ( , )) Re( ( 1, ))

Im( ( 1/2, )) Im( ( , )) Im( ( 1, ))

GA k p k p k p k

p k p k p k

τ τ τ

τ τ τ

 
 
 
 
 

 
 
 
 
 

= + − +

+ + − +
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Timing recovery (3)

Matched

filter

Fractionnal

delay
2 to DPLL

TED

Loop

filterupdating

τ̂

is implented by 
polyphasing the 
matched filter
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Timing recovery (4)

S curve (Gardner, quantized)

Synchronization (SC, Gaussian) 36

Timing recovery (5)

Timing estimator (Oerder and Meyr)
1 1 2 2

00

( , ) ( / )

ˆ 1 ( , )2
nL N j N

nk

p k n p kT nT N

Arg p k n eT
πτ

π
 
 
 
 
 

− −

==

+

= − ∑ ∑

where N is the number of samples per second

Example : N=4
1 3 2

00

ˆ 1 ( , )2
n

L

nk
Arg p k n jT

τ
π

 
 
 
 
 

−

==
= − ∑ ∑
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Timing recovery (6)

Implementation of Oerder and Meyr

2 π τ / Ts

*

*

*

*

D 
E 
M 
U 
X 
(1/4)

Σ

Σ

-

-

a 
t 
a  
n

4 Rs
Rs

Rs

Rs /K

{ } { }2 2 2 2( ,0) ( , 2) ( ,1) ( ,3)
1 1

0 0

ˆ 1
2 p k p k j p k p k

L L

k k
ArgT

τ
π

 
 − + − 
 
 

− −

= =
= − ∑ ∑
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Frequency recovery : general

Feedback structures
« Frequency » detectors
« Time » detectors

Feedforward structures
Type 1
Type 2
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Frequency recovery:FB structures (1)

« Frequency » detector (1)

SMF

FMF

FED

F(z)VCO

2Rs

x(n)

y(n)

e(n)

Synchronization (SC, Gaussian) 40

Frequency recovery:FB structures (2)

« Frequency » detector (2)

SMF : signal matched filter : g(t)
FMF : frequency matched filter : -2jptg(-t)

e(n)=Im(x(n)y*(n))

A simpler filter (SFMF) derived from FMF can be used
(g(t)=-j sgn(t) g(-t)

Acquisition range : +/-(1+a)Rs

No prior timing correction required
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Frequency recovery:FB structures (3)

Synchronization (SC, Gaussian) 42

Frequency recovery:FB structures (3)

« Time » detectors

Any estimator can be used as a time detector. 

Frequency offset range is +/- Rs/M

Timing has to be corrected prior to frequency detection

1 sample/symbol is sufficient.
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Frequency recovery:FF structures (1)

Bellini

2ˆ / 8
N N

i
N N

fT i T iα π
   
   
   
      
   − −

∆ = ∑ ∑
=> Cycle slip

ai: unwrapped phase

RCFE (reduced complexity frequency estimator)

*1

( , )ˆ

ˆ2
M

k k k D
k

k

Arg d r rMD

r p k

fT

τ

π
 
   

     
  

−

=

∆ = ∑ Large D leads to better 
performances but to
lower frequency range.
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Digital demodulators (1)
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Digital demodulators (2)

Choice of algorithms depends on specifications such as:
Acquisition time (=> FF/FB structures)
Maximum frequency deviation (=> frequency circuitry 
needed)
Eb/No (=> use of TD if low)
.....

Synchronization (SC, Gaussian) 46

FED

Digital demodulators (3)

Example: Receiver for TCM (in cooperation with CNES)
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Advanced topics

Evolutions of input specifications (for satellite 
communications)

•Low Eb/No (use of efficient coding schemes such as 
Turbo-Codes and LDPC)

•Bursty transmission

• Large frequency deviation (low-cost terminals, non 
GEO sat.)

Critical function : phase recovery (classical algorithms 
fail)

There is a need to develop new synchronisation schemes

Synchronization (SC, Gaussian) 48
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Synchronization / OFDM systems 2

Contents

Recall : OFDM systems
• multipath mobile channel
• Principles of OFDM systems
• OFDM systems and filter banks
• OFDM systems with guard interval
• Advantages/drawbacks of OFDM systems

Synchronization aspects in OFDM systems
• Specificity of OFDM system w.r.t synchronization
• Impact of synchronization errors (frequency, sampling time) on 

OFDM systems
• Synchronization algorithms
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( )
1

m
c

T
f

=
∆

Recall on multipath mobile channels (1)

Coherence bandwidth : (∆f)c

–Two carriers separated by (∆f)c are affected by « more or
less » the same attenuation.

W : occupied bandwidth
W<< (∆f)c => non frequency selective channels
W>> (∆f)c => frequency selective channels

Nota : (∆f)c is not related to the relative mobility emitter/receiver
(ex: cables)

Synchronization / OFDM systems 4

Recall on multipath mobile channels (2)

Coherence time (∆t)c

Two signal samples separated by less than (∆t)c are affected by « more or 
less « the same attenuation.

Bd: doppler bandwidth

( )
1

d
c

B
t

=
∆
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Principles of OFDM systems (1)

Frequency selective channels
⇒ Use of multiple carriers
The « elementary channel » (one carrier) is now non frequency selective.

Spectral efficiency
⇒ Use of overlapping orthogonal carriers

Diversity
⇒ Use of ECC

COFDM

Synchronization / OFDM systems 6

Principles of OFDM systems (2)

Expression of OFDM signal (complex envelop)

Carrier #i :

h(t): rectangle of width T (NRZ)
fi=i/T

Frequency multiplex

( )( ) ( )exp 2i ik i
k

x t d h t kT j f tπ= −∑

( )
1

0
( ) ( )exp 2

N

ik i
i k

x t d h t kT j f tπ
−

=

= −∑∑
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Principles of OFDM systems (3)

Synchronization / OFDM systems 8

Principles of OFDM systems (4)

Modulator / demodulator for carrier # l (ideal case)

h(t)

fl

x(t)
( )ikd h t kT

∞

−∞

−∑

h*(-t) decision
ˆ

kd

kT
-fl

x(t)+n(t)
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OFDM systems and filter banks (1)

OFDM modulator/demodulator can be seen as a synthesis/analysis 
filter bank (no guard time, no coding)

h(t)

h(t)

h(t)

f1

fN-1

Channel receiver

emitter

fi=i/T

Synchronization / OFDM systems 10

OFDM systems and filter banks (2)

Receiver for carrier n°l

Efficiently implemented via FFT-1 (emitter) and FFT (receiver)

h*(-t) decision
ˆ

kd

kT
-fl

{hi(n)} : polyphase 
implementation of h(n

h0(n)

h1(n)

hN-

1(n)

IFFT

Channel 0

Channel 1

Channel N-1
emitter
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OFDM systems and filter banks (3)

OFDM receiver

h0(t)

h1(t)

hN-1(t)

FFT

Channel 0

Channel N-1

Channel 1

Synchronization / OFDM systems 12

OFDM systems and filter banks (4)

Application : classical OFDM

Implementation with polyphase+FFT filter banks
t

h(t)

T0

Fe=N/T

h(n)=1 for n=0,…,N-1

hi(n)=1 for n=0

hi(n)=0 elsewhere

IFFT

Channel 0

Channel 1

Channel N-1

FFT

Channel 0

Channel N-1

Channel 1
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OFDM system with guard interval (1)

Guard interval is used to removed residual intersymbol interference 
(ISI) 

Guard interval is inserted by copying the [kT, kT+∆T[ part of original 
OFDM symbol => no discontinuity in the signal!

Resulting OFDM  symbol period is T+∆T (∆T : guard interval)

Synchronization / OFDM systems 14

OFDM system with guard interval (2)
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OFDM system with guard interval (3)

The FFT output is (symbol # i, carrier #j):

Xi,j=Hjsi,j (without noise) 

=> flat fading channel at sub-carrier level

Cyclic prefix is used in order to:
– Avoid equalization
– Increase robustness against sampling time  error

Synchronization / OFDM systems 16

Advantages/drawbacks of OFDM systems

Advantages:
– Emitter and receiver are efficiently implemented with FFT/IFFT
– No equalization is required
– Spectral efficiency
– Diversity

Drawbacks
– Sensitivity to synchronization errors
– Sensitivity to non linearities (Amplifiers)
– Mainly used in broadcasting applications

NEWCOM Autumn school : ”Estimation theory in wireless communications”, October 2005 64



Synchronization / OFDM systems 17

Receiver Architecture (1)

Differential demodulation (ex: DAB)

Diff.

encoder
IFFT CP channel

CP-1 Frequency and 
timing correction FFT Diff.demo decoder

In non-coherent communication, differential 
encoding/decoding avoids the use of channel estimation.

Synchronization / OFDM systems 18

Receiver Architecture (2)

Coherent demodulation (ex: DVB-T)

IFFT CP channel

CP-1 Frequency and 
timing correction FFT

Channel estimation/

compensation
decoder
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Specificity of OFDM system w.r.t synchronization issue

•OFDM systems are much more sensitive to synchronization 
errors than single carrier systems.

•Synchronization algorithms suited to single carrier systems are 
inefficient for OFDM.

Synchronization / OFDM systems 20

Impact of a synchronization error (1)

System model (Gaussian channel)
–Carrier : n° l
–Frequency offset : ∆f
–Timing error : τ

h*(-t)

fl+∆f kT+τ

ˆ
kd

-∆f
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Impact of a synchronization error (2)

Timing error τ

−τ<∆-L : phase rotation (compensated by channel 
estimation/correction=

−τ>∆-L :  nth symbol, carrier n° i

SNR loss

ICI/ISI

2 ( / )
, , , , ( , )j n N

i n i n i n i n
NY e X H n n i n

N
π τ

τ
τ−

= + +
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Impact of a synchronization error (3)

Frequency error : ∆f

Ym,l=p(∆f)exp[2jπ(m+1/2)∆fT]dml+ICI

with 
( ) ( )( ) ( )exp 2 ( )( 1/ 2) sin ,   ( ) sinc c

n l
ICI j k l m n l fT p f fTπ π π

≠
= − + − + ∆ ∆ = ∆∑

( ){ }
( ), ,

1
22

, , , ,
0 0

For  (G: guard time)

sin

1 1 2
4

n i k

b b
n n k n i k

i n

G

n l f T
I

n l f T

E ETEB erfc I I
N N

τ

π

π

−

≠

<

 − + ∆ × =
 − + ∆ × 

 
  = × +    

 
∑
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Impact of a synchronization error (4)

BER degradation due to a frequency error
(gaussian channel)

Synchronization / OFDM systems 24

Impact of a synchronization error (5)

BER degradation due to a frequency error
(gaussian channel) : single and MC case

1: single carrier

2: OFDM, N=100

3: OFDM, N=256

3: OFDM, N=512

4: OFDM, N=1024
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Impact of a synchronization error (6)

Impact of phase noise
10 11 4      (OFDM)

ln10 60

10 11 4                    (SC)
ln10 60

s

O

s

O

EN
R N

D
E

R N

βπ

βπ

  
  

 ≈ 
 
   

β : 3 dB BW (SSB) in Wiener 
model

1: single carrier

2: OFDM, N=100

3: OFDM, N=256

3: OFDM, N=512

4: OFDM, N=1024
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Timing/frequency estimators (1)

Estimators using pilot symbols
Moose
Schmidl et Cox

Estimators not using pilot symbols
Van de Beek

These estimators are suited to frequency selective channels
Guard time is necessary for other reason
Each elementary channel (FFT output) is modelled by a different
complex multiplicative coefficient.
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Moose estimator (1)

Principle : Emission of 2 identical OFDM symbols

Timing has to be corrected first

Hypothesis : the channel impulse response is constant over 
some OFDM symbols

Synchronization / OFDM systems 28

Moose estimator (2)

First OFDM received symbol : [r0 r1…rN-1]

Second OFDM received symbol : [rN rN+1…r2N-1]

CIR constant over 1 OFDM symbol => rn+N=rnexp(2jπ∆fNTe)= rnexp(2jπε) 

with ε=1/T (inter carrier spacing)

FFT output (first symbol) :

FFT output (second symbol):

y(k+N)=y(k)exp(2jπε)  k∈{0,1,…,N-1} =>The signal and ICI are affected 
exactly in the same way by the frequency offset.

1

0
( ) exp 2

N

n
n

nky k r j
N

π
−

=

 =  
 

∑

1

0
( ) exp 2     

N

n N
n

nky k N r j
N

π
−

+
=

 + =  
 

∑
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Moose estimator (3)

MLE estimator:

N-1
*

k=0

1ˆ Arg y(k+N)y ( )  
2

1 1 11   
2 2

k

f f
T T T

ε
π

ε

  =  
  

< ⇒ ∆ < ⇒ − < ∆ <

∑

Frequency unbiguity has to be removed.
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Schmidl et Cox estimator (1)

Estimation of both timing and frequency errors

Principle:

2 dedicated pilot symbols
•First symbol : null odd carriers

•Second symbol : 2 interleaved PN sequences (odd/even carriers)

Estimation
•First symbol is used for timing and frequency estimation (2/T ambiguity)

•Second symbol is used to remove ambiguity on frequency estimation
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Schmidl et Cox estimator (2)

First symbol : null odd carriers

1

0
/ 2 1

2
0

exp 2

     = exp 2
/ 2

N

n k
k
N

k
k

nky x j
N

nkx j
N

π

π

−

=
−

=

 =  
 

 
 
 

∑

∑

yn+N/2=yn => OFDM symbols with 2 identical halves
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Schmidl et Cox estimator (3)

( )

n

2 / 2 1
2

/ 22
0

Received OFDM symbol: r ,0 1
Timing metric:

( )
( )     ( )

( )

N

d m N
m

n N

P d
M d R d r

R d

−

+ +
=

≤ ≤ −

= = ∑

( )*

Z-N/2

/2 1

0

N −

∑ P(d)
rn+d

{ }ˆ arg max( ( ))
d

d=

{ }1 ˆˆ ( )

2 1 1/ 2 1   

angle P d

f f
T T T

ε
π

ε

=

< ⇒ ∆ < ⇒ − < ∆ <

d MTiming estimate:

Frequency estimate:
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Van de Beek estimator

τ

Moving sum

L samples

Moving sum

L samples

|•|2

|•|2

Argmax

ZN

-1/2π

*

γ(.)

r(k)

Φ(.)

∆f

{ }

( )
ˆ arg max ( ) ( )

1ˆ ˆ
2

ML

ML MLf

τ γ θ θ

γ θ
π

= −Φ

∆ = − ≺

Synchronization / OFDM systems 34

Yang estimator (timing) (1)

Idea : exploit the fact that a timing error introduces a 
phase error at the FFT output which depends on the 
carrier number.

A
D
C

FFT

FFT
Window
controller

Pha
se
rota
tion

Corr.

Corr.

()2

()2

pilotes

filtre1/(z-1)

Coarse
Symbol
Estim.

(1)

(2)

DLL
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Yang estimator (timing) (2)

( ) ( )( )
( )

( )( )
( )

2 2
sin sin

,
sin / sin /

S
M M M M

π ε ξ π ε ξ
ε ξ

π ε ξ π ε ξ

   + −
= −         + −      
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Presentation Outline

• Concepts and preliminaries

• BSI for SISO systems (mono-channel case)

• BSI for SIMO systems

• BSI for MIMO systems

• Concluding remarks
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Blind System Identification:

Preliminaries
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System identification

INPUT  SIGNAL OUTPUT  SIGNALLTI  SYSTEM

(CHANNEL)

OBJECTIVE : Given the output signal and eventually certain side

information (training sequence, physical or statistical information, partial

channel knowledge, etc.), our objective is to estimate the channel (i.e.,

system transfer function) and restore the input signal.

K. A BED-MERAIM ENST PARIS
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Blind processing

We talk about‘BLIND PROCESSING’in the situation where‘NO

TRAINING SEQUENCE’is available.

BSI ⇐⇒ System identification usingonly the output data

Motivations:

• Increased channel throughput in communication systems.

• Robustness against channel modeling errors.

• Blind processing is necessary in certain applications (military

applications, seismology, etc.)

• Flexibility and increased system autonomy.

K. A BED-MERAIM ENST PARIS
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Semi blind processing

Principle: Combining a data-aided (with training sequence) criterion JDA

with a blind criterionJB , i.e:

J(h) = αJDA(h) + (1− α)JB(h)

Criterion choice: The blind criterion should be chosen according to the
context. The data-aided criterion is usually chosen as the maximum
likelihood (=MMSE) one.

The optimal value ofα can be computed based on asymptotic performance
analysis (Buchoux et al 1999).

Result: Improve the estimation accuracy and/or shorten the training
sequence size and hence increase the ‘useful’ channel throughput.
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Identification versus deconvolution

• Blind identification : Estimation of the channel state information using

the observation data and certain ‘statistical’ information on the source

signal.

• Blind deconvolution: Estimation of the input or the channel inverse

(equalizer) usingonly the output (observation) signal. This is also

known as the blind equalization problem in communication application.

K. A BED-MERAIM ENST PARIS
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Channel model

• Parametric versus non-parametric: Channel can be simply modeled by
certain physical or statistical parameters, e.g. the specular channel
model based on the paths delays, attenuations and angle of arrival.

• Instantaneous versus convolutive: In communication, convolutive
model occurs when the channel delay spread is larger than thesymbol
duration.

• Finite (FIR) versus infinite impulse response (IIR) channel: For long
memories channels (this is the case for example in echo cancellation),
one model the channel and an IIR one using for example statistical
ARMA representation.
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Channel model

• Linear versus non-linear: Linear-quadratic or post-linear channel

models have been considered in the literature. The non-linearity may

be due, for example, to amplificator saturation (e.g. satellite

communication).

• Stationary versus non-stationary: Stationarity is a ‘good’

approximation over a ‘large’ observation period in most real-life

applications. Non-stationary model has been considered, for example,

in the over-the-horizon channel deconvolution problem.

K. A BED-MERAIM ENST PARIS

Blind System Identification. Oct. 2005 10

�

�

�

�

How to cope with non-stationarity

• By using adaptive and tracking algorithms, e.g. LMS, RLS, PAST, etc.

• By using channel representation with known basis functions.

s(t)

H

H

H

1

2

M

x

x

x

  g (t)

g (t)

g (t)

1

2

M

+ x(t)

Known function

basis
Time−invariant

parameters

• By using time-frequency signal analysis.
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Inherent ambiguities

• Amplitude : y = h ⋆ s = λh ⋆ 1
λ
s.

• Phase: y = h ⋆ s = ejθh ⋆ e−jθs.

• Delay: In the stationary source case,s(t) ands(t + τ) have the same

statistical information.

• Permutation: This occurs in the multiple input case since the labeling

of the source signals is arbitrary.
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Application example: wireless communication

Moving  Receiver / Transmitter

Base Transmitter / Receiver

Reflector

Reflector Moving  Receiver / Transmitter

The objective here is to restore the transmitted signal thathas been distorted

by the propagation channel.

The blind processing helps in increasing the ‘information data’ throughput

of the channel (for example, in GSM system the training data represents

about25% of transmitted data).
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Application example: Image restoration

Object Image

Image Formation
      System

Objectives: From a blurred image retrieve the original one and/or the point
spread function (channel).

From several ‘low quality’ images form a ‘high or improved quality’ image.

