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Abstract
Optical communication systems have evolved since their deployment to meet the growing

demand for high-speed communications. Over the past decades, the global demand for com-

munication capacity has increased exponentially and the most of the growth has occurred in

the last few years when data started dominating network traffic. In order to meet the increase

of traffic demands fueled by the growth of internet services, an increase of access network

capacity and consequently metro and long-haul network capacities is required.

Next generation of long-haul WDM transmission systems is expected to operate at 400Gbps

or 1Tbps bit rate. Superchannel approaches, such as Nyquist WDM and multi-band OFDM,

allow both high spectral efficiency and small guard-band which makes them promising can-

didates to generate these high bit rates in combination with multi-level modulations formats.

Such transmission systems are strongly disturbed by fiber nonlinear effects which increase with

the data rate and the small guard band. Therefore, fiber nonlinearities compensation (typi-

cally based on thrid-order Volterra equalizer or Digital Back Propagation for intra-channel or

intra-band nonlinear effect mitigation) is required to get the desired performance in terms of

transmission reach.

We have proposed a fifth-order inverse Volterra based nonlinear equalizer (VNLE) to com-

pensate for fiber nonlinearities in OFDM based superchannel system. The main contributions

consist of deriving the corresponding fifth-order kernels and then finding a practical implemen-

tation scheme. Compared to the third-order VNLE, our proposed technique has significantly

improved the performance in terms of Q factor and/or transmission distance.

Multi-band OFDM and multi-subcarrier Nyquist WDM superchannels suffer also from inter-

band/subcarrier nonlinear interference in addition to intra-band/subcarrier nonlinear effects.

Thus, we have proposed an inter-band/subcarrier nonlinear interference canceler (INIC) to

deal with nonlinear interference. This approach consists in detecting the adjacent bands/sub-

carriers, regenerating them thanks to the Volterra series model of optical fiber, and removing

them from the band/subcarrier of interest. Different ways to implement the INIC are de-

scribed and compared to the well-known nonlinear compensation techniques such as digital

back propagation (DBP) and third-order VNLE in Nyquist WDM and super-nyquist WDM sys-

tems. Significant performance gain on either the Q factor or transmission distance is observed.

In the context of 400Gbps scheme, the transmission distance gain is up to 500km compared

to the DBP and VNLE. Similarly, a significant improvement of performance is observed when

applying INIC in MB-OFDM superchannel.

Keywords : Optical fiber communications, Superchannel, MB-OFDM, Nyquist WDM,

Volterra series, Nonlinear effects, Nonlinear interference, Digital signal processing
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INTRODUCTION

Problem statement

Optical fiber communication systems have played an important role in the evolution and devel-

opment of modern communications networks. Due to their low cost, low attenuation and high

bandwidth, optical fibers have dominated the area of long-haul terrestrial and transoceanic

transmission. In addition to access and metro networks, today Fiber-to-the-Home (FTTH) sys-

tems are also available. Since their deployment in the 1970’s, optical communication systems

have evolved to meet the continuous grow of global demand for communication capacity. The

invention of EDFA and the deployment of WDM technology have been the first breakthrough

that stimulate the use of optical communication systems. Different fiber technologies had used

to deal with transmission impairments such as dispersion and attenuation. Then, fiber capac-

ity evolution had slowed down because of the full exploitation of the amplifier bandwidth,

before it was revived by the re-introduction of coherent detection based systems in the early

2000’s. Coherent based technology allowed the increase of spectral efficiency by exploiting

new degrees of freedom. Polarization and phase, in addition to amplitude used in direct de-

tection based systems, are available in coherent systems and can be used to increase spectral

efficiency and so that fiber capacity. As a result, optical transmission has migrated from the use

of OOK to multi-level modulation formats. An other important point that characterizes coher-

ent detection based systems is the possibility of combination with DSP techniques to combat

fiber distortion.

Fiber capacity increase is still required to face the ever increase of traffic demands driven

by the growth of mobile, video and cloud services and machine-to-machine communications.

According to Cisco Visual Networking Index [1], metro and long-haul traffic will triple between

2014 and 2019. The next generation of long-haul WDM transmission systems are expected to

operate at 400Gbps/1Tbps per WDM wavelength whereas the most recent commercial fiber

operates at 100Gbps. Such high bit rate is difficult to achieve without finding new technologi-

cal paths. Actually, the classic ways to increase data rate, by increasing the symbol rate and/or

encoding more bits per symbol, face several challenges that make their practical implementa-

tions impossible. Increasing the symbol rate to generate 400Gbps/1Tbps requires a very high

speed optical and electronic components which are not commercially available today and in
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the near future. On the other hand, very high spectral efficiency modulation are needed to

generate these high bit rates. Such modulation formats require very high optical signal to noise

ratio (OSNR) which strongly increases the sensitivity to fiber nonlinear effects. Due to nonlin-

ear effects, sending 400Gbps/1Tbps over a WDM wavelength can reach only few hundreds of

kilometers if only linear processing is carried out at the receiver side which is not the desired

transmission reach in the context of long-haul transmission. Therefore, nonlinear processing

at the receiver side is crucial for the next generation of long-haul WDM transmission systems.

In addition, new way for using a WDM wavelength has been proposed, called superchannel

approach, which consists in split a WDM wavelength into several optical bands with small

guard-band between them. This approach enables an easier practical implementation by sam-

pling with respect to the band instead of the wavelength. Two kinds of superchannel based on

Nyquist WDM and multi-band OFDM are now subject of research investigations to evaluate

their performance. Superchannel systems combined with multi-level modulation formats can

be considered as promising candidates in terms of practical implementation and performance.

However, superchannel transmission is also vulnerable to fiber nonlinear effects. Kerr-induced

nonlinear effects such as self-phase modulation (SPM), cross-phase modulation (XPM), cross-

polarization modulation (XpolM) and four-wave mixing (FWM) depending on bite rate and

interval guard, reduce the transmission performance and their mitigation is required.

Contributions of the thesis

Our work has been funded by the SASER-SIEGFRIED European program. Our contribution

consists in developing new DSP algorithms for the next generation of long-haul WDM trans-

mission systems. In the context of superchannel transmission systems, fiber nonlinear effects

are considered as the major constraint and their mitigation is a hot topic to get the desired

performance in terms of transmission reach. Many works on Digital Back Propagation and

third-order Volterra series have been proposed. Nevertheless, gain in performance is still nec-

essary. Therefore, we developed new techniques to compensate for nonlinear effects in optical

fiber.

To deal with intra-band nonlinear effects in multi-band OFDM superchannel, we developed

a fifth-order Volterra based nonlinear equalizer (VNLE). The main idea of this technique is

increasing the order of Volterra based nonlinear equalizer. We first derived mathematically

the fifth-order Volterra kernels which characterize the nonlinear equalizer. Then, we proposed

a practical implementation scheme. The performance of the proposed technique are evaluated

by simulation and a significant gain is observed in comparison with third-order VNLE in certain

configurations.

We observed a reduction of performance of our proposed fifth-order VNLE and the classic

approaches such as digital back-propagation (DBP) and third-order VNLE in case of multi-band

transmission. As a result, we proposed a nonlinear interference canceler to compensate for

nonlinear interference in the context of superchannels based on multi-band OFDM and multi-
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subcarrier Nyquist WDM. The proposed inter-band/subcarrier nonlinear interference canceler

(INIC) significantly improve the performance in comparison with the classic nonlinear effects

mitigation techniques.

Thesis outline

The thesis is organized as follows: in chapter 1, we briefly review the evolution of optical fiber

communication systems. We highlight the technological breakthrough that characterized the

evolution of fiber capacity like the deployment of WDM systems and the revival of coherent

detection. Then, we focus on optical fiber impairments. We describe linear distortions and

then we detail nonlinear effects because of their important impact in superchannel systems.

In chapter 2, we briefly give the principle of high spectral efficiency modulation formats.

The second part of this chapter is dedicated to the system models. We describe superchannel

transmission systems for both multi-band OFDM and Nyquist WDM approaches. After that,

we give the state of the art about nonlinear effects compensation techniques.

In chapter 3, we propose the fifth-order Volterra based nonlinear equalizer. A derivation

of fifth-order Volterra operators and a practical implementation scheme are given for single-

polarization and dual-polarization configurations. Then, simulations are done to evaluate the

performance of the proposed technique in the context of OFDM based superchannel.

In chapter 4, we propose an inter-band nonlinear interference canceler. This approach

combats nonlinear interference in multi-band OFDM and Nyquist WDM superchannels. Sim-

ulation results are given before introducing a complexity analysis of the proposed nonlinear

interference canceler.

Publications

Journal Papers

J1 A. Amari, P. Ciblat, and Y. Jaouen, “Inter-subcarrier Nonlinear Interference Canceler

for Long-Haul Nyquist-WDM Transmission,” submitted for publication at IEEE Photonics

Technology Letters (PTL).

International Conferences

C1 A. Amari, P. Ciblat, and Y. Jaouen,“Fifth-order Volterra series based Nonlinear Equal-

izer for long-haul high data rate optical fiber communications," Asilomar Conference on

Signals, Systems, and Computer, November 2014.

C2 V. Vgenopoulou,A. Amari, M. Song, E. Pincemin, I. Roudas, and Y. Jaouen,“Volterra-

based Nonlinear Compensation in 400 Gb/s WDM Multiband Coherent Optical OFDM

Systems," Asia Communications and Photonics Conference (ACP), November 2014.



4 INTRODUCTION

C3 A. Amari, P. Ciblat, and Y. Jaouen,“Inter-Band Nonlinear Interference Canceler for Long-

Haul Coherent Optical OFDM Transmission,"IEEE/OSA Tyrrhenian International Work-

shop on Digital Communications (TIWDC), October 2015.



CHAPTER 1

STATE OF THE ART ABOUT OPTICAL

FIBER COMMUNICATION SYSTEM

In this chapter, we briefly describe the evolution of optical fiber communication systems. On

the one hand, we emphasize the technological breakthroughs that stimulate the increase of

fiber capacity such as the invention of EDFA and the deployment of coherent detection based

systems. On the other hand we focus on fiber propagation impairments. We highlight fiber

nonlinear effects because of their strong impact for the next generation of long-haul WDM

systems.

1.1 Evolution of optical fiber transmission systems

Optical fiber communication uses light pulses to transmit information from a point to another.

Semiconductor devices such as light-emitting diodes (LEDs) and laser diodes are used to gen-

erate light at the transmitter. The transmission medium consists of an optical fiber which is

a dielectric cylindrical waveguide made from low-loss materials such as silica. Light pulses

propagate inside the fiber due to the internal reflection between the core and the cladding [2].
Signal amplification is required to deal with fiber loss, especially for long-haul and transoceanic

transmission. At the receiver side, photo-detectors ensure the conversion of the transmitted

signal to the electrical domain. The advantages that stimulate the use of optical fiber for com-

munication systems are its low attenuation and wide spectral bandwidth compared to other

communication systems. Today, optical communication systems are widely used to meet the

rapidly increasing demand for telecommunication capacity and internet services. Actually, op-

tical communication is unchallenged for the high transmission capacity with low latency in

long-haul and transoceanic transmission.

Optical fibers were first introduced in the early 1970’s. Semiconductor AlGaAs was used as

laser and transmission is carried out in the range of 800−850nm wavelength. The transmission

performance were limited by material dispersion. The maximum transmission bit-rate-distance
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reached is about 1Gb − km.s−1 for multi-mode fibers [2]. In the early 1980’s, single mode

fibers (SMF) with 1310nm wavelength, defined by the ITU-T as the standard G.652, were

used to deal with fiber dispersion. In fact, the zero-dispersion wavelength is about 1268nm

[3], and the fiber dispersion was reduced by adding waveguide dispersion material to shift the

zero-dispersion to 1310nm [4]. SMF presented higher performance in terms of bandwidth and

transmission reach in comparison with multi-mode fiber. Thus, it became the fiber of choice for

long-haul transmission systems by 1984 [5]. The need of increasing transmission distance had

pushed fiber transmission to 1550nm wavelength which presents the lowest fiber loss as shown

in fig.1.1. The attenuation value at 1550nm is about 0.2dB.km−1, while the corresponding

Figure 1.1: Fiber attenuation and dispersion for single-mode fibers [5]

attenuation at 1310nm is about 0.35dB.km−1. Then, transmission reach can be increased

by 75% using 1550nm. At this value of wavelength, the fiber chromatic dispersion is about

17ps.nm−1.km−1 as shown in fig.1.1. Therefore, dispersion shifted fibers (DSF) were used

and optimized to combat fiber dispersion by shifting zero dispersion wavelength to 1550nm.

At the receiver, intensity modulation and direct detection (IM-DD) scheme was commonly

employed in optical communication systems for long time and attracted more attention than

coherent detection scheme. Actually, IM-DD based receiver sensitivity is independent of the

carrier phase and the state of polarization (SOP) of the received signal which are randomly

fluctuating in real systems. IM-DD allows only amplitude based modulation formats and the

decision is related to the signal intensity. A photo-detector ensures the conversion of the optical

signal to the electrical domain by creating a current proportional to the signal intensity. The
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expression of the generated current is given by:

I = R.E2 (1.1)

where R is the responsivity of the photo-detector and E is the amplitude of the optical field.

The principle of direct detection based receiver is shown in fig.1.2.

vv	
Signal 

Figure 1.2: Direct detection

1.1.1 EDFA invention: Wavelength division multiplexing transmission

The first breakthrough in optical communications was the invention of the Erbium-Doped Fiber

Amplifiers (EDFA) in the late 1980’s. It avoids the expensive optical-to-electrical-to-optical

(OEO) regeneration. It also allows the amplification of a multiplex of optical signals with dif-

ferent wavelength inside the amplifier bandwidth. EDFA band includes 1550nm wavelength

as shown in fig. 1.1. A dramatic increase in system capacity was achieved through the ag-

gregation of several wavelengths propagating simultaneously inside the SMF. This technique

enabled by optical amplifiers is called Wavelength division multiplexing (WDM). WDM tech-

nology was developed in the mid-1990’s and it increased lightwave systems capacity to roughly

1Tbps by fiber around 2000 [6]. More precisely, this rate is obtained through 80 WDM wave-

length, each of them with 10Gbps. It consists in transmitting independent signals using dif-

ferent wavelengths propagating simultaneously in the fiber. Wavelength aggregation is done

using multiplexer at the transmitter, a demultiplexer at the receiver side splits them apart as

presented in fig. 1.3.
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Figure 1.3: WDM transmission system

Fig.1.4 shows the evolution of system capacity for WDM system in comparison with single

channel time-division multiplexing (TDM) system in research demonstrations. WDM trans-
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Figure 1.4: Evolution of capacity for WDM (square marker) and TDM (disk marker) systems

[7]

mission allowed a significant increase of data rate from gigabits per second to over than one

terabit per second. It has strongly increased system capacity in comparison with TDM.

DSF fibers used for single-wavelength transmission at 1550nm are not convenient for WDM

systems. In fact, interactions between WDM channels lead to the generation of new signals at

new frequencies because of nonlinear effects named four-wave mixing (FWM). FWM, detailed

in section 1.2.5-c, causes crosstalk between WDM channels and it is inversely proportional

to the fiber dispersion. Then, non-zero dispersion shifted fibers (NZDSF) were developed for

WDM transmission to combat FWM [8]. NZDSFs with larger effective area such as LEAF were

widely used for long-haul WDM transmission.

1.1.2 From 2.5Gbps to 10Gbps (per wavelength) non-coherent detection based
systems

WDM systems were deployed firstly with 40 wavelengths each of them with 2.5Gbps over

800km of standard SMF. Non-Return-to-Zero On/Off Keying (NRZ-OOK) was used as modu-

lation formats. Accumulated chromatic dispersion (CD) was the major limitation to increase

further the bit rate. Increasing data rate to 10Gbps per wavelength was made possible by using

dispersion compensation fiber (DCF) in addition to forward error correction codes (FEC). DCF

is used in concatenation with SMF as shown in fig.1.5. In order to compensate chromatic dis-

persion, DCF has an opposite sign of dispersion with respect to the already installed SMF [9].
FEC consists in adding redundancy to the transmitted signal in order to make possible detec-
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Figure 1.5: WDM system with dispersion compensation fiber (DCF)

tion and correction of errors at the receiver. The use of Reed-Solomon (RS) FEC codes, which

provide about 6 dB gain in optical to signal noise ratio (OSNR), and Enhanced-FEC (EFEC)

with 8.5 dB gain in OSNR had significantly increased the transmission performance[10].

1.1.3 40Gbps coherent detection based systems

The migration of direct detection based OOK systems from 10Gbps to 40Gbps per wavelength

was challenged by different fiber impairments. In fact, polarization mode dispersion (PMD),

which has negligible effect in 10Gbps, reduces drastically the transmission performance at

40Gbps. Indeed in non-coherent based communication (with OOK) passing from 10Gbps to

40Gbps leads to divide the bit period by 4 which decreases also the tolerance on the PMD by 4.

In addition, CD tolerance is divided by a factor of 16 at 40Gbps and that requires an increase of

OSNR by 6dB to get similar performance to OOK 10Gbps systems [11]. This high increase of

OSNR leads to a strong nonlinear distortion. An other way to increase the rate was to increase

the number of WDM wavelength, but this is a very limited option due to the optical amplifier

bandwidth. These limitations oriented the researches to focus the possibility to increase the

spectral efficiency and so to the use of coherent detection instead of direct detection. This is

the second main breakthrough on the optical-fiber communications community.

1.1.3-a Coherent detection

Coherent detection was first introduced by DeLange in 1970 [12]. Its complexity of implemen-

tation and the high performance of IM-DD systems meeting the desired fiber capacity made

its deployment unnecessary. However, the need of increasing capacity and spectral efficiency

and the availability of high speed ADCs/DACs has led to a revival of the coherent detection.

The introduction of coherent detection permitted the use of multilevel modulations formats

due to the ability to detect the signal phase and amplitude. Thus, higher spectral efficiency

can be achieved compared to direct detection technique. An other major advantage of co-

herent detection is the possible combination with digital signal processing (DSP) algorithms.

Therefore, fiber impairments can be mitigated efficiently in electrical domain and that avoids

the use of DCF to combat CD. The principle of coherent detection is depicted in fig. 1.6. It

consists in mixing the received signal with a continuous wave generated by a local oscillator
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(LO). LO produces a frequency very close to the frequency of the received signal and it serves

as an absolute phase reference.

π/2	

Signal 

LO 

II 

IQ 

Hybrid 90° 

Figure 1.6: Coherent detection with Hybrid 90o device

Phase diversity homodyne receiver and intradyne receiver are usually used to detect both

in-phase and quadrature components of the optical signal simultaneously. This can be ensured

by using an 90◦ optical hybrid and the output photocurrents from the balanced photodiodes

are then given by [13]:

II(t) = R
p

PsPl cos(θs(t)− θl(t)) (1.2)

IQ(t) = R
p

PsPl sin(θs(t)− θl(t)) (1.3)

where Ps, Pl , θs and θl are the powers and phases of the received signal and the local oscillator

respectively. Therefore, the complex amplitude or the baseband signal can be expressed as:

Ic(t) =II(t) + j IQ(t) (1.4)

=R
p

PsPl e
[ j(θs(t)−θl (t))]. (1.5)

After that, DSP techniques are used to deal with fiber impairments such as dispersion and

nonlinear effects.

Coherent-based technology has been used instead of direct detection-based technology in

the 40Gbps and the current 100Gbps standard technology for optical long-haul WDM systems.

Thanks to coherent detection, in addition to the phase and the amplitude, polarization of the

received signal is also available and it can be used to increase the spectral efficiency. In fact,

due to polarization division multiplexing (PDM), transmission bit rate can be doubled easily.

Therefore, PDM, known also as dual-polarization transmission, is widely used in coherent

optical transmission systems.

1.1.3-b Polarization division multiplexing

Polarization division multiplexing allows more efficient use of the available bandwidth. It en-

ables a factor of two increase in spectral efficiency since the data rate is twice without increas-

ing the symbol rate. In PDM systems, both orthogonal polarization at the same wavelength



1.1. Evolution of optical fiber transmission systems 11

are used to transmit independent data. A coherent phase and polarization diversity receiver

is used to detect both polarizations as shown in fig. 1.7.