K. A BED-MERAIM ENST PARIS
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Application example: Exploration seismology

Source Receiver

(Blind) channel estimation is used here to get information on the
underground structure and the position of the reflectors.
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Application example: Over-The-Horizon Radar (OTHR)

Classical radar: Limited horizon

OTHR : Early detection at all altitudes.
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Application example: Over-The-Horizon Radar (OTHR)
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Other potential applications

• Blind deconvolution for ultrasonic non-destructive testing (Nandi et al
1997, C.H. Chen et al 2002)

• ECG data processing (Sabry-Rizk et al., 1995): Fetal
electro-cardiogram extraction,

• Acoustical and environmental robustness in automatic speech
recognition (A. Acero et al 1993)

• Military applications, e.g. interference mitigation (M. Aminet al
1997), signal interception (Ph. Loubaton et al 2000), etc.

K. A BED-MERAIM ENST PARIS
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Multichannel processing: Diversity

H_M

H_1

H_2s(k)

Multichannel processing is intimately linked to the conceptof diversity:

Diversity: We would say that we have an orderM diversity in the situation

where we have several (M ) replicas of the same input signal observed

throughM different and ‘independent’ channels.
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Diversity gain

• Improved restoration quality : In communication, one can decrease

the bit error rate (BER) by a factor ofM (M being the diversity order)

B
E

R

SNR

Diversity gain
(slope M times higher)

BER without diversity

• Increased transmission rate: The diversity increases the channel

capacity.
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Example: Monochannel image restoration

Original Image Blurred Image : motion filter Deblurred image
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Example: Multichannel image restoration

Blurred noisy image: Motion filter Degraded noisy image: Average filter

Degraded noisy image: Gaussian filter(v=0.8)Blurred noisy image : Gaussian filter(v=1)

Original image

Deconvolved image

K. A BED-MERAIM ENST PARIS
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Multichannel system: processing strategy

• Separate processing: Perform the blind deconvolution for each channel

followed by a maximum ratio combiner of the channel outputs

(simplicity, SNR gain but loss of the multichannel diversity).

• Selective approach: Deconvolution based only on the ‘best’ channel

(simplicity but difficulty to define the best channel in the convolutive

case).

• Joint processing: Process the channel outputs jointly in order to restore

the input signal (leads to the best performance gain).

K. A BED-MERAIM ENST PARIS

NEWCOM Autumn school : ”Estimation theory in wireless communications”, October 2005 89



Blind System Identification. Oct. 2005 23

�

�

�

�

Channel type (system dimension)

We consider a linear time-invariant finite impulse responsechannel in the

following three cases:

• Single Input Single Output (SISO)channel: This model is the most

standard and the one considered first in the literature.

• Single Input Multiple Output (SIMO)channel: This is the situation for

example when a multi-sensor antenna is used at the receiver.

• Multiple Input Multiple Output (MIMO)channel: This is an extension

of the SIMO case when multiple users (signals) are considered. SIMO

and MIMO cases have been studied extensively during the last decade.

K. A BED-MERAIM ENST PARIS
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Blind system identification

for SISO channels
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Data model

s yh

Noiseless observation:

y(k) = h(k) ⋆ s(k)

h(k) represents a LTI finite impulse response filter ands(k) is a zero-mean

stationary sequence of i.i.d (independent and identically distributed)

non-gaussianrandom-variables of varianceσ2
s .

K. A BED-MERAIM ENST PARIS
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Need for higher order statistics (HOS)

• Second order statistics (SOS) information: The power spectral

density of the output data is:

Sy(f) = |H(f)|2σ2
s

⇒ No channel phase information from the observation SOS. BSI using

the data SOS is only possible if the channel is of minimum phase.

• HOS information : Data HOS are needed to estimate the missing

channel phase information.

⇒ the source signal must benon gaussian.
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HOS-based BSI

• Explicit HOS methods: Direct system identification through explicit

use of the signal HOS, e.g. 4th order cumulant-based methods (J.A.

Cadzow et al 1996), polyspectra based methods (C. Nikias et al 1993,

D. Hatzinakos et al 1991), etc.

• Implicit HOS methods: Identification of the channel inverse filter

(equalizer) through optimization of appropriate non-linear cost

functions, Sato algorithm (Y. Sato 1975), CMA algorithm (D. Godard,

Treichler et al 1980), Bussgang algorithms (A. Benveniste et al 1980),

etc.

K. A BED-MERAIM ENST PARIS
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Example of an explicit HOS method

s(k) y(k)
g(k)h(k)

z(k)

Shavi-Weinstein method: Estimate the channel inverse filterg(k) in such a

way that we maximize the (absolute value) of its outputz(k) fourth order

cumulant (under constant power constraint).

Idea: maximize the nongaussianity ofz(k) by maximizing its 4th order

cumulant.
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Example of an implicit HOS method

Constant Modulus Algorithm (CMA) : Introduced in communication

(initially) for constant modulus constellation signals:

g = arg minE(|z(k)|2 −R)2

Idea: Restore the constant modulus property of the source signalat the

equalizer output.

K. A BED-MERAIM ENST PARIS
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General features of HOS-based methods

• In general, HOS based methods require large sample sizes to achieve

‘good’ estimation performances.

• Non-linear optimization techniques are needed to estimatethe channel

(or the inverse channel) parameters. Often, stochastic gradient

techniques are used for the optimization.

• The HOS based criteria suffer from the existence of local-minima.

• Convergence analysis is possible only in the noiseless case.
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Blind system identification

for SIMO channels
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Motivation for multichannel processing

Blind deconvolution using SOS:

• Single channel case: Not possible unless the channel is

minimum-phase. The minimum phase condition in the SISO caseis a

‘strong’ condition that is, in general, not met in practice.

• Multichannel case: Almost always possible⇒ More robust and more

accurate estimation. In fact, the minimum phase condition in the SIMO

case is a ‘mild’ condition that is satisfied when the channelsare

sufficiently independent from one another.
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Motivation for multichannel processing

More channel capacityin communication systems

• Single channel case:

C = log2(1 + ρ)

• Multichannel case: (M transmit and receive channels)

C = log2 det(1 +
ρ

M
HHH)

M→∞
−→ M log2(1 + ρ)

The capacity gain comes from the fact that having several replicas of the

transmitted signal observed through independent channelsreduces

significantly the risk of information loss.
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Space Diversity (Multiple receivers)

{s}

{y 1}

{y 2}

{s}

{y 2}

h 1
{y 1}

h 2

• s(n) : the source signal.

• hi(z) : models the propagation between the emitting source and the
i-th sensor.

hi(z) =
∑

k

hi(k)z−k

• yi(n) : output at the i-th sensor.
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Time diversity (oversampling)

{s}
h(t)

T/2
T/2

{s}

{y }

{y }

h

h

1

2
 2

1

 T

T

    {y}

{y }

 {y }

1

 2

y(t) =
∑

k

h(t− kT )s(k) cyclostationary

⇒ Exploit the cyclostationarity (time diversity) by oversampling wrt the
symbol duration.
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Time diversity (oversampling)

By oversampling we have multiple ‘virtual’ channels:







h1(z) =
∑

k h(kT )z−k

h2(z) =
∑

k h(kT + T/2)z−k

The cyclostationary oversampled signal can be representedas astationary

multivariatesignal as:







y1(k) = x(kT )

y2(k) = x(kT + T/2)
stationary
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Multichannel model







y1(k) = s(k) ∗ h1(k)

y2(k) = s(k) ∗ h2(k)
...

yM (k) = s(k) ∗ hM (k)

k = 0, · · · , N − 1

• s(n): single unknown source signal.

• To each outputi corresponds the FIR transfer functionhi(z)

hi(z) =
L∑

k=0

hi(k)z−k

K. A BED-MERAIM ENST PARIS
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Multichannel model

y =








y1

...

yM








=








H1

...

HM















s(−L)
...

s(N − 1)








= Hs

s is the input vector,yi is the observation vector at sensori andHi is the

N × (N + L) Sylvester matrix

Hi =








hi(L) · · · hi(0) · · · 0
...

...
...

...

0 · · · hi(L) · · · hi(0)







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Some properties of SIMO systems

• Weakminimum phase condition

h(z)
def
=








h1(z)
...

hM (z)







6= 0 for |z| > 1

Satisfied as soon ashi(z), 1 ≤ i ≤M do not share common zeros.

• Left invertible system: as soon as theMN × (N + L) matrixH is

full column rank, i.e. when we have more equations than unknowns.
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Some properties of SIMO systems

• Finite zero-forcing inverse filters: if h(z) 6= 0, ∀ z,

∃ g(z) = [g1(z), · · · , gM (z)] a polynomial vector such that:

g(z)h(z) =

M∑

k=1

gi(z)hi(z) = 1

︸ ︷︷ ︸

Bezout equality

• Exact identification in the noiseless case from a finite sample size

observation vector.
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SIMO versus SISO

• FIR equalizer for SIMO versus IIR equalizer for SISO.

• Causal equalizer for SIMO versus non-causal equalizer for SISO.

• Exact estimation using finite sample size for SIMO (not possible for

SISO).

• Equalizer delay plays an important role in SIMO case and not inthe

SISO case.

• SOS-based BSI for SIMO versus HOS-based BSI for SISO.
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Strict identifiability

Definition

The system isstrictly identifiableif a given outputy implies a unique input

s and a unique system matrixH up to an unknown scalar, i.e.,

H′s′ = Hs =⇒ s′ = αs and h′(z) =
1

α
h(z)

whereα is a given non-zero scalar.
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Strict identifiability

Necessary condition: The system is identifiable only if the followings are

true:






h(z) 6= 0, ∀z

p ≥ L + 2

N ≥ L + 2

wherep is the number of modes in the input sequence.
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Strict identifiability

Sufficient condition : The system is identifiable if the followings are true:






h(z) 6= 0, ∀z

p ≥ 2L + 1

N ≥ 3L + 1
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Strict identifiability

The identifiability conditions shown above essentially ensure the following

intuitive requirements:

• All channels in the system must be different enough from eachother.

They can not be identical, for example.

• The input sequence must be complex enough. It can not be zero, a

constant or a single sinusoid, for example.

• There must be enough number of output samples available. A set of

available data can not yield sufficient information on a larger set of

unknown parameters, for example.
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Estimation techniques

• Direct estimation ofsystem function:

– Maximum likelihood (ML) method.

– Cross-relations (CR) method.

– Channel subspace (CS) method.

• Direct estimation ofsystem input:

– Signal subspace (SS) method.

– Mutually referenced equalizers (MRE) method.

– Linear prediction (LP) method.
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Maximum likelihood method

Principle: Assuming a circular white Gaussian noise vectorw

p(y) =
1

πNσ2N
exp(−

1

σ2
‖y −Hs‖2)

Thus the ML estimate is given by(H, s)ML = arg minH,s ‖y −Hs‖2

Least squares fitting

Observation Data model
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Maximum likelihood method

Separable problem: Minimize overs:

sML = (HHH)−1HHy

Then overH:

HML = arg min
H
‖P⊥Hy‖2

P⊥H = orthogonal projection matrix onto Range(H)⊥.
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Orthogonal Complement Matrix (OCM)

Idea: One can obtain noise vectors by observing that

i-th j-th
[0, · · · ,−hj(z), 0, · · · , 0, hi(z), · · · , 0]








h1(z)
...

hM (z)








= 0

Result (Y. Hua 1995) : One can form an OCMG that is a linear function of

the channel parameters such that its column vectors form a basis of the

noise subspace, i.e.

PG = P⊥H
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Two step estimation technique

ML criterion :

hML = arg min
‖h‖=1

yHG(GHG)#GHy

whereh is the vector of all channels’ impulse responses. From the

commutativity propertyof linear convolution:

GHy = Yh

we obtain

hML = arg min
h

hHYH(GHG)#Yh
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Two step estimation technique

Two Step Maximum Likelihood (TSML) :

1. hc = arg min hHYHYh

2. he = arg min hHYH(GH
c Gc)

#Yh, whereGc is G constructed

from hc.

At each step the solution is given by the least eigenvector associated to the

least eigenvalue of the considered quadratic form.
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Cross-relations (CR) method

s

h

h

f = h

f = h

+

−

ε=0

y

y

1

2
2

1 2

12

1

• Principle: For every pair of channels, we have

yi(k) ∗ hj(k) = yj(k) ∗ hi(k)

• Algorithm : By collecting all possible pairs ofM channels, one can
easily establish a set of linear equations:

Yh = 0

This yields tohCR = arg minhHYHYh (first step of TSML).
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Subspace method

x(1)
x(2)

x(t)

Signal Subspace
θ∗Range(A( )) )(

Range(A(θ∗)) )(The orthogonal of

Noise subspace

Range(A( ))θ

Principle: Assume the following model: x(n) = A(θ)s(n) with

Range(A(θ)) = Range(A(θ′))⇐⇒ θ = θ′

Thus,θ can be estimated as:

θ̂ = arg min
θ

d(Range{x(n)}, Range(A(θ)))
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Channel subspace (CS) method

• Model:

y(n) = Hs(n) n = 0, ..., N −W

y(n) = [yT
1 (n), · · · ,yT

M (n)]T

yi(n) = [yi(n), · · · , yi(n + W − 1)]T

In our case: A←→ H and θ ←→ h.

• Main result : If W ≥ L + 1 and theM channels do not share a
common zero, then

Range(H) = Range(H′)⇐⇒ h′ = αh

whereα is a scalar constant.
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CS algorithm

• Estimate the signal (resp. noise) subspace as the principal(resp. minor)

eigen-subspace of the data covariance matrixRy:

Ry =
∑

n

y(n)yH(n) = [Es En]




Λs 0

0 0








EH

s

EH
n





where Range(Es) = Range(H) ⊥ Range(En).

• Compute the least square error solution to

hCS = arg min
‖h‖=1

‖EH
n H‖2.
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Comparison of the ML, CR, and CS methods

• ML method

– Large computational cost

– Very good estimation accuracy

• CR method

– Low computational cost

– Moderate estimation accuracy

• CS method

– Moderate computational cost

– Good estimation accuracy
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Signal Subspace (SS) method

=   Channel

matrix
Source signal matrixData matrix

Channel subspace

Signal subspace

= hθ

s θ = 

• Model: Y = [y(0), · · · ,y(N −W )] = HS

S being a the source signal matrix of Hankel structure.

• Principle: A←→ S and θ ←→ s

ŝ = arg min
s

= d(Row(Y), Row(S))
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Signal Subspace (SS) method

• Result (Xu et al 1995): Assume thatH is full column rank and that the

input sequence{s(n)}−L≤n≤N−1 contains more thanW + L + 1

modes, then

Row(S) = Row(S′)⇐⇒ s′ = αs

whereα is a scalar constant.

K. A BED-MERAIM ENST PARIS

NEWCOM Autumn school : ”Estimation theory in wireless communications”, October 2005 107



Blind System Identification. Oct. 2005 59

�

�

�

�

SS algorithm

• Perform the SVD of the data matrixY = [y(0), · · · ,y(N −W )]

Y = U




Σs 0

0 0








VH

s

VH
n





Vn is the orthogonal matrix to the row space ofS

VnSH = 0

• Estimates by minimizing the quadratic criterion

ŝ = arg min
‖s‖=1

‖VnSH‖2
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Blind equalization

• Definition: g(z) is a blind equalizer iff:

g(n) ∗ y(n) = αs(n−m) ⇐⇒ g(z)h(z) = αz−m

• Characterization:

– Statistical criterion: If s(n) is i.i.d.

g(z) −→ ŝ(n) = g(n) ∗ y(n) is i.i.d.

e.g., Linear prediction , Bussgang , etc.

– Geometrical criterion: If s(n) ∈ A

g(z) −→ ŝ(n) = g(n) ∗ y(n) ∈ A

e.g., CMA algorithms.
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Mutually referenced equalizers (MRE) method

y

Equalizer  g

Equalizer  g z

+

−

ε=0

0

1

−1s(t)

s(t−1)

MRE relations: Let gi(n) i = 0, · · · , W + L− 1 be equalizer filters
satisfying

gi(n) ⋆ y(n) = αs(n− i), i = 0, 1, · · ·

Then, filtersgi should satisfy (MRE relations):

gi ⋆ y(n) = gi+1 ⋆ y(n + 1)
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Mutually referenced equalizers (MRE) method

• Result (D. Gesbert et al 1994) : Vice versa, the previous relations

characterize uniquely the equalizer filters, i.e. ifg0, · · · ,gd−1

(d = W + L) satisfy the MRE relations, then

gi(n) ⋆ y(n) = αs(n− i), ∀ i

• Algorithm : {gi} are estimated by minimizing (under a suitable

constraint) the quadratic criterion

J =
∑

n,i

‖gi ⋆ y(n)− gi+1 ⋆ y(n + 1)‖2
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Linear prediction (LP) method

• Model:






y(n) = [y1(n), · · · , yM (n)]T = [h(z)]s(n), s(n) : i.i.d

h(z) = [h1(z), · · · , hM (z)]T 6= 0,∀ z

• Principle: Bezout equality: ∃ g(z) = [g1(z), · · · , gM (z)] such that
g(z)h(z) = 1

=⇒ [g(z)]y(n) = s(n)

• Result: y(n) is an AR process of orderL. Its innovation process is
i(n) = h(0)s(n).
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LP algorithm

y(t)

Hy

h(0) x s(t)

Prediction (projection) subspace

• Estimate the prediction coefficients ofy(n) by solving the Yule-Walker
equations:

y(n) +
P∑

k=1

A(k)y(n− k) = i(n) = h(0)s(n)

• Estimate vectorh(0) (up to a constant) as the principal eigenvector of
the innovation covariance matrixD = E(i(n)i(n)H) = h(0)h(0)H .

K. A BED-MERAIM ENST PARIS

NEWCOM Autumn school : ”Estimation theory in wireless communications”, October 2005 110



Blind System Identification. Oct. 2005 65

�

�

�

�

Comparison of the SS, MRE, and LP methods

• SS method
– Large computational cost

– Good estimation accuracy

– Deterministic input

• MRE method
– Moderate computational cost

– Good estimation accuracy

– Deterministic input

• LP method
– Low computational cost

– Moderate estimation accuracy

– Stochastic decorrelated input
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Blind system identification

for MIMO channels
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The situation of interest

���
���
���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���
���
���

SENSOR  1
SENSOR   2

SOURCE  1
SOURCE  2

M different (possibly noisy) linear combinations ofN independent source

signals are observed at the sensors.
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Convolutive linear mixture model

s

s

s

y

y

1

System

transfer

function

2

N M

y2

1

y(n) = H(n) ⋆ s(n)

• y(n): M × 1 observation vector (array output),

• s(n): N × 1 unknownsource vector,

• H(z) =
∑

n H(n)z−n: M ×N unknowntransfer function matrix
assumed, in general, of finite impulse response, i.e. deg(H(z)) = L.
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Basic assumptions

• System dimension: We assume here strictlymore sensors than

sources, i.e. M > N .

• Source signals: They are assumed to bemutually independent

stationary random processes.

• System matrix: The transfer functionH(z) is assumed to be

irreducible(rank(H(z)) = N for all z) andcolumn reduced

(rank(H(L)) = N ).
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Objectives

• SIMO case: In the SIMO case we have to get rid of the inter-symbol

interference (ISI) only(blind equalization problem).

• MIMO case: In the MIMO case we have to get rid of the ISI(blind

equalization problem)and to get rid also of the inter-user interferences

(blind source separation (BSS)).

MIMO blind deconvolution ⇐⇒ Blind equalization + BSS.
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Deconvolution approach

using SOS

equalization

Blind

STEP  1

Convolutive mixture Instantaneous mixtureBlind source

using HOS

source signals

STEP  2

separation

• Step 1: Blind equalization using second order statistics. This step

transforms the convolutive mixture into an instantaneous mixture.

• Step 2: Application of a BSS algorithm (using, in general, the data

HOS) to the instantaneous mixture obtained at the previous step.
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Other possible deconvolution approaches

• Blind identification and deconvolution using HOS (Nikias etal 1993,
Liu et al 2002, etc.).

• Blind separation followed byM parallel SIMO blind equalization
(Bousbia-Salah et al 2000).

• Joint blind equalization and source separation by decorrelation (Y. Hua
et al 2000).

• Iterative blind deconvolution with interference cancellation (Delfosse et
al 1996).
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First step: Blind equalization

The same algorithms (except for certain details) for SIMO blind

identification can be applied to MIMO identification.

However, in the SIMO case we estimate the channel transfer function (resp.

the source signal) up to a1× 1 constant factorα, i.e. ĥ(z) = h(z)α, while

in the MIMO case we estimate the channel transfer function (resp. the

source vector) up to aN ×N constant matrixA, i.e. Ĥ(z) = H(z)A.
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Second step: Blind source separation

s

s

x

x

s

s

Instantaneous

A

Blind

 mixture
separation

source

1

N

1

N

1

N

Instantaneous linear mixture model:

x(t) = As(t)
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BSS versus ICA (Independent Component Analysis)

1. BSS = signal synthesis: Identify the mixture matrix and/or recover

the input signals from the observed signal by exploiting thestatistical

independenceor other features of the sources.

2. ICA = signal analysis: Analyse a multi-variate signal by

decomposing it into a set of independent components (independent

component analysis ICA).
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ICA versus PCA

• Principal component analysis: seeks directions in feature space that

best represent the data inleast squaressense.

• Independent component analysis: seeks directions in feature space

that are mostindependentfrom one another.
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BSS approaches

Moment Theory Moment Theory
Second−orderLower−order  Fractional Higher−order

Moment Theory

0 0.5 0.8 1 1.5 1.8 2 3 4

• HOS-based methods: Exploit the observations higher order statistics
either explicitely by processing their higher order cumulants or
implicitely through the optimization of non-linear functions given by
information-theoretic criteria.

• SOS-based methods: When the sources are ‘temporally colored’, one
can achieve BSS using signal decorrelation.

• FLOM-based methods: Dedicated to the separation of impulsive
signals, e.g. alpha-stable signals (these signals have infinite 2nd and
higher order moments).
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Information theoretic principles

sAs x B ?

B is computed such that its outputs are most independent from one another:

• By minimizing the mutual information between the components of ŝ(t).

• By minimizing the Kullbak-Leibler distance in between the pdf of ŝ(t)
and the product of its components pdfs, i.e.

KL(p(ŝ(t)),
∏

k

pk(ŝk(t)).

• My maximizing the nongaussianity ofŝ(t) (measures of nongaussianity
include the Kurtosis -fourth order cumulant- and the Negentropy
-differential entropy-).
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BSS by decorrelation

Basic assumptions:

• The mixing matrixA is full column rank.

• The sources are temporally coherent but mutually uncorrelated, i.e.,

Rs(τ)
def
= E(s(t + τ)s(t)H) =








ρ1(τ) 0

. ..

0 ρn(τ)








Rx(τ) = ARs(τ)AH
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Separation by decorrelation

• Principle: B = A−1 is the linear transform that decorrelate the signal

components at all time lags, i.e.

BRx(τ)BH = Rs(τ)

is diagonal for allτ .

• A two step procedure:

– Datawhitening: The whitening matrix transformsA into a unitary

matrix.

– Diagonalization: Estimate the unitary matrix by diagonalizing the

non-zero lag correlation matrices.
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Whitening

Whitening Matrix : Let W denotes an×m matrix, such that

(WA)(WA)H = UUH = I

W can be computed as an inverse square root of covariance matrix of the

observation vector (assuming unit-power sources).

Whitened correlations: Defined as

Rx(τ) = WRx(τ)WH = URs(τ)UH
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Diagonalization

• Diagonalization ofonesingle normal matrixM
⇐⇒ Minimizing under unitary transform the sum of squared moduliof
the off-diagonal elements. This is equivalent to the maximization under
unitary transformV = [v1, · · · ,vn] the sum of the squared moduli of
the diagonal elements:

C(M,V) =
∑

i

|v∗i Mvi|
2

• For a setof d matrices:

C(V) =
d∑

k=1

C(Mk,V) =
∑

k,i

|v∗i Mkvi|
2

=⇒ Joint diagonalization criterion .

K. A BED-MERAIM ENST PARIS

NEWCOM Autumn school : ”Estimation theory in wireless communications”, October 2005 119



Blind System Identification. Oct. 2005 83

�

�

�

�

Identifiability

Objectives: Given a set ofK correlation matricesRx(τ1), · · · ,Rx(τK)

answer the following:

• Is it possible to separate the sources given this statistics?

• If no, what it the best we can do (partial identifiability)?

• Is it possible to test the identifiability condition?
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Theorem 1: Identifiability

• Define for each sourcei

ρi = [ρi(τ1), ρi(τ2), · · · , ρi(τK)] and ρ̃i = [ℜ(ρi),ℑ(ρi)]

Then, BSS can be achieved using the output correlation matrices at
time lagsτ1, τ2, · · · , τK iff ∀ i 6= j

ρ̃i and ρ̃j are (pairwise) linearly independent

• If this condition is satisfied thenB is a separating matrix iff∀ i 6= j

rij(k) = 0 and

τK∑

k=τ1

|rii(k)| > 0 (1)

whererij(k)
def
= E(zi(t + k)z∗j (t)), z = Bx andk = τ1, τ2, · · · , τK .
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Discussion

• Theorem 1 gives anecessaryand sufficientcondition to achieve BSS.

• It is possible to separate the sources from onlyonecorrelation matrix.

• K −→∞ =⇒ 2 sources are separable iff they havedifferent spectral
shape.

• It is well known that HOS methods can achieve BSS when no more

than one Gaussian source is present. In contrast, SOS methods can

achieve BSS when no more than one temporally white source is

present.
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Theorem 2: Partial Identifiability

Assume there ared distinct groups of sourceseach of them containingdi

source signals with same (up to a scalar) correlation vectorρ̃i, i = 1, · · · , d,
i.e.,s = [sT

1 , · · · , sT
d ]T .

Let z(t) = Bx(t) be anm× 1 random vector satisfying equation (1).

Then, there exists a permutation matrixP and non-singular matricesUi

such that

Pz(t) = [zT
1 (t), · · · , zT

d (t)]T

zi(t) = Uisi(t)

Moreover, sources belonging to the same group, i.e., having same (up to a
scalar) correlation vector̃ρi can not be separated using only the correlation
matricesRx(k), k = τ1, · · · , τK .
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Theorem 3: Testing of Identifiability Condition

Let τ1 < τ2 < · · · < τK beK distinct time lags andz(t) = Bx(t). Assume

thatB is such a matrix thatz(t) satisfies equation (1). Then there exists a

generalized permutation matrixP such that fork = τ1, · · · , τK :

Rz(k) = E(z(t + k)zH(t)) = PRs(k)PT

In other words,z1, · · · , zm have the same (up to a permutation) correlation

factors ass1, · · · , sm at time lagsτ1, · · · , τK .
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Discussion

• Two situations may happen:

1. For all pairs (i, j), ρ̃i andρ̃j are pairwise linearly independent.

Then we are sure that the sources have been separated and that

z(t) = s(t) up to a scalar and a permutation.

2. A few pairs (i, j) out of all pairs satisfỹρi andρ̃j linearly

dependent. Therefore the sources have been separated in blocks.

• The angle betweeñρi andρ̃j can be used as a measure of the quality of

separation between sourcei and sourcej.
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Simulation Examples

• Simulation context:

– ULA with M = 5 sensors,N = 2 unit-norm independent sources
andT = 1000 samples.

• Criteria :

– Rejection level criterion:

Iperf i

def
=

∑

j 6=i

E

{

ρj(0)|(B̂A)ij |
2

ρi(0)|(B̂A)ii|2

}

– Identifiability criterion:

ϑρ
def
=

∣
∣
∣
∣
∣

|ρ̃1ρ̃
T
2 |

‖ρ̃1‖‖ρ̃2‖
− 1

∣
∣
∣
∣
∣
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Simulation examples

Table 1. Separation performance versusϑρ.

Sources ϑρ Iperf (dB)

2 AR1 signals 0.213 -26.23

2 CWGP signals 0.007 -5.14
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Figure 1. Separation Performance versusδθ (SNR=25dB): 2 AR1 sources with

a1 = 0.95 exp(j0.5) anda2 = 0.5 exp(j(0.5 + δθ)).
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Simulation examples
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Figure 2. Separation Performance versus the SNRs:m = 3 sources 2 of them are

CWGP signals and the third is AR1..

K. A BED-MERAIM ENST PARIS

Blind System Identification. Oct. 2005 92

�

�

�

�

Simulation examples
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Figure 5. Comparison with EASI (Laheld & Cardoso 1996): 2 AR1 sources with

QAM4 innovation processes &SNR = 30dB. .
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Conclusions ...
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Concluding remarks

• A common feature of all presented methods is the use of time and/or

spacediversity.

• Extensionto IIR case or multiple input case is possible.

• Partial knowledgeof the channels can be incorporated in the blind

criteria, e.g., DOA of multi-paths, pulse-shape filters, spreading

sequence in CDMA systems, etc.

• Robustnessto channel order estimation errors: The last 3 methods (SS,

MRE, LP) are more robust than the first 3 methods (ML, CR, CS).
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Some hot topics & perspectives

• Semi-blind methods: i.e., combining blind and non-blind criteria (i.e.,

training sequence) to improve the estimation accuracy.

• Induced cyclostationarity or pre-filtering : i.e., modify the signal

modulation at the transmission side in such a way to suit and simplify

the blind system identification (BSI).

• Space time coding: BSI is a tool to exploit the diversity at the

reception. The space-time coding is to create the diversityat the

transmission.
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Some hot topics & perspectives

• Application-oriented BSI methods: Derive or adapt blind system

identification (BSI) methods for specific applications (this allows to

exploit a maximum of side-information).

• Robustness: Improve the robustness of BSI methods against noise and

modellization errors.

• Under-determined case: BSI for systems with more sources than

sensors.
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Blind Carrier Frequency Offset estimation
and Mean Square Error Lower bounds

Philippe Ciblat

École Nationale Supérieure des Télécommunications, Paris, France

NEWCOM Autumn School :
Estimation Theory for wireless communications

Harmonic retrieval Outliers effect Lower bounds

Outline

1 Blind Carrier Frequency Offset synchronization
Harmonic retrieval in multiplicative noise
Design of powerful estimates
Asymptotic analysis
Probability of outliers

2 Mean Square Error Lower bound
Standard Cramer-Rao bound
Cramer-Rao bound with nuisance parameter
Bayesian Cramer-Rao bound
Other bounds

- Deterministic approach : Battacharya, Barankin
- Random approach : Ziv-Zakai
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Harmonic retrieval (I)

We assume

y(n) = a(n)e2iπf0n + b(n), n = 0, . . . , N − 1

with

y(n) : the received signal

a(n) : a zero-mean random process or a time-varying amplitude.

b(n) : circular white Gaussian stationary additive noise.

Goal : Estimating the frequency f0 in multiplicative and additive noise

Outline :
1 Short review on some estimates
2 Derivations of asymptotic performance and non-asymptotic

performance
3 MSE lower bounds associated with this problem
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Harmonic retrieval (II)

Previous model holds for

Digital Communications : Non-data-aided/Blind synchronization.

a(n) =
L∑

l=0

hlsn−l

   circular/noncircular complex-valued MA process
   non-Gaussian process

Radar : Jakes model
   a(n) circular complex-valued Gaussian process.

Direction of Arrival (DOA) : Frequency domain.
   a(n) circular complex-valued Gaussian process.
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Literature on estimator design

Digital Communications community (COM)

A. Viterbi, U. Mengali, M. Moeneclaey

   Ad hoc algorithms based on modulation properties (Gaussian
channel)

Signal Processing community (SP)

P. Whittle, D. Brillinger, E. Hannan, A. Walker (1950-1970)

   Constant amplitude and periodogram analysis.

O. Besson, P. Ciblat, M. Ghogho, G.B. Giannakis, H. Messer, E.
Serpedin, P. Stoica (1990-present)

   Time-varying amplitude
   Notion of non-circularity
   Notion of cyclostationary
   Asymptotic performance analysis
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Definition of circularity

Circularity (strict sense)

Let Z be a zero-mean complex random variable. Z is said circular in
strict sense iff

Z and Zeiθ

have the same distribution for any θ.

Property
E[Z · · ·Z︸ ︷︷ ︸

p times

Z · · ·Z︸ ︷︷ ︸
q times

] = 0

as soon as p 6= q.

Remark Z is M-order noncircular/ M − 1-order circular random
variable if only the moments of order (M − 1) or less satisfy the
previous property
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Second order circular case (I)

Assumptions

a(n) is second order circular (= circular in wide sense)

E[a(n)2] = 0

a(n) is Gaussian

a(n) is colored

a(n) obeys the Jakes model

ra(τ) = J0(2πfdτ)

and so ra(τ) is real-valued.

   Applications : Radar
   SP community
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Second order circular case (II)

We get

ry(τ) = E

[
y(n + τ)y(n)

]
= ra(τ)e2iπf0τ , ∀τ 6= 0

As ra(τ) is real-valued (as in Jakes model), we obtain

f̂N =
1

2πτ
∠r̂N(τ)

where r̂N(τ) is the empirical estimate of ry (τ) when N samples are
available.

Remark

Estimating frequency boils down to estimating constant phase.
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Non-circular case (I)

Assumptions

a(n) is M-order noncircular

E[a(n)M ] 6= 0

a(n) is Gaussian or not

a(n) is colored or not

a(n) is a MA process

a(n) =

L∑

l=0

hlsn−l

where {hl} is the impulse channel response and sn is the
unknown M-order noncircular data

Philippe Ciblat Blind Carrier Frequency Offset estimation and Mean Square Error Lower bounds 9 / 57

Harmonic retrieval Outliers effect Lower bounds S.O. noncircular case H.O. noncircular case Asymptotic analysis

Non-circular case (II)

Remark

Any usual constellation is rotationally symmetric over 2π/M.

Constellation M
P-PAM 2
P-PSK P
P-QAM 4

One can prove that any usual constellation is M-order noncircular

   Applications : Digital communications
   COM and SP community
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Second order non-circular case (I)

Deterministic ML based method : Besson 1998

{âN , f̂N} = arg min
a,f

KN(a, f ) =
1
N

N−1∑

n=0

|y(n) − a(n)e2iπfn|2

Non-linear least square (NLLS) asymptotically equivalent to
maximization of periodogram of y2(n)

f̂N = arg min
f

JN(f ) =

∣∣∣∣∣
1
N

N−1∑

n=0

y2(n)e−2iπ(2f )n

∣∣∣∣∣

2

   Traditional Square-Power estimate in COM community for BPSK
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Second order non-circular case (II)

Remark

As ua(0) = E[a2(n)] 6= 0, then

z(n) = y2(n) = ra(0)e2iπ(2f0)n + e(n)

where e(n) is a non-Gaussian and non-stationary additive noise.

Conclusion

   Frequency estimation in multiplicative and additive noise
m

Frequency estimation in additive noise but non-standard noise

   Periodogram based on y2(n) instead of y(n).

   If a(n) colored, periodogram not exhaustive.
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Cyclostationary based method

Let uy (n, τ) = E[y(n + τ)y(n)] be the pseudo-correlation

Definition

y(n) is cyclostationary w.r.t. its pseudo-correlation iff n 7→ uy (n, τ) is
periodic of period 1/α0. Then

uy (n, τ) =
∑

k

u(kα0)
y (τ)e2iπkα0n

with

kα0 : k th cyclic frequency

u(kα0)
y (τ) : cyclic pseudo correlation

c(kα0)
a (e2iπf ) = F.T.(τ 7→ u(kα0)

y (τ)) : cyclic pseudo spectrum

n 7→ uy (n, τ) is periodic of period 1/α0 with α0 = 2f0
Ciblat & Loubaton 2000
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Contrast function

Remark

Estimating frequency in multiplicative and additive noise boils down to
estimating a cyclic frequency

f0 = arg max
f

JW(f ) = u(2f )H

y Wu(2f )
y =

∥∥∥u(2f )
y

∥∥∥
2

W

with u(α)
y = [u(α)

y (−T ), · · · , u(α)
y (T )]T.

In practice, u(2f )
y is not available and needs to be estimated

u(α)
y (τ) = lim

N→∞

1
N

N−1∑

n=0

uy (n, τ)e−2iπαn

= lim
N→∞

1
N

N−1∑

n=0

E[y(n + τ)y(n)]e−2iπαn
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Contrast process

f̂N = arg max
f

JN,W(f ) =
∥∥∥û(α)

N

∥∥∥
2

W

with û(α)
y = [û(α)

y (−T ), · · · , û(α)
y (T )]T and

û(α)
N (τ) =

1
N

N−1∑

n=0

y(n + τ)y(n)e−2iπαn.

Then

f̂N = arg max
f

JN,W(f ) =

∥∥∥∥∥
1
N

N−1∑

n=0

z(n)e−2iπ(2f )n

∥∥∥∥∥

2

W

with z(n) = [z−T (n), . . . , zT (n)]T and
zτ (n) = y(n + τ)y(n) = u(α0)

y (τ)e2iπα0n + eτ (n).
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Remarks

Multi-variate periodogram

Weighted periodogram

Extended Square-Power algorithm
Asymptotic performance

Giannakis & Zhou
1995 : cyclostationarity approach and CRB bounds
Besson & Stoica
1999 : deterministic NLS with white real-valued multiplicative noise
Ghogho & Swami
1999 : deterministic NLS with white real-valued multiplicative noise
Ciblat & Loubaton
2000 : weighted multi-variate periodogram and analysis with
colored complex-valued multiplicative noise

Philippe Ciblat Blind Carrier Frequency Offset estimation and Mean Square Error Lower bounds 16 / 57

NEWCOM Autumn school : ”Estimation theory in wireless communications”, October 2005 134



Harmonic retrieval Outliers effect Lower bounds S.O. noncircular case H.O. noncircular case Asymptotic analysis

High-order noncircular case

P-PSK : Viterbi 1983.

E[a(n)P ] 6= 0 ⇔ f̂N = arg max
f

∥∥∥∥∥
1
N

N−1∑

n=0

yP(n)e−2iπ(Pf )n

∥∥∥∥∥

2

Tutorial done by Morelli-Mengali in 1998.

P-QAM : Moeneclaey 2001 & Serpedin 2004

E[a(n)4] 6= 0 ⇔ f̂N = arg max
f

∥∥∥∥∥
1
N

N−1∑

n=0

y4(n)e−2iπ(4f )n

∥∥∥∥∥

2

⇒ The so-called M-power estimate
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Asymptotic analysis

Consistency
f̂N − f0

p.s.→ 0

Asymptotic normality : it exists p such that

Np(f̂N − f0)
D→ N (0, γ)

with
p the so-called convergence speed
γ the so-called asymptotic covariance

Asymptotic covariance

MSE = E[(f̂N − f0)2] ∼ γ

N2p
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Convergence analysis

Consistency

Asymptotic normality (with p = 3/2)

are proven in Ciblat & Loubaton for

α̂N = arg max
α

JN,W(α) =

∥∥∥∥∥
1
N

N−1∑

n=0

z(n)e−2iπαn

∥∥∥∥∥

2

W

where
z(n) = ue2iπα0n + e(n)

whatever the noise process e(n) satisfying standard mixing conditions

Remarks

Analysis valid for second order and high order noncircular case

Derivations of the asymptotic covariance need still to be done
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Asymptotic covariance (I)

Second-order noncircular case :
whatever the second-order noncircular process a(n), Ciblat &
Loubaton (IEEE SP 2002) have proven that

1 Wopt = Id2T+1

2 Topt = L with L the memory size of a(n)

3

MSE ∼ 3
4π2N3 .