Signal 

LO 

Hybrid	90°	

Hybrid	90°	

x	

PBS 

PBS 

IXI 

IYQ 

IXQ 

IYI 

Figure 1.7: Block diagram of phase and polarization diversity coherent receiver

PDM technique has been used in 40Gbps long-haul WDM systems and beyond. However,

dual-polarization transmission suffers from several impairments such as polarization mode dis-

persion (PMD) and nonlinear cross-polarization modulation (XPolM) which reduce the trans-

mission performance.

1.1.3-c Digital signal processing algorithms

The deployment of coherent detection with DSP algorithms has enabled offline compensation

for fiber impairments. DSP based fiber impairments compensation can be easily and efficiently

implemented at the receiver to equalize the received signal after the analog to digital conver-

sion (ADC). It can be also performed at the transmitter side to predistort the transmitted signal

before the digital to analog conversion. The different stages of DSP at the receiver are shown

in fig. 1.8.

Figure 1.8: DSP blocks for coherent receiver

Several approaches have been proposed to combat CD and PMD. Research works are cur-

rently oriented to other fiber impairments such as polarization dependent loss (PDL) and non-
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linear effects which their impacts become more and more important in high data rate systems.

Then, a frequency offset and carrier recovery are done before signal detection and decision.

These DSP algorithms will be detailed in section 2.2.

1.1.4 100 Gbps coherent systems

After the commercialization of 40Gbps coherent technology in the mid of 2000s, 100Gbps

(per wavelength) coherent system was chosen to be the next standard technology for optical

transport network (OTN) to meet the growth of traffic demands [14]. Several approaches

are proposed for 100Gbps coherent systems such as dual-polarization Quaternary phase-shift

keying (DP-QPSK) systems and orthogonal frequency-division multiplexing (OFDM) based

systems[15].

In fact, by placing 88 WDM channels at 50GHz-spaced grids, a total capacity of 8.8T bps

through a single fiber and a spectral efficiency of 2 can be achieved [7][13]. 8.8T bps is com-

mercialized today by Alcatel-Lucent for 100Gbps DP-QPSK per waverlength over a distance of

4000km. A 17.6T bps (88x200Gbps DP-16-QAM) is also available for a transmission distance

of 1000km. PacketLight Networks has proposed 100Gbps (DP-QPSK) coherent systems which

can reach up to 2000km for ultra-long-haul networks. 100Gbps coherent systems for OTN are

also commercialized by ZTE Corporation, Ciena, Huawei and Infinera...

1.1.5 Fiber capacity limit

The introduction of coherent detection and dual-polarization in WDM transmission systems

have increased the spectral efficiency. Fig. 1.9 shows the spectral efficiency achieved in re-

search demonstrations versus year [7].

Spectral efficiency improvement has revived the increase of fiber capacity after it had

slowed down because of the full exploitation of the amplifier bandwidth. The strong traffic

demand increase requires a continuous improvement of system capacity. The next generation

of long-haul WDM systems is expected to operate at 400Gbps or 1Tbps per wavelength. Such

high bit rate is extremely difficult to achieve without finding new technological paths. The

use of multi-level modulation formats faces a serious challenge which is fiber nonlinear ef-

fects. Advanced modulation formats require higher optical signal-to-noise ratio (OSNR) and

so that higher input powers. Such input powers lead to the increase of sensitivity to fiber

nonlinear effects, that significantly reduces the transmission reach. In fact, the optical fiber is

a nonlinear transmission medium due to Kerr effect [16]. Fiber capacity is limited by noise at

low power and by fiber nonlinearity (if the transmit waveform is not modified and adapted to

nonlinearity) at high input power as shown in fig. 1.10.

Space-division multiplexing (SDM) (such as multi-core fibers (MCF) or mode-division mul-

tiplexing (MDM)) are proposed to meet the ever growth in traffic demands. The first one

consists in inserting several independent cores per fiber and the total fiber capacity can thus

be increased according to the number of cores [7]. MDM can be used in multi-mode fibers
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Figure 1.9: Spectral efficiency achieved in research testbeds versus year [7]

Figure 1.10: Nonlinear fiber (Gaussian) capacity limits for a range of transmission distance

[7]
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[17]. An increase of capacity can be realized according to the number of supported orthog-

onal modes. Transmission impairments can be mitigated using digital signal processing to

increase system performance . SDM techniques are investigated in research demonstrations

but they still do not meet the desired performance in terms of transmission reach in long-haul

transmission.

Thus, SMF is still the chosen fiber in long-haul transmission systems. To meet the increased

demands in SMF capacity, researches are focused to find new approaches to increase system

capacity and to achieve the expected high bit rate for the next generation of long-haul WDM

systems. An aggregation of optical subcarriers with small guard-band is proposed [18]. This

technique, called superchannel transmission, is a potential candidate for the next generation

in combination with multi-level modulation formats. Researches now are concentrated in

evaluating the performance of two types of superchannels based on OFDM and Nyquist-WDM

systems.

1.2 Optical fiber transmission impairments

Long-haul transmission over SMF suffers from several limitations [2]. Fiber loss causes the

attenuation of the propagating optical power and so that signal amplification is required peri-

odically. Amplifier such as EDFA generates amplified spontaneous noise (ASE) and the accu-

mulation of ASE noise reduces transmission performance. In addition, fiber dispersion such

as chromatic dispersion (CD) and polarization mode dispersion (PMD) cause intersymbol in-

terference (ISI). At high date rate transmission, nonlinear effects become more important

and their compensation is necessary to maintain long transmission distance. These differ-

ent kinds of optical fiber impairments are presented by the simplified version of the nonlinear

Schrodinger equation (NLSE) that governs the wave propagation inside an SMF:

∂ E
∂ z
+ j
β2

2
∂ 2E
∂ t2

+
α

2
E = jγ|E|2E (1.6)

where E is the electric field envelope of the optical signal, α is the fiber attenuation coefficient,

β2 is the second-order dispersion parameter and γ is the nonlinear coefficient of the fiber.

In followings subsections, we highlight the causes and the impacts of optical fiber impair-

ments.

1.2.1 Attenuation

The optical power propagating along the fiber decreases exponentially with the transmission

distance. The expression of attenuation is given by:

α [dB.km−1] =
10
L

log10

�

P0

P

�

(1.7)

where L is the fiber length or the span length in multi-span fiber. P0 and P are the input

and output optical power respectively. Fiber loss is induced by different mechanisms mainly:

material absorption, Rayleigh scattering and bending losses.
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Material absorption is the conversion of the electromagnetic wave energy into other forms

such as vibration. It can be intrinsic caused by the fiber material silica and it occurs in infrared

and ultraviolet bands. An other type of absorption is related to impurities in the fiber. The

most important impurities causing extrinsic absorption in the fiber is OH− ions. The significant

OH− losses occur at 950nm, 1250nm and 1380nm. SMF standard G.652 has not an OH− peak

at 1380nm and that allows the transmission in the entire region located between 1300nm and

1700nm.

Rayleigh scattering is due the material inhomogeneities with a size smaller than wave-

length. It depends on wavelength and the related loss is inversely proportional to the wave-

length αR ∼
1
λ4 . Thus, Rayleigh scattering loss is reduced at high wavelength. However, it

restricts the use of fibers at short wavelength.

Macroscopic and microscopic bends cause also fiber loss. Macrobending losses appear

when installing fibers and are negligible in practice. Microbending losses are due to the local

distortions of fiber geometry.

Figure 1.11: Attenuation of optical fiber [19]

Fig. 1.11 shows the different mechanisms responsible for fiber loss [19]. In standard SMF,

the fiber loss is about 0.2dB.km−1 around the transmission wavelength 1550nm. In long-haul

transmission system, multi-span fiber separated by amplifiers is used to deal with fiber loss.

The typical distance between amplifiers is between 80 and 100km for a total transmission

distance of 1500− 3000km.
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1.2.2 Chromatic dispersion

In SMF, the energy of the injected pulse is transported by a single mode which is the funda-

mental mode. Thus, the advantage of SMF is the absence of intermodal dispersion but it is

still affected by intramodal dispersion or chromatic dispersion. CD includes two types of dis-

persion: material dispersion and waveguide dispersion. the first one is due to the dependence

of the refractive index of silica, the material used for fiber fabrication. The waveguide disper-

sion is caused by the structure and the geometric properties of the optical fibers. In eq.1.6,

β2 is the term responsible for CD in optical fiber. It is also known as the GVD parameter. The

wavelength λD corresponding to β2 = 0 is called zero dispersion wavelength. The value of the

CD is characterized by the coefficient of chromatic dispersion D. The coefficient D is related

to β2 by the following expression:

D = −
2πc
λ2
β2 (1.8)

It depends on wavelength λ. When D < 0, the fiber has normal dispersion and the lowest

wavelength components of the optical pulse travel slower than the highest wavelength com-

ponents. In the case of D > 0 (which is our case), the fiber is called with anomalous dispersion.

Figure 1.12: Inter-symbol interference due to chromatic dispersion

CD causes pulse broadening which leads to inter-symbol interference (ISI) as shown in

fig.1.12. ISI reduce significantly the transmission performance and CD compensation is re-

quired. Several techniques are proposed to compensate CD such as the use of dispersion

compensating fibers (DCFs) in concatenation with SMF [20]. However, this kind of approach

increases the fiber sensitivity to nonlinear effects because of their reduced effective core area.

In SMF standard G.652 fiber used in our work, the value of the CD coefficient D is approx-

imatively 17ps.nm−1.km−1 at 1550nm wavelength.

1.2.3 Polarization mode dispersion

The fundamental mode of an SMF consists of two orthogonal components known as polariza-

tion states. Thus, in case of dual-polarization transmission, the injected optical pulse attacks

the two polarization components and propagates inside the SMF in the two directions x and y .

Unfortunately, because of manufacturing process, the optical fiber is not ideal circular and ho-

mogeneous, the core has not perfect symmetry and that leads to modal birefringence. In fact,
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because of core asymmetry, the refraction indexes of polarization x and y are different and

the two polarizations travel inside the fiber with different velocities. The strength of modal

birefringence can be expressed as [2]:

Bm =| nx − ny | (1.9)

where nx and ny are the modal refractive indexes for the two polarization states x and y

respectively.

Figure 1.13: Illustration of polarization mode dispersion

As presented in fig. 1.13, birefringence causes a delay between the two orthogonal states

of polarization during the propagation. This delay ∆τ is known as differential group delay

(DGD). DGD is not deterministic and it varies wildly with the wavelength and the time due

to deployment conditions such as thermal and mechanical stresses. The average of DGD is

referred to as PMD. The optical fiber can be modeled as a concatenation of birefringence

segments with random axis variation. The concatenation of equal sections of birefringent

fiber can be presented by the Jones matrix (given in hte frequency domain) as [21] :

T (ω) =
N
∏

n=1

Bn(ω)R(αn) (1.10)

=
N
∏

n=1

 

e
p

3π/8bω
p

hn/2+φn 0

0 e−
p

3π/8bω
p

hn/2+φn

!

�

cosαn sinαn

− sinαn cosαn

�

(1.11)

where N is the number of segment, Bn represents the birefringence matrix of n-th segment with

hn length, R is the matrix of a rotator that the random coupling angles between the segment

axes, b is the PMD coefficient of the fiber andω is the optical frequency. The phaseφn accounts

for the small temperature variation along the fiber. The DGD ∆τ can be calculated based on

the eigenvalues of the matrix (∂ωT (ω))T−1(ω).
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PMD is a potential source of pulse broadening which leads to strong ISI and it increases

linearly with the data rate. In coherent transmission systems, MIMO processing techniques

are used to mitigate PMD [22].

1.2.4 Optical amplification

In long-haul optical transmission, signal attenuation can be reduced by introducing optical

amplifiers. Optical amplification presents two main advantages. It allows the use of WDM

transmission system and it avoids optical to electrical to optical conversion which requires

high-speed electronics. Rare earth doped fiber such as EDFA are mainly used as fiber amplifier

for optical transmission systems. Currently, Raman amplification is also investigated to eval-

uate its performance. EDFA amplification process and its effect in optical fiber transmission

systems are detailed in the following.

1.2.4-a EDFA

EDFA consists of Erbium doped Silica SMF pumped by semiconductor lasers at 980nm and

1480nm [23]. EDFA uses stimulated emission to amplify the transmitted optical signals and

the principle is based on exciting Erbium ions Er3+ to higher energy level. At 980nm, Erbium

ions from ground level L1 are excited into energy state L3 [24]. The life time of Er3+ in L3 is

about 1µs. After that, Erbium ions fall into metastable level L2. Pump can also work at 1480nm

to excite Er3+ ions directly to energy state L2. This phenomena is called population inversion

because the number of atoms at high energy level are higher than those of low energy level

[25]. The optical signal passing through EDFA excites Er3+ ions to return to energy level L1.

This return is accompanied with photons emission at the range of 1520nm to 1570nm wave-

length. This process is known as stimulated emission. Generated photons due to stimulated

emission have the same properties as the signal and are responsible for signal amplification.

Unfortunately, stimulated emission is accompanied by spontaneous emission. In fact, as the

electrons have a finite excited state life time, some of the electrons return spontaneously to the

ground state L1 and emit photons with random phase. Some of these photons propagate in

the direction of the signal as noisy photons and they are also amplified. This process is called

amplified spontaneous emission (ASE). Fig. 1.14 details the principle of EDFA process with

stimulated and spontaneous emission.

1.2.4-b Inline optical amplification

In long-haul transmission system, the transmission link consists of N spans equally spaced

and separated by EDFAs. The use of EDFAs results in the generation of ASE noise. ASE noise

reduces significantly the transmission performance. It is commonly considered as additive

white Gaussian noise (AWGN). The power spectral density of ASE for a given polarization is
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Figure 1.14: Principle of EDFA process

expressed as:

NASE = (G − 1)hνnsp (1.12)

where G is the EDFA gain, h= 6,63×10−34m2.kg.s−1 is Plank’s constant and ν is the frequency

of light. hν corresponds to the photon energy and nsp is the spontaneous emission factor

(typically between 1 and 1.5).

In case of N -span fiber transmission as shown in fig.1.15, the optical signal to noise ratio

Figure 1.15: Multi-span SMF with EDFA amplifiers

(OSNR), for a reference optical bandwidth Bre f , is given by:

OSNR=
P

2NNASEBre f
(1.13)

where P is the total average signal power summed over the two states of polarization. The

factor 2 corresponds to ASE power on two polarizations and Bre f is usually chosen Bre f =
12.5GHz which correponds to a gap in wavelength equal to 0.1nm.
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1.2.5 Nonlinear effects

The increase of fiber capacity and spectral efficiency in long-haul transmission systems give

rise to nonlinear effects in the optical link. In fact, due to Kerr effect, the refractive index of

the optical fiber depends on the intensity of the transmitted signal as [16]:

n(P) = n0 + n2 I(t) = n+ n2
P(t)
Ae f f

(1.14)

where n0 and n2 are the linear and nonlinear refractive index respectively, I is the signal

intensity, P is the signal power and Ae f f is the effective core area. The increase of the optical

power or the decrease of the effective core area leads to the increase of nonlinear effects in

the fiber.

In eq.1.6, nonlinear effects are presented by the nonlinear coefficient γ given by:

γ=
2πn2

λAe f f
(1.15)

Kerr effect induces different kinds of nonlinear effects depending in the optical signal

power and the channel spacing in case of multi-channel transmission such as Self-phase modu-

lation (SPM), Cross-phase modulation (XPM), Four wave mixing (FWM) and Cross-polarization

modulation (XPolM).

Nonlinear effects can be also caused by inelastic scattering like Stimulated Brillouin Scat-

tering (SBS) and Stimulated Raman Scattering (SRS). Raman and Brillouin scattering are

inelastic processes in which part of the optical wave power is absorbed by the optical medium.

These effects can be neglected because they manifest only at input powers higher than the

typical value used in optical transmission system.

Kerr-induced nonlinear effects are detailed in the following subsections. Notice that other

classifications such as those given in [26] exist especially for multi-band systems where the

non-linear interference comes from three different origins : the self channel interference (SCI)

where the signal of the band of interest creates its own interference, the cross-channel inter-

ference (XCI) where the interference corresponds to a term where the signal of the band of

interest and the other bands are, and the multi-channel interference (MCI) where a terme

depending only on the other bands disturbs the band of interest.

1.2.5-a Self-phase modulation (SPM)

SPM consists in signal phase change due to interactions between the propagating signal and

the optical fiber. In fact, the variation of signal intensity during the propagation inside the

fiber induces the variations of the refractive index, and that leads to the modification of signal

phase. Thus, the nonlinear phase variation is self-induced and the related phenomena is called

SPM. SPM causes spectral broadening of the optical pulse. It increases in transmssion system

with high input power because the chirping effect is proportional to the transmitted power.
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The optical field propagating over an SMF with length L introduces a nonlinear phase φN L

expressed as:

φN L(t) =
2π
λ

n2 I(t)L = γLe f f P(t) (1.16)

where Le f f is the effective length given by:

Le f f =
1− e−αL

α
(1.17)

SPM-induced spectral broadening degrade the performance of long-haul optical transmis-

sion system. Next generation of long-haul WDM system requires the use of high spectral effi-

ciency modulation formats which necessitate the injection of high input power. The effect of

SPM becomes more important with high transmitted power. Several DSP techniques have been

proposed to deal with SPM and nonlinear effects in general such as digital back propagation

and Volterra based-nonlinear equalizer and that will be detailed later in section 2.3.

1.2.5-b Cross-phase modulation (XPM)

Transmission systems are currently not limited to single-channel systems. Multi-channel trans-

mission used in WDM systems and subcarrier multiplexing used in superchannel approaches

for the next generation system generate an other type of nonlinear phase modulation called

XPM. In fact, the fiber refractive index depends not only on the intensity of its related opti-

cal signal but also on the intensity of other copropagating signals. XPM occurs when two or

more optical signals with different wavelength copropagate inside the fiber. As a result, the

nonlinear phase shift of a channel with wavelength λ j depends on its power Pj and also on

the power of other copropagating channel due to XPM. The expression of the nonlinear phase

shift is given by:

φ
j
N L(t) = γLe f f



Pj(t) + 2
N
∑

m 6= j

Pm(t)



 (1.18)

The first term of the above equation corresponds to the SPM contribution in the nonlinear

phase shift while the second term refers to the nonlinear phase shift induced by XPM and

related to adjacent propagating channels. The factor 2 indicates that XPM is twice more effec-

tive than SPM for the same amount of power [16]. XPM is effective only when the interacting

signals are overlapped.

As SPM, XPM reduces the transmission performance by chirping frequency and chromatic

dispersion. It does not engender energy transfer between copropagating optical fields. In

the presence of CD, XPM can be reduced by increasing the wavelength spacing. In this case,

the propagation constants of these channels become sufficiently different. So, copropagating

pulses walk away from each other. This walk-off phenomenon limits the interaction time

between channels and the XPM effect is reduced.



22 CHAPTER 1. STATE OF THE ART ABOUT OPTICAL FIBER COMMUNICATION SYSTEM

XPM effect is inversely proportional to the channel spacing and it increases with the num-

ber of channels or subcarriers in the context of superchannel transmission. Superchannel

approaches are expected to be used for the next generation of long-haul WDM transmission

system due their high spectral efficiency. They consist on subcarrier multiplexing with small

guard-band. In this context, XPM is more important and its compensation is a hot topic to

maintain high system performance.

1.2.5-c Four-wave mixing (FWM)

Unlike SPM and XPM which result in nonlinear phase shift in the optical field, FWM process

leads to energy transfer between copropagating channels. Physically, the origin of FWM pro-

cess lies on nonlinear response of material bound electrons to the applied optical field. In fact,

the magnitude of the polarization induced in the medium, which contains linear and nonlin-

ear terms, is governed by the nonlinear susceptibilities. Second order nonlinear susceptibility

vanishes due to the isotropic property of silica used for SMF, while the third order nonlinear

susceptibility χ(3) is responsible for generation of FWM process [16]. The induced nonlinear

polarization is related to χ(3) in case of monochromatic plane waves such as WDM signal as :

PN L = ε0χ
(3).E3 (1.19)

The derivation of eq.1.19 shows that for carrier frequencies ωp, ωq and ωr , FWM generates

new signals at frequency ωpqr by combining these frequencies and it is given by [27]:

ωpqr =ωp +ωq −ωr (1.20)

In multi-channel system with N wavelengths, the number of FWM-generated signals M is

expressed as :

M =
N2(N − 1)

2
(1.21)

FWM process results in power transfer between copropagating channels. That leads to

power depletion which degrades the performance of channels. In addition, FWM can be an

inter-channel crosstalk if the generated signal fall into other copropagating channels. That re-

sults in significant system performance degradation due to crosstalk among the channels. FWM

depends on fiber dispersion and channel spacing. Fiber dispersion varies with wavelength, that

means FWM-generated signal has different velocity than the original signals. Thus, increasing

the fiber dispersion limits interactions between signals and reduces the power transfer to the

new generated signals. Increasing the channel spacing decreases also FWM effect.

SPM and XPM are mainly related to the signal power and become more significant at high

bit rate system. However, FWM effect is independent of the bit rate and is critically related to

fiber dispersion and channel spacing. Therefore, FWM will be a serious limitation in the next

generation long-haul WDM system due to the use of superchannel transmission with small

guard-band.
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1.2.5-d Cross-polarization modulation (XPolM)

Polarization division multiplexing is adopted today in optical transmission system due to its im-

provement in spectral efficiency. It consists in transmitting the signal in both orthogonal State

of Polarization (SOP) of the wavelength. In multi-wavelength transmission system, XPolM

occurs when the SOP of a transmitted channel depends on the SOP of other copropagating

channels which have random propagation inside the optical fiber because of PMD. The varia-

tion of the SOP can be expressed in Stokes space as [16]:

∂ S j

∂ z
= γS0S j (1.22)

where S j is the Stokes vector of the considered channel j and S0 is the sum of all Stokes vectors

of N copropagating channels and given by:

S0 =
N
∑

i=1

Si (1.23)

XPolM effect consists in rotating the SOP of the considered channel j around the instan-

taneous sum S0 of Stokes vectors of the copropagating channels. It results in depolarization

of the transmitted signal and that causes fading and channel crosstalk for dual polarization

transmission systems[28]. XpolM can dominate XPM effect and it can be approximated as

additive Gaussian noise [29].

1.3 Conclusion

In this chapter, we described the evolution of optical fiber communication systems. Then, we

gave the main fiber propagation impairments. We highlight fiber nonlinear effects because

of their strong impact for the next generation of long-haul WDM systems. Next generation

of long-haul WDM systems is expected to operate at 400Gbps/1T bps bit rate. Such high

bit rate can be reached by using advanced modulation formats and superchannel systems.

However, nonlinear effects compensation is mandatory to get the desired performance in terms

of transmission reach. High spectral efficiency modulation formats, superchannel approaches

and the state of the art about nonlinear effects mitigation will be detailed in the next chapter.
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CHAPTER 2

400GBPS/1TBPS SUPERCHANNEL

TRANSMISSION SYSTEM

Two main methods are expected to be used for next generation of long-haul WDM transmission

systems in order to increase single-mode fibers capacity. The first one is the use of multi-level

modulation formats allowed by coherent detection. The second approach exploits the benefits

of parallel processing. Multiples optical carriers are generated by different transmitters and

then combined with small guard band to deliver the desired bit rate. This approach is known

as superchannel transmission. Superchannel systems are strongly affected by fiber nonlinear

effects. Thus, fiber nonlinearity mitigation is required. The principle of multi-level modulation

formats and superchannel approach are highlighted in the following. After that, a state of the

art about nonlinear effects compensation is given.

2.1 High spectral efficiency modulation formats

Modulation can be defined as the process of encoding bits of information from a message

source in a manner suitable for transmission. It can be in amplitude (amplitude shift-keying),

phase (phase shift-keying), polarization (polarization shift-keying) or a combination of some

of them such as multi-level modulation formats.

Multi-level modulation formats were introduced with coherent optical transmission sys-

tems. Coherent detection allowed the detection of amplitude and phase simultaneously. These

two degrees of freedom are efficiently used in multi-level modulation format. This kind of

modulation encodes multiple bits per transmitted symbol and it is a promising approach to

increase spectral efficiency. In fact, while the spectral efficiency of binary modulation formats

is limited to 1 bit/s/Hz/polarization. Multi-level modulation formats with m0 bits of informa-

tion per symbol can achieve a spectral efficiency up to m0 bit/s/Hz/polarization, m0 is given

in function of number of constellation states M as:

m0 = log2(M) (2.1)
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The modulated symbols are mapped to analog waveforms before being transmitted over the

optical channel. They are sequentially transmitted at a rate Rs. The symbol period is Ts =
1
Rs

.

The bit rate is related to Rs by [30]:

Rb = d. log2(M).Rs (2.2)

where d is the degree of freedom (typically, number of polarizations or of modes or of cores).

Modulation is also characterized by the minimum distance between the closest points in

the constellation and the average energy per symbol Es.

QPSK modulation was used in the standard 100Gbps optical long-haul WDM systems.

Higher order modulation formats such as (16-QAM) are expected to be used for the next gen-

eration of long-haul WDM systems. M -QAM modulation consists in varying both amplitude

and phase of the signal. It can be considered as generalization of QPSK, which known also as

4-QAM. M -QAM modulation combines two carriers occupying the same frequency band and

differ by a π
2 phase shift. These two carriers are amplitude-modulated and called in-phase (I)

signal and quadrature-phase (Q) signal. However, QAM modulation with higher M requires

higher OSNR which leads to higher sensitivity to nonlinear effects in optical fiber. Fiber nonlin-

earity, such as SPM and XPM, strongly affects QAM transmission and causes power-dependent

phase rotation. That can strongly reduce the transmission performance and in particular the

transmission distance. Fig.2.1 shows the constellations of respectively 16-QAM, 32-QAM and

64-QAM. Minimum distance between constellation points is inversely proportional to M while

the spectral efficiency increases with M . 16-QAM modulation is a potential candidate to be

Q Q Q 

I I I 

(a)  (b)  (C)  

Figure 2.1: (a) 16-QAM, (b) 32-QAM, (c) 64-QAM

used in the next generation of long-haul WDM systems. It increases the spectral efficiency by a

factor two compared to QPSK. In the other hand, It increases the sensitivity to fiber nonlinear

effects but it still relatively reduced compared to higher order modulation such as 32-QAM

and 64-QAM. Thus, 16-QAM meets the demand in higher data rates and it can be used for the

next generation systems in combination with DSP-based nonlinearity mitigation techniques.

16-QAM increases also transmitter and receiver complexity in comparison with QPSK mod-

ulation. QAM signal can be generated with IQ modulator consisting of Mach-Zehnder Modu-



2.2. Superchannel transmission systems 27

lator (MZM) with π
2 phase shift. Several techniques are proposed to generate 16-QAM signal

electrically [31] [32], it can be also generated optically by combining two optical QPSK signals

with different amplitude levels.

2.2 Superchannel transmission systems

The steadily growing need for transmission capacity in future optical fiber communication

networks requires an increased transmitted data rate per fiber. Our works focus on increasing

data rates of standard single-mode fibers. For this kind of fibers, a way to split the wavelength

(which is too wide to be treat entirely) is to consider a superchannel approach. Superchannel

systems based on multi-band OFDM and Nyquist-WDM are detailed in the following.

2.2.1 OFDM based superchannel transmission system

OFDM modulation is a multi-carrier technique. It was introduced in wireless communication

systems to deal with inter-symbol interference in a multi-path channels. Thanks to coherent

detection, coherent optical OFDM was proposed for 100Gbps transmission systems [33]. CO-

OFDM was shown also extreme robustness against chromatic dispersion and polarization mode

dispersion thanks to its cyclic prefix. The principle of OFDM modulation and superchannel

based on multi-band CO-OFDM are detailed hereafter.

2.2.1-a OFDM principle

It consists in splitting a high data rate stream into several low-rate streams. These low-rate

streams are transmitted simultaneously over orthogonal subcarriers. Each subcarrier is sep-

arately modulated in frequency, phase or amplitude. Multi-level modulation formats can be

also used to modulate OFDM subcarriers. Mathematically, the baseband signal of Nsc OFDM

subcarriers can be expressed as [34]:

s(t) =
+∞
∑

j=0

+Nsc−1
∑

k=0

ck jΠ(t − jTs)e
2iπ fk t (2.3)

where ck j is the j-th information symbol at the k-th subcarrier with frequency fk, Ts is the

length of the OFDM frame, and Π(t) is the pulse shaping function.

To satisfy the condition of orthogonality, subcarriers must be spaced at multiples of the

inverse of the frame as given by [34]:

fk − fl =
k− l

Ts
(2.4)

if the pulse shaping function is the rectangular one of duration Ts.

Due to orthogonality condition, the information transmitted over the subcarriers can still

be separated despite strong signal spectral overlap as shown in fig. 2.2.
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Figure 2.2: OFDM spectrum for a random channel frequency response [35]

Figure 2.3: Time domain OFDM signal for one OFDM symbol [34]

However, in frequency selective channel, orthogonality is not ensured due multi-path in-

terference or dispersion in case of optical transmission. That leads to intercarrier interference

(ICI) which reduce the transmission performance. To avoid ICI, a guard interval, known as

cyclic prefix (CP), is inserted between OFDM subcarriers. CP contains a copy of small part of

the end of the OFDM symbol as shown in fig.2.3. CP avoids interference and it is chosen to be

greater than the maximum delay spread of the channel. OFDM modulation and demodulation

can be done based on IFFT and FFT as it will be detailed later in this section.

2.2.1-b Coherent optical OFDM system

CO-OFDM has inherited the advantages of OFDM modulation in wireless systems in terms of

robustness against dispersion. However, as the optical fiber is a nonlinear medium, CO-OFDM

suffers from fiber nonlinear effects. In fact, nonlinearity in wireless system are caused by am-
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plifiers, while EDFA does not generate nonlinearity and nonlinear effects are generated mainly

by the fiber itself. These effects are proportional to the data rate and inversely proportional

to the guard-band, which means that fiber nonlinear effects will significantly increase in the

context of OFDM based superchannel transmission. The principle of multi-band approach and

the transmitter and receiver architectures of multi-band and dual-polarization CO-OFDM are

given in the following.

Multi-band approach Given a predefined bandwidth (typically the WDM wavelength), it has

been proposed to split the bandwith into several bands in order to work slowly on each band.

Indeed, the generation of single-band OFDM on an entire WDM wavelength (of order 100GHz)

requires a 200Gsamples/s ADC/DAC which are not commercially available yet. Notice that in

low data rate old transmission systems, only a part of the WDM wavelength was occupied and

a large guard band was present which led to low-speed ADC/DAC. Now wasting such a guard

band is not possible at all if we would like to satisfy the data rate constraints.

When OFDM is used, this leads to the so-called multi-band OFDM (MB-OFDM) which has

been considered for the next generation of long-haul WDM systems. Then the net bit rate can

be expressed as [36]:

R= Rs.Nb.Npol . log2(M) (2.5)

where Rs is the symbol rate (of one band), Nb is the number of bands, Npol = 2 is case of

dual-polarization transmission and M is the number of constellation points of modulation.

In fig.2.4, we depict MB-OFDM spectrum for one polarization where the super-channel

is a more generic name for the WDM wavelength. Notice that these OFDM based sub-bands

are generated by different transmitters and decoded separately at the receiver side. A the

Figure 2.4: Multi-band OFDM spectrum

receiver, a band selection is done using a filter with a bandwidth slightly larger than the sub-

band bandwidth. After that, each band is digitally processed and then detected separately.
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MB-OFDM transmitter In MB-OFDM system, the CO-OFDM sub-bands can be generated

using different transmitters at different wavelengths. A combiner is used to aggregate the

generated sub-bands and the total transmitted signal X on polarization x or y can be written

as

X x/y =
Nb
∑

n=1

X x/y,n (2.6)

where Nb is the number of sub-bands. The transmitter set-up for each sub-band is shown in

fig.2.5.

Figure 2.5: Transmitter set-up for the generation and processing of one OFDM sub-band

First of all, the generated binary data are mapped onto M-QAM symbols. The Nsc M-

QAM symbols are passed through serial to parallel conversion. Training sequence and pilot

symbols are added to the useful data to be used for channel estimation and carrier phase

recovery at the receiver. Synchronization sequence can be added also to ensure frequency and

time synchronization. In MB-OFDM system, a guard band is inserted between sub-bands to

avoid interference. This can be done by forcing lateral subcarriers to be null. After that, the

information symbols are simultaneously modulated into Nsc orthogonal subcarriers using an

IFFT of size Nsc . The output corresponds to the time domain OFDM signal.

Optical fiber transmission is vulnerable to chromatic dispersion and polarization mode

dispersion which leads to ICI. Thus, cyclic prefix is added to deal with ICI and it should be

larger than the total amount of dispersion to efficiently remove the interference. This condition

is given by [37]:

τcp ¾ τmaxC D +τmax DGD (2.7)

Then, OFDM signal is passed by parallel to serial conversion and the digital output real(I) and

imaginary (Q) parts are converted to analog domain using two DACs. Low-pass filters are used

to remove the aliasing replicas before the up-conversion of the signal to the optical domain.

The up-conversion is performed by IQ modulator composed by two MZM and a π
2 phase shift.
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An identical process is done for the second polarization. The two polarization signal are

then combined to get DP-CO-OFDM signal for each sub-bands. The final step before the trans-

mission over the optical fiber is the OFDM modulated sub-bands aggregation. The MB-OFDM

signal processing and detection at the receiver is detailed in the following.

MB-OFDM receiver The received signal is passed firstly by a dual-polarization receiver based

on coherent detection. A polarization beam splitter separates the signal into two orthogonal

polarization states. In MB-OFDM transmission system, the receiver processes band by band.

So, a band selection and optical filtering is done to get the signal of each band separately.

Then, an ADC performs the analog to digital conversion and a delay compensation is done for

each sub-band.

In superchannel transmission, the use of advanced modulation formats and multi-band

approach with small guard-band strongly increase fiber nonlinear effects. Thus, nonlinear

effects compensation is necessary to get high spectral efficiency without loss in system perfor-

mance such as transmission reach. A nonlinear equalizer based on digital signal processing is

used to compensate nonlinear effects. Several techniques are proposed such as digital back-

propagation(DBP) and volterra series based equalizer and they will be detailed in the section

2.3. Finally, OFDM demodulation and signal detection is done. Fig.2.6 shows the MB-DP-

CO-OFDM receiver set-up. Fig.2.7 emphasizes DP-CO-OFDM signal demodulation and signal

detection.

Figure 2.6: MB-DP-CO-OFDM receiver set-up

Figure 2.7: DP-OFDM demodulation and signal detection

Time and frequency synchronizations are required in OFDM system. In fact, an incorrect

estimation of the beginning of the OFDM frame and the location of OFDM subcarriers results

in loss of orthogonality. That leads to strong reduction of performance because of inter-symbol

interference (ISI) and inter-carrier interference (ICI) [38]. Different algorithms are proposed
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for time synchronization such as Schmidl and Cox [39] method and Shi and Seepedin [40].
Frequency synchronization consists in compensating the relative carrier frequency offset (CFO)

between lasers used in transmission and reception. CFO leads to ICI and SNR penalty [34] and

it can be quantified by the normalized CFO with respect to the subcarrier spacing ∆ f given

by ε= ∆C FO
∆ f . The main idea for CFO estimation and correction is firstly computing the integer

and fractional parts of ε and then correcting the phase shift in time domain. It can be also

done in frequency domain by shifting the spectrum circularly.

After that, cyclic prefix is removed before passing to frequency domain by applying FFT.

Null subcarriers, used to insert guard-band between sub-bands, are suppressed and then chan-

nel estimation is performed based on training sequence. Channel estimation is required to

separate the two polarizations and to compensate phase rotation and attenuation on subcarri-

ers. The most popular estimation technique is suggested in [41] and it is based on least square

estimation. To reduce the computational complexity, time-interleaved training sequences are

used. The main idea is transmitting training sequence s1 on polarization x for the first time

slot t1 and training sequence s2 on polarization y in the second time slot t2. The received

signal Yk for the k-th subcarrier can be written as:

Yk = Hk.

�

s1,t1
(k) 0

0 s2,t2
(k)

�

+

�

nt1
(k)

nt2
(k)

�

(2.8)

where Hk is channel matrix and [nt1
(k)nt2

(k)]T represents the frequency-domain noise within

subcarrier k. Then the estimation of channel matrix Ĥk is computed by:

Ĥk = Yk.S#
k (2.9)

here Sk is the 2×2 matrix of training sequence. S#
k = (S

H
k Sk)−1SH

k and the superscript H denote

the conjugate transpose.

After channel estimation and equalization, phase noise compensation is performed using

pilots tones. Phase noise affects OFDM signal by creating ICI and a common phase error (CPE)

to all the subcarriers of the same OFDM symbol. Mainly, two methods are used for CPE esti-

mation and correction. The first one, firstly developed for wireless systems, uses known data

at certain subcarriers as pilot tones to estimate the common phase rotation of all subcarriers

without taking into accounts ICI [42]. The second one consists in inserting RF pilot in the

middle of the OFDM signal spectrum [43]. This pilot, which experiences the same phase noise

as the OFDM signal, is extracted at the receiver using low-pass filter and conjugated. Then,

CPE is removed by multipiling the OFDM signal by the RF pilot. This method reduces also ICI

caused by the phase noise.

Finally, symbol detection is done based on zero-forcing (ZF) equalizer. The detected symbol

is obtained by applying a threshold detector on the following signal:

Zk = Ĥ#
k .Yk. (2.10)

ZF equalization is used due to its low-complex implementation, and is optimal for CD and

PMD impairments since they are represented by an unitary matrix.
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2.2.2 Nyquist-WDM superchannel transmission system

Until its deployment in the mid-1990’s, WDM system has evolved in terms of density of chan-

nels in the EDFA bandwidth to meet the demands on fiber capacity. From low density such as

in coarse WDM (CWDM) to very high density, WDM systems can be classified based on channel

spacing. Let∆ f be the channel/band spacing. We define δ = ∆ f
Rs

as the channel/band spacing

factor. The following table 4.1 summarizes the different classes of WDM system in function of

the channel spacing factor.

Table 2.1: WDM system classes

Definition channel spacing δ

Coarse WDM δ > 50

WDM δ > 5

Dense WDM 1.2< δ ≤ 5

Quasi-Nyquist WDM 1< δ ≤ 1.2

Nyquist WDM δ = 1

Super-Nyquist WDM δ < 1

The deployment of coherent detection and multi-level modulation formats allowed the

reduction of symbol rate and the increase of spectral efficiency. That results in WDM systems

more and more dense in terms of number of channels. Quasi-Nyquist WDM, Nyquist WDM

and super-Nyquist WDM are known as superchannel systems and they are expected to be

implemented for the next generation of long-haul transmission systems.

2.2.2-a Nyquist-WDM superchannel concept

The principle of Nyquist WDM approach consists in the aggregation of multiple channels,

also called subcarriers in the state-of-the-art (Be careful : these subcarriers correspond to a

band –and not to a subcarrier– in a multi-band OFDM), with channel spacing equal to the

Nyquist limit for transmission without inter-symbol interference. The multiple subcarriers

have a almost rectangular spectrum –typically obtained thanks to Root Raised-Cosine (RRC)

with a low roll-off– and construct a so-called superchannel. They are routed through optical

add-drop mulitplexers(OADMs) and wavelength selective switches (WSSs) as a single entity.

Two configurations of reduced guard-band WDM system are also subject of research demon-

strations to evaluate their performance. The first one is called quasi-Nyquist WDM, in this

case the subcarrier spacing is slightly higher than symbol rates [44]. The second approach

is known as super-Nyquist WDM and it allows an overlap between optical subcarriers [45].
Fig.2.8 shows the spectrum of Nyquist WDM signal. The transmitter and receiver set-up of

Nyquist-WDM tranmission system are given in the following.
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Figure 2.8: Nyquist WDM superchannel system

2.2.2-b Nyquist WDM transmitter

As the case of MB-OFDM transmitter, the desired number of optical subcarriers are generated

by different transmitter with different wavelengths. After that, these subcarriers are combined

with spacing equal to symbol rate and then transmitted over the optical link. The transmitted

signal is given by eq.2.6. For each subcarrier, the generated binary data for both polarizations

are mapped onto M-QAM symbols. After digital-to-analog conversion, a IQ-modulator is used

for up-conversion of the analog signal to the optical domain.

The transmitter structure of each subcarrier is depicted in fig.2.9. A root raised-cosine

Figure 2.9: Nyquist WDM transmitter set-up

filter (RRC) is used to spectrally shape the optical subcarriers. RRC filter requires additional

bandwidth expressed as a percentage of the symbol rate and called roll-off factor. RRC filter
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satisfies Nyquist criterion of transmission without interference.