∫ 1
0 |ca(e2iπf )|2X (e2iπf )df
(∫ 1

0 |ca(e2iπf )|2df
)2 .

with
X (e2iπf ) = (sa(e2iπf ) + σ2)(sa(e−2iπf ) + σ2) − ca(e2iπf )ca(e−2iπf )

if a(n) is a white real-valued process, then asymptotic covariance
also available in Ghogho and in Besson
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Asymptotic covariance (II)

High-order noncircular case :
Serpedin (IEEE TCOM 2003 and IEEE TWIRELESS 2003) has
proven that

MSEP-PSK ∼ 24
π2PN3

B − D
C2

with

B =

P∑

q=0

(Cq
P)2q!σ2q

b

C = e−1/σ2
b 2F1(2P + 1, 2P + 1, 1/σ2

b)

D =
P!

(2P)!
e−1/σ2

b 2F1(P + 1, P + 1, 1/σ2
b)

Similar equations for P-QAM constellation
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Numerical illustrations

Set-up :
a(n) = s(n) + 0.75s(n − 1) with s(n) white Gaussian process
Performance of “weighted periodogram-based estimate” vs. SNR
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SNR (N=100 ; rho=0.75 ; a=0.75)

M
S

E

MSE versus SNR

Theoretical MSE
Empirical MSE

Questions :
   How far away from Cramer-Rao Bound we are ?
   Irrelevancy of MSE at low SNR (outliers effect).
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Outliers effect

We focus on the following M-power estimate

f̂N =
1
M

arg max
α∈]−1/2,1/2]

∣∣∣∣∣
1
N

N−1∑

n=0

y(n)Me−2iπαn

∣∣∣∣∣

2

with
y(n)M = ue2iπMf0n + e(n)

This periodogram is maximizing by proceeding into two steps

a "coarse" step detecting the peak

a "fine" step refining the estimation around the peak

Remark

At low SNR and/or when few samples are available, the coarse step
may fail. This leads to the so-called outliers effect.
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Example

a(n) is a complex-valued white zero-mean Gaussian process
with unit-variance and pseudo-variance u = E[a(n)2]
   |u| refers to non-circularity rate.

SNR = 0dB and N = 500
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Cost function with |u| = 2/3 Cost function with |u| = 1/3
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Mean Square Error

True MSE

MSE =
p
12

+ (1 − p)MSEo.f.

where

p is the probability of coarse step failure

MSEo.f. is the standard "outliers effect"-free MSE

Available Results :
1 MSEo.f. seen in previous slides
2 p recently derived (Ciblat & Ghogho submitted to TCOM)
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Failure probability p (I)

Let Yk (resp. Ek ) be the N-FFT of y(n)M (resp. e(n))

|Yk | =

{
|ue2iπMφ0 + E0| si k = 0
|Ek | si k 6= 0

, (f0 = 0)

The failure probability may write as follows

p = 1 − Pb(∀k 6= 0, |Yk | < |Y0|) = 1 −
∫

p1(x)p2(x)dx

where

p1(x) = Pb(∀k 6= 0, |Yk | < x)

=

∫ x

−∞

· · ·
∫ x

−∞

p|Y1|,··· ,|YN−1|(y1, · · · , yN − 1)dy1 · · · dyN−1

p2(x) = p|Y0|(x)

⇒ The distribution of FFT points are needed
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Failure probability p (II)

Constant-amplitude multiplicative noise :

a(n) = a, ∀n

M = 1

Rife & Boorstyn (IEEE IT 1974)

   e(n) is white circular Gaussian process

Time-varying multiplicative noise :

a(n) is white and belongs to an usual constellation

   e(n) is white noncircular and non-Gaussian process

Result

Under Gaussian assumption, a closed-form expression for p can be
addressed which strongly depends on

σ2
e = E[|a(n)|2M ]−|E[a(n)M ]|2 +

∑M−1
m=0 (Cm

M )2
E[|a(n)|2m ]E[|b(n)|2(M−m)]
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Simulations : p versus SNR
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Theoretical and Empirical Outlier probability versus Eb/N0 (N=256)
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4−PSK/4−QAM (E)
8−PSK (T)
8−PSK (E)
16−PSK (T)
16−PSK (E)
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16−QAM (E)
256−QAM (T)
256−QAM (E)
1024−QAM (T)
1024−QAM (E)

N = 1024 N = 256

p strongly depends on P for P-PSK

p slightly depends on P for P-QAM

Self-noise for QAM due to σ2
e = E[|a(n)|8] − |E[a(n)4]|2 6= 0 in

noiseless case
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Simulations : MSE versus SNR
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4-QAM and N = 128 256-QAM and N = 128

Threshold analysis

For 4-QAM, SNRth. = 6dB if N = 128

For P-QAM (with P > 4), floor effect for p ⇒ no threshold
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Simulations : MSE versus N
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4-QAM and Eb/N0 = 5dB 256-QAM and Eb/N0 = 20dB

When N increases, p decreases (without floor effect)

Any MSE is reachable BUT sometimes with very large N
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Remarks

Estimation accuracy

Data-aided context can improve the performance but outliers
effect still exists (Mengali IEEE TCOM 2000)

Cramer-Rao bound (CRB) with coded scheme is less than CRB
without coded scheme (Moeneclaey IEEE COML 2003)

Turbo-estimation is an appropriate solution (Vandendorpe & al.
EURASIP JWCN 2005)

Questions

1 MSE value : is it far away from the lower bound (Cramer-Rao
Bound) ?

2 Outliers effect : is it intrinsic to M power estimate or to any
estimate ?

Philippe Ciblat Blind Carrier Frequency Offset estimation and Mean Square Error Lower bounds 31 / 57

Harmonic retrieval Outliers effect Lower bounds Definitions Links and Derivations Other bounds

Mean Square Error Lower Bounds

Signal Model

y(n) = a(n)e2iπf0n + b(n), n = 0, . . . , N − 1 ⇔ y = D(f0)a + b

where

y = [y(0), · · · , y(N − 1)]T

D(f0) = diag([1, · · · , e2iπf0(N−1)])

Noise variance assumed to be known (for sake of simplicity)

f0 : (deterministic) parameter of interest
{a(0), · · · , a(N − 1)} : parameters of nuisance

Each assumption on the parameters of nuisance
(deterministic/random, etc.) leads to ONE Cramer-Rao-type bound
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Unconditional CRB

We consider the likelihood for parameters {f0, a} :

Λ(f , a)

(
∝ e

−‖y−D(f )a‖2

2N0

)

a(n) are viewed as real nuisance   stochastic

Unconditional CRB or True CRB or Stochastic CRB

Unconditional Likelihood is equal to True-Likelihood

Λu(f ) = Ea[Λ(f , a)] =

∫
Λ(f , a)p(a)da

⇒ UCRB(f ) =
1

Ey

[∣∣ ∂
∂f lnΛu(f )

∣∣2
] =

1

Ey

[∣∣ ∂
∂f lnEa[Λ(f , a)]

∣∣2
]

   Often untractable
   UCRB mainly analysed by Moeneclaey
   Approximation at low SNR (ex = 1 + x + x2/2 if x small)
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Conditional CRB

a(n) are viewed as parameters of interest   deterministic

Conditional CRB or Deterministic CRB

Conditional Likelihood is equal to Deterministic Likelihood

Λc(f ) = Λ(f , âf ) where
∂Λ(f , a)

∂a |âf

= 0

⇒ CCRB(f ) =
1

Ey

[∣∣ ∂
∂f lnΛc(f )

∣∣2
]

Average CCRB or Asymptotic CCRB

< CCRB >(f ) =
1

Ey,a

[∣∣ ∂
∂f lnΛc(f )

∣∣2
]

   CCRB not used although CML well spread
   CCRB mainly analysed by Stoica and Vazquez
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Modified CRB

a(n) are viewed as known parameters

Modified CRB

⇒ MCRB(f ) =
1

Ey,a

[∣∣ ∂
∂f lnΛ(f , a)

∣∣2
]

   Closed-form expressions tractable
   MCRB introduced by Mengali
   MCRB very often used in COM/SP community
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Gaussian CRB

a(n) are viewed as Gaussian process

Gaussian CRB

Gaussian Likelihood
Λg(f ) = Ea[Λ(f , a)]

where a is a Gaussian vector.

⇒ GCRB(f ) =
1

Ey

[∣∣ ∂
∂f lnΛg(f )

∣∣2
]

   Closed-form expressions tractable
   Not valid for digital communications but this is still a bound for all
the consistent estimates based on data sample covariance matrix
   GCRB developed in SP community (Giannakis, Ghogho, Ciblat)
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Bayesian CRB

f0 is also viewed as stochastic variable with an a priori pdf p(f )
Let θ̂ be an unbiased estimate of θ0 = [f0, a]. Then

MSE|Bayesian = Ey,θ[(θ̂ − θ0)(θ̂ − θ0)
T] ≥ J−1 = BCRB

with

J = Ey,θ

[
∂lnΛ(f , a)

∂θ

∂lnΛ(f , a)

∂θ

T
]

Jensen’s inquality

Eθ[CRB(θ)] ≥ BCRB

Remarks

If CRB(θ) independent of θ then CRB = BCRB

No link in the literature between xCRB and BCRB

If θ0 = f0, then Eθ[TCRB(θ)] ≥ BCRB
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Bayesian Algorithm

Deterministic approach :

Optimal unbiased estimate does not always exist (except ML in
asymptotic regime)

Stochastic/Bayesian approach :

Optimal unbiased estimate always exists : the so-called MMSE
estimator

θ̂ = Eθ|y[θ] =

∫
θp(θ|y)dθ

Remarks

The MMSE is the mean of the a posteriori density

p(θ) must be differentiable

SP community (Van Trees)
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Link between xCRB (I)

All these bounds (except GCRB) lower-bound the mean square error !

Results

UCRB ≥ MCRB

and
< CCRB > ≥ MCRB

At high SNR : UCRB = MCRB (if the values of the parameters of
nuisance belongs to a discrete set)

For large samples : CCRB
N→∞−→ < CCRB > (ergodism)

Under Gaussian assumption : UCRB = GCRB

   MCRB usually too optimistic
   GCRB unable to take into acocunt high order information
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Link between xCRB (II)

Application to blind synchronization

a(n) belongs to a constellation and thus to a discrete set

   At high SNR,
UCRB = MCRB

MCRB is of interest in digital communications

   At low SNR,
UCRB � MCRB

Let M be the order of non-circularity (Moeneclaey IEEE COML
2001).

UCRB = O(1/SNRM) and MCRB = O(1/SNR)

   GCRB likely useful for BPSK but not for other constellations
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Example (I)

Harmonic retrieval where a(n) is complex-valued white (discrete)
process with E[|a(n)|2] = 1 and E[a(n)2] = u.

MCRB =
3σ2

2π2N3 and GCRB =
3

[
(1 − |u|2) + 2σ2 + σ4

]

4π2|u|2N3

UCRB|low SNR =
3σ4

4π2|u|2N3

and

UCRB|high SNR = MCRB =
3σ2

2π2N3

   MCRB quite relevant BUT does not depend on non-circularity rate.
   At low SNR, second-order noncircularity leads to GCRB=UCRB
   If |u| 6= 1, floor error with GCRB not with MCRB and UCRB
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Example (II)

We consider u = 1 (e.g. a(n) ∈ BPSK)

MCRB =
3σ2

2π2N3 and GCRB =
3σ2

2π2N3 +
3σ4

4π2N3

and

UCRB|high SNR =
3σ2

2π2N3 and UCRB|low SNR =
3σ4

4π2N3

At high SNR

UCRB = MCRB = GCRB

At low SNR

UCRB = GCRB

   GCRB relevant for BPSK
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Example (III)
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   For BPSK signal, we are lucky (GCRB≈MCRB) !
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Asymptotic Gaussian CRB (I)

   Several works for obtaining asymptotic (large sample) expressions
for GCRB.

Circular case : Ghogho 2001 (based on Whittle’s theorem)

Real-valued case : Ghogho 1999

Non-circular case : Ciblat 2003 (large Toeplitz matrices)

White Colored

Circular ∞ O(1/N)
Real-valued O(1/N3) O(1/N3)

No floor error No floor effect
Reached by Square Power

Non-circular O(1/N3) O(1/N3)
No floor error Floor effect

Reached by Square Power
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Asymptotic Gaussian CRB (II)

Second-order noncircular case : Ciblat (EURASIP SP 2005)

GCRB ∼ 3
4π2ξN3 with ξ =

∫ 1

0

ca(e2iπf )ca(e−2iπf )

X (e2iπf )
df

MSE ∼ 3η

4π2N3 with η =

∫ 1
0 |ca(e2iπf )|2X (e2iπf )df
(∫ 1

0 |ca(e2iπf )|2df
)2

One can proven that (Cauchy-Schwartz inequality)

GCRB = MSE iff a(n) white process
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Other types of bound

Remark

xCRB unable to predict and analyze the outliers effect

Solutions

Introducing other tighter lower bounds
Deterministic approach
   Battacharyya bound
   Barankin bound

Stochastic approach
   Ziv-Zakai bound
   Weiss-Weinstein bound
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Battacharyya bound (I)

Review on CRB : consider the vector z,

z =

[
θ − θ0

∂ln(p(y|θ))
∂θ

]

By construction, E[zzT] is nonnegative matrix. This implies that
[

MSE 1
1 FIM

]
≥ 0

and

MSE ≥ FIM−1 = CRB
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Battacharyya bound (II)

consider the vector zN ,

zN =




θ − θ0
∂ln(p(y|θ))

∂θ

...
∂N ln(p(y|θ))

∂θN




Once again E[zNzT
N ] is nonnegative matrix and this leads to

MSE ≥ BaB = CRB + one positive term
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Barankin bound (I)

We consider "test-points" En = [θ(1) − θ0, . . . , θ
(n) − θ0].

Furthermore Bn = (Bk ,l )1≤k ,l≤n is the following n × n matrix

Bk ,l = Ey

[
p(y|θ(k))p(y|θ(l))

p(y|θ0)2

]

Definition

Barankin bound of order n   BBn(θ0) = sup
En

En(Bn(En) − 1n1T
n)−1ET

n︸ ︷︷ ︸
Sn(En)

with 1n = ones(n, 1)

   MSE of any unbiased estimator is greater than any BBn

   As n → ∞, BB∞ becomes even the tightest lower bound
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Barankin bound (II)

BB1 used (one test-point)
Main task : closed-form expression for matrix B

Remark

CRB = lim
E→0

S1(E)

   CRB inspects the likelihood only around the true point

   CRB and BaB unable to observe outliers

BB = sup
E

S1(E)

   BB scans all the research interval

   BB takes into account outliers effect in lower bound.

Pure harmonic retrieval : Knockaert in 1997
Circular multiplicative noise : Messer in 1992 for DOA issue
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Derivations

Let y(n) = ae2iπf0n + b(n)   Information in mean of y(n).

Let y(n) = a(n)e2iπf0n + b(n)   Information in variance of y(n).

Closed-form expression (Ciblat EURASIP SP 2005)

Bk ,l =

{
1√

det(Qk,l )
if Qk ,l > 0

+∞ otherwise
,

where

Qk ,l = (R̃−1
f (k) + R̃−1

f (l) )R̃f0 − Id2N

and

R̃f =

[
E[yN yH

N ] E[yNyT
N ]

E[yN yT
N ] E[yNyH

N ]

]
.
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Numerical illustrations

a(n) white Gaussian process with unit-variance and E[a(n)2] = u.
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Threshold analysis : BB = max(GCRB, S(1/4))

Important gap between BB and standard Square-Power estimate
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Ziv-Zakai bound (I)

Bayesian bound : random parameter
Two classes :

Hölder inequality :
Bayesian Battacharyya
Bobrovsky-Zakai (1976)
Weiss-Weinstein bound (1985)

Kotelnikov inequality :
Ziv-Zakai (1969)
Bellini-Tartara (1975)

State-of-the-Art

Ziv-Zakai bound (ZZB) derivations
1 bearing estimation and additive noise (Bell IEEE IT 1997)
2 time-delay estimation (Weiss IEEE SP 1983)
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Ziv-Zakai bound (II)

Definition

The mean square error (MSE) for ϕ1 is bounded by

MSE ≥
∫ ∞

0
h1

(
max

h0

g(h0, h1)

)
dh1.

where

g(h0, h1) =
∫

min(p(ϕ), p(ϕ + h))Pe(ϕ, ϕ + h)dϕ

ϕ = [φ0, f0] and h = [h0, h1]

p(.) is the a priori density function of ϕ

Pe(ϕ, ϕ + h) is the error probability when the optimal detector
decides between the following two equally likely hypotheses

{
H0 : y(n) = a(n)e2iπ(φ0+f0n) + b(n)
H1 : y(n) = a(n)e2iπ((φ0+h0)+(f0+h1)n) + b(n)

   Detection theory with multiplicative noise
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Derivations

Result

MSE1 ≥
∫ 1/2

0
(1/2 − h1)h1(max

h0

(1/2 − h0)Pe(h0, h1))dh1

with

Pe(h0, h1) =
(θ1/θ2)

α1

α1
B(α1, α2)2F1(α1 + α2, α1, α1 + 1 − θ1/θ2)

where

B(α1, α2) = Γ(α1 + α2)/Γ(α1) is called either the Euler’s first
integral or the Beta function

2F1(α, β, γ; x) is the hyper-geometric function

Closed-form expressions of θ1, θ2, α1, α2 depend on R̃h and R̃0
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Numerical illustrations

a(n) white Gaussian process with unit-variance and E[a(n)2] = u.
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Small gap between ZZB and standard Square-Power estimate
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Channel estimation and Superresolution
in UWB system

Philippe Ciblat
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UWB-IR system CRB Estimator design Comparison Superresolution

Outline

1 UWB system
Impulse Radio
Multi-band
Channel Model

2 Channel estimation
Cramer-Rao Bound
Existing estimates
Comparison

3 Superresolution

Philippe Ciblat Channel estimation and Superresolution in UWB system 2 / 32

NEWCOM Autumn school : ”Estimation theory in wireless communications”, October 2005 157



UWB-IR system CRB Estimator design Comparison Superresolution

Introduction

Digital communications system satisfies the following spectral mask :
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Techniques

Approaches

Impulse Radio (IR)

Multi-band (MB)

We hereafter focus on Impulse-Radio technique

Pierce and Hopper 1952

Winthington and Fullerton 1992

Win and Scholtz 1993
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IR-UWB transmit signal

Time-Hopping (TH) IR-UWB signal associated with user n

T f

· · · · · ·
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Data stream

s(t) =

M−1∑

i=0

dib(t − iNf Tf )

where

M is the number of transmit symbols

d = [d0, · · · , dM−1] belongs to PAM

Nf is the number of frame per symbol

Tf is the duration of each frame
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Superframe structure

The super frame composed by Nf frames is structured as follows

b(t) =

Nf−1
∑

j=0

g(t − jTf − c̃jTc)

where

Tc is the chip duration

Nc is the number of chips in one frame

Time-hopping code in the j th frame is given by
c̃j ∈ {0, · · · , Nc − 1}

g(t) is the mono-cycle with the temporal support [0, Tg)

Philippe Ciblat Channel estimation and Superresolution in UWB system 7 / 32

UWB-IR system CRB Estimator design Comparison Superresolution

Developed code

For each frame j, let cj = [cj(0), · · · , cj(Nc − 1)] defined as follows

cj(i) =

{
1 if i = c̃j

0 otherwise
.

Then c = [c0, · · · , cNf −1] = [c(0), · · · , c(Nf Nc − 1)]

s(t) =

M−1∑

i=0

di

Nf Nc−1
∑

j=0

c(j)g(t − jTc − iNf Tf )

0 1 3

0 0 0 0 0 0 0 0 011 1

Train d’impulsions

cn(k)

c̃n(k) = {0; 1; 3}

Status of the chip (occupied/free) outside g(t)

Le Martret & Giannakis 2002
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Channel model

Multi-path random channel

Molish 2003

Impulse response

h(t) =

Np∑

k=1

Akδ(t − τk )

where

Ak is the attenuation associated with the k th-path

τk is the delay associated with the k th-path
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Statistical channel model

We focus on one cluster model

Statistical model

p(τk |τk−1) = λe−λ(τk−τk−1)

Ak = (pk .bk
︸ ︷︷ ︸

ak

)e−τk /γ

where

ak independent of τ k
n

pk binary variable

bk log-normal variable

λ and γ are both deterministic parameters
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Deterministic parameters

λ is the path density

γ is the RMS delay spread (i.e., length of impulse response)
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Receiver

Rake receiver (for sake of simplicity)

Correlation with the template b(t) =
∑Nf Nc−1

j=0 cjg(t − jTc)
synchronized at each path

...

τ̂
`1

1

τ̂
`2

1

Â`2
1

v1(t)

Â
`1

1
v1(t)

∫ N f T f

0

z d̂1(0)

τ̂
`Lr

1

Â
`Lr

1
v1(t)

r(t)

Path estimation is necessary
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Fisher Information Matrix

JAl ,Ak =
2

N0
f (k ,l)
1 , JAl ,τk = −

2Ak

N0
f (l,k)
2 , Jτl ,τk =

2Ak Al

N0
f (k ,l)
3

where

f (k ,l)
1 = Ed

[∫

s(t − τk )s(t − τl)dt
]

f (k ,l)
2 = Ed

[∫

s(t − τk )s′(t − τl)dt
]

f (k ,l)
3 = Ed

[∫

s′(t − τk )s′(t − τl )dt
]

with

s′(t) = ds(t)/dt and Ed[φ(d)] = φ(d) if d is a known sequence

   CRB for DA scheme and MCRB for NDA scheme
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State-of-the-Art

1 Laurenti (September 2004) : one path
2 Huang (June 2004) : non-overlapping context (i.e., signal echoes

are orthogonal)
f (k ,l)
m = 0 if k 6= l

3 Zhang (June 2004) : overlapping taken into account (but no
closed-form expression for FIM)

Questions

Non-overlapping assumption does not hold in realistic situation ?

Closed-form expressions for f (k ,l)
m even when k 6= l
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Non-overlapping case

Straightforward derivations yield

CRBDA(Al ) = MCRBNDA(Al ) =
N0

MNf

E3

2(E1E3 − E2
2 )

CRBDA(τl ) = MCRBNDA(τl ) =
N0

MNf

E1

2A2
l (E1E3 − E2

2 )

with E1 =
∫

g(t)2dt , E2 =
∫

g(t)g′(t)dt , and E3 =
∫

g′(t)2dt

Remarks

   In DA scheme, performance does not depend on the training
sequence

   Same expression in the context of single-path (when Np = 1)
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Overlapping case

Let
∆τk ,l = τk − τl = Qk ,lNf Tf + qk ,lTc + εk ,l with the integer parts
Qk ,l and qk ,l , and the remainder εk ,l

Main result

f (k ,l)
m = M(C(q)Am(ε) + C(q + 1)Am(ε − Tc)

+ D(q)Bm(ε) + D(q + 1)Bm(ε − Tc))

with

C(q) =

Nf Nc−q−1
∑

j=0

c(j)c(j + q), D(q) =

q−1
∑

j=0

c(j)c(j − q)

Am(ε) =
1
M

M−1∑

i=0

Ed[d−Q−1+idi ]rm(ε), Bm(ε) =
1
M

M−1∑

i=0

Ed[d−Q+idi ]rm(ε)

r1(t) = g(t) ? g(−t), r2(t) = g′(t) ? g(−t), r3(t) = g′(t) ? g′(−t)
Philippe Ciblat Channel estimation and Superresolution in UWB system 16 / 32

NEWCOM Autumn school : ”Estimation theory in wireless communications”, October 2005 164



UWB-IR system CRB Estimator design Comparison Superresolution

Comments

Code collisions plays an important role.

The more f k ,l
m ) (for k 6= l) is high, the more the CRB is high

If ε ∈ [Tg, Tc − Tg ], there is no overlapping

The more the path is dense, the more the CRB taking into
account the overlapping is larger than the (simplified) CRB

Deleuze & Ciblat & Le Martret (July 2004)
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Average CRB (I)

Ex[CRB(x)] = Ex[J(x)−1] ≥ (Ex[J(x)])−1

Simplified expressions for A, B, C, D by averaging over

symbol sequence

time-hopping code

   In DA scheme, average CRB over all possible training sequences

   In NDA scheme, MCRB is considered
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Average CRB (II)

{d(i)}i i.i.d. symbols belonging to 2-PAM

Result

Ed[Am(ε)] = δQ,−1rm(ε), Ed[Bm(ε)] = δQ,0rm(ε)

cj is the realization of i.i.d. random vector whose each
component admits the following distribution
p(c) = ((Nc − 1)δ(c) + δ(c − 1))/Nc .

Result

{

Ec[C(q)] = Nf Nc−q
N2

c
if q 6= 0

Ec[C(0)] = Nf if q = 0
,

{
Ec[D(q)] = q

N2
c

if q 6= Nf Nc

Ec[D(Nf Nc)] = Nf if q = Nf Nc
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Maximum Likelihood

Lottici & Andrea & Mengali 2002

No overlapping context

Simulations done in a non-overlapping context
ML carried out in DA and NDA schemes

DA scheme : derivations based on likelihood
NDA scheme : derivations based on true likehood at low SNR

Algorithm

JNDA(τ) =
1

MEb

M−1∑

i=0

zi(τ, di = −1) + zi(τ, di = 1)

2

with zi(τ, di ) = di(r(t) ? b(−t)|t=iNf Tf +τ )

Localizations of peaks provide τ̂

Magnitudes of peaks provide Â
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Undersampling based method (I)

Maravic & Vetterli 2003

DA scheme

Undersampling at period Ts � Tp preceded by Anti-Aliasing
Filter

Let r̃(t) the noiseless receiver signal at the output of AAF

R̃(m) = F.T.(t 7→ r̃(t))|f=mf0 =

Np∑

k=1

Ak S̃(m)e−2iπτk mf0

then

R̃s(m) = R̃(m)/S̃(m) =

Np∑

k=1

Ak zm
k

with zk = e−2iπτk f0
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Undersampling based method (II)

R =








R̃s(0) R̃s(1) · · · R̃s(Np − 1)

R̃s(1) R̃s(2) · · · R̃s(Np)
...

...
...

R̃s(Np − 1) R̃s(Np) · · · R̃s(2Np − 2)







⇔ [R]`,`′ =

Np∑

k=1

Ak z`+`′

k

Then

R = VΛV H with V =






1 · · · 1
...

...
zNp−1

1 · · · zNp−1
Np





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Undersampling based method (III)

Shift invariance

V = V diag([z1, · · · , zNp ])

where V and V denote the omition of the first and last row of V
respectively

Then it exists a vector xk such that

Vxk = zkV xk

   zk is a generalized eigenvalue of (V , V )

Algorithm

For any k , zk is the root of the polynomial

P(s) = det(V − sV )

This obviously provides τ̂ and Â
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First-order cyclostationarity based method (I)

Luo & Giannakis 2004

Asymmetric PAM (di ∈ {−1, θ})

ISI-less context (delay spread < guard-time)

r(t) =

M−1∑

i=0

dibr (t − τ1 − iNf Tf ) with br (t) =

Np∑

k=1

Ak b(t − ∆τk ,1)

If ISI-less, {br (t − τ1 − iNf Tf )}i is a orthogonal set and thus br (t) is a
square-root Nyquist filter.

Problem

Optimal receiver is the matched filter br (−t) shifted by τ1

Knowledge of br (t) and τ1 is needed
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First-order cyclostationarity based method (II)

E[r(t)] =
θ − 1

2

M−1∑

i=0

br (t − τ1 − iNf Tf )

The cyclostationary mean contains information about br (t) and τ1

Algorithm

If τ1 is associated with the strongest path, then

τ̂1 = arg max
τ∈[0,Nf Tf )

∣
∣
∣
∣
∣

∫ 2Nf Tf

0
Ê[r(t)]b(t − τ)dt

∣
∣
∣
∣
∣

and

b̂r (t) =
2

θ − 1
̂E[r(t + τ̂1)], for t ∈ [0, Nf Tf )
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Non-overlapping case

Set-up

Tp = 1ns, Tc = 2Tp, Nc = 10, and Nf = 10, Ts = 200ns, M = 100

τ = [5Tp, 10Tp, 15Tp] and A = [0.73, 0.67, 0.35]

Such assumptions ensure the absence of overlapping
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Overlapping case

Set-up

τ = {kTp/2}k=1,··· ,20

A obeys a normalized exponential decreasing profile

Such assumptions ensure the presence of overlapping
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   ML non optimal in overlapping case
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Comparison

Question

Is there overlapping or not in realistic channel ?

Two statistical models :
Molish (λ = 0.2ns−1, γ = 20ns) and Lee (λ = 2ns−1, γ = 5ns)

0 5 10 15 20 25 30 35 40 45 50
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−1

SNR (M=100)

M
S

E

MCRB : Delay 

Lee − Absence of overlapping
Lee − Presence of overlapping
Saleh − Absence of overlapping
Saleh − Presence of overlapping

   If path density is high, the non-overlapping model does not hold
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Definition

The superresolution is the smallest gap between two delays that
we are able to distinguish from

The Cramer-Rao Bound CRB(τ) is the smallest mean square
error that we may reach when the value of the sought delay is τ

Superresolution definition

The superresolution τres. satisfies the following equation

τres. =
√

CRB(τres.)

When τ decreases, the overlapping increases

To evaluate accurately the superresolution, we need the
closed-form expression of CRB(τ) in overlapping case
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Superresolution versus SNR

Set-up

τ = [0τ ], A = [10.5], and M = 100
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   Non-overlapping is too optimistic and does not make sense
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Superresolution versus Tp

Set-up

Eb/N0 = 10dB and M = 100
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   Resolution proportional to Tp
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Soft information aided parameter estimation

L. Vandendorpe

Thanks to C. Herzet, V. Ramon, A. Dejonghe, X. Wautelet,
M. Moeneclaey (UGent)

UCL Communications and Remote Sensing Lab, Louvain-la-Neuve, Belgium
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Introduction

Outline

• Introduction/motivation

• The EM algorithm

• Coding and the MAP algorithm

• Synchronization of coded systems with the EM algorithm

• Illustration of performance

• CSI estimation for coded MIMO transmission

• Illustration and performance

• Cramer-Rao bound with coded/prior information
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Introduction

Motivation

• Synchronization or parameter estimation required even if not primary goal
(data)

• Synchronization/CSI required at the RX; CSI also of interest for TX

• Recent advances in coding (error correcting codes): operation point at (very)
low SNRs; powerful with perfect sync.

• Can we still reliably estimate parameters at low SNRs ?

• Increase of number of pilot symbols decreases spectral efficiency

• Problem for short block transmission; use the information carried by the
whole block

• Turbo receivers (for instance) produce soft information

• How to use this soft information for sync/CSI estimation ?

• The EM algorithm is a nice framework to derive soft-data aided estimation
algorithms; adaptations are desirable however

4
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Introduction

Illustration: impact of timing estimation
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• Turbo code performance for various timing synchronizers
5

Introduction

Illustration: impact of CSI
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• Turbo equalizer for BICM over Porat channel
6
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Introduction

Parameter estimation

• Assume data symbols ak, observation vector r, parameter vector θ

• Ultimate goal (min SER): detection/decoding given by

âk = arg max
ãk

p(ãk | r)

= arg max
ãk

∫
θ

p(ãk | r, θ) p(θ| r)dθ (1)

• Suboptimal approach:

âk = arg max
ãk

∫
θ

p(ãk | r, θ) p(θ| r)dθ (2)

! arg max
ãk

p(ãk | r, θ = arg max
θ̃

p(θ̃ | r)) (3)

7

Introduction

Maximum likelihood parameter estimation

• Assume no prior information about parameters (uniform distribution)

• About the estimates:

θ̂ = arg max
θ̃

p(r | θ̃) (4)

= arg max
θ̃

∑
a

p(r |a, θ̃) p(a) (5)

• Function of the information we have about the transmitted sequence

8
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Introduction

ML parameter estimation: DA mode

• Assume one uses pilots only

• We transmit a sequence of pilot symbols apilot

θ̂ = arg max
θ̃

p(rpilot | apilot, θ̃) (6)

• Easy to compute

• Only exploits part of the available information

9

Introduction

ML parameter estimation: NDA mode

• All transmitted sequences assumed equiprobable

θ̂ = arg max
θ̃

∑
a

p(r | a, θ̃) p(a) (7)

= arg max
θ̃

∑
a

p(r | a, θ̃) (
1

|A|
)N (8)

(9)

• Untractable problem

10
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Introduction

ML parameter estimation: NDA mode

• All transmitted sequences assumed equiprobable

θ̂ = arg max
θ̃

∑
a

p(r |a, θ̃) p(a) (10)

= arg max
θ̃

∑
a

p(r | a, θ̃)︸ ︷︷ ︸
low SNR approx.

(
1

|A|
)N (11)

(12)

• Viterbi-Viterbi (phase), Oerder-Meyr (timing)

11

Introduction

ML parameter estimation: Code aided mode

• Only existing codewords have non-zero probability:

θ̂ = arg max
θ̃

∑
a

p(r |a, θ̃) p(a) (13)

= arg max
θ̃

∑
a∈B

p(r |a, θ̃) p(a) (14)

• with B ⊂ AN

• Untractable problem

12
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Introduction

Previous work (non exhaustive !)

• Basically two different paths are followed:

– Parameter estimation can be embedded in the SISO module (”aug-
mented trellis”) [Colavolpe(2000)][Anastasopoulos,Chugg (2001)][Miel-
czarek(2002)]

– Iterative detection/parameter estimation, coined turbo sync/parameter
estimation

∗ Carrier phase estimation in turbo coded systems: [Lottici, Luise (2002)];
[Burr (2002)]; [Oh,Cheun (2001)]; [Morlet (2000)]; [Langlais (2000)].

∗ Timing recovery: [Mielczarek, Svensson (2002)]; [Li Zhang, Burr
(2002)]

∗ Channel estimation: [Kobayashi-Boutros-Caire (2001)], [Guenach2000],
[Kaleh-Vallet (1994)]

– The methods proposed for turbo-sync are rather ”ad-hoc”

– The EM framework provides a more structured approach
13

Introduction

Outline

• Introduction/motivation

• The EM algorithm

• Coding and the MAP algorithm

• Synchronization of coded systems with the EM algorithm

• Illustration of performance

• CSI estimation for coded MIMO transmission

• Illustration and performance

• Cramer-Rao bound with coded/prior information
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EM algorithm

EM algorithm (1/3)

• Expectation-Maximization

• Seminal paper of [Dempster, Laird, Rubin, 1977]

• Can be used for the ML estimate or also the MAP estimate (Bayes frame-
work, accounting for prior distribution)

• Example: assume observed data r and set of parameters to be estimated b

• The ML estimate of b is obtained as

b̂ = arg max
b

pr(r|b) (15)

15

EM algorithm

EM algorithm (2/3)

• Assume that instead of the incomplete data r one has access to the
complete data z from which r may be obtained by a many-to-one mapping
r = H(z)

• Definition of the complete data non unique; idea: pz(z|b) more easily
obtained

• EM algorithms proceeds as follows

– E-step (expectation): compute Q[b, b̂i] = E[ln pz(z|b)|r, b̂i]

– M-step (maximization): solve b̂i+1=arg max
b

Q[b, b̂i]

16
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EM algorithm

EM algorithm (3/3)

• Idea: ln pz(z|b) is not available; it is therefore a random variable and one
maximizes its expectation given the observation r and the most recent
value of the estimate b̂i

• Converges under mild conditions

• Can produce a local maximum

• Likelihood never decreases

17

EM algorithm

Parameter estimation in the presence of nuisance (1/3)

• Let the complete data r denote a random vector obtained by expanding
the received modulated-signal r(t) onto a suitable basis and let b indicate
a deterministic vector of parameters (sync parameters) to be estimated

• r also depends on a random discrete-valued nuisance parameter vector a
independent of b and with a priori probability density function p(a) (the
data)

• Find the ML estimate b̂ of b : b̂ = arg max
b̃

{ln p(r|b̃)}, where

p(r|b̃) =

∫
a
p(r|a, b̃) p(a) da (16)

18

NEWCOM Autumn school : ”Estimation theory in wireless communications”, October 2005 244



EM algorithm

Parameter estimation in the presence of nuisance (2/3)

• Set r as the incomplete data set and z ! [rT , aT ]T as the complete data
set

• EM algorithm :

Q(b̃, b̂(n−1)) =

∫
z
p(z|r, b̂(n−1)) ln p(z|b̃) dz (17)

b̂(n) = arg max
b̃

{Q(b̃, b̂(n−1))} (18)

19

EM algorithm

Parameter estimation in the presence of nuisance (3/3)

• Using now the Bayes rule and taking into account the independence of a
and b we may write

p(z|b̃) = p(r,a|b̃) = p(r|a, b̃) p(a|b̃) = p(r|a, b̃) p(a).

• It comes

Q(b̃, b̂(n−1)) =

∫
a
p(a|r, b̂(n−1)) ln p(r|a, b̃) da

+

∫
a
p(a|r, b̂(n−1)) ln p(a) da. (19)

• Finally, with the independence assumption

Q(b̃, b̂(n−1)) =

∫
a
p(a|r, b̂(n−1)) ln p(r|a, b̃) da. (20)

20
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EM algorithm

Parameter estimation in the presence of nuisance: comments

• Knowledge of a posteriori sequence (symbol) probabilities required

p(a|r, b̂(n−1)) (21)

• Should take into account the code information if any

• For convolutional code: can be computed exactly

• For turbo code or any iterative device, should be delivered after ”a number”
of iterations

• How do we get marginal a posteriori probabilities ?

21

Introduction

Outline
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1

How to improve coding (1/2) ?