2.2.2-c Nyquist WDM receiver

At the receiver side, the received signal is passed first by a dual-polarization coherent receiver.

A local oscillator (LO) is used to extract the amplitude and the phase for each polarization.

Then, four balanced photodetectors (one for I , one for Q per polarization) ensure the detection

of the signal components. Subcarrier selection is done by changing the frequency of the LO

so that each subcarrier signal is DSP processed and detected separately. After that, the signal

is filtered using low-pass filter and an ADC convert it to digital domain. Fig.2.10 shows the

receiver set-up for Nyquist WDM transmission. Fiber impairments are fully mitigating by DSP.

Figure 2.10: Nyquist WDM receiver set-up

The first step of DSP is nonlinear effects compensation. Nonlinear equalizer (NLE) is applied

to combat fiber nonlinear effects which present a strong limitation for superchannel transmis-

sion systems. In fact, high bit rate transmission with Nyquist subcarrier spacing significantly

increase nonlinearity such as SPM, XPM, XpolM and FWM. NLE compensates both nonlinear

effects and the linear CD.

Then, an adaptive blind equalizers is used to compensate for dispersion like PMD and resid-

ual CD. Adaptive blind equalizers have simple implementation and avoid the decrease of spec-

tral efficiency by using training sequence. Several equalizers have been used such as Constant

Modulus Algorithms (CMA) mainly used for PSK modulation [46], Radius Directed Equalizer

(RDE) which is an adaptation of CMA to QAM modulation [47], and Decision-Directed equal-

izer (DD) [48]. Generally, the principle of these equalizers consists in estimating FIR filter

coefficients by minimizing the following cost function for each polarization:

JEq(wx/y) = E[JEq,n(wx/y)] (2.11)

where JEq,n(wx/y) = (| zx/y(n) |2 −REq)2 with the equalizer wx/y for polarization either x or

y and the equalizer output zx/y for polarization either x or y . REq refers to the modulus of

the constellation which is constant in case of CMA and variable for RDE. It corresponds to the

decision symbol when DD equalizer is applied.

To avoid ISI, as described in MB-CO-OFDM receiver 2.2.1-b, carrier frequency estima-

tor (CFE) is used to estimate and correct the CFO between lasers at the transmitter and re-

ceiver. After the compensation of fiber impairments, constant phase estimation is done based
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on Viterbi-Viterbi algorithm. The basic idea of Viterbi-Viterbi algorithm is elevating the sig-

nal to the M -th power for M -PSK modulation [49] and to the 4-th power when the signal is

M -QAM modulated [50]. Finally, symbol decision is performed by a threshold detector.

2.3 Nonlinear effects compensation techniques: State of the art

Nonlinear Kerr effect is a strong limitation factor for increasing fiber capacity. Kerr-induced

nonlinear effects increase with the injected optical power and the decrease of channel spac-

ing. Superchannel systems use multi-level modulation formats and subcarriers multiplexing

at symbol rate. This kind of transmission systems is strongly vulnerable to fiber nonlinearity.

Therefore, nonlinear effects mitigation is a hot topic currently for increasing fiber capacity

without loss in system performance.

Several approaches have been proposed to compensate for fiber nonlinear effects [51].
Some of these techniques such as phase-conjugation, digital back-propagation (DBP) and

Volterra based nonlinear equalizer (VNLE), have attracted more attention and they can be

presented as promising methods to deal with fiber nonlinearity. Phase conjugation consists in

inverting the spectrum of the data signal in the middle of the transmission link [52]. It can

be implemented either in optical domain or electrical domain. However, it requires precise

positioning and symmetric link design to get the desired performance.

Thanks to the introduction of coherent detection, DSP algorithms have been employed to

combat fiber impairments and in particular nonlinear distortion. DBP and third-order VNLE

have been suggested to deal with fiber nonlinearity in digital domain. These techniques pro-

vide an approximate numerical solution of the Manakov equation (NLSE in case of single-

polarization transmission) given by:

∂ Yx/y

∂ z
+ j
β2

2

∂ 2Yx/y

∂ t2
+
α

2
Yx/y = jγ′(|Yx |2 + |Yy |2)Yx/y (2.12)

where Yx/y is complex field envelope for polarization x/y and γ′ = 8
9γ. The solution of the

Manakov equation is not known analytically only for particular cases such as zero-dispersion

transmission. Thus, numerical solution such as DBP and VNLE have been proposed.

2.3.1 Digital back propagation

DBP concept consists in transmitting the received signal through a fictitious fiber with inverse

parameters. It is based on split-step Fourier method (SSFM). SSFM is an efficient technique

and widely used to solve eq.2.12. SSFM divides the fiber link into several steps with small

distance. For each step, the fiber link is modeled as a concatenation of linear and nonlinear

operators.

By introducing the linear operator D̂ and the nonlinear operator N̂ , eq.2.12 can be written

as:
∂ Yx/y

∂ z
= (D̂+ N̂)Yx/y (2.13)
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where D̂ = − j β2
2
∂ 2

∂ t2 − α
2 and N̂ = jγ′(|Yx |2 + |Yy |2). Then, the transmitted signal can be

calculated from the inverse Manakov equation that governs the wave propagation inside the

virtual fiber:

∂ Yx/y

∂ z
= (D̂−1 + N̂−1)Yx/y (2.14)

This equation can be solved using the noniterative asymmetric SSFM. Different ways of DBP

implementation have been proposed depending on the implementation order of the linear and

the nonlinear operators [53][54]. Preferably, the linear operator is applied in the first place

because nonlinear effects are more important at high input power which is the case at the end

of the virtual fiber.

The implementation of the linear operator is performed in frequency domain. the linear

operator D̂ compensate for the CD and its output is given by:

ZC D
x/y(ω, z) = Yx/y(ω, z)e− jh

�

α
2+

β2
2 ω

2
�

(2.15)

After that, the nonlinear operator is applied in time domain to compensate for Kerr-induced

Figure 2.11: DBP principle for dual-polarization system

nonlinear effects. The output of the equalizer is expressed by:

Zx/y(t, z) = ZC D
x/y(t, z)e− jϕγ′h(|ZC D

x |
2+|ZC D

y |
2) (2.16)

where 0< ϕ < 1 is a real-valued optimization parameter.

DBP technique has been assessed by simulation and experimental researches. As showed

in fig.2.11 where Ns is the number of steps, DBP can be realized either in single-step per span

or multi-step per span. It is a precise technique and it provides high performance at small step

size. However, it has high computational load for real-time implementation as the number of

steps per span increase. Some new approaches are proposed to reduce the complexity of DBP

based on SSFM such as weighted SSMF [55].

In superchannel transmission system, DBP performance are affected by nonlinear effects

depending on the copropagating bands such as FWM, XPM and XpolM.
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2.3.2 Nonlinear effects compensation based on Volterra series

Fiber nonlinear effects can be modeled based on Volterra series transfer function (VSFT). In

fact, VSTF is a powerful tool for solving the Manakov equation eq.2.12 (NLSE in case of single-

polarization transmission) as shown in [56]. After modeling the optical channel based on

VSTF, the p-th order theory developed by Schetzen [57] is used to derive the inverse (I)VSTF

kernels in function of VSTF ones. IVSTF kernels characterize the nonlinear equalizer which

compensate for fiber nonlinearity and CD. In the following, an overview about Volterra series is

given. Then VSTF based fiber model is described before detailing Volterra NonLinear Equalizer

(VNLE).

2.3.2-a Volterra Series overview

The Volterra series is a model for nonlinear behavior, it can be considered as Taylor series

with memory. Whereas the usual Taylor series only represents systems that instantaneously

map the input to the output, the Volterra series characterize systems in which the output also

depends on past inputs. Mathematically, it is expressed as the following equation [58]:

y(t) =
∞
∑

N=1

∫ ∞

0

∫ ∞

0

hn(τ1, ..,τn)x(t −τ1)...x(t −τn)dτ1...dτn (2.17)

where x is the input of the system, y is the output, and hn(τ1, ..,τn) is called the n-th order

Volterra kernel. This is equivalent to the following operator formulation :

y(t) = H[x(t)] =
∞
∑

n=1

Hn[x(t)] (2.18)

where each Hn is called the n-th order Volterra operator given by:

Hn[x](t) =

∫ ∞

−∞
...

∫ ∞

−∞
hn(τ1, ..,τn)x(t −τ1)...x(t −τn)dτ1...dτn (2.19)

The first-order term is the convolution integral typical of linear dynamical systems with

h1 being the impulse-response function. The higher order terms are multiple convolutions,

involving products of the input values for different delay times.

For the optical fiber, because of the band pass nature, the even order terms in the Volterra

transfer function will not generate in-band frequency components, thus the even order terms

in the band pass Volterra series can be ignored.

2.3.2-b Fiber model based on Volterra series

We consider an SMF with N spans each of them with length L as transmission channel. Let

X be the transmitted dual-polarization signal corresponding to the sequence S of information

symbols and Y the fiber output of the N -th span. In the frequency domain, assuming a third-

order Volterra approximation, the solution of eq.2.12 can be expanded as follows

Yx/y = H1[X x/y] +H3[X x , X y] (2.20)
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where H1 and H3 are the first-order and third-order VSTF operators. The corresponding ex-

pression based on VSTF kernels (in the frequency-domain) is given by:

Yx/y(ω) = h1(ω)X x/y(ω) +

∫∫

h3(ω1,ω2,ω−ω1 +ω2) (2.21)

× [X x(ω1)X
∗
x(ω2) + X y(ω1)X

∗
y(ω2)]X x/y(ω−ω1 +ω2)dω1dω2

where the superscript ()∗ stands for the complex conjugate. The kernels h1 and h3 are available

in [59] and equal to

h1(ω)= e− jω2β2N L/2 (2.22)

h3(ω1,ω2,ω−ω1 +ω2)=
− jch1(ω)

4π2

N−1
∑

k=0

e− jkβ2∆ΩL (2.23)

with∆Ω= (ω1−ω)(ω1−ω2) is the spacing between the discrete frequencies in the sampling

spectrum and c′ = γ′Le f f with Le f f the effective length defined in eq.1.17.

2.3.2-c Volterra based nonlinear equalizer

Like DBP, VNLE attempts to construct the inverse of the channel. Using p-th order theory, up

to third-order inverse Volterra operator Ki can be computed from Volterra operators Hi as:

K1 = H−1 (2.24)

K3 = K1H3[K1] (2.25)

and then the IVSTF kernels can be expressed as the following [59]:

k1(ω)= e jω2β2N L/2 (2.26)

k3(ω1,ω2,ω−ω1 +ω2)=
jc′k1(ω)

4π2

N
∑

k=1

e jkβ2∆ΩL (2.27)

where k1 and k3 are the first-order and third-order IVSTF kernels respectively. Thus, the VNLE

output can be written in function of the received signal as:

Zx/y(ω) = k1(ω)Yx/y(ω) +

∫∫

k3(ω1,ω2,ω−ω1 +ω2)

× [Yx(ω1)Y
∗
x (ω2) + Yy(ω1)Y

∗
y (ω2)]Yx/y(ω−ω1 +ω2)dω1dω2 (2.28)

The advantage of VNLE compared to other approaches is the possible implementation in

parallel and that reduces the computational load. VNLE can be processed in frequency domain

[60], in time domain [61], and in both frequency and time domain [59]. FFT and IFFT are

used to pass from time domain to frequency domain and inversely. The principle of VNLE

implementation based on both frequency and time domain is depicted in fig.2.12 . For each
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Figure 2.12: VNLE principle for dual-polarization system

polarization, the compensation can be divided into two parts processed in parallel. Linear part

which consists in CD compensation and the output is given by:

Z0
x/y(ω) = k1(ω)Yx/y(ω) = hN

cd(ω)Yx/y(ω) (2.29)

We define hcd = e jω2β2
L
2 as the transfer function of CD compensation at each span. Concerning

the nonlinear part of compensation, it is processed in parallel and it can be divided into N

stages. For each span, the output Zk
x/y is derived firstly by passing the received signal through

a CD compensation multiplied by those of the previous spans. After that, IFFT is used to pass

to time domain and perform the nonlinear compensation. It consist in multiplying the signal

by the total amount of power of the two polarizations and a constant jc′. Then, the output is

converted to frequency domain by an FFT to perform the residual dispersion compensation.

Fig.2.13 shows the principle of nonlinear equalization part for each span.

The output of the VNLE is got by combining the linear and nonlinear compensation:

Zx/y(ω) = Z0
x/y(ω) +

N
∑

k=1

Zk
x/y(ω) (2.30)

where the output of each span Zk
x/y is given by:

Zk
x/y(ω) =

jc′

4π2

∫∫

e jkβ2∆ωL[Yx(ω1)Y
∗
x (ω2) + Yy(ω1)Y

∗
y (ω2)]Yx/y(ω−ω1 +ω2)dω1dω2

(2.31)

VNLE has shown a high performance in combating nonlinear effects for signle-channel trans-

mission systems. It has lower computational time compared to DBP. Some new approaches are
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Figure 2.13: Realization of nonlinear equalization for stage k

proposed to reduce complexity such as weighted Volterra series nonlinear equalizer (W-VSNE)

[62]. However, VNLE performance are decreased in superchannel transmission because of

nonlinear effects depending on the adjacent bands such as FWM, XPM and XpolM.

2.3.3 Superchannel systems simulation results

2.3.3-a MB-OFDM simulation results

In this simulation part, the setup is inspired from the SASER European project whose the goal

is to design a 400Gb/s system for long-haul communications [36]. We have four bands of

bandwidth 20GHz each and spaced by 2GHz interval guard. On each band, we consider a

dual-polarization 16-QAM OFDM with 512 subcarriers. The communication is done over 10

spans of 100km each, so 1000km. Each span is a standard SMF with α = 0.2dB.km−1, CD

coefficient D = 17ps.nm−1.km−1, and γ= 0.0014m−1.W−1. The polarization mode dispersion

(PMD) is 0.1ps.km−1/2. We use Erbium-Doped Fiber Amplifier (EDFA) with a 5.5dB noise

figure and a 22dB gain at each span.

The performance are given through the Q factor which relates to BER by

Q = 20 log10[
p

2er f c−1(2BER)] (2.32)

Fig.2.14 shows Q factor versus input power for a single-band OFDM configuration. Single-

step DBP and third-order VNLE outperform linear equalization and the gain is about 2dB

and 1.2dB respectively. DBP has better performance than third-order VNLE in single-band

configuration.
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Figure 2.14: Input power vs. Q factor for single-band dual-polarization OFDM transmission
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Figure 2.15: Input power vs. Q factor for four-band dual-polarization OFDM transmission

Fig.2.15 shows Q factor versus input power for a four-band OFDM based superchannel

system. The gain is about 0.8 and 0.6, in comparsion with linear equalizer, for DBP and VNLE

respectively. Thus, DBP and VNLE performance are strongly reduced in MB-OFDM configura-

tion.
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2.3.3-b Nyquist-WDM simulation results

We generate a dual-polarization 16QAM modulated Nyquist-WDM superchannel with 4 sub-

carriers. The bit rate is 448Gbps and the symbol rate per subcarrier and per polarization is

Rs = 14Gbaud. As in MB-OFDM simulation, the transmission line consists of multi-span stan-

dard SMF with the same parameter. The shaping filter is a Root-Raised Cosine (RRC) with roll

off ρ = 0.01. An Erbium-Doped Fiber Amplifier (EDFA) with a 5.5dB noise figure and a 20dB

gain is used at each span of 100km. Notice that the analog to digital converter (ADC) works

at twice the symbol rate.

We evaluate the performance Nyquist WDM in function of the subcarrier spacing factor δ.

Fig.2.16 shows Q factor versus input power in Quasi-Nyquist WDM configuration with δ = 1.2.

In this case, the gain in terms of Q factor is about 0.5dB for third-order VNLE and 0.6dB for

DBP compared with linear equalization.
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Figure 2.16: Input power vs. Q factor for four-band dual-polarization Quasi-Nyquist WDM

transmission

When passing to Super-Nyquist WDM configuration with δ = 0.95 in fig.2.17. The per-

formance of DBP and third-order VNLE is reduced by about 1.8dB in comparison with Quasi-

Nyquist WDM configuration. In addition, the gains of DBP and VNLE are about 0.4dB and

0.3dB respectively compared to linear case. Therefore, classic DBP and VNLE performance

are reduced in superchannel systems.

2.4 Conclusion

In this chapter, we described the next generation of long-haul WDM transmission systems.

It consists in the use of high spectral efficiency modulation formats and superchannel ap-
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Figure 2.17: Input power vs. Q factor for four-band dual-polarization Super-Nyquist WDM

transmission

proaches.Then, superchannel systems based on MB-OFDM and Nyquist WDM are detailed.

The major constraint that faces this kind of transmission systems is the Kerr-induced nonlin-

ear effects. Fiber nonlinearties increase with the input power and are inversely proportional to

the band/subcarrier spacing. Thus, nonlinear effects compensation is required in superchan-

nel systems. We gave the state of the art about nonlinear effects mitigation techniques. We

also demonstrated by simulation that the performance of these techniques are reduced in such

transmission systems. To increase the transmission performance in superchannel systems, we

propose two new techniques

• We would like to push the VNLE for intra-band interference compensation. Therefore

we propose a fifth-order VNLE in chapter 3.

• We would like to reduce the inter-band interference. Therefore we propose a Inter-band

Nonlinear Interference Canceler (INIC) in chapter 4.



CHAPTER 3

FIFTH-ORDER VOLTERRA

BASED-NONLINEAR EQUALIZER IN

SUPERCHANNEL SYSTEM

Third-order Volterra based nonlinear equalization has been already considered to compensate

for nonlinear effects in the optical fiber [59][60]. Because of the increase of nonlinear effects

when considering superchannel transmission systems, improving nonlinear compensation per-

formance is required. Our work idea to improve nonlinear mitigation consists in increasing the

order of the nonlinear equalizer. We pass from third-order VNLE to fifth-order VNLE. Before

evaluating the performance of this new equalizer by simulation, the main work is to derive

mathematically the fifth-order inverse Volterra kernels and to find a practical implementation

scheme.

In this chapter, we firstly give a brief description of p-th order inverse theory. After that,

we derive fifth-order inverse Volterra kernels and we give an implementation scheme of the

fifth-order VNLE in case of single-polarization and dual-polarization configuration. Finally,

simulations are done to evaluate fifth-order VNLE performance.

3.1 P-th order inverse theory

P-th order inverse theory, developed by Schetzen [58], can be used to compute the inverse

Volterra kernels that characterize the VNLE in function of the Volterra kernels that model

the optical fiber. To do that, we pass first by the inverse Volterra operator, then the inverse

kernels can be deduced using eq.2.19 in time domain or the equivalent expression in frequency

domain. As described in Section 2.3.2-a, a physical nonlinear system, which is the optical fiber

in our case, can be modeled based in Volterra series as:

y(t) = H[x(t)] =
∞
∑

n=1

Hn[x(t)] (3.1)
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where H is called the system operator and Hn is the n-th order Volterra operator. The p-th-

order inverse model K(p), which corresponds to the output of the nonlinear equalizer, can be

written when applied to a signal y as:

z(t) = K(p)[y(t)] =
p
∑

n=1

Kn[y(t)] (3.2)

where Kn is n-th order Volterra inverse operator. The principle of p-th order inverse theory is

the following. For a nonlinear systems H, the P-th order inverse K(p) is defined such that the

resulting system Q have the first-order Volterra kernel equal to be the unit impulse response

and the n-th order kernels (with n< p+ 1) are zero as shown in fig.3.1 [57].

Q[x(t)] = x(t) +
∞
∑

n=p+1

Qn[x(t)] (3.3)

After that, the expression of the inverse Volterra operators Kn can be determined as described

H	 vKp	
x(t) y(t) z(t) = Q[x(t)]  

Figure 3.1: System Q formed by tandem connection of K(p) and H

in [58].

3.2 Kernels derivation and implementation

Our work consists in implementing fifth-order VNLE and comparing the simulation results to

the third-order VNLE. Due to the property of the optical fiber, only odd-order kernels accounts

for the fiber model and the nonlinear equalization. The output of fifth-order equalizer can be

written based on inverse Volterra operators as:

Z = K1[Y ] + K3[Y ] + K5[Y ] (3.4)

The expressions of the inverse Volterra operators K1,K3, and K5 are given in [63]:

K1 = H−1
1 (3.5)

K3 = −K1H3K1 (3.6)

K5 = K1[−H3[K1 + K1H3K1]− 3H3K1] (3.7)

+ K1[0.5H3K1H3K1 + 0.5H3[2K1 + K1H3K1]]

In eq.3.7, we do not take into account the fifth-order IVSTF term related to fifth-order VSTF

H5 because of the complexity of implementation. Therefore, we consider third-order VSTF

fiber model and fifth-order IVSTF nonlinear equalizer. An explicit expressions for Z1 = K1[Y ]
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and Z3 = K3[Y ] have been already developed and the IVSTF kernels k1 and k3 are given by

eq.2.26 and eq.2.26 respectively.

Our main contribution is to exhibit a closed-form expression for the operator K5 for which

the input is Y and the output is denoted Z5 = K5[Y ]. In the following, we detail the fifth-order

IVSTF derivation and the fifth-order VNLE implementation in case of single-polarization and

dual-polarization transmission.

3.2.1 Kernels derivation and implementation: single-polarization configuration

We consider an SMF with N spans, each of length L, attenuation coefficient α, second-order

dispersion parameter β2, and nonlinear coefficient γ. The solution of the NLSE (eq.1.6) that

governs the wave propagation inside an SMF can be written based on VSTF as:

Y = H1[X ] +H3[X ] (3.8)

where H1 and H3 are the first-order and third-order VSTF operators. The corresponding ex-

pression based on VSTF kernels is given by:

Y (ω) = h1(ω)X (ω) +

∫∫

h3(ω1,ω2,ω−ω1 +ω2)X (ω1)X
∗(ω2)X (ω−ω1 +ω2)dω1dω2

(3.9)

In the following a general expression of K5 and then Z5 should be found before deriving a

closed from expression for nonlinear compensation in optical fiber.

3.2.1-a Technical preliminaries

Eq.(3.7) corresponds to the fifth-order inverse Volterra operator without taking into accounts

the fifth-order Volterra operator H5 because of the complexity of implementation. This equa-

tion can be written easily as:

K5 = −K1H3 L1 + 3K3 + 0.5K1H3 L2 + 0.5K1H3 L3 (3.10)

with L1 = K1−K3, L2 = −K3, and L3 = 2K1−K3. Then the output Z5 can be decomposed into

four terms defined as the following.

Z5 = K5[y] = z1 + z2 + z3 + z4

with

z1 = −K1H3[`1]

z2 = 3K3[Y ]

z3 = 0.5K1H3[`2]

z4 = 0.5K1H3[`3]

where `i = Li[Y ]. In the following, each term zi will be derived to find the corresponding

kernels. Then a simplified version of Z5 will be found.
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Derivations of z1

Using the integral form of the third-order Volterra operator which introduces the corre-

sponding kernel, the expression of z1 can be written as:

z1(ω) = −k1(ω)

∫

ω1

∫

ω2

h3(ω1,ω2,ω−ω1 +ω2)`1(ω1)`
∗
1(ω2)`1(ω−ω1 +ω2)dω1dω2

(3.11)

Similarly, `1 is expressed based on the integral form by:

`1(ω) = k1(ω)y(ω)−
∫

ω3

∫

ω4

k3(ω3,ω4,ω−ω3 +ω4)Y (ω3)Y
∗(ω4)Y (ω−ω3 +ω4)dω3dω4

Consequently, after replacing `1 in eq.3.11 by its expression we obtain,

z1(ω) = −k1(ω)

∫

ω1

∫

ω2

h3(ω1,ω2,ω−ω1 +ω2)[k1(ω1)Y (ω1)

−
∫

ω3

∫

ω4

k3(ω3,ω4,ω1 −ω3 +ω4)Y (ω3)Y
∗(ω4)Y (ω1 −ω3 +ω4)dω3dω4][k

∗
1(ω2)Y

∗(ω2)

−
∫

ω5

∫

ω6

k∗3(ω5,ω6,ω2 −ω5 +ω6)Y
∗(ω5)Y (ω6)Y

∗(ω2 −ω5 +ω6)dω5dω6]

× [k1(ω−ω1 +ω2)y(ω−ω1 +ω2)−
∫

ω7

∫

ω8

K3(ω7,ω8,ω−ω1 +ω2 −ω7 +ω8)

× y(ω7)y
∗(ω8)y(ω−ω1 +ω2 −ω7 +ω8)dω7dω8]dω1dω2

By developing the previous equation, we obviously obtain an expression of z1 with a sum

of eight terms t i .

z1(ω) = −
8
∑

i=1

k1(ω)

∫

ω1

∫

ω2

h3(ω1,ω2,ω−ω1 +ω2)t i(ω1,ω2)dω1dω2 (3.12)

with

t1(ω1,ω2) = k1(ω1)k
∗
1(ω2)k1(ω−ω1 +ω2)Y (ω1)Y

∗(ω2)Y (ω−ω1 +ω2)

t2(ω1,ω2) = −k1(ω1)k
∗
1(ω2)Y (ω1)y

∗(ω2)

∫

ω7

∫

ω8

k3(ω7,ω8,ω−ω1 +ω2 −ω7 +ω8)

× y(ω7)Y
∗(ω8)Y (ω−ω1 +ω2 −ω7 +ω8)dω7dω8

t3(ω1,ω2) = −k1(ω1)k1(ω−ω1 +ω2)Y (ω1)Y (ω−ω1 +ω2)

×
∫

ω5

∫

ω6

k∗3(ω5,ω6,ω2 −ω5 +ω6)Y
∗(ω5)Y (ω6)Y

∗(ω2 −ω5 +ω6)dω5dω6
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t4(ω1,ω2) = k1(ω1)y(ω1)

∫

ω5

∫

ω6

k∗3(ω5,ω6,ω2 −ω5 +ω6)Y
∗(ω5)Y (ω6)

× Y ∗(ω2 −ω5 +ω6)dω5dω6

∫

ω7

∫

ω8

k3(ω7,ω8,ω−ω1 +ω2 −ω7 +ω8)

× Y (ω7)Y
∗(ω8)Y (ω−ω1 +ω2 −ω7 +ω8)dω7dω8

t5(ω1,ω2) = −k∗1(ω2)k1(ω−ω1 +ω2)Y
∗(ω2)Y (ω−ω1 +ω2)

×
∫

ω3

∫

ω4

k3(ω3,ω4,ω1 −ω3 +ω4)Y (ω3)Y
∗(ω4)Y (ω1 −ω3 +ω4)dω3dω4

t6(ω1,ω2) = k∗1(ω2)Y
∗(ω2)

∫

ω3

∫

ω4

k3(ω3,ω4,ω1 −ω3 +ω4)

× Y (ω3)Y
∗(ω4)Y (ω1 −ω3 +ω4)dω3dω4

∫

ω7

∫

ω8

k3(ω7,ω8,ω−ω1 +ω2 −ω7 +ω8)

× Y (ω7)Y
∗(ω8)Y (ω−ω1 +ω2 −ω7 +ω8)dω7dω8

t7(ω1,ω2) = k1(ω−ω1 +ω2)Y (ω−ω1 +ω2)

∫

ω3

∫

ω4

k3(ω3,ω4,ω1 −ω3 +ω4)

× Y (ω3)Y
∗(ω4)Y (ω1 −ω3 +ω4)dω3dω4

∫

ω5

∫

ω6

k∗3(ω5,ω6,ω2 −ω5 +ω6)

× Y ∗(ω5)Y (ω6)Y
∗(ω2 −ω5 +ω6)dω5dω6

t8(ω1,ω2) = −
∫

ω3

∫

ω4

k3(ω3,ω4,ω1 −ω3 +ω4)Y (ω3)Y
∗(ω4)Y (ω1 −ω3 +ω4)dω3dω4

×
∫

ω5

∫

ω6

k∗3(ω5,ω6,ω2 −ω5 +ω6)Y
∗(ω5)Y (ω6)Y

∗(ω2 −ω5 +ω6)dω5dω6

×
∫

ω7

∫

ω8

k3(ω7,ω8,ω−ω1 +ω2 −ω7 +ω8)Y (ω7)Y
∗(ω8)

× Y (ω−ω1 +ω2 −ω7 +ω8)dω7dω8

This notation will be used also for the derivation of the other terms zi of the output Z5.

Some of t is contain at most four integrals which is the maximal desired number of integrals

for a fifth order kernel.
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Derivations of z2

The expression of z2 is written using the integral form of the third-order inverse Volterra

operator as the following:

z2(ω) = 3

∫

ω1

∫

ω2

k3(ω1,ω2,ω−ω1 +ω2)Y (ω1)Y
∗(ω2)Y (ω−ω1 +ω2)dω1dω2 (3.13)

To obtain an expression of z2 having the same notation used for z1, we use eq.3.6 to express

the third-order inverse Volterra operator in function of the corresponding Volterra operator

H3. Therefore, we are able to write z2 as

z2(ω) = −3k1(ω)

∫

ω1

∫

ω2

h3(ω1,ω2,ω−ω1 +ω2)t1(ω1,ω2)dω1dω2 (3.14)

Derivations of z3

As the case of the previous terms, the expression of z3 can be written using the integral form

of the third-order Volterra operator as the following:

z3(ω) = 0.5k1(ω)

∫

ω1

∫

ω2

h3(ω1,ω2,ω−ω1 +ω2) (3.15)

× `2(ω1)`
∗
2(ω2)`2(ω−ω1 +ω2)dω1dω2

Using the integral form, `2 is given by:

`2(ω) = −
∫

ω3

∫

ω4

k3(ω3,ω4,ω−ω3 +ω4)Y (ω3)Y
∗(ω4)Y (ω−ω3 +ω4)dω3dω4

By introducing the same notation of previous terms, the final expression of z3 can be written

in function of t i terms as the following:

z3(ω) = 0.5k1(ω)

∫

ω1

∫

ω2

h3(ω1,ω2,ω−ω1 +ω2)t8(ω1,ω2)dω1dω2 (3.16)

Derivations of z4

The last term z4 should be expressed as the same way of the previous terms zi to get a

simplified version of Z5. Using the integral form of the third-order Volterra operator, z4 can be

written as the following:

z4(ω) = 0.5k1(ω)

∫

ω1

∫

ω2

h3(ω1,ω2,ω−ω1 +ω2)`3(ω1)`
∗
3(ω2)`3(ω−ω1 +ω2)dω1dω2

(3.17)
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with

`3(ω) = 2k1(ω)y(ω)−
∫

ω3

∫

ω4

k3(ω3,ω4,ω−ω3 +ω4)Y (ω3)Y
∗(ω4)Y (ω−ω3 +ω4)dω3dω4

By proceeding in the same manner, we obtain almost the same expression as for z1, only

some coefficients before t i are different. We so have:

z4(ω) = k1(ω)

∫

ω1

∫

ω2

h3(ω1,ω2,ω−ω1 +ω2)

× [4t1(ω1,ω2) + 2t2(ω1,ω2) + 2t3(ω1,ω2) + t4(ω1,ω2) + 2t5(ω1,ω2)

+ t6(ω1,ω2) + t7(ω1,ω2) + 0.5t8(ω1,ω2)]dω1dω2

(3.18)

Final results

By combining the expressions of each term zi , we now have that

Z5(ω) = k1(ω)

∫

ω1

∫

ω2

h3(ω1,ω2,ω−ω1 +ω2) (3.19)

× (t2(ω1,ω2) + t3(ω1,ω2) + t5(ω1,ω2))dω1dω2.

Finally, we can write Z5 as the following:

Z5(ω) = q1(ω) + q2(ω) + q3(ω) (3.20)

with

q1(ω) = −k1(ω)

∫

ω1

∫

ω2

h3(ω1,ω2,ω−ω1 +ω2)k1(ω1)k
∗
1(ω2)Y (ω1)Y

∗(ω2) (3.21)

×
∫

ω3

∫

ω4

k3(ω3,ω4,ω−ω1 +ω2 −ω3 +ω4)Y (ω3)Y
∗(ω4)

× Y (ω−ω1 +ω2 −ω3 +ω4)dω3dω4dω1dω2
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q2(ω) = −k1(ω)

∫

ω1

∫

ω2

h3(ω1,ω2,ω−ω1 +ω2)k1(ω1)k1(ω−ω1 +ω2) (3.22)

× Y (ω1)Y (ω−ω1 +ω2)

∫

ω3

∫

ω4

k∗3(ω3,ω4,ω2 −ω3 +ω4)

× Y ∗(ω3)Y (ω4)Y
∗(ω2 −ω3 +ω4)dω3dω4dω1dω2.

q3(ω) = −k1(ω)

∫

ω1

∫

ω2

h3(ω1,ω2,ω−ω1 +ω2)k
∗
1(ω2)k1(ω−ω1 +ω2) (3.23)

× Y ∗(ω2)y(ω−ω1 +ω2)

∫

ω3

∫

ω4

k3(ω3,ω4,ω1 −ω3 +ω4)Y (ω3)Y
∗(ω4)

× Y (ω1 −ω3 +ω4)dω3dω4dω1dω2.

So far, no properties of optical fiber have been used for deriving the inverse Volterra series.

In next Section, we will use closed-form expression for h1 and h3 in order to find the real

operations to be done at the receiver side.

3.2.1-b Closed-form expression for fiber nonlinear effects compensation

In the previous section,we find a simplified version of Z5 for any input Y . Z5 is the output of the

fifth-order inverse Volterra operator K5 applied to an input signal Y . Now, we consider a real

fiber transmission system, Y corresponds to the output of the optical fiber after passing it by a

coherent receiver and an ADC to get an electrical signal. Thus, for an optical fiber transmission,

the expression of Volterra kernels h1 and h3 are given by eq.2.22 and eq.2.23 respectively.

Similarly, the inverse Volterra kernels k1 and k3 are given by eq.2.26 and eq.2.27 respectively.

In case of single-polarization configuration, the parameter c′ is equal to c′ = γ.Le f f . Then, a

closed-form expression of each term of eq.3.20 will be found in the following.

Derivations for q1

According to Eq.(3.6), after using the integral form of the inverse Volterra operator K3, we

can derive the kernel k3 and it takes the following form:

k3(ω1,ω2,ω−ω1 +ω2) = −k1(ω)h3(ω1,ω2,ω−ω1 +ω2)k1(ω1)k
∗
1(ω2)k1(ω−ω1 +ω2)

(3.24)

so, we can deduce easily the expression of the Volterra kernel h3 in function of the inverse

Volterra kernel k3. This will be used to get more simplified expression of q1.

h3(ω1,ω2,ω−ω1 +ω2) = −k3(ω1,ω2,ω−ω1 +ω2)k
∗
1(ω)k

∗
1(ω1)k1(ω2)k

∗
1(ω−ω1 +ω2)

(3.25)
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By replacing h3 with its previous expression, the term q1 can be written in function of only

inverse Volterra kernels as the following:

q1(ω) =

∫

ω1

∫

ω2

∫

ω3

∫

ω4

k3(ω1,ω2,ω−ω1 +ω2)k3(ω3,ω4,ω−ω1 +ω2 −ω3 +ω4)

× k∗1(ω−ω1 +ω2)Y (ω1)Y
∗(ω2)Y (ω3)Y

∗(ω4)Y (ω−ω1 +ω2 −ω3 +ω4)dω3dω4dω1dω2

Then, inverse Volterra kernels k1 and k3 are replaced by their optical transmission forms.

Finally, after mathematical manipulations and factorizations we got the following form:

q1(ω) = −
c′2

(2π)4
hN

cd(ω)
N
∑

k,`=1

q(k,`)
1 (ω) (3.26)

with

q(k,`)
1 (ω) =

∫

ω1

∫

ω2

∫

ω3

∫

ω4

e jβ2 L(k∆Ω+`∆Ω1) (3.27)

× Y (ω1)Y
∗(ω2)Y (ω3)Y

∗(ω4)Y (ω−ω1 +ω2 −ω3 +ω4)dω1dω2dω3dω4

where ∆Ω1 = (ω3 −ω+ω1 −ω2)(ω3 −ω4). hcd corresponds to the transfer function of the

CD compensation and given by Section 2.3.2-c.

Derivations for q2

As the case of the derivation of q1, the first step to do is replacing the Volterra kernel h3 with

respect to k3. Thus, we obtain

q2(ω) =

∫

ω1

∫

ω2

∫

ω3

∫

ω4

k3(ω1,ω2,ω−ω1 +ω2)k
∗
3(ω3,ω4,ω2 −ω3 +ω4)

× k1(ω2)Y (ω1)Y (ω−ω1 +ω2)Y
∗(ω3)Y (ω4)Y

∗(ω2 −ω3 +ω4)dω1dω2dω3dω4.

The final form of q2 is got by introducing the optical expressions of k1 and k3 which depend

on the optical link parameter. hcd contains the second order dispersion parameter β2, the

number of spans N and the length of each span L, while the attenuation coefficient α and the

nonlinear coefficient γ are presented by the parameter c .

q2(ω) =
c′2

(2π)4
hN

cd(ω)
N
∑

k,`=1

q(k,`)
2 (ω) (3.28)
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with

q(k,`)
2 (ω) =

∫

ω1

∫

ω2

∫

ω3

∫

ω4

e jβ2 L(k∆Ω−`∆Ω2) (3.29)

× Y (ω1)Y (ω−ω1 +ω2)Y
∗(ω3)Y (ω4)Y

∗(ω2 −ω3 +ω4)dω1dω2dω3dω4

The factorization of the terms related to the double sum product leads to ∆Ω2 = (ω3 −
ω2)(ω3 −ω4) and ∆Ω given by Section 2.3.2-b

Derivations for q3

Once again, we replace h3 with its expression depending on k3. We have

q3(ω) =

∫

ω1

∫

ω2

∫

ω3

∫

ω4

k3(ω1,ω2,ω−ω1 +ω2)k3(ω3,ω4,ω1 −ω3 +ω4)

× k∗1(ω1)Y
∗(ω2)Y (ω−ω1 +ω2)Y (ω3)Y

∗(ω4)Y (ω1 −ω3 +ω4)dω1dω2dω3dω4

By doing the change of variable ω1→ω′1 =ω−ω1 +ω2, we have

q3(ω) =

∫

ω′1

∫

ω2

∫

ω3

∫

ω4

k3(ω−ω′1 +ω2,ω2,ω′1)k3(ω3,ω4,ω−ω′1 +ω2 −ω3 +ω4)

× k∗1(ω−ω
′
1 +ω2)Y (ω

′
1)Y

∗(ω2)Y (ω3)Y
∗(ω4)Y (ω−ω′1 +ω2 −ω3 +ω4)dω

′
1dω2dω3dω4

As the previous cases, we replace the inverse Volterra kernels by their optical expression.

Using the permutation property, we check that:

q3(ω) = q1(ω) (3.30)

Final results The final expression of Z5 can be written as the following form

Z5(ω) =
c′2

(2π)4
hN

cd(ω)
N
∑

k,`=1

�

−2q(k,`)
1 (ω) + q(k,`)

2 (ω)
�

(3.31)

We remind Z5 is the output of the fifth-order inverse Volterra Transfert Function.

3.2.1-c Practical implementation scheme

In this part, the objective is to find a practical implementation scheme for fifth-order inverse

Volterra operator. Then, it will be combined with first and third-order to form the fifth-order

VNLE as shown in fig.3.2
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Figure 3.2: Realization of fifth-order VNLE for single polarization system

According to eq3.31, Z5 can be decomposed into two main terms as follows:

Z5(ω) =
N
∑

k,`=1

�

S(k,`)
1 (ω) + S(k,`)

2 (ω)
�

(3.32)

with

S(k,`)
1 (ω) = −2

c′2

(2π)4
hN

cd(ω)q
(k,`)
1 (ω) (3.33)

S(k,`)
2 (ω) =

c′2

(2π)4
hN

cd(ω)q
(k,`)
2 (ω) (3.34)

We now shall determine a practical scheme for implementing easily s(k,`)
1 (ω) and s(k,`)

2 (ω).

Scheme for S(k,`)
1 (ω)

By doing a change of variable ω1 → ω1 = ω −ω1 +ω2, we obtain a more “symmetric”

expression:

S(k,`)
1 (ω) = −2

c′2

(2π)4
hN

cd(ω)

∫

ω1

∫

ω2

∫

ω3

∫

ω4

e jβ2 L(k(ω1−ω)(ω1−ω2)+`(ω3−ω1)(ω3−ω4))

× Y (ω−ω1 +ω2)Y
∗(ω2)Y (ω3)Y

∗(ω4)Y (ω1 −ω3 +ω4)dω1dω2dω3dω4.