October 27, 2005 Newcom Automn School

©  L. Vandendorpe/A. Dejonghe

2

How to improve coding (2/2) ?
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3

Classical turbo coding (1)
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4

Classical turbo coding (2)
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5

Classical turbo coding (3)
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6

Decoding complexity
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7

Iterative decoding
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8

Performance

NEWCOM Autumn school : ”Estimation theory in wireless communications”, October 2005 250



October 27, 2005 Newcom Automn School

©  L. Vandendorpe/A. Dejonghe

9

Possible schemes
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10

Soft decisions
and

soft-in/soft-out (SISO)
decoding
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11

Soft decisions (1)
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12

Soft decisions (2)
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13

Soft output of a channel (1)
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14

Soft output of a channel (2)
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15

SISO decoder (1)
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SISO decoder (2)
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SISO decoder (3)
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SISO decoder (4)
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SISO decoder (5)
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Iterative decoding
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Classical turbo coding scheme
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Iterative decoding (1)
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Iterative decoding (2)
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Iterative decoding (3)
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Iterative decoding (4)
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Iterative decoding (5)
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Iterative decoding (6)
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Iterative decoding (7)
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Performance
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Symbol by symbol algorithm
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Markov process
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Convolutional code (1)
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Convolutional code (2)
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Convolutional code (3)
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Transmission scheme (1)
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Transmission scheme (2)
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SISO decoder
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BCJR algorithm (1)
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BCJR algorithm (2)
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MAP algorithm (1)
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MAP algorithm (2)
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MAP algorithm (3)
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MAP algorithm (4)
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MAP algorithm (5)
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MAP algorithm (6)
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MAP algorithm (7)
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MAP algorithm (8)
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MAP algorithm (9)
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MAP algorithm: summary
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MAP algorithm: log MAP
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MAP algorithm: max log MAP
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MAP algorithm: max log MAP
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MAP algorithm:log MAP
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MAP algorithm:log MAP
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Summary of algorithms
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Metric computation (1)
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Metric computation (2)
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Metric computation (3)
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Metric computation (4)
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Metric computation (5)
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Metric : fundamental property
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Metric : fundamental property
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Impact of interleaver
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Log MAP vs MAX LOG MAP
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Comparison

Introduction

Outline

• Introduction/motivation

• The EM algorithm

• Coding and the MAP algorithm

• Synchronization of coded systems with the EM algorithm

• Illustration of performance

• CSI estimation for coded MIMO transmission

• Illustration and performance

• Cramer-Rao bound with coded/prior information

23
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Turbo synchronization

Transmitter setup
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Turbo synchronization

Receiver setup
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Turbo synchronization

Observation model

• Received signal

r(t) = A
K−1∑
k=0

ak p(t − kT − τ ) ej(2πνt+θ) + w(t), (22)

• A: amplitude; τ : timing; (ν, θ) carrier frequency and phase offset

• w(t) AWGN

• ak data symbols

26

Turbo synchronization

EM algorithm

• It comes

ln p(r|a, b̃) = −2Ã Re{
K−1∑
k=0

a∗k yk(ν̃, τ̃ ) e−jθ̃}

+ Ã2
K−1∑
k=0

|ak|
2, (23)

where

yk(ν̃, τ̃ )
&
=

∫ +∞

−∞
r(t) e−j(2πν̃t) p(t − kT − τ̃ ) dt. (24)

27
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Turbo synchronization

Posterior averages

• Expectation step:

Q(b̃, b̂(n−1)) = −2Ã Re{
K−1∑
k=0

η∗k(r, b̂(n−1)) yk(ν̃, τ̃ ) e−jθ̃}

+ Ã2
K−1∑
k=0

ρk(r, b̂
(n−1)). (25)

• With following posterior values

ηk(r, b̂
(n−1))

&
=

∫
a∈AK

a(k) p(a|r, b̂(n−1)) da

ρk(r, b̂
(n−1))

&
=

∫
a∈AK

|a(k)|2 p(a|r, b̂(n−1)) da

• Note: depend on symbol marginal posterior probabilities !

28

Turbo synchronization

EM estimates

• Maximization step leads to partially decoupled solutions [ICC2003]

[ν̂(n), τ̂ (n)] = arg max
ν̃,τ̃

{|
K−1∑
k=0

η∗k(r, b̂(n−1)) yk(ν̃, τ̃ )|} (26)

θ̂(n) = arg{
K−1∑
k=0

η∗k(r, b̂(n−1)) yk(ν̂
(n), τ̂ (n))} (27)

Â(n) =

|
K−1∑
k=0

η∗k(r, b̂(n−1)) yk(ν̂(n), τ̂ (n))|

K−1∑
k=0

ρk(r, b̂(n−1))

. (28)

29
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Turbo synchronization

Comparison with pilot aided solution

• If pilots had been used

[ν̂, τ̂ ] = arg max
ν̃,τ̃

{|
K−1∑
k=0

a∗
k yk(ν̃, τ̃ )|} (29)

θ̂ = arg{
K−1∑
k=0

a∗
k yk(ν̂, τ̂ )} (30)

Â(n) =

|
K−1∑
k=0

a∗
k yk(ν̂, τ̂ )|

K−1∑
k=0

|ak|
2

. (31)

30

Turbo synchronization

Posterior mean values
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Turbo synchronization

Discussion

• Solution only requires marginal symbol a posteriori probabilities

• Delivered by trellis based MAP module implemented by means of BCJR
algorithm (when code or *supercode* not too complex)

• Also available in a turbo receiver after *sufficient* number of iterations

32

Turbo synchronization

BICM transmitter

Encoder Interleaver Mapper
bits

Channel Waveformr(t)

ak

s(t)

v(t)

δ(t − τ ) u(t)

33
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Turbo synchronization

BICM iterative demapper/decoder with timing estimation

Soft

Demapper

Interleaver

Deinterleaver

Soft

Decoder bit a posteriori

information

Matched Filter
Outputs

arg max

Discrete Time

Matched Filter
Interpolator

Anti!aliasing
filter

Sampling

Received 
signal

Q(τ, τ̂ i−1)

τ̂

34

Turbo synchronization

Discussion

• A turbo receiver is supposed to deliver bit posterior probabilities after an
infinite number of iterations

• Approximation: use these bit APPs obtained after one or several iterations
to build symbol APPS

• Use them in the EM algorithm

35
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Illustration of performance

Outline

• Introduction/motivation

• The EM algorithm

• Coding and the MAP algorithm

• Synchronization of coded systems with the EM algorithm

• Illustration of performance

• CSI estimation for coded MIMO transmission

• Illustration and performance

• Cramer-Rao bound with coded/prior information

36

Symbol timing or joint phase/timing estimation

Setup

• 16-QAM, ”medium unconditioned bit-wise mutual information” mapping,
convolutional code, length= 3, code rate= 1/2

• Timing only or joint phase/timing estimation

• Startup : τ̂ (0) = 0 or τ̂ (0) = 0,θ̂(0) = 0 (θ = 15 degrees)

• Eb/N0 = 4dB

• One turbo iteration per EM iteration (no reset of extrinsic information)

37
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Symbol timing or joint phase/timing estimation

Results: mean
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Symbol timing or joint phase/timing estimation

Results: MSE
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Symbol timing or joint phase/timing estimation

Results: BER (τ/T = 0.25)
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Symbol timing estimation

Steepest descent implementation

• No closed form solution for the symbol timing

• Steepest descent leads to

ε̂(n) ! τ̂ (n+1) − τ̂ (n) = β
∑

k

|η(n)
k | × Re{e−jarg(η

(n)
k )ẏ(kT + τ̂ (n))} (32)

• Proposal: design a best linear unbiased estimator [SPAWC2003]

41
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Symbol timing estimation

BLUE estimator

• BLUE estimator (with some simplification) leads to

ε̂(n) = β′
∑

k

E[hI(k)]

σ2
wI(k) + σ2

eI(k)

× Re{ e−jarg(η
(n)
k ) (ẏ(kT + τ̂ (n)) −

∑
k′

η(n)
k′ ẋk−k′)}

+ β′
∑
k

E[hQ(k)]

σ2
wQ(k) + σ2

eQ(k)

× Im{ e−jarg(η
(n)
k ) (ẏ(kT + τ̂ (n)) −

∑
k′

η(n)
k′ ẋk−k′)}

• Idea: not only projection in phase with η(n)
k contains useful information but

also that in quadrature (red term).

• Also: perform soft interference cancellation of self noise (blue term)

42

Symbol timing estimation

Results with improved design
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Symbol timing or joint phase/timing estimation

Acquisition

• Does not solve acquisition

• Conventional methods with ambiguity resolution can be used to initialize the
EM estimates.

• Or run the EM with different initial values [Wymeersch2004] . Can work
without pilots at low SNRs ((M)CRB reached at 1dB).

• Solves convergence towards local minimum.

44

Symbol timing estimation

Turbo coded system

• 512 BPSK symbols

• Timing changed randomly at each new frame

• MSE and BER with different initial values for the EM

45
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Symbol timing estimation

MSE results
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Symbol timing estimation

BER results
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Turbo synchronization

Conclusion

• Soft data aided synchronization works

• Cramér Rao bound can be reached

• Initial value has large impact

48

CSI estimation for coded MIMO transmission

Outline

• Introduction/motivation

• The EM algorithm

• Coding and the MAP algorithm

• Synchronization of coded systems with the EM algorithm

• Illustration of performance

• CSI estimation for coded MIMO transmission

• Illustration and performance

• Cramer-Rao bound with coded/prior information

49
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Channel estimation in FS MIMO channels

FS MIMO scheme

• FS MIMO channels with nt transmit and nr receive antennas

• Observation model for polyphase component m and RX antenna j

r(j)
m = A h(j)

m + n(j)
m . (33)

• Objective: estimate the h(j)
m ; the symbols ai(m) are nuisance parameters

• Estimation of noise variance can be handled as well

50

Channel estimation in FS MIMO channels

EM algorithm

• Follow path similar to soft data aided synchronization [Wautelet2003]

ln p(R|A, B̃) = −
1

σ̃2
n

nR∑
j=1

Ms−1∑
m=0

(r(j)
m − A h̃

(j)
m )H (r(j)

m − A h̃
(j)
m ) (34)

• Channel estimation at step (n)

ĥ
(j)(n)

m,EM = E[AHA|R, B̂(n−1)]−1 E[A|R, B̂(n−1)]H r(j)
m (35)

• Noise-variance estimation

σ̂2
n

(n)

,EM =
1

nRMsLr

nR∑
j=1

Ms−1∑
m=0

[
r(j)

m
H

r(j)
m + ĥ

(j)

m,EM

H

E[AHA|R, B̂(n−1)] ĥ
(j)

m,EM

−2Re
{

r(j)
m

H
E[A|R, B̂(n−1)] ĥ

(j)

m,EM

}]
.

51
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Channel estimation in FS MIMO channels

Comparison with pilot aided solution

• Pilot aided solution for the channel

ĥ
(j)

m,DA =
(
Ap

HAp

)−1
Ap

H rp
(j)

m
. (36)

• For the noise-variance (biased):

σ̂2
n,DA =

1

nRMsLr

nR∑
j=1

Ms−1∑
m=0

(rp
(j)

m
−Ap ĥ

(i,j)

m,DA)H (rp
(j)

m
−Ap ĥ

(i,j)

m,DA). (37)

• Biased can be removed

• EM Channel estimation at step (n)

ĥ
(j)(n)

m,EM = E[AHA|R, B̂(n−1)]−1 E[A|R, B̂(n−1)]H r(j)
m (38)

• Posterior averages of products also needed

52

Channel estimation in FS MIMO channels

Problems

• Posterior average of product not delivered by e. g. turbo receivers

• Solution for the channel estimate delivered at each EM iteration is biased

– Degrades the BER

– Pointed out by [Kobayashi et al.,2001]; ad-hoc solutions proposed

• Solution for the noise variance estimate delivered at each EM iteration is
also biased: bias can be partly removed.

53
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Channel estimation in FS MIMO channels

Proposed solution: BLUE design

• Target Best Linear Unbiased Estimator assuming a priori information for
the symbols

• Estimation at step (n):

ĥ
(j)

m,UEM = (E[A|R, B̂(n−1)]HE[A|R, B̂(n−1)])−1 E[A|R, B̂(n−1)]H r(j)
m .
(39)

54

Channel estimation in FS MIMO channels

Other possibility: ECM

• Expectation Conditional Maximization

• Update one value at a time; take the most recent value for others

• Avoid matrix inversion

ĥ(i,j)(n)
l,m,ECM =

{E[S|R, B̂(n−1)]H r(j)
m }Li+l − {E[SHS|R, B̂(n−1)] h̃

(i,j)(n)
l,m }Li+l

{E[SHS|R, B̂(n−1)]}Li+l,Li+l

,

(40)

• This solution is also biased and the bias can be removed
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CSI estimation for coded MIMO transmission

Outline

• Introduction/motivation

• The EM algorithm

• Coding and the MAP algorithm

• Synchronization of coded systems with the EM algorithm

• Illustration of performance

• CSI estimation for coded MIMO transmission

• Illustration and performance

• Cramer-Rao bound with coded/prior information
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Channel estimation in MIMO context

ST BICM Transmitter and receiver

mapper

mapper

mapper

convolutional

coder int. demux.

xb xc

x(1)
d

x(nT )
d

x(2)
d

s(1)
k

s(2)
k

s(nT )
k

ua

g(t)

g(t)

g(t)

.

demodulator deint. decoder

computation of symbol

a priori probabilities int.

channel

estimator

space!time

equalizer

mux.

inner SISO stage outer SISO stage

r(nR)
l,m

r(2)
l,m

r(1)
l,m

La(xb) ûaLe(x
(i)
k,p) Lp(ua)

La(x
(i)
k,p) Le(xb)

Pa(s
(i)
k )

Pe(s
(i)
k )

.
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Channel estimation in flat MIMO channel

Simulation parameters

• Space time BICM [Tonello 2000]

• Random interleaver, 8-PSK, Gray Mapping

• r = 0.5 convolutional encoder, generator polynomials (23,35) (octal)

• frame: 2000 information bits (1336 symboles)

• Flat Rayleigh fading channel 4 × 4; 4 × 5 pilot symbols (orthogonal)

• FS GSM Typical Urban 4 × 4; 4 × 55 pilot symbols

• Iterative space equalization/demodulation (MMSE filter based) and decod-
ing (BCJR) [Wautelet 2004]

• 6 iterations

• Noise variance estimated in a way similar to CSI
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Channel estimation in flat MIMO context

Results for Flat 4 ∗ 4 MIMO@10 it
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Channel estimation in flat MIMO context

Results for Flat 4 ∗ 4 MIMO
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Channel estimation in FS MIMO context

Results for FS 4 ∗ 4 MIMO
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Channel estimation in FS MIMO channel

Simulation setup

• Space time BICM, 16-QAM, Gray Mapping

• r = 0.5 convolutional encoder, generator polynomials [78, 58]

• frame: 1001 information symbols

• Initialization with CSI corrupted by noise: normalized MSE of −25dB

• FS Hiperlan 2/B channel 2 × 2
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Channel estimation in FS MIMO channel

Results for Hiperlan II 2 ∗ 2 channel
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Channel estimation in FS MIMO channel

Results for Hiperlan II 2 ∗ 2 channel
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Conclusions

Global conclusions

• EM : nice framework for the use of soft information in a synchroniza-
tion/parameter estimation context

• Improvements have to be introduced wrt pure EM design
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CSI estimation for coded MIMO transmission

Outline

• Introduction/motivation

• The EM algorithm

• Coding and the MAP algorithm

• Synchronization of coded systems with the EM algorithm

• Illustration of performance

• CSI estimation for coded MIMO transmission

• Illustration and performance

• Cramer-Rao bound with coded/prior information
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Cramer-Rao bound with coded/prior information

Cramer-Rao bound

• Channel with nT inputs and nR outputs; bursts of nTLs complex symbols
s(i)
k are sent

• Model:

r(j)
k =

nT∑
i=1

L−1∑
l=0

h(i,j)
l s(i)

k−l + n(j)
k , (41)

• Let
hR = [*{h}T +{h}T ]T . (42)

• We have
Er|h[(ĥR − hR)(ĥR − hR)T ] ≥ CRB(hR). (43)

CRB(hR) = J−1(hR). (44)

• Fisher Information Matrix

{J(hR)}l,k = Er|hR

[
∂ ln p(r|h̃R)

∂{h̃R}l

∂ ln p(r|h̃R)

∂{h̃R}k

]
|h̃R=hR

, (45)
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Cramer-Rao bound with coded/prior information

Cramer-Rao bound

• With nuisance (data) parameters:

p(r|h̃R) =

∫
p(r|h̃R, s) p(s)ds (46)

• We have
∂ ln p(r|h̃R)

∂{h̃R}l

=
1

p(r|h̃R)

∂p(r|h̃R)

∂{h̃R}l

(47)

• So use the substitution

∂p(r|h̃R)

∂{h̃R}l

= p(r|h̃R)
∂ ln p(r|h̃R)

∂{h̃R}l

(48)
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Cramer-Rao bound with coded/prior information

Cramer-Rao bound

• With nuisance (data) parameters:

∂ ln p(r|h̃R)

∂{h̃R}l

=
1

p(r|h̃R)

∂p(r|h̃R)

∂{h̃R}l

(49)

=
1

p(r|h̃R)

∂

∫
p(r|h̃R, s) p(s)ds

∂{h̃R}l

(50)

=
1

p(r|h̃R)

∫
p(s)

∂p(r|h̃R, s) ds

∂{h̃R}l

(51)

=

∫
p(s)p(r|h̃R, s)

p(r|h̃R)

∂ ln p(r|h̃R, s)

∂{h̃R}l

ds (52)

=

∫
p(s|h̃R, r)

∂ ln p(r|h̃R, s)

∂{h̃R}l

ds (53)
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Cramer-Rao bound with coded/prior information

Cramer-Rao bound

• The effect of the prior distribution of nuisance parameters s is captured
through the posterior probability

• This posterior probability p(s|h̃R, r) is exactly what is delivered by an h̃R-
aided MAP receiver

• Basic formula for CRB computation over coded system

• Assumes exact posterior probabilities are delivered: true MAP (turbo ?)
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Cramer-Rao bound with coded/prior information

Cramer-Rao bound

• About the partial derivatives

∂ ln p(r|h̃, s)

∂*{h̃(i,j)
l } |h̃=h

=
2

σ2
n

Ls∑
k=1

*
{
s(i)∗
k−lr

(j)
k −

nT∑
i′=1

L−1∑
l′=0

h(i′,j)
l′ s(i′)

k−l′s
(i)∗
k−l

}
∂ ln p(r|h̃, s)

∂+{h̃(i,j)
l } |h̃=h

=
2

σ2
n

Ls∑
k=1

+
{
s(i)∗
k−lr

(j)
k −

nT∑
i′=1

L−1∑
l′=0

h(i′,j)
l′ s(i′)

k−l′s
(i)∗
k−l

}
.