We set Am(ω) = hm
cd(ω)y(ω) for any power m. Then by replacing the two first y with their

expression with respect to Ak, and the three last y with their expression with respect to A`, we

obtain

S(k,`)
1 (ω) = −2

c′2

(2π)4
hN−k

cd (ω)

∫

ω1

∫

ω2

∫

ω3

∫

ω4

hk−`
cd (ω1)A

∗
k(ω2)Ak(ω−ω1 +ω2)

× A`(ω3)A
∗
`(ω4)A`(ω1 −ω3 +ω4)dω1dω2dω3dω4.

This fourfold integral seems to be impossible to implement in practice. Actually it is pos-

sible by mimicking the derivations done in [59] by introducing the time domain version of

the signal Am(ω). An important point to observe in the expression of S(k,`)
1 is that the four

integrals computation can be avoided by passing to time domain using fast Fourier transform.
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Therefore the main idea to determine the implementation scheme is to perform the nonlinear

compensation presented in S(k,`)
1 in time domain. Let us define the Fourier Transform. We

have:

Am(ω) =

∫

am(t)e
− jωt d t

and then the inverse Fourier transform which performs the frequency to time domain conver-

sion is given by:

am(t) =
1

2π

∫

Am(ω)e
jωt dω

By replacing hk−`
cd , Ak and A` with their respective Fourier Transform, we firstly obtain that

S(k,`)
1 (ω) = −2

c′2

(2π)4
hN−k

cd (ω)

∫

· · ·
∫

g(t1)a
∗
k(t2)ak(t3)a`(t4)a

∗
`(t5a`(t6)

× e jω1(−t1+t3−t6)+ jω2(t2−t3)+ jω3(t6−t4)+ jω4(t5−t6)− jωt3

× dω1dω2dω3dω4d t1d t2d t3d t4d t5d t6.

where the function g(t) is the inverse Fourier Transform of the CD transfer function hk−`
cd (ω).

Now, we have two kinds of integrals in the expression of s(k,`)
1 . Some of the integrals are

with respect to the time while the other ones are with respect to the frequency. Actually,

integrals with respect to the frequencies ωi can be avoided by introducing the Dirac delta

function given by the following:
∫

e jωt dω= 2πδ(t),

Thus, we obtain an expression of s(k,`)
1 with only time domain integrations.

S(k,`)
1 (ω) = −2c′2hN−k

cd (ω)

∫ ∫

g(t − t ′)|ak(t)|2|a`(t ′)|2a`(t
′)e− jωt d td t ′. (3.35)

Then, we introduce new notations to show convolution products. In fact, convolution products

in time domain become simple multiplications in frequency domain by using Fourier trans-

forms. Therefore, the objective of this process is to perform signal multiplications in time

domain and after that re-passing to frequency domain to multiply the signal by the transfer

function of residual dispersion hN−k
cd . We set:

x1(t) =
p

2c|ak(t)|2 and x2(t) =
p

2c|a`(t)|2a`(t).

Then, the expression of s(k,`)
1 can be written now as the following:

S(k,`)
1 (ω) = −hN−k

cd (ω)

∫

t
x1(t)

�∫

t ′
g(t − t ′)x2(t

′)d t ′
�

e− jωt d t.

In addition, we set x3(t) = g(t) ? x2(t) where ? stands for the convolution product. We

obtain

S(k,`)
1 (ω) = −hN−k

cd (ω)

∫

t
x1(t)x3(t)e

− jωt d t.
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Finally, we also set x4(t) = x1(t)x3(t) and X4(ω) its Fourier Transform. After passing to

frequency domain using Fourier transform, we get an implementable scheme given by:

S(k,`)
1 (ω) = −hN−k

cd (ω)X4(ω) (3.36)

Scheme for S(k,`)
2 (ω)

We proceed in the same manner to determine a practical implementation scheme for the

second term of output Z5 of the fifth-order inverse Volterra operator when applied to the signal

Y . We remind the expression for S(k,`)
2 .

S(k,`)
2 (ω) =

c′2

(2π)4
hN

cd(ω)

∫

ω1

∫

ω2

∫

ω3

∫

ω4

e jβ2 L(k∆Ω−`∆Ω2)

×Y (ω1)Y (ω−ω1 +ω2)Y
∗(ω3)Y (ω4)Y

∗(ω2 −ω3 +ω4)dω1dω2dω3dω4

and ∆Ω2 = (ω3 −ω2)(ω3 −ω4).
First of all, we write the integral with respect to Ak and A` rather than y . Thus, we obtain

S(k,`)
2 (ω) =

c′2

(2π)4
hN−k

cd (ω)

∫

ω1

∫

ω2

∫

ω3

∫

ω4

h∗
k−`

cd (ω2)

× Ak(ω1)Ak(ω−ω1 +ω2)A
∗
`(ω3)A`(ω4)A

∗
`(ω2 −ω3 +ω4)dω1dω2dω3dω4

By introducing am(t) and g̃(t) = g∗(−t) the inverse Fourier Transform of h∗
k−`

cd , we have

S(k,`)
2 (ω) =

c′2

(2π)4
hN−k

cd (ω)

∫

· · ·
∫

g̃(t1)ak(t2)ak(t3)a
∗
`(t4)a`(t5)a

∗
`(t6)

× e− jω2(t1+t3−t6)− jω1(t2−t3)− jωt3+ jω3(t4−t6)− jω4(t5−t6)

× dω1dω2dω3dω4d t1d t2d t3d t4d t5d t6

Then, as the case of s(k,`)
1 , we introduce the Dirac delta function. Thus, we get an expression

of s(k,`)
2 including only integrations with respect to the time as following:

S(k,`)
2 (ω) = c′2hN−k

cd (ω)

∫ ∫

g̃(t ′ − t)(ak(t))
2|a`(t ′)|2a∗`(t

′)e− jωt d td t ′

The next step consists in finding an expression containing convolution products. So, by setting

x̃1(t) = c(ak(t))
2 and x̃2(t) = c|a`(t)|2a∗`(t) and x̃3(t) = g∗(t) ? x̃2(t)

we have an expression of s(k,`)
2 with one integral with respect to the time. It can be seen as a

convolution product and it given by:

S(k,`)
2 (ω) = hN−k

cd (ω)

∫

x̃1(t) x̃3(t)e
− jωt d t
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As hcd is an even function, it is also true for its inverse Fourier transform g(t), so we have

x̃3(t) = g∗(−t) ? x̃2(t)

which corresponds to a multiplication by h∗
k−`

cd in the frequency domain. Finally, if x̃4(t) =
x̃1(t) x̃3(t) and X̃4(ω) is its Fourier Transform, we obtain that

S(k,`)
2 (ω) = hN−k

cd (ω)X̃4(ω) (3.37)

Now, we have a practical implementation scheme of s(k,`)
1 and s(k,`)

2 . If we define S(k,`) as the

sum of these two terms as follow:

S(k,`) = S(k,`)
1 + S(k,`)

2 (3.38)

an optimized practical implementable scheme of S(k,`) is depicted in fig.3.3. First of all, a CD

compensation is done in frequency domain before passing to time domain using an IFFT. After

that, the nonlinear compensation is performed. Then, the residual dispersion is compensated

in frequency domain. Finally, the output of the inverse Volterra operator applied on the signal

Figure 3.3: Fifth-order IVSTF scheme for single-polarization

Y is the double sum of S(k,`) and it is given by

Z5(ω) =
N
∑

k,`=1

S(k,`)(ω) (3.39)

3.2.2 Kernels derivation and implementation: dual-polarization configuration

The output Z5 of the dual-polarization fifth-order inverse Volterra operator can be derived and

implemented by proceeding in the same manner as the case of single-polarization. Then, it
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will be combined to first-order and third-order terms and the decision is taken on the following

signal:

Z = Z1 + Z3 + Z5 (3.40)

In dual-polarization transmission, the optical fiber model based on Volterra series, which cor-

responds to the solution of the Manakov equation, is detailed in section 2.3.2-b. We will first

find a general form of Z5. After that, explicit expressions of VSTFs h1 and h3 and IVSTF k1 and

k3 will be integrated to get the real operations to be done at the receiver side. The details of

the derivations are given in Appendix.A.

3.2.2-a Technical preliminaries

We remind that the expression of the inverse Volterra operator is given by:

K5 = −K1H3 L1 + 3K3 + 0.5K1H3 L2 + 0.5K1H3 L3 (3.41)

in case of dual-polarization configuration, the terms Li are expressed by the following

L1 =

�

L1,x

L1,y

�

=

�

(K1 − K3)[Yx , Yy]
(K1 − K3)[Yy , Yx]

�

L2 =

�

L2,x

L2,y

�

=

�

−K3[Yx , Yy]
−K3[Yy , Yx]

�

L3 =

�

L3,x

L3,y

�

=

�

(2K1 − K3)[Yx , Yy]
(2K1 − K3)[Yy , Yx]

�

According to eq.3.41, we can decompose Z5 into several terms as :

Z5 = K5[y] = z1 + z2 + z3 + z4

with

z1 =

�

z1,x

z1,y

�

=

�

−K1H3[`1,x ,`1,y]
−K1H3[`1,y ,`1,x]

�

z2 =

�

z2,x

z2,y

�

=

�

3K3[Yx , Yy]
3K3[Yy , Yx]

�

z3 =

�

z3,x

z3,y

�

=

�

0.5K1H3[`2,x ,`2,y]
0.5K1H3[`2,y ,`2,x]

�

z4 =

�

z4,x

z4,y

�

=

�

0.5K1H3[`3,x ,`3,y]
0.5K1H3[`3,y ,`3,x]

�

Let us now work to find the kernels associated with each signal zi . In fact, we compute the

signal zi,x of polarization x and we can deduce the corresponding signal zi,y of polarization

y by analogy. After tedious algebraic derivations, detailed in Appendix.A, we obtain a final
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expression for the first component of Z5, denoted by Z5,x . It mainly contains three terms and

is given as the following:

z5,x(ω) = −k1(ω)

∫∫

h3(ω1,ω2,ω−ω1 +ω2)

× [q1,x(ω) + q2,x(ω) + q3,x(ω)]dω1dω2

(3.42)

with

q1,x(ω) = k1(ω1)k
∗
1(ω2)

∫∫

k3(ω3,ω4,ω−ω1 +ω2 −ω3 +ω4) (3.43)

× Yx(ω1)Y
∗
x (ω2)Yx(ω3)Y

∗
x (ω4)Yx(ω−ω1 +ω2 −ω3 +ω4)dω3dω4

+ k1(ω1)k1(ω−ω1 +ω2)

∫∫

k∗3(ω3,ω4,ω2 −ω3 +ω4)

× Yx(ω1)Yx(ω−ω1 +ω2)Y
∗
x (ω3)Yx(ω4)Y

∗
x (ω2 −ω3 +ω4)dω3dω3

+ k∗1(ω2)k1(ω−ω1 +ω2)

∫∫

k3(ω3,ω4,ω1 −ω3 +ω4)

Y ∗x (ω2)Yx(ω−ω1 +ω2)Yx(ω3)Y
∗
x (ω4)Yx(ω1 −ω3 +ω4)dω3dω4,

q2,x(ω) = k1(ω1)k
∗
1(ω2)

∫∫

k3(ω3,ω4,ω−ω1 +ω2 −ω3 +ω4) (3.44)

× [Yx(ω1)Y
∗
x (ω2)Yy(ω3)Y

∗
y (ω4) + Yy(ω1)Y

∗
y (ω2)Yx(ω3)Y

∗
x (ω4)]

× Y1(ω−ω1 +ω2 −ω3 +ω4)dω3dω4 + k1(ω1)k1(ω−ω1 +ω2)

×
∫∫

k∗3(ω3,ω4,ω2 −ω3 +ω4)[Yx(ω1)Y
∗
x (ω2 −ω3 +ω4)Y

∗
y (ω3)Yy(ω4)

+ Yy(ω1)Y
∗
y (ω2 −ω3 +ω4)Y

∗
x (ω3)Yx(ω4)]Yx(ω−ω1 +ω2)dω3dω3

+ k∗1(ω2)k1(ω−ω1 +ω2)

∫∫

k3(ω3,ω4,ω1 −ω3 +ω4)

× [Y ∗x (ω2)Yx(ω1 −ω3 +ω4)Yy(ω3)Y
∗
y (ω4) + Y ∗y (ω2)Yy(ω1 −ω3 +ω4)

× Yx(ω3)Y
∗
x (ω4)]Yx(ω−ω1 +ω2)dω3dω4,

and

q3,x(ω) = k1(ω1)k
∗
1(ω2)

∫∫

k3(ω3,ω4,ω−ω1 +ω2 −ω3 +ω4) (3.45)

× Yy(ω1)Y
∗
y (ω2)Yy(ω3)Y

∗
y (ω4)Yx(ω−ω1 +ω2 −ω3 +ω4)dω3dω4

+ k1(ω1)k1(ω−ω1 +ω2)

∫∫

k∗3(ω3,ω4,ω2 −ω3 +ω4)

× Yy(ω1)Y
∗
y (ω2 −ω3 +ω4)Y

∗
y (ω3)Yy(ω4)Yx(ω−ω1 +ω2)dω3dω3
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We can obtain Z5,y(ω) by permuting the role of yx and yy . The next step is finding a practi-

cal implementation scheme of Z5. Thus, we include the explicit expressions of ki and hi for

nonlinear effects compensation in optical link.

3.2.2-b Practical implementation scheme

We use the expressions of VSTFs h1 and h3 given by Eqs. (2.22)-(2.23). Similarly, we introduce

the expression of IVSTFs k1 and k3 given by Eqs. (2.26)-(2.27). So, we can find the real

operations to be done at the receiver side. First of all, we express Z5,x differently to get three

terms Q i,x including k1 and h3. Consequently, we have

Z5,x(ω) =Q1,x(ω) +Q2,x(ω) +Q3,x(ω) (3.46)

with

Q i,x = −k1(ω)

∫∫

h3(ω1,ω2,ω−ω1 +ω2)qi,x(ω)dω1dω2

Then, we proceed in the same way as the case of single-polarization and we got a closed-form

expression of each term Q i,x . The details of the derivations are given in Appendix A.

Q1,x(ω) =
N
∑

k,`=1

Q(k,`)
1,x (ω)

with

Q(k,`)
1,x (ω) = −2

c′′2

(2π)4
hN

cd(ω)

∫∫∫∫

e jβ2 L(k∆Ω+`∆Ω1) (3.47)

× Y ∗x (ω2)Yx(ω1 −ω3 +ω4)Yx(ω3)Y
∗
x (ω4)Yx(ω−ω1 +ω2)dω

+
c′′2

(2π)4
hN

cd(ω)

∫∫∫∫

e jβ2 L(k∆Ω−`∆Ω2)

× Yx(ω1)Y
∗
x (ω2 −ω3 +ω4)Y

∗
x (ω3)Yx(ω4)Yx(ω−ω1 +ω2)dω

where dω= dω1dω2dω3dω4 and c′′ defined in Appendix A. By using the same trick as in the

single polarization case, it is possible to transform all the above fourth-order integrals based

terms in a simpler structure by working in the time domain. So, instead of doing four integrals,

we just have to multiply signals in time domain and apply some Fourier Transforms. Then,

the practical implementation scheme of Q(k,`)
1,x is depicted in fig. 3.4. Blue blocs correspond

to the compensation of dispersion in frequency domain. While red blocs present time domain

nonlinear effects compensation. FFT and IFFT are used to switch between time and frequency

domain. Finally, by summing k and ` from 1 to N , we get the expression of Q1,x .

The first term Q1,x does not include any multiplication by the signal Yy of polarization

y . However, the two other terms Q2,x and Q3,x include multiplications by the signal Yy and
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Figure 3.4: Scheme for Q(k,`)
1,x (ω)

correspond to the interactions between polarizations x and y . The second term Q2,x can be

written as the following:

Q2,x(ω) =
N
∑

k,`=1

Q(k,`)
2,x (ω)

with

Q(k,`)
2,x (ω) = −

c′′2

(2π)4
hN

cd(ω)

∫∫∫∫

e jβ2 L(k∆Ω+`∆Ω1)[Y ∗x (ω2)Yx(ω1 −ω3 +ω4)Yy(ω3)Y
∗
y (ω4)

(3.48)

+ Y ∗y (ω2)Yy(ω1 −ω3 +ω4)Yx(ω3)Y
∗
x (ω4)]Yx(ω−ω1 +ω2)dω

+
c′′2

(2π)4
hN

cd(ω)

∫∫∫∫

e jβ2 L(k∆Ω−`∆Ω2)[Yx(ω1)Y
∗
x (ω2 −ω3 +ω4)Y

∗
y (ω3)Yy(ω4)

+ Yy(ω1)Y
∗
y (ω2 −ω3 +ω4)Y

∗
x (ω3)Y1(ω4)]Yx(ω−ω1 +ω2)dω

−
c′′2

(2π)4
hN

cd(ω)

∫∫∫∫

e jβ2 L(k∆Ω+`∆Ω3)[Yx(ω1)Y
∗
x (ω2)Yy(ω3)Y

∗
y (ω4)

+ Yy(ω1)Y
∗
y (ω2)Y1(ω3)Y

∗
x (ω4)]Yx(ω−ω1 +ω2 −ω3 +ω4)dω

and∆Ω3 = (ω3−ω+ω1−ω2)(ω3−ω4). The corresponding implementation scheme of Q(k,`)
2,x

is shown in fig. 3.5. Similarly, dispersion compensation is performed in frequency domain and

nonlinear mitigation is done in time domain.

The third term Q3,x can be written as the following:

Q3,x(ω) =
N
∑

k,`=1

Q(k,`)
3,x (ω)
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Figure 3.5: Scheme for Q(k,`)
2,x (ω)

with

Q(k,`)
3,x (ω) = −

c′′2

(2π)4
hN

cd(ω)

∫∫∫∫

e jβ2 L(k∆Ω+`∆Ω1) (3.49)

× Y ∗y (ω2)Yy(ω1 −ω3 +ω4)Yy(ω3)Y
∗
y (ω4)Yx(ω−ω1 +ω2)dω

+
c′′2

(2π)4
hN

cd(ω)

∫∫∫∫

e jβ2 L(k∆Ω−`∆Ω2)

× Yy(ω1)Y
∗
y (ω2 −ω3 +ω4)Y

∗
y (ω3)Yy(ω4)Yx(ω−ω1 +ω2)dω

−
c′2

(2π)4
hN

cd(ω)

∫∫∫∫

e jβ2 L(k∆Ω+`∆Ω3)

× Yy(ω1)Y
∗
y (ω2)Yy(ω3)Y

∗
y (ω4)Yx(ω−ω1 +ω2 −ω3 +ω4)dω.
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A practical implementation scheme of Q(k,`)
3,x is depicted in fig. 3.6.

Figure 3.6: Scheme for Q(k,`)
3,x (ω)

Finally, the practical implementation scheme of Z5,x is the sum of the three terms Q i,x .

By analogy, a practical scheme for Z5,y can be easily determined by permitting the indexes of

polarizations x and y .

3.3 Fifth-order VNLE simulations results

The simulation setup is inspired from the SASER European project. The goal is to design a

400Gbps transmission system for long-haul communications. Multi-band and dual-polarization

coherent optical OFDM transmission is considered. When we consider one polarization, the

data rate boils down only 200Gbps. We have four bands of bandwidth 20GHz each and spaced

by a 2GHz interval guard. On each band, we consider a 16-QAM OFDM with 512 subcarri-

ers. The communication is done over 20 spans of 100km each. Each span is a standard SMF

with λ= 0.2dB.km1, D = 17ps.nm−1.km−1, and γ= 0.0014m−1.W−1. We use Erbium-Doped

Fiber Amplifier (EDFA) with a 5.5dB noise figure and a 22dB gain at each span.

In Fig.3.7, we plot Q factor vs. input power for single polarization configuration and when
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only one band is active. The fifth-order VNLE outperforms the third-order VNLE and the gain

is about 2.2dB. In addition, using fifth-order VNLE, an increase of injected optical power

by 3dBm can be achieved at similar performance of third-order VNLE. Compared to linear

equalizer which consists of chromatic dispersion compensation, the Q factor is improved by

about 1.4dB and 3.6dB for third-order VNLE and fifth-order VNLE respectively.
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Figure 3.7: Q facor vs. input power for single-band single-pol 16-QAM OFDM (2000km)

In Fig.3.8, we plot the reached transmission distance for a target Q factor Q = 7.7dB which

corresponds to BER= 10−2. Single polarization but with four bands (instrad of one) spaced by

10GHz interval guard are considered. An increase of transmission reach by around 100km can

be realized using fifth-order VNLE instead of third-order one. Compared to linear equalization,

the gain is around 600km and 500km for fifth-order and third-order VNLE respectively.

When decreasing the interval guard to 2GHz, we have limited improvement of Q factor

as shown in fig.3.9. All multi-band results concern central bands because they are the most

disturbed by nonlinear effects. The fifth-order VNLE is rather efficient for combating the intra-

band nonlinear effect (see single-band case) than the inter-band effect (see multi-band case).

The performance of third-order VNLE is also reduced in comparison with single-band trans-

mission.

In Fig.3.10, we plot Q factor vs. injected input power when both polarizations are ac-

tive and only one band is active.We unfortunately remark that the gain in performance is

reduced. We can observe also a reduction of performance of third-order VNLE in case of dual-

polarization configuration. We conclude that nonlinear equalization based on IVSTF can be

useful to compensate intra-channel/band nonlinearities. However, when multi-band transmis-

sion is considered, inter-band nonlinear interference reduce significantly the nonlinear equal-

ization performance.
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Figure 3.8: Input power vs. transmission reach for 4-band single-pol 16-QAM OFDM
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Figure 3.9: Q factor vs. input power for 4-band single-pol 16-QAM OFDM (2000km)

3.4 Conclusion

In this chapter, we derived the fifth-order VNLE based receiver for single-polarization and dual-

polarization transmissions. We showed that the gain is very significant under single-band and

single-polarization transmission system. Fifth-order VNLE is a powerful tool to combat intra-

channel/band nonlinear effect (SPM). However, it presents a limited performance in dual-

polarization and multi-band transmission. That can be explained by the fact that nonlinear ef-
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Figure 3.10: Q factor vs. input power for single-band dual-pol 16-QAM OFDM (2000km)

fects depending on the adjacent bands such as XPM, XpolM and FWM reduce the performance

of fifth-order VNLE. Such kinds of nonlinear effects lead to nonlinear interference between the

copropagating band/subcarrier in superchannel systems.

To combat inter-band/subcarrier nonlinear interference in superchannel systems, we im-

plement an Inter-band/subcarrier Nonlinear Interference Canceler (INIC) which will be the

object of the next chapter.
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CHAPTER 4

NONLINEAR INTERFERENCE

CANCELLATION

In the context of long-haul superchannel transmission system, Kerr-induced nonlinear effects

present the major constraint to get the desired performance in terms of transmission reach. In

addition to SPM, which is an intra-band/subcarrier nonlinearity, nonlinear interference caused

by XPM, XpolM and FWM significantly reduces the transmission performance.

In this chapter, we propose an inter-band/subcarrier nonlinear interference canceler (INIC)

based on Volterra series to deal with nonlinear interference in MB-ODFM and Nyquist WDM

superchannels. The principle of INIC is based on decision-feedback equalizer (DFE) which is

widely used in wireless communication system.

We begin by giving the principle of DFE based receiver. Then, the system model is given

before detailing the INIC approach. Finally, simulations are done to evaluate INIC performance

in MB-OFDM and Nyquist WDM superchannels.

4.1 Decision feedback equalizer principle

The principle of DFE consists in the use of the previous decisions to estimate the current sym-

bol. DFE is based on symbol-by-symbol detection and the input of the feedback filter is the

decision of the previous symbols. Fig.4.1 shows the DFE diagram. Yk is the received signal

and the decision is made on signal Zk.

DFE is a powerful tool to deal with ISI. In fact, after reconstructing the signal of previous

symbols, their contribution is subtracted from the signal associated with the current symbol

and thus ISI can be often removed. Decision feedback equalization was already used to combat

nonlinearities in wireless communication systems [64].

Our work idea is to use a DFE receiver structure to compensate nonlinear interference

caused by adjacent bands/subcarriers in superchannel transmission systems. The main ideas

of our proposed INIC are to use the prior knowledge of the detected adjacent bands/subcarriers
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	Feed	Forward	
filter	 Decision	

Yk Zk 

	Feedback	
filter	

Figure 4.1: DFE block diagram

and then to remove INI by rebuilding the interference signals and subtracting them from the

signal of interest.

4.2 System model

We consider a standard SMF with N spans, each of length L. The attenuation coefficient, the

second-order dispersion parameter, and the nonlinear coefficient are denoted by α, β2, and

γ respectively. Let X and Y be the input/transmit signal of the first span of the fiber and

the output/received signal of the N -th span of the fiber respectively. As we consider dual-

polarization transmission, we denote the components of the signal X on polarization x and

y by X x and X y respectively. Moreover, as we consider superchannel system which based

on multi-band/subcarrier transmission, the transmitted signal on polarization x or y can be

written in the frequency domain by

X x/y(ω) =
M
∑

m=1

X x/y,m(ω) (4.1)

where X x/y,m is the transmitted signal on the band/subcarrier m and M is the number of

bands/subcarriers. Notice that the transmitted signal X x/y,m carries a sequence of information

symbols Sx/y,m thanks to a superchannel (MB-OFDM / Nyquist WDM) scheme.

As given in section 2.3.2-b, based on Volterra series expansion model of the optical fiber

[59][60], we remind the received signal Yx/y on polarization x or y takes the following form

Yx/y(ω) = h1(ω)X x/y(ω)

+

∫∫

h3(ω1,ω2,ω−ω1 +ω2)X x/y(ω−ω1 +ω2)

× [X x(ω1)X
∗
x(ω2) + X y(ω1)X

∗
y(ω2)]dω1dω2 (4.2)

where h1 and h3 denote the first-order and third-order VSTF kernels respectively. We recall
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these kernels are given by

h1(ω) = e− jω2β2N L/2 (4.3)

h3(ω1,ω2,ω−ω1 +ω2) =
− jc
(2π)2

h1(ω)
N−1
∑

k=0

e− jkβ2∆ΩL

with ∆Ω= (ω1 −ω)(ω1 −ω2), Leff = (1− e−αL)/α, and c′′ = 8γLeff/9.

4.3 Proposed INIC approach

The main idea of the proposed INIC approach relies on the Decision Feedback Equalizer (DFE)

principle [64]. When focusing on one band/subcarrier of interest (let say m0); the DFE prin-

ciple consists in detecting the adjacent bands/subcarriers (m = m0 + 1, m0 − 1), regenerating

them, and finally removing them from the band/subcarrier of interest.Using the nonlinear

effect classification of [26], we try to remove the MCI.
.

STEP 1 (drawn for any subcarrier m)

STEP 2 (drawn for any subcarrier m)

band selection
m

transverse
equalizer

Zx/y,m Ŝx/y,m

regeneration of the
detected transmit signal

recursive partWx/y,m

signal reconstruction

STEP 3 (drawn only for subcarrier m0)

band selection

W
x
/y

,m
0
+
1

W
x
/y

,m
0
−
1

Ŝx/y,m0,inictransverse
equalizerm0

Yx/y,m0,inic

Yx/y Yx/y,m

T̂x/y,m

.

Figure 4.2: INIC receiver structure

As shown in Fig. 4.2, the INIC structure has two main degrees of freedom: the transverse

part and the recursive/feedback part. The transverse part basically consists of a third-order

VNLE. It compensates for intra-band/subcarrier nonlinear effects. While the recursive part

corresponds to the way the fiber signal is regenerated and it consists of a third-order Volterra

fiber model. It compensates for inter-band/subcarrier interference. Interference can be purely
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nonlinear. However, it can include also linear interference if the bands/subcarriers are over-

lapped such as in super-Nyquist systems (table2.1).

To evaluate the performance of our proposed nonlinear interference cancellation tech-

nique. We implement three INIC receivers : the proposed INIC(3,3) which compensate for

both linear and nonlinear interference in addition to intra-band/subcarrier nonlinearities, the

already-existing one INIC(1,1) which compensate for only linear impairments and linear in-

terference, and an intermediate one INIC(3,1) which compensate for intra-band/subcarrier

nonlinear effects and only linear interference. The notation INIC(p,q) stands for a transverse

part of order p and a recursive part of order q.

Notice that the transverse and recursive parts could be a Digital Back Propagation and a

Digital Propagation respectively. This solution has not been studied in this thesis.

4.3.1 Nonlinear equalizer with nonlinear feedback: INIC(3,3)

In INIC(3,3), we use the third-order VNLE for the transverse part and the third-order Volterra

fiber model for the recursive one. We hereafter assume that the band/subcarrier of interest is

m0. The other bands/subcarriers can be treated in a similar way. The implementation of the

INIC(3,3) for the band/subcarrier m0 can be split into three steps:

In the first step, each band/subcarrier is selected through a band-pass filter, leading to

Yx/y,m, and then demodulated according to the third-order VNLE. The frequency-domain out-

put of the third-order VNLE is denoted by Zx/y,m and it can be written as

Zx/y,m(ω) = k1(ω)Yx/y,m(ω)

+

∫∫

k3(ω1,ω2,ω−ω1 +ω2)Yx/y,m(ω−ω1 +ω2)

× [Yx ,m(ω1)Y
∗
x ,m(ω2) + Yy,m(ω1)Y

∗
y,m(ω2)]dω1dω2 (4.4)

where k1 and k3 are the first-order and third-order IVSTF kernels respectively given bye eq.2.26

and eq.2.27 . Then, a threshold detector is applied on Zx/y,m for each band/subcarrier m in

order to find out the detected symbols bSx/y,m corresponding to the transmitted symbols Sx/y,m.

In the second step, the detected symbols of each interference band/subcarrier m are re-

modulated and regenerated based on third-order Volterra model of the optical fiber. Thus, the

output Wx/y,m can be written as:

Wx/y,m(ω) = h1(ω)bX x/y,m(ω)

+

∫∫

h3(ω1,ω2,ω−ω1 +ω2)bX x/y,m(ω−ω1 +ω2)

× [bX x ,m(ω1)bX
∗
x ,m(ω2) + bX y,m(ω1)bX

∗
y,m(ω2)]dω1dω2 (4.5)

where bX = [bX x ,m, bX y,m] is the re-modulated signal corresponding to the detected symbols
bS = [bSx ,m, bSy,m]. Because of the nonlinear effects, the signal Yx ,m is not only on band/subcar-

rier m but is also spread over adjacent bands/subcarriers. As the INI caused by the two closest
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adjacent bands/subcarriers is more important than other INI terms caused by further band-

s/subcarriers, the INI is well approximated by the contribution of the two closest adjacent

bands/subcarriers when central ones are considered. In addition, in the context of super-

Nyquist WDM, linear interference caused by the closest adjacent subcarriers also disturb the

signal of subcarrier m.

In the third step, the two closest adjacent bands/subcarriers signals Wm0−1 and Wm0+1 are

subtracted from the original received signal Y in order to obtain

Ym0,inic(ω) = Y (ω)−Wm0−1(ω)−Wm0+1(ω). (4.6)

The final decision bSm0,inic is made on the signal Ym0,inic after it has been passed through the

subcarrier selection m0 as well as through the third-order VNLE to compensate for the intra-

band/subcarrier nonlinear effects.

4.3.2 Nonlinear equalizer with linear feedback: INIC(3,1)

In INIC(3,1), the third-order VNLE is used for the intra-band/subcarrier nonlinearities com-

pensation but only linear interference due to bandwidth overlapping with adjacent bands/-
subcarriers is considered. Therefore the recursive part relies on the first-order Volterra optical

fiber model. Thus, Eq. (4.5) becomes

Wx/y,m(ω) = h1(ω)bX x/y,m(ω). (4.7)

As in Eq. (4.6), before taking the final decision, Ym0,inic is passed through the third-order VNLE

to mitigate the intra-band/subcarrier nonlinear effects.

4.3.3 Linear equalizer with linear feedback: INIC(1,1)

In INIC(1,1), already proposed by [65], the nonlinear effects are not taken into account and

the receiver only mitigates the intra-band/subcarrier and inter-band/subcarrier linear effects.

More precisely, the received signal Yx/y,m is linearly equalized and the output signal Zx/y,m is

given by

Zx/y,m(ω) = k1(ω)Yx/y,m(ω). (4.8)

After detection on Zx/y,m to get bSx/y,m, the re-modulated signal bX x/y,m is passed by the first-

order Volterra model and the output Wx/y,m is given by Eq. (4.7). Once again, we can apply

Eq. (4.6), and the obtained signal Ym0,inic is passed through the linear equalizer.

4.4 Simulation results

4.5 MB-OFDM simulation results

As MB-OFDM simulations in the previous chapters, the simulation setup is inspired from the

SASER European project whose the goal is to design a 400 Gbps system for long-haul com-
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munications. We generate four OFDM modulated bands of bandwidth 20 GHz and spaced by

2 GHz interval guard. We consider a Dual-Pol-16QAM OFDM with 512 subcarriers and a 11%

loss in efficiency due to the cyclic prefix on each band. The transmission line consists of 8

spans of 100 km. Each span is a standard SMF with α = 0.2dB.km−1, D = 17ps.nm−1.km−1,

and γ= 1.4W−1km−1. An Erbium-Doped Fiber Amplifier (EDFA) with a 5.5 dB noise figure and

a 20 dB gain is also used at each span. All results in this work concern the central bands be-

cause they are the most degraded by nonlinear effects. Table.4.1 shows the OFDM parameters

used for simulation.

Table 4.1: OFDM parameters

OFDM parameters

FFT size 512

Cyclic prefix 11%

Subcarriers number 500

Modulation 16 QAM

Clipping ratio 13 dB

Quantization bits 5
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Figure 4.3: Constellations: (A) linear equalization; (B) VNLE; (C) Proposed INIC(3,3)

In Fig. 4.3, we show the constellations at optimum input power after linear equalization,

third-order VNLE and INIC(3,3) respectively in a dual polarizartion context. The constellation

after INIC(3,3) is clearer and the points are more visible which should lead to better BER.

In Fig. 4.4, we plot Q factor vs. input power when only one single-polarization is active.

The performance of the VNLE is closed to those of the linear equalization because of the inter-

band interference. In contrast, the proposed INIC(3,3) strongly outperforms the VNLE.

In Fig. 4.5, we plot Q factor vs. input power when both polarizations are active. The gain

of the proposed INIC(3,3) compared to the VNLE is about 0.3dB. The gain of both INIC(3,3)

and VNLE are reduced in comparison with linear equalization. This can be explained by the

appearence of XpolM nonlinear effects.
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Figure 4.4: BER vs. input power for 4-band Single-Pol-16QAM OFDM
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Figure 4.5: BER vs. input power for 4-band Dual-Pol-16QAM OFDM

4.6 Nyquist WDM simulation results

We generate a dual-polarization 16QAM modulated Nyquist-WDM superchannel with 4 sub-

carriers. The bit rate is 448Gbps and the symbol rate per subcarrier and per polarization is

R= 14GBd. The transmission line consists of multi-span standard SMF with α= 0.2dB.km−1,

D = 17ps.nm−1.km−1, and γ= 1.4W−1.km−1. The polarization mode dispersion (PMD) is

0.1ps.km−1/2. The shaping filter is a Root-Raised Cosine (RRC) with roll off ρ. An Erbium-

Doped Fiber Amplifier (EDFA) with a 5.5dB noise figure and a 20dB gain is used at each span of

100km. Notice that the analog to digital converter (ADC) works at twice the symbol rate. Ta-

ble 4.2 summarizes the simulation parameters. All results will concern the central subcarriers
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because they are the most disturbed ones by interference.

Table 4.2: Simulation parameters

Subcarrier number M 4

Bit rate 448Gbps

Symbol rate R 14GBd

Modulation 16QAM

RRC roll off ρ 0.1 or 0.01

ADC samples per symbol 2

EDFA noise figure 5.5dB

Span length L 100km

We also define the subcarrier spacing factor δ as the ratio between the subcarrier spacing

∆ f and the symbol rate R. Therefore, we have δ =∆ f /R.

In any figure, we plot the performance of each INIC receiver, and for comparison the (8-

step per span) DBP, the classic third-order VNLE, and the linear equalizer. Unless otherwise

stated, the transmission distance is d = 1000km.

In the first set of simulation, we fix the roll off ρ to be 0.1. In Fig. 4.6, we plot the Q factor

versus the input power for a subcarrier spacing factor δ = 1. We observe that DBP, VNLE and

linear equalizer offers similar performance far away from those proposed by the INIC. So the

inter-subcarrier interference disturbs strongly the performance and has to be mitigate. The

INIC(3,3) is the best ones and offers a gain about 0.3dB, 0.6dB and 1.5dB with respect to the

INIC(3,1), the INIC(1,1) and the DBP.
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Figure 4.6: Q factor vs. input power (ρ = 0.1, δ = 1)
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In Fig. 4.7, we plot the Q factor versus the subcarrier spacing factor δ at the optimum input

power. When super-Nyquist WDM is considered, which means δ < 1, the performance of DBP

and VNLE are strongly reduced because of the high inter-subcarrier interference. At δ = 0.95,

the INIC(3,3) offers a gain of 2dB in comparison with DBP and VNLE and 0.5dB in comparison

with INIC(3,1). At δ = 1.1, any INIC leads to the same performance as DBP and VNLE due to

the absence of interference.
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Figure 4.7: Q factor vs. subcarrier spacing factor δ (ρ = 0.1)

In Fig. 4.8, we plot the transmission reach versus the input power for the Soft Decision For-

ward Error Correction (SD-FEC) limit Q = 5.9dB. INIC(3,3) improves the transmission reach

by 500km compared to DBP, VNLE and linear INIC(1,1). Similar performance are obtained for

INIC(3,3) and INIC(3,1) and the gain is less than the span length.

In the second set of simulation, we fix the roll off ρ to be strongly smaller and equal to

0.01. In Fig. 4.9, we plot the Q factor versus the input power for a subcarrier spacing factor

δ = 0.95. Once again, INIC (3,3) outperforms INIC(3,1), INIC(1,1) and DBP with a gain

respectively equal to 0.5dB, 0.7dB and 1.8dB. This substantial gain is obtained since there is

a large inter-subcarrier nonlinear interference in this configuration.

In Fig. 4.10, we plot the Q factor versus the subcarrier spacing factor δ at optimum input

power. The INIC receiver gain reduces drammatically as soon as δ ≥ 1 (since the subcarrier

interference becomes very weak) and δ ≤ 0.9 (since the interference is too high and difficult

to compensate for due to the numerous errors in the first step of the INIC).

4.7 Complexity analysis

The complexity will be roughly analyzed through the required number of real multiplica-

tions. Notice that PMD is handled through an adaptive CMA and its complexity is neglected
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Figure 4.8: Transmission reach vs. input power (ρ = 0.1)
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Figure 4.10: Q factor vs. subcarrier spacing factor δ (ρ = 0.01)

since it corresponds only to a few multiplications and additions per symbol. According to

[59], the complexity of the single-step DBP and the third-order VLNE per band/subcarrier

are Csingle−step DBP = 4N L log2(L) + 10.5N L and CVLNE = 2N L log2(L) + 4.25N L respectively,

where L is the number of Fourier transforms. So we have Csingle−step DBP ≈ 2CVLNE. Assuming

the multiplications needed for applying the Volterra kernels H1 and H3 are almost equal to

those of the inverse Volterra kernels K1 and K3, the complexity of INIC(3,3) is CINIC(3,3) =
3CVLNE = (3/2)Csingle−step DBP because we need to regenerate the two adjacent bands/subcar-

riers and to pass them through the third-order VNLE. As for INIC(3,1), the recursive part is

linear and needs 4L log2(L) + 4L real multiplications. If N is large enough, this term can be

neglected and we so have CINIC(3,1) = 2CVLNE = Csingle−step DBP. Consequently, INIC(3,3) and

INIC(3,1) are much less complex than the multi-step DBP such as the eight-step per span DBP

used in simulation.

4.8 Conclusion

In this chapter, we described a new approach to combat nonlinear interference in the context of

superchannel transmission systems. INIC showed a significant improvement of performance in

terms of transmission reach and Q factor in Nyquist WDM and syper-Nyquist WDM systems. A

significant gain in performance is also observed in MB-OFDM systems. Moreover, the proposed

INIC have also reduced complexity compared to the classic multi-step DBP. Then, depending

in system configuration, INIC(3,3) and INIC(3,1) when INI are negligible can be potential

candidates to replace more complex multi-step DBP due to their high performance.
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CONCLUSION AND PERSPECTIVES

The work carried out in this thesis deals with the compensation of nonlinear effects in the

context of long-haul superchannel transmission systems. We have proposed two new ap-

proaches to combat nonlinear effects in optical fiber and we evaluated their performance in

MB-OFDM and Nyquist WDM superchannels. Superchannels systems suffer from two kinds

of nonlinearities: intra-band/subcarrier nonlinear effects which mainly caused by SPM ,and

inter-band/subcarrier nonlinear interference caused by other Kerr-induced nonlinear effects

such as XPM, XPolM and FWM.