• Using η(i)
k = Es|r,hR

[s(i)
k ] and ρ(i,i′)

k,k′ = Es|r,hR
[s(i)

k s(i′)∗
k′ ], we finally have

∂ ln p(r|h̃)

∂*{h̃(i,j)
l }|h̃=h

=
2

σ2
n

Ls∑
k=1

*
{
η(i)∗

k−lr
(j)
k −

nT∑
i′=1

L−1∑
l′=0

h(i′,j)
l′ ρ(i′,i)

k−l′,k−l

}

∂ ln p(r|h̃)

∂+{h̃(i,j)
l }|h̃=h

=
2

σ2
n

Ls∑
k=1

+
{
η(i)∗

k−lr
(j)
k −

nT∑
i′=1

L−1∑
l′=0

h(i′,j)
l′ ρ(i′,i)

k−l′,k−l

}
.
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Cramer-Rao bound with coded/prior information

Cramer-Rao bound for given mutual information

• Instead of setting p(s) for each sequence or symbol, one can instead assume
a pdf for the symbol probability

• Usually LLR are gaussian distributed

• One can set the mutual information (MI) between p(s) and the sequence

• Amounts to fixing the LLR distribution : MI=0 ↔ NDA; MI=1 ↔ DA

• For a given MI, one has a lower bound given on the CRB given by

Er|h,MI[(ĥR − hR)(ĥR − hR)T ] ≥ Ep(s)|MI[J
−1(hR)], (54)

• With Jensen’s inequality for matrices:

Er|h,MI[(ĥR − hR)(ĥR − hR)T ] ≥ (Ep(s)|MI[J(h)])−1 (55)

= CRBMI (56)
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Cramer-Rao bound with coded/prior information

Cramer-Rao bound for random channel

• For an estimate unbiased on average : EhR,r[ĥR] = mhR
,

• Lower bound given by

Eh,r[(ĥR − hR)(ĥR − hR)T ] ≥ CRBRand. (57)

• with
CRBRand = (EhR

[J2(hR)])−1, (58)

• and J2(hR) is a matrix whose elements are

{J2(hR)}l,k = Er|hR

[
∂ ln p(r, h̃R)

∂{h̃R}l

∂ ln p(r, h̃R)

∂{h̃R}k

]
|h̃R=hR

. (59)

• Valid for estimators knowing the prior channel distribution or the joint pdf
p(r, h̃R)
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Cramer-Rao bound with coded/prior information

Cramer-Rao bound for random channel

• For a conditionally unbiased estimator : Er|hR
[ĥR] = hR.

Er,hR
[(ĥR − hR)(ĥR − hR)T ] ≥ CRBCU, (60)

CRBCU = EhR
[J−1(hR)]. (61)

• J of the ”usual” CRB (see 44)

• Averaging over r and channel NOT simultaneous (inversion in between)

• With Jensen’s inequality for matrices:

CRBCU2 = (EhR
[J(hR)])−1 (62)

CRBCU2 ≤ CRBCU. (63)
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Cramer-Rao bound with coded/prior information

Results

• Burst sent over Porat channel

• MAP equalizer, no coding, BPSK

• Es/N0 = 0 dB

• CRB decreases with increasing MI (means closer to DA mode)

• Result also for EM estimation: achieves the CRB after 10 iterations
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Cramer-Rao bound with coded/prior information

Results for Porat channel
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Cramer-Rao bound with coded/prior information

Results for different constellations

• SISO Proakis B channel

• All bounds converge to the DA CRB at high Es/N0

• For MI=0.1, smaller constellation better: less uncertainty about symbols
for low Es/N0

• For large MI information brought by constellation less crucial

• All same DA CRB
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Cramer-Rao bound with coded/prior information

Results for Proakis B
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Cramer-Rao bound with coded/prior information

Results for random channels

• Flat Rayleigh fading

• 1,2 or 4 TX antennas

• All NDA: MI=0

• Benefitial knowledge of channel distribution for low Es/N0

• Degradation with increasing number of antennas: less information about
data (more interference)
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Cramer-Rao bound with coded/prior information

Results for MISO flat Rayleigh
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Conclusions

Thank you !
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Parameter estimation for the Alamouti scheme:
impact of diversity on ”estimability”

L. Vandendorpe (UCL)

Thanks to J. Louveaux

1

Introduction

Outline

• Introduction/motivation

• Alamouti scheme

• CRB and nuisance parameters

• Results for Alamouti

2
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Introduction

Outline

• Introduction/motivation

• Alamouti scheme

• CRB and nuisance parameters

• Results for Alamouti

3

Introduction

Motivation

• Alamouti benefits from order 2 diversity

• Effect known for detection: slope of BER curve changes accordingly

• What about sensitivity to synchronisation errors ?

• Does diversity impact the sensitivity and the CRB ?

4
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Introduction

Outline

• Introduction/motivation

• Alamouti scheme

• CRB and nuisance parameters

• Results for Alamouti

5

Alamouti scheme

Transmitter

6
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Alamouti scheme

Model

• Transmitted signal (baseband)

x0(t) =
N−1∑
n=0

[s0(n)u(t − 2nT ) − s∗1(n)u(t − 2nT − T )] (1)

x1(t) =
N−1∑
n=0

[s1(n)u(t − 2nT ) + s∗0(n)u(t − 2nT − T )] (2)

• Received signal

r(t) = h0

N−1∑
n=0

[s0(n)u(t − 2nT − τ ) − s∗1(n)u(t − 2nT − T − τ )]

+ h1

N−1∑
n=0

[s1(n)u(t − 2nT − τ ) + s∗0(n)u(t − 2nT − T − τ )]

+ n(t) (3)
7

Alamouti scheme

Question

• h0, h1 are both complex circular gaussian (Rayleigh fading)

• What is the impact on the ”estimability” of τ

• To be compared with a non diversity situation

8
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No diversity scheme

Transmitter

• Transmitted signal

x(t) =
N−1∑
n=0

s(n)u(t − nT − τ ) (4)

• Received signal

r(t) = h
N−1∑
n=0

s(n)u(t − nT − τ ) + n(t) (5)

• with

s(n) = sr(n) + jsi(n) (6)

9

Cramér Rao bounds

Likelihood function

• Assuming h

p[r; τ |hr, hi] = C exp[

∫ ∞

−∞
−|r(t)−h

N−1∑
n=0

s(n)u(t−nT−τ )|2/2N0] (7)

• After expansion/simplification

p′[r; τ |hr, hi] = C exp[hr Ar/N0+hi Ai/N0] exp[−(h2
r+h2

i )B/2N0] (8)

Ar =
∑

n

[sr(n)yr(n) + si(n)yi(n)] (9)

Ai =
∑

n

[sr(n)yi(n) − si(n)yr(n)] (10)

B =
∑

n

|s(n)|2 (11)

y(n) = yr(n) + jyi(n) =

∫ ∞

−∞
r(t)u∗(t − nT − τ ) dt (12)

10
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Introduction

Outline

• Introduction/motivation

• Alamouti scheme

• CRB and nuisance parameters

• Results for Alamouti

11

Cramér Rao bounds

Cramér Rao bound

• The CRB: (for any unbiased estimator):

σ2
τ̂ ≥

1

−E

[
∂2 ln p[r; τ ]

∂τ 2

] (13)

• where E[.] means is expectation wrt to p[r; τ ]

• How to handle h, or a nuisance parameter ?

• 4 possible cases

12
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Cramér Rao bounds

CRB for case 1: joint estimation

• If nothing is known about h, should be estimated together with τ

• Compute the Fisher information matrix J with (θT = [τ, hr, hi])

Ji,j = E

[
∂ ln p[r; θ]

∂θi

∂ ln p[r; θ]

∂θj

]
= −E

[
∂2 ln p[r; θ]

∂θi∂θj

]
(14)

σ2
θ̂i
≥

[
J−1

]
ii

(15)

• where E[.] means is expectation wrt to p[r; θ]

• Not interesting here: we want the effect of the distribution of h

13

Cramér Rao bounds

CRB for case 2: nuisance parameter

• h has to be ”removed” in the likelihood function

• Situation comparable with the symbols

• Called ”nuisance parameters”

• ”Proper” handling of nuisance

• Averaging over h

p[r; τ ] =

∫
hr

dhr

∫
hi

dhi Thr,hi(hr, hi) p[r; τ |hr, hi] (16)

= C ′ exp[α2
∑

n

|s∗(n)y(n)|2] (17)

α2 =
1

2N 2
0


 1

σ2
h

+

∑
n

|s(n)|2

N0



−1

(18)

14
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Cramér Rao bounds

CRB for case 2: nuisance parameter (cont’d)

• This corresponds to a ”non-h-aided solution”; for any estimator that does
not use the knowledge (estimation) of h

• The CRB: (for any unbiased estimator):

σ2
τ̂ ≥

1

−E

[
∂2 ln p[r; τ ]

∂τ 2

] (19)

• where E[.] means is expectation wrt to p[r; τ ]

15

Cramér Rao bounds

CRB for case 3: h aided solution

• Assume h is known and compute the h-aided CRB for τ

σ2
h,τ̂ ≥

1

−E

[
∂2 ln p[r; τ, hr, hi]

∂τ 2

] (20)

• Then compute the average of this CRB over the statistics of h

σ2
MCB,τ̂ =

∫
hr

dhr

∫
hi

dhi Thr,hi(hr, hi)
1

−E

[
∂2 ln p[r; τ, hr, hi]

∂τ 2

] (21)

16
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Cramér Rao bounds

CRB for case 4: bound modified wrt h

• Compute p[r; τ, hr, hi]

• Compute

σ2
m,τ̂ ≥

1

−Er,hr,hi

[
∂2 ln p[r; τ, hr, hi]

∂τ 2

] (22)

• where Er,hr,hi[.] means expectation wrt to both r and h

17

Introduction

Outline

• Introduction/motivation

• Alamouti scheme

• CRB and nuisance parameters

• Results for Alamouti

18
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Cramér Rao bounds

Discussion

• Cases 2 and 4: same solution for Alamouti or non Alamouti !

• If normalization such that identical number of symbols, and total emitted
power

• Value for MCRB: (
Es

N0

)−1 1

Nna W 2
s

(23)

Ēs = 2σ2
h σ2

s

1

2π

∫ ∞

−∞
dω |U (ω)|2 (24)

W 2
s =

∫ ∞

−∞
dω ω2 |U (ω)|2∫ ∞

−∞
dω |U (ω)|2

(25)

19

Cramér Rao bounds

Discussion

• Apparently: no benefit from diversity when non h aided solution

• Is this logical ? Yes

• One should remember that the detector providing diversity IS h aided

• A non-h aided detector would maximize (see above)

p[r; τ ] = C ′ exp[α2
∑

n

|s∗(n)y(n)|2] (26)

• Something similar for non h aided Alamouti detection

• So the diversity in detection is measured by considering the h aided detector
and then average the BER(h) over the statistics of h

• One should ”mimic” this for estimation

20
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Alamouti scheme

h-aided Alamouti detector

• Detection structure:

ŝ0(n
′) = h∗

0

∫ ∞

−∞
r(t)u(t − 2n′T )dt + h∗

1 [

∫ ∞

−∞
r(t)u(t − 2n′T − T )dt]∗(27)

ŝ1(n
′) = h∗

1

∫ ∞

−∞
r(t)u(t − 2n′T )dt − h0 [

∫ ∞

−∞
r(t)u(t − 2n′T − T )dt]∗.(28)

• Structure of decision variables

ŝ0(n
′) =

[
|h0|

2 + |h1|
2
]
s0(n

′) + h∗
0ν0(n) + h1ν

∗
1(n) (29)

ŝ1(n
′) =

[
|h0|

2 + |h1|
2
]
s1(n

′) + h∗
1ν0(n) − h0ν

∗
1(n) (30)

21

Alamouti scheme

Impact of diversity on error bound

• For Q-QAM modulation, symbol error bounded by :

Pb < 2 (1 −
1

√
Q

) exp
− 3 SNR

2(Q−1) (31)

• Averaging over the SNR distribution normalized such that the average
received energy is constant, it comes for Alamouti

P̄b < 2 (1 −
1

√
Q

)

[
0.75

Q − 1

Ēs

N0
+ 1

]−2

(32)

• For non Alamouti

P̄b < 2 (1 −
1

√
Q

)

[
1.5

Q − 1

Ēs

N0
+ 1

]−1

(33)

• where Ēs is the average received energy per branch in the non-Alamouti
case

• slope of the SER determined by diversity order: this is how diversity mate-
rializes !

22
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Diversity

Illustration for Q = 16-QAM and Rayleigh channels
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Bound on SER; Impact of diversity order 1 to 5 on BER for 16 QAM ! Rayleigh
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Cramér Rao bounds

Case 3 Non Alamouti

• Bound for given h0: (
Es

N0

)−1 1

Nna W 2
s |h0|2/2σ2

h

(34)

• |h0|2 is χ2 with 2 degrees of freedom

• for u = |h0|2/2σ2
h,

T (u) = exp−u and

∫ ∞

0
u−1 exp−u du = ∞ (35)

• Average of h-aided bound is infinite

24
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Cramér Rao bounds

Case 3 Alamouti

• Bound for given h0, h1:(
Es

N0

)−1 4

Nna W 2
s (|h0|2 + |h1|2)/σ2

h

(36)

• |h0|2 + |h1|2 is χ2 with 4 degrees of freedom

• for u = (|h0|2 + |h1|2)/σ2
h,

T (u) = 0.25 u exp−u/2 and

∫ ∞

0
u−1 0.25 u exp−u/2 du = 0.5 (37)

• Average of h-aided bound is finite and given by(
Es

N0

)−1 2

Nna W 2
s

(38)

25

Conclusions

Thank you !
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Mobile Localisation
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Outline

• Generalities.

• Mobile localisation using time of arrival.

• Mobile localisation using angle of arrival.

• Conclusion.
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Generalities
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Introduction

• Objective: Find the mobile position(x, y) in a cellular network.

• Interest:

– Localisation services: Emergency, hotels, close restaurants, ...

– Trafic Localisation, navigation, ...

• Possible approaches:

– Use of GPS (satellite) system.

– Terrestrial base station (BS) based localization: (Focus on the

mobile localization in UMTS-FDD).

– Hybrid solutions (GPS + BS).
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Introduction: Some history...

• GPS is the first localization system (operational since 1991).

Developped by US army mainly for military applications and

navigation aid.

• New requirement by the FCC (federal communications commission)

for all mobile operators to provide a localisation service for

emergencies (911 service):

– Phase 1: Localization with a precision≤ 125m in 67% of the cases.

– Phase 2: Localization with a precision≤ 300m in 99% of the cases.

K. A BED-MERAIM ENST PARIS
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GPS

• Advantage : high precision.

• Drawbacks :

– Requires the visibility by at least 3 satellites.

– Generation of new mobiles : extra cost for the mobile operators.

– Heavy initialization system.
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Localisation techniques

1. Distance measures⇒ at least 3 base stations (BSs):

• Power measure : exists in the standard.

• Time of arrival (TOA) : Synchronisation of the BSs.

2. Angle of arrival (AOA) ⇒ at least 2 BSs:

• Installation of multi-sensor antennae : up-link.

3. Angle-distance measure⇒ 1 BS:

• AOA + distance measure (in the near field case).

K. A BED-MERAIM ENST PARIS
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Timing Advance (TA)

• TA: Proportional to the propagation time between the BS and the
mobile.

• Quantification with 6 bits of the TA⇒ precision error of about 500m!!!

• Triangulation with the TA and al least 3 BS.
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TOA / OTD (1)
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Localisation via time delays

• Necessitates the synchronisation of the BSs.

• Necessitates the use of at least 3 BSs.
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TOA / OTD (2)

• Time Of Arrival

– Installation of heavy and expensive equipments at the BSs.

– sensitive to multi-paths.

• Observed Time Difference

– Certain improvement over the previous technique (signals are

synchronized in the down-link).

– Drawbacks:

∗ Generation of new mobiles.

∗ sensitive to multi-paths.

K. A BED-MERAIM ENST PARIS
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Power measures

• Pr = Pe(
λ

4πd
)α.

• Advantages:

– Exists already in the standard.

– Triangulation possible with more than 3 BSs. de base.

• Drawbacks:

– Very sensitive to the received power model (tough modelization

problem!!).
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Angles and delays

• Avantages :

– Localisation is possible with only 1 BS (if synchronization).

• Drawbacks :

– Requires multiple receivers (antenna array) at the BS.

– Even more sensitive to multipaths effect.

K. A BED-MERAIM ENST PARIS
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Powers and delays

• Avantages :

– Localisation is possible with the existing BSs that use ‘sectorial’ sensors.

• Drawbacks :

– Very sensitive to the received model power.

– Requires time synchronization of the BS with the mobiles.
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Angles and ranges (Near Field)

m

x xx x
−p −p+1 0 p

θ

s

r

m

m

d

• Avantages:

– Localisation is possible with only 1 BS (without synchronization).

• Drawbacks:

– Applicable only in the near-field!!
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Differences between GSM & UMTS

• Advantages in favor of UMTS:

– Better time resolution due to the oversampling w.r.t symbol

duration.

– Frequency re-use factor equal to 1: Mobile seen by neighboring

cells.

• Advantages en faveur du GSM :

– Relatively reduced multi-paths effect.
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Preliminary results for the GSM

Power measure 140 meters (experiment realised in Paris)

Timing Advance 550 meters

OTA/TOA 110 meters

GPS 5 to 10 meters

Angle of arrival ≈ 100 meters
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Limiting factors in UMTS-FDD

• Estimation accuracy: An error of one chip periodTc ⇒ an error of

73m.

• Hearing problem (particular to l’UMTS-FDD): communication

between the mobile and the far-located BSs.

– First considered solutions:

∗ Down-link: use of ldle periods.

∗ Up-link: ր mobile power.

=⇒ Reduces the system capacity and the mobile autonomy.

• Non-line of sight (NLOS) problem:

– Considered solutions: Use redundant measures and perform

selection.
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Mobile Localization in UMTS-FDD

Using OTD (Down-link)
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Signal Model

Puissance reçue (dB)

variation à court−terme 

variation à long−terme

variation à moyen−terme

10 log(d)

h(t, τ) =
M
∑

i=1

hi(t)δ(t− τi(t)) Channel model in a macro-cellular

environment proposed by CODIT
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The down link

• Why chosing the down-link:

– A high power pilot existing during all the transmission period.

– Transmitted signals are synchronized.

• Signal transmitted by the BS:
séquence d’étalement

 Code de brouillage

Utilisateur K

Utilisateur 1

 Séquence Pilote
d0

s

c0

G0

GK

d1

dK

c1

cK

G1

• Propagation channel assumed constant during the slot period l:

hl(t) =

RX
r=1

βr,lg(t− τr)
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Estimation of TOAs

• Principle (RAKE estimator):

– Estimation of̂hl(k): Correlation between thel-th slot received
signal and the shifted version of the pilot signal.

– TOAs Estimation: Averaging overL slots.

ĥ(k) =
1

L

L
∑

l=1

|ĥl(k)|

• Estimation accuracy: Tc/2

Refining the accuracy:

– By oversampling.

– By using high resolution methods.

• Floor effect: RAKE estimator is not robust against interferences.
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Hearing problem

• Objective: Improve the robustness of channel estimate against interferences

especially for far-located BSs.

• Difficulty: The mobile does not know the other user’s signatures.

• Proposed solutions:

– Projection of the channel estimate onto the principal subspace of its

covariance matrixΓ (RAKE-SP).

hl = Ugl

where U represents the matrix of principal eigenvectors of Γ.

– Remove (substract) the pilot signal of the serving BS to estimate the

channels of far-located BSs.

x̃l(i) = xl(i)− p̂
1
l (i)

K. A BED-MERAIM ENST PARIS
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High resolution (MUSIC) algorithm

• : Estimation of the channel covariance matrix

Γ̂ =
1

J

J

j=1

ĥjĥ
H
j −→J→∞ A(τ)GA(τ)H + σ0R0

• Estimation of the generalized eigenvectors ofΓ̂:

Λ̂ei = λiR0ei

• Delay estimation by minimising:

v(τ) =
rτr

H
τ

rτEEHrH
τ

whereE represents the matrix of noise eigenvectors ofΛ andrτ is the

pilot signal autocorrelation vector evaluated for a time lag τ .
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Discussion

• MUSIC allows a better estimation of the time delay (see simulation

results).

• However, MUSIC is relatively expensive⇒ especially for the

down-link (limited mobile power).

• One should reduce its complexity (size of vectorh) by using a

windowing around the first peak of the RAKE⇒ Two step procedure

where MUSIC represents the ‘refinement’ step.
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Triangulation with more than 3 BSs

• Relation between the TOAs and the mobile position(x, y) :

t̂i =

√

(x− xi)2 + (y − yi)2

c
+ t0 + wi

t0= temps de ŕeférence etwi= bruit d’estimation.

• System resolution:

– Solving the system in the least squares sence (non-linear equations).
– Explicit solution (after linearization):0BBB� c2(t22 − t21)

.

.

.

c2(t2I − t21)

1CCCA = −2

0BBB� x2,1 y2,1 c(t2 − t1)

.

.

.
.
.
.

.

.

.

xI,1 yI,1 c(tI − t1)

1CCCA0BB� x

y

t0

1CCA+

0BBB� K2 − K1

.

.

.

KC − K1

1CCCA
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Triangulation: Chan’s method

• If the number of BS is 3:

– One solves w.r.t.r1 :0� x

y

1A = −

0� x2,1 y2,1

x3,1 y3,1

1A240� r2,1

r3,1

1A r1 +
1

2

0� r2
2,1 −K2 + K1

r2
3,1 −K3 + K1

1A35
– Then, we solve a second order polynomial equation inr1 :

r2
1 = (x y)

0� x

y

1A− (2x1 2y1)

0� x

y

1A+ (x1 y1)

0� x1

y1

1A
• Among the 2 possible solutions, one choses the one withing the area

covered by the serving BS.
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MICRO & MACRO cells)

(g) Micro-cell (Manhattan) (h) Macro-cell
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Simulation

• Simulation in a micro-cell environment (Manhattan).

• Three paths per channel, triangulation with 4 BSs.

• Additif noise representing 10% of the total received power of the furthest BS.

• Loose power control (the ratio between the maximal and minimal powers is≤ 10).
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RAKE-SP

• Comparison of the performance obtained by MUSIC, RAKE-SP and RAKE.

0 50 100 150 200 250 300
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

mètres

C
D

F

RAKE 

RAKE−SP 

MUSIC 

Random position of the mobile,30 users,L = 240 slots.
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Dealing with NLOS

• Proposed solution: Selection of the 3 ‘most coherent’ TOA measures (we assume

mobile hearing by more than 3 BSs).

• Coherence criterion:

– Coherence of the estimated positionMi,j,l(ti, tj , tl) (using BSsi, j andl) with

TOA tk assuming a time referencet0 known:

ξk
i,j,l(t0) = ‖

q
(xi,j,l − xk)2 + (yi,j,l − yk)2 − c(tk − t0)‖2

Minimisation ofξk
i,j,l

over all possible choices ofi, j, l

î, ĵ, l̂ = arg min
i,j,l,k

ξk
i,j,l(t0)

– The time referencet0 being unknown (one minimizes numerically):

î, ĵ, l̂, t̂0 = arg min
i,j,l,k,t0

ξk
i,j,l(t0)

K. A BED-MERAIM ENST PARIS

ENST - October., 2005 32

�

�

�

�

Algorithm of selection (AS)

random position of the mobile at each run,L = 120 slots, 8 BSs, K=15
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Mobile Localisation Using

Angle of Arrival (Up-Link)
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Estimation of the AOA

• Requires at least two sensors⇒ Applicable in the uplink.

• Possible with existing BSs but poor estimation accuracy.

• Estimation using ‘smart antennae’⇒ array processing for source

localization.
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Array Processing: Basic Concepts
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Objectives

• Signal processing extracts information from measured signals.

• Array signal processing uses a group of sensors:

– Signal enhancement / noise reduction.

∗ Coherence adding.

∗ Spatial filtering.

– Source / channel characterizations :

∗ number of sources.

∗ location ’direction finding’.

∗ waveforms ’information from the sources’.
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Applications

• Wireless communications.

• Interference mitigation.

• Radar / Sonar.

• Biomedical.

• Speech.

• Seismic.

• ..........
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Coherent adding

• Let us have an array ofM sensors(m = 1, · · · , M) :

xm(t) = s(t) + nm(t), noise varianceσ2

• If the noise on the antennas is uncorrelated, then

y(t) =
1

M

M
∑

m=1

xm(t) = s(t)+
1

M

M
∑

m=1

nm(t), noise variance
1

M
σ2

Hence the noise power is reduced by a factorM .
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Spatial filtering
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Spatial filtering

• Cancelling out interferers : Source separation

– Classical beamforming requires known ’look directions’, or a reference signal.

– Blind beamforming : no a priori direction information. Relies on structural

properties.
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Data model

Baseband signal

• An antenna receives a real valued bandpass signal with center

frequencyfc,

z(t) = ℜ{s(t)ej2πfct} = x(t) cos(2πfct)− y(t) sin(2πfct)

• The baseband signal is

s(t) = x(t) + jy(t)

It is the complex envelope ofz(t)

• s(t) is recovered fromz(t) by demodulation : multiplying the received

signal withcos(2πfct) andsin(2πfct) followed by low pass filtering.
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Data model

Small delays of narrow band signals

• Recallz(t) = ℜ{s(t)ej2πfct}. We investigate the effect of small delays

of z(t) on the baseband signals(t)

zτ (t) , z(t− τ) = ℜ{s(t− τ)e−j2πfcτej2πfct}

• The complex envelope of the delayed signal is

sτ (t) = s(t− τ)e−j2πfcτ
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Data model

Small delays of narrow band signals

• Let W be the bandwidth ofs(t). If e−j2πfτ
≈ 1 for all frequencies

|f | ≤ W
2 , then

s(t− τ) =

∫ W
2

−W
2

S(f)ej2πf(t−τ)df ≈

∫ W
2

−W
2

S(f)ej2πftdf = s(t)

For narrowband signals, time delays shorter than the inverse
bandwidth amount to phase shifts of the complex envelope.
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Data model

Antenna array response

τ =
L

c
=

d sin(α)

c
=

λ∆ sin(α)

c
=

∆ sin(α)

fc

• Far field assumption : planar waves.

• a(α) : Antenna gain pattern.
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Data model

Antenna array response

• Let s(t) be the baseband signal at the first antenna :x1(t) = a(α)s(t)

• The signal received byx2 at a distance of∆ wavelengths experiences an

addition delayτ .

• If τ is small compared to the inverse bandwidth ofs(t), then

sτ (t) = s(t)e−j2π∆ sin(α)

• Collect the received signals into a vectorx(t) :

x(t) =

26664 x1(t)

.

.

.

xM (t)

37775 =

26664 e−j2π∆1 sin(α)

.

.

.

e−j2π∆M sin(α)

37775 a(α)s(t) = a(α)s(t)

a(α) is the array response vector. For uniform linear array∆k = (k − 1)∆.
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Data model

Array manifold

x(t) = a(α)s(t)

• The array manifold :

Ω = {a(α) : −π ≤ α ≤ π}

• The knowledge ofΩ allows direction finding (i.e. determineα from x).
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Spatial Localisation

• Find the number and positions of the sources.

• Sweep all space directions using beamforming

– Matched filter⇒ Bartelett’s method.

– MVDR ⇒ Capon’s method.

• Exploit the data model & covariance matrix structure

– MUSIC (subspace) algorithm

– ESPRIT algorithm.
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Bartlett’s method

• Estimate the covariance and sweep all angles

ϕ(θ) = E(|y(t)|2) = w
H
Rw

• Sum-delay (matched filter) beamforming

w =
a(θ)

a(θ)Ha(θ)
⇒ ϕ(θ) =

a(θ)H
Ra(θ)

(a(θ)Ha(θ))2

• For a uniform linear array (ULA)

ϕ(θ) =
1

N2
a(θ)H

Ra(θ)
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Computation using Fourier transform

• Development of the quadratic transform

ϕ(θ) = a(θ)H
Ra(θ) =

N−1
∑

n=0

N−1
∑

m=0

α∗
nRnmαm

• For ULA

αn = (e−j2πνθ )n ⇒ ϕ(θ) =

N−1
∑

n=0

N−1
∑

m=0

Rnm(e−j2πνθ)n−m

• Fourier transform

ϕ(θ) =

N−1
∑

q=−N+1

(e−j2πνθ )q

N−1+min(0,q)
∑

n=max(0,q)

Rn,n−q
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Capon’s method (MVDR)

• Sweep all angle positions with the MVDR spatial filter

w =
R

−1
a(θ)

a(θ)HR−1a(θ)

• The localisation function becomes

ϕ(θ) =
1

a(θ)HR−1a(θ)

carϕ(θ) = w
H
Rw = a(θ)R−1

a(θ)HR−1a(θ)
R

R−1a(θ)
a(θ)HR−1a(θ)

• Can be computed using Fourier transform but withR
−1 instead ofR.

K. A BED-MERAIM ENST PARIS

NEWCOM Autumn school : ”Estimation theory in wireless communications”, October 2005 347



ENST - October., 2005 51

�

�

�

�

MUSIC (subspace) method

x(1)
x(2)

x(t)

Signal Subspace
θ∗Range(A( )) )(

Range(A(θ∗)) )(The orthogonal of

Noise subspace

Range(A( ))θ

Principle: Assume the following model: x(n) = A(θ)s(n) with

Range(A(θ)) = Range(A(θ′)) ⇐⇒ θ = θ′

Thus,θ can be estimated as:

θ̂ = arg min
θ

d(Range{x(n)}, Range(A(θ)))
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MUSIC

• Estimate the signal (resp. noise) subspace as the principal(resp. minor)

eigen-subspace of the data covariance matrixRx:

Rx =
∑

n

x(n)xH(n) = [Es En]





Λs 0

0 0









E
H
s

E
H
n





where Range(Es) = Range(A(θ)) ⊥ Range(En).

• Orthogonal relation still valid if additive white noise.
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MUSIC

• The source angle locations are estimated by minimizing:

min
θ

a(θ)H
EnE

H
n a(θ)

• Or equivalently by maximizing the MUSIC localisation function

ϕ(θ) =
1

a(θ)HEnEH
n a(θ)

TheP sources locations correspond to theP maximas of the above

function.
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Example (1)

• Bartlett’s method (SNR = 20dB)
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Example (2)

• Capon’s method (SNR = 20dB)
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Example (3)

• MUSIC method (SNR = 20dB)
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Example (4)

• Capon’s method (SNR = 0dB)
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Example (5)

• MUSIC method (SNR = 0dB)
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Example (6)

• Capon’s method (SNR = -10dB)
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Example (7)

• MUSIC method (SNR = -10dB)
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ESPRIT Method

• Consider a ULA

• Structure of the directional vector

a(θ) =

















1

e−j2πf d
C

sin θ

...

e−j2πf(N−1) d
C

sin θ

















=

















1

e−j2πνθ

...

(e−j2πνθ )N−1

















• By removing the first or the last entry of this vector, one obtains two

linearly dependent subvectors ofa(θ).
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Rotational invariance

• Oo the directional vector

a(θ) =





a1(θ)

row N



 =





row 1

a2(θ)



 ⇒ a2(θ) = a1(θ)e
−j2πνθ

• On matrixA

A = [a(θ1),a(θ2), · · · ,a(θP )]

A =





A1

row N



 =





row 1

A2



 ⇒ A2(θ) = A1Φ

Φ = diag(e−j2πνθp )

• Matrix Φ provides directly the desired angles.
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ESPRIT method

• The same transform on the eigenvectors of the signal subspace leads to

U1 = A1T, U2 = A2T

U2 = A1ΦT = U1T
−1ΦT

• Il suffit de trouverΨ tel queU2 = U1Ψ By least squares estimation:

Ψ = (UH
1 U1)

−1
U

H
1 U2

• Φ andΨ have the same eigenvalues

Eig(Ψ) = diag(ej2πνθp )
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‘Generalized’ ESPRIT method

• ESPRIT can be used, not only for ULA but for any array containing 2

sub-arrays such that the 2nd is the translated version of thefirst one.

Hence, for a source located atθ




x1(t)

x2(t)



 =





a1(θ)

a2(θ)



 s(t) with a2(θ) = a1(θ)e
−j2πνθ

• Space shift: plays the role of the inter-sensors distance inULA.




x1(t)

x2(t)



 =





A1

A2



 s(t) ⇒ A1 = A2Φ
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ESPRIT method: algorithm

• Eigen-decomposition of the covariance algorithm (noiselesss case)

R = E











x1(t)

x2(t)









x1(t)

x2(t)





H





=





U1

U2



Λ





U1

U2





H

• Rotational invariance property forA andUs

U1 = A1T

U2 = A2T

∃Ψ such thatU2 = U1Ψ

• Matrix Φ is the matrix of eigenvalues ofΨ

Eig(Ψ) = diag(ej2πνθp )
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Other localization methods: ML

• In the AWGN and deterministic inputs case, the likelihood function can

be expressed as:

L(θ, s(t), σ2) =

T
∏

t=1

(πσ2)−Ne−
‖x(t)−As(t)‖2

σ2

• Let ΠA be the orthogonal projection matrix on Range(A)

ΠA = A(AH
A)−1

A
H ⇒ Aŝ(t) = ΠAx(t)

ΠA = I−ΠA ⇒ θ = arg min
θ

Tr(ΠAR̂)
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Other methods: Weighted subspace fitting

• Exploits the relation betweenUs andA

∃T such that Us = AT

• Minimise the LS distance

{θ̂, T̂} = arg min
θ,T

‖Ûs −AT‖2W

• Solving inT first followed by an estimation ofθ

T̂ = A
#
Us with A

# = (AH
A)−1

A
H

then θ̂ = arg min
θ

Tr(ΠAUsWUs)

Asymptotic optimal weightingW = (Λs − σ2
I)2Λ−1

s
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Discussion

• Many existing localizaton methods.

• Compromise between resolution (MUSIC, ESPRIT, ..) and robustness

and computational complexity (Beamforming).

• Many existing extentions:

– Joint estimation of angles and delays (JADE algorithm)

– Generalisation to wide-band sources,

– Tracking and adaptive processing, ...
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Application to Mobile

Localisation in UMTS-FDD
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Up-Link

• Transmitted signal byk-th user:

control

data

channelization

channelization

scrambling code

I+jQ

Q

√
F

codec2

d1

codec1

I

d2

s

• Propagation channel

hk(t) =

RkX
i=1

a(θk,i)βk,ig(t− τk,i)
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Joint AOA and TOA estimation

• Raison: Correspondance between the AOAs and TOAs of the multi-paths⇒

for joint angle-delay localization. Also, the direct path is chosen as the one

associated with the smallest TOA.

• State of the art

– Maximum likelihood approach [Wax & al. 1997].

– Subspace methods: Time Space Time-MUSIC [Wax & al. 2001].

– ESPRIT-like methods [Vanderveen & al. 1998].

• Proposed method:

– Delay estimation using the channel FT matrix by ESPRIT.

– Estimation of only the desired angle (i.e. the one corresponding to the

smallest delay).
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Hearing problem

• AOA-TOA estimation algorithms require a first channel estimation:

– RAKE-type estimator: non-robust to near-far effect (interferences).

– RAKE-estimator with interference cancellation (PIC):

+

+
−

User K

Desired user k

User 1

RAKE

RAKE

RAKE

x̃n,K

x̃n,1

x̃n

x̃n,u

ĥ1,n

ĥK,n

xn
h̃k,n
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Localization with antenna array:

• Channel model:h(t) =

26664 h1(t)

.

.

.

hN (t)

37775 =
dP

i=1

a(θi)βig(t − τi)

• For a uniform circular array :a(θi) =

26664 ejξ cos(θi−γ1)

.

.

.

ejξ cos(θi−γN )

37775
• Channel matrix :

H ,

�
h(0) h(

T

P
) · · ·h(LT −

T

P
)

�
= [a(θ1) · · · a(θd)]

26664 β1 0

. . .

0 βd

3777526664 gτ1

.

.

.

gτd

37775
= A(θ)BG(τ)
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Delays Estimation

• The FT ofH transformsG(τ) (up to a diagonal matrix) into:

V(τ) =











1 χ1 χ2
1 · · · χLP−1

1

...
...

...
...

1 χd χ2
d · · · χLP−1

d











whereχi = e
−j2πτi

L , 1 ≤ i ≤ d.

• Matrix HF has the rotational invariance property that allows for the

estimation ofτi using ESPRIT algorithm.
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Angle estimation

• Once the delays are estimated we estimate the angle of the LOSpath

according to:

– Inversion of the delays matrix:

H
′ = HG(τ)−1

– Selection of the first columnh1 deH
′ and estimation of the AOA of

the first path by maximizing :

‖a(θ)H
h1‖
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Proposed method for the NLOS

• Idea: Selection of the 2 ‘most reliable’ measures: Coherence criterion of 2 given AOAs.

• Coherence measure:

– If we know the distribution of the

mobile positionDk w.r.t. a BSk:

P (θi, θj/Dk) = Dk(M)

⇒ We would select the

pair (θi, θj) that maximizes

P (θi, θj/Dk).

– To give equal opprtunity to all

BSs, we chose:

î, ĵ = arg max
i,j,k

P (θi, θj/Dk)

BSk

BS j

θi
θ j

BSi r

S j Si

Dk

M

+

θ
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‘A priori’ mobile position distribution

Many possible distributions: We have chosen the Gaussian distribution.

• σr etσθ are ad-hoc.

• µθ = θk.

• µr = dk : tk is linked todk via

the relation:

dk = c(tk − t0k
)

D(r, θ) =
1

2πσrσθ

e
−
�

r−µr√
2σr

�2

e
−
 

θ−µθ√
2σθ

!2
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Synchronisation constraint

• Problem: Necessitates between the mobile and the BSs. Too constraining!!

dk = c(tk − t0k
)

• Alternative solution:

– Use a similar technique to the Timing
Advance in GSM.

– Estimate the time references by mini-
mizing:

t̂01 , . . . , t̂0I
=

arg min

IX
i=1

IX
j=1

‖dj(t0j
)−dj(t0i

)‖
2

where di,j is given by:q
r2

i,j + d2
i − 2 cos(θi,j)ri,jdi

BS j

di

ri, j

θi, j

BSi

+

θi

d j
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Localization results

• Comparison with standard triangulation techniques.
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(k) NLOS sur les BS 3 et 4
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(l) NLOS sur les BS 2 et 4

Random mobile position at each run,L = 80 slots, 4 BSs,K = 20.
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Concluding Remarks
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Conclusion

• Main difficulties (Hearing + NLOS) : No fully satisfactory solution

(i.e. still an open problem). We have presented certain solutions using,

when possible, partial interference cancellation and selection of the

‘best’ AOA/TOA estimates. Other solutions exist, e.g.

– Using ‘a priori’ learning of the dependence of the channel impulse

response on the mobile position (too expensive and requiresregular

up-dating),

– Using a ‘super calculator’ which captures both the transmitted and

received signals to extract the desired information,

– Using Idle periods: reduces significantly the system capacity.
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Conclusion

• Estimation accuracy: The best estimates are computationally

demanding and the power in the downlink is ‘restricted’. Good

‘intermediate’ solutions especially in adaptive schemes.

• Tracking : Many tracking algorithms exist using subspace tracking,

Kalman filtering, particular filtering, gradient techniques, etc. Tracking

might improve the estimation accuracy (at least for slowly moving

mobiles) due to memory effect.

• Hybrid solution : Use both GPS and terrestrial BS signals for mobile

location.
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