To combat intra-band/subcarrier nonlinear effects, we proposed fifth-order Volterra based

nonlinear equalizer. The main work was first the derivation of fifth order Volterra kernel and

the determination of an implementation scheme in single-polarization and dual-polarization

configurations. Then, the performance of the fifth-order VNLE was evaluated in MB-OFDM

superchannel system. We observed that fifth-order VNLE strongly outperformed third-order

VNLE in single-band and single-polarization OFDM configuration. In the case of multi-band

and dual-polarization configuration, we observed a reduction of performance because of the

inter-band nonlinear effects and the interaction between polarizations. Thus, the fifth-order

VNLE is rather efficient for combating the intra-band nonlinear effects than the inter-band

effects.

To deal with inter-band/subcarrier nonlinear interference in MB-OFDM and Nyquist WDM

superchannel systems. We proposed inter-band/subcarrier nonlinear interference canceler

based on third-order Volterra series. INIC has significantly improved the performance in MB-

OFDM systems. We also implemented INIC approach in Nyquist WDM and super-Nyquist

WDM systems. This approach outperformed the classic nonlinear effects mitigation DBP and

third-order VNLE in terms of transmission reach. An improvement in terms of Q factor and

subcarrier spacing was also observed.

As a future work, one can remark that the INIC implementation can rely on other nonlinear

effects compensation technique such as DBP instead of Volterra series.

The proposed INIC based on decision-feedback approach can be also used for combating

the intra-band/subcarrier nonlinear effects. The major constraint when considering intra-

band/subcarrier nonlinear effects is the causality issue. This issue consists of the the presence
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of nonlinear interference dependent on the current symbol in addition to precursor nonlinear

interference.

To improve the performance fifth order VNLE, we suggest in a further work to take also

into account the fifth-order VSTF for the fiber model in order to really work on the fifth-order

and so to push the non-linear effects on seventh-order. Actually, we can see that this will lead

to only add an extra box to our proposed receiver.



APPENDIX A

DERIVATIONS OF FIFTH-ORDER

INVERSE VOLTERRA KERNEL

A.1 Technical preliminaries

Before introducing new derivations, we just remind some useful expressions for the Volterra

operator [63]. When the even-order of a Volterra operator is null, the Volterra operator for its

inverse is given up to fifth-order as follows

K1 = H−1
1 (A.1)

K3 = −K1H3K1 (A.2)

K5 = K1[−H3[K1 + K1H3K1]− 3H3K1] (A.3)

+ K1[0.5H3K1H3K1 + 0.5H3[2K1 + K1H3K1]]

By using Eq.(A.2), we easily obtain that

K5 = −K1H3 L1 + 3K3 + 0.5K1H3 L2 + 0.5K1H3 L3 (A.4)

with

L1 =

�

L1,x(Yx , Yy)
L1,y(Yx , Yy)

�

L2 =

�

L2,x(Yx , Yy)
L2,y(Yx , Yy)

�

L3 =

�

L3,x(Yx , Yy)
L3,y(Yx , Yy)

�

According to Eq.(A.4), we get

Z5 = K5[Y ] = z1 + z2 + z3 + z4
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with

z1 =

�

z1,x

z1,y

�

=

�

−K1H3[L1,x , L1,y]
−K1H3[L1,y , L1,x]

�

z2 =

�

z2,x

z2,y

�

=

�

3K3[Yx , Yy]
3K3[Yy , Yx]

�

z3 =

�

z3,x

z3,y

�

=

�

0.5K1H3[L2,x , L2,y]
0.5K1H3[L2,y , L2,x]

�

z4 =

�

z4,x

z4,y

�

=

�

0.5K1H3[L3,x , L3,y]
0.5K1H3[L3,y , L3,x]

�

Let us now work to find the kernels associated with each signal zi . In fact we compute the

signal zi,x and we can deduce zi,y by analogy.

Derivations of z1

z1,x(ω) = −k1(ω)

∫

ω1

∫

ω2

h3(ω1,ω2,ω−ω1 +ω2) (A.5)

× [`1,x(ω1)`
∗
1,x(ω2) + `1,y(ω1)`

∗
1,y(ω2)]`1,x(ω−ω1 +ω2)dω1dω2

After that replacing the `1,i by its value

z1,x(ω) = −k1(ω)

∫

ω1

∫

ω2

h3(ω1,ω2,ω−ω1 +ω2) (A.6)

× [[k1(ω1)Yx(ω1)−
∫

ω3

∫

ω4

k3(ω3,ω4,ω1 −ω3 +ω4)[Yx(ω3)Y
∗
x (ω4

+ Yy(ω3)Y
∗
y (ω4)]Yx(ω1 −ω3 +ω4)dω3dω4][k

∗
1(ω2)Y

∗
x (ω2)

−
∫

ω5

∫

ω6

k∗3(ω5,ω6,ω2 −ω5 +ω6)[Y
∗
x (ω5)Yx(ω6) + Y ∗y (ω5)Yy(ω6)]Y

∗
x (ω2 −ω5 +ω6)dω5dω6]

× [k1(ω−ω1 +ω2)Yx(ω−ω1 +ω2)−
∫

ω7

∫

ω8

k3(ω7,ω8,ω−ω1 +ω2 −ω7 +ω8)

× [Yx(ω7)Y
∗
x (ω8) + Yy(ω7)Y

∗
y (ω8)]Yx(ω−ω1 +ω2 −ω7 +ω8)dω7dω8] + [k1(ω1)Yx(ω1)

−
∫

ω3

∫

ω4

k3(ω3,ω4,ω1 −ω3 +ω4)[Yx(ω3)Y
∗
x (ω4) + Yy(ω3)Y

∗
y (ω4)]

× Yy(ω1 −ω3 +ω4)dω3dω4][k
∗
1(ω2)Y

∗
y (ω2)

−
∫

ω5

∫

ω6

k∗3(ω5,ω6,ω2 −ω5 +ω6)[Y
∗
x (ω5)Yx(ω6) + Y ∗y (ω5)Yy(ω6)]Y

∗
y (ω2 −ω5 +ω6)dω5dω6]

× [k1(ω−ω1 +ω2)Yx(ω−ω1 +ω2)−
∫

ω7

∫

ω8

k3(ω7,ω8,ω−ω1 +ω2 −ω7 +ω8)[Yx(ω7)Y
∗
x (ω8)

+ Yy(ω7)Y
∗
y (ω8)]Yx(ω−ω1 +ω2 −ω7 +ω8)dω7dω8]dω1dω2]
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By developing, we obviously obtain the following terms

z1,x(ω) = −
16
∑

i=1

k1(ω)

∫

ω1

∫

ω2

h3(ω1,ω2,ω−ω1 +ω2)t i,1(ω1,ω2)dω1dω2

with

t1,x(ω1,ω2) = k1(ω1)k
∗
1(ω2)k1(ω−ω1 +ω2)Yx(ω1)Y

∗
x (ω2)Yx(ω−ω1 +ω2) (A.7)

t2,x(ω1,ω2) = −k1(ω1)k
∗
1(ω2)Yx(ω1)Y

∗
x (ω2)

∫

ω7

∫

ω8

k3(ω7,ω8,ω−ω1 +ω2 −ω7 +ω8)

(A.8)

× [Yx(ω7)Y
∗
x (ω8) + Yy(ω7)Y

∗
y (ω8)]Yx(ω−ω1 +ω2 −ω7 +ω8)dω7dω8

t3,x(ω1,ω2) = −k1(ω1)k1(ω−ω1 +ω2)Yx(ω1)Yx(ω−ω1 +ω2)

∫

ω5

∫

ω6

k∗3(ω5,ω6,ω2 −ω5 +ω6)

(A.9)

× [Y ∗x (ω5)Yx(ω6) + Y ∗y (ω5)Yy(ω6)]Y
∗
x (ω2 −ω5 +ω6)dω5dω6

t4,x(ω1,ω2) = k1(ω1)Yx(ω1)

∫

ω5

∫

ω6

k∗3(ω5,ω6,ω2 −ω5 +ω6)[Y
∗
x (ω5)Yx(ω6)+ (A.10)

Y ∗y (ω5)Yy(ω6)]Y
∗
x (ω2 −ω5 +ω6)dω5dω6

∫

ω7

∫

ω8

k3(ω7,ω8,ω−ω1 +ω2 −ω7 +ω8)

× [Yx(ω7)Y
∗
x (ω8) + Yy(ω7)Y

∗
y (ω8)]Yx(ω−ω1 +ω2 −ω7 +ω8)dω7dω8

t5,x(ω1,ω2) = −k∗1(ω2)k1(ω−ω1 +ω2)Y
∗
x (ω2)Yx(ω−ω1 +ω2)

∫

ω3

∫

ω4

k3(ω3,ω4,ω1 −ω3 +ω4)

(A.11)

× [Yx(ω3)Y
∗
x (ω4) + Yy(ω3)Y

∗
y (ω4)]Yy(ω1 −ω3 +ω4)dω3dω4

t6,x(ω1,ω2) = k∗1(ω2)Y
∗
x (ω2)

∫

ω3

∫

ω4

k3(ω3,ω4,ω1 −ω3 +ω4) (A.12)

× [Yx(ω3)Y
∗
x (ω4) + Yy(ω3)Y

∗
y (ω4)]Yx(ω1 −ω3 +ω4)dω3dω4

×
∫

ω7

∫

ω8

k3(ω7,ω8,ω−ω1 +ω2 −ω7 +ω8)[Yx(ω7)Y
∗
x (ω8) + Yy(ω7)Y

∗
y (ω8)]

× Yx(ω−ω1 +ω2 −ω7 +ω8)dω7dω8
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t7,x(ω1,ω2) = k1(ω−ω1 +ω2)Yx(ω−ω1 +ω2)

∫

ω3

∫

ω4

k3(ω3,ω4,ω1 −ω3 +ω4) (A.13)

× [Yx(ω3)Y
∗
x (ω4) + Yy(ω3)Y

∗
y (ω4)]Yx(ω1 −ω3 +ω4)dω3dω4

×
∫

ω5

∫

ω6

k∗3(ω5,ω6,ω2 −ω5 +ω6)[Y
∗
x (ω5)Yx(ω6) + Y ∗y (ω5)Yy(ω6)]

× Y ∗x (ω2 −ω5 +ω6)dω5dω6

t8,x(ω1,ω2) = −
∫

ω3

∫

ω4

k3(ω3,ω4,ω1 −ω3 +ω4)[Yx(ω3)Y
∗
x (ω4) (A.14)

+ Yy(ω3)Y
∗
y (ω4)]Yx(ω1 −ω3 +ω4)dω3dω4

∫

ω5

∫

ω6

k∗3(ω5,ω6,ω2 −ω5 +ω6)

× [Y ∗x (ω5)Yx(ω6) + Y ∗y (ω5)Yy(ω6)]Y
∗
x (ω2 −ω5 +ω6)dω5dω6

×
∫

ω7

∫

ω8

k3(ω7,ω8,ω−ω1 +ω2 −ω7 +ω8)

× [Yx(ω7)Y
∗
x (ω8) + Yy(ω7)Y

∗
y (ω8)]Yx(ω−ω1 +ω2 −ω7 +ω8)dω7dω8

t9,x(ω1,ω2) = k1(ω1)k
∗
1(ω2)k1(ω−ω1 +ω2)Yy(ω1)Y

∗
y (ω2)Yx(ω−ω1 +ω2) (A.15)

t10,x(ω1,ω2) = −k1(ω1)k
∗
1(ω2)Yy(ω1)Y

∗
y (ω2)

∫

ω7

∫

ω8

k3(ω7,ω8,ω−ω1 +ω2 −ω7 +ω8)

(A.16)

× [Yx(ω7)Y
∗
x (ω8) + Yy(ω7)Y

∗
y (ω8)]Yx(ω−ω1 +ω2 −ω7 +ω8)dω7dω8

t11,x(ω1,ω2) = k1(ω1)Yy(ω1)

∫

ω5

∫

ω6

k∗3(ω5,ω6,ω2 −ω5 +ω6) (A.17)

× [Y ∗x (ω5)Yx(ω6) + Y ∗y (ω5)Yy(ω6)]Y
∗
y (ω2 −ω5 +ω6)dω5dω6

∫

ω7

∫

ω8

k3(ω7,ω8,ω−ω1 +ω2

×−ω7 +ω8)[Yx(ω7)Y
∗
x (ω8) + Yy(ω7)Y

∗
y (ω8)]Yx(ω−ω1 +ω2 −ω7 +ω8)dω7dω8

t12,x(ω1,ω2) = −k∗1(ω2)k1(ω−ω1 +ω2)Y
∗
y (ω2)Yx(ω−ω1 +ω2)

∫

ω3

∫

ω4

k3(ω3,ω4,ω1 −ω3 +ω4)

(A.18)

× [Yx(ω3)Y
∗
x (ω4) + Yy(ω3)Y

∗
y (ω4)]Yy(ω1 −ω3 +ω4)dω3dω4
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t13,x(ω1,ω2) = k∗1(ω2)Y
∗
y (ω2)

∫

ω3

∫

ω4

k3(ω3,ω4,ω1 −ω3 +ω4) (A.19)

× [Yx(ω3)Y
∗
x (ω4) + Yy(ω3)Y

∗
y (ω4)]Yy(ω1 −ω3 +ω4)dω3dω4

×
∫

ω7

∫

ω8

k3(ω7,ω8,ω−ω1 +ω2 −ω7 +ω8)[Yx(ω7)Y
∗
x (ω8) + Yy(ω7)Y

∗
y (ω8)]

× Yx(ω−ω1 +ω2 −ω7 +ω8)dω7dω8

t14,x(ω1,ω2) = k1(ω−ω1 +ω2)Yx(ω−ω1 +ω2)

∫

ω3

∫

ω4

k3(ω3,ω4,ω1 −ω3 +ω4)

(A.20)

× [Yx(ω3)Y
∗
x (ω4) + Yy(ω3)Y

∗
y (ω4)]Yy(ω1 −ω3 +ω4)dω3dω4

∫

ω5

∫

ω6

k∗3(ω5,ω6,ω2 −ω5 +ω6)

× [Y ∗x (ω5)Yx(ω6) + Y ∗y (ω5)Yy(ω6)]Y
∗
y (ω2 −ω5 +ω6)dω5dω6

t15,x(ω1,ω2) = −k1(ω1)k1(ω−ω1 +ω2)Yy(ω1)Yx(ω−ω1 +ω2) (A.21)

×
∫

ω5

∫

ω6

k∗3(ω5,ω6,ω2 −ω5 +ω6)[Y
∗
x (ω5)Yx(ω6) + Y ∗y (ω5)Yy(ω6)]

× Y ∗x (ω2 −ω5 +ω6)dω5dω6

t16,x(ω1,ω2) = −
∫

ω3

∫

ω4

k3(ω3,ω4,ω1 −ω3 +ω4)[Yx(ω3)Y
∗
x (ω4) + Yy(ω3)Y

∗
y (ω4)]

(A.22)

× Yy(ω1 −ω3 +ω4)dω3dω4

∫

ω5

∫

ω6

k∗3(ω5,ω6,ω2 −ω5 +ω6)[Y
∗
x (ω5)Yx(ω6) + Y ∗y (ω5)Yy(ω6)]

× Y ∗y (ω2 −ω5 +ω6)dω5dω6

∫

ω7

∫

ω8

k3(ω7,ω8,ω−ω1 +ω2 −ω7 +ω8)

× [Yx(ω7)Y
∗
x (ω8) + Yy(ω7)Y

∗
y (ω8)]Yx(ω−ω1 +ω2 −ω7 +ω8)dω7dω8

Derivations of z2

z2,x(ω) = 3

∫

ω1

∫

ω2

k3(ω1,ω2,ω−ω1 +ω2)[Yx(ω1)Y
∗
x (ω2) + Yy(ω1)Y

∗
y (ω2)] (A.23)

× Yx(ω−ω1 +ω2)dω1dω2

Derivations of z3

z3,x(ω) = 0.5k1(ω)

∫

ω1

∫

ω2

h3(ω1,ω2,ω−ω1 +ω2) (A.24)

× [`2,x(ω1)`
∗
2,x(ω2) + `2,x(ω1)`

∗
2,x(ω2)]`2(ω−ω1 +ω2)dω1dω2
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with

`2,x(ω) = −
∫

ω3

∫

ω4

k3(ω3,ω4,ω−ω3+ω4)[Yx(ω3)Y
∗
x (ω4)+Yy(ω3)Y

∗
y (ω4)]Yx(ω−ω3+ω4)dω3dω4.

`2,x(ω) = −
∫

ω3

∫

ω4

k3(ω3,ω4,ω−ω3+ω4)[Yx(ω3)Y
∗
x (ω4)+Yy(ω3)Y

∗
y (ω4)]Yy(ω−ω3+ω4)dω3dω4.

So we get:

z3,x(ω) = 0.5k1(ω)

∫

ω1

∫

ω2

h3(ω1,ω2,ω−ω1 +ω2) (A.25)

× [−
∫

ω3

∫

ω4

k3(ω3,ω4,ω1 −ω3 +ω4)[Yx(ω3)Y
∗
x (ω4) + Yy(ω3)Y

∗
y (ω4)]

× Yx(ω1 −ω3 +ω4)dω3dω4

×
∫

ω5

∫

ω6

k∗3(ω5,ω6,ω2 −ω5 +ω6)[Y
∗
x (ω5)Yx(ω6) + Y ∗y (ω5)Yy(ω6)]

× Y ∗x (ω2 −ω5 +ω6)dω5dω6

∫

ω7

∫

ω8

k3(ω7,ω8,ω−ω1 +ω2 −ω7 +ω8)

× [Yx(ω7)Y
∗
x (ω8) + Yy(ω7)Y

∗
y (ω8)]Yx(ω−ω1 +ω2 −ω7 +ω8)dω7dω8

×−
∫

ω3

∫

ω4

k3(ω3,ω4,ω1 −ω3 +ω4)[Yx(ω3)Y
∗
x (ω4) + Yy(ω3)Y

∗
y (ω4)]

× Yy(ω1 −ω3 +ω4)dω3dω4

∫

ω5

∫

ω6

k∗3(ω5,ω6,ω2 −ω5 +ω6)

× [Y ∗x (ω5)Yx(ω6) + Y ∗y (ω5)Yy(ω6)]Y
∗
y (ω2 −ω5 +ω6)dω5dω6

×
∫

ω7

∫

ω8

k3(ω7,ω8,ω−ω1 +ω2 −ω7 +ω8)

× [Yx(ω7)Y
∗
x (ω8) + Yy(ω7)Y

∗
y (ω8)]Yx(ω−ω1 +ω2 −ω7 +ω8)dω7dω8]dω1dω2

Derivations of z4

z4,x(ω) = 0.5k1(ω)

∫

ω1

∫

ω2

h3(ω1,ω2,ω−ω1 +ω2) (A.26)

× [`3,x(ω1)`
∗
3,x(ω2) + `3,y(ω1)`

∗
3,y(ω2)]`3,x(ω−ω1 +ω2)dω1dω2

with

`3,x(ω) = 2k1(ω)yx(ω)−
∫

ω3

∫

ω4

k3(ω3,ω4,ω−ω3 +ω4) (A.27)

× [Yx(ω3)Y
∗
x (ω4) + Yy(ω3)Y

∗
y (ω4)]Yx(ω−ω3 +ω4)dω3dω4

`3,y(ω) = 2k1(ω)yy(ω)−
∫

ω3

∫

ω4

k3(ω3,ω4,ω−ω3 +ω4) (A.28)

× [Yx(ω3)Y
∗
x (ω4) + Yy(ω3)Y

∗
y (ω4)]Yy(ω−ω3 +ω4)dω3dω4
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As done for z1 we obtain almost the same expression, only some coefficients before t i are

different. We so have

z4,x(ω) = 0.5k1(ω)

∫

ω1

∫

ω2

h3(ω1,ω2,ω−ω1 +ω2)

× [8t1,x(ω1,ω2) + t9,x(ω1,ω2) + 4[t2,x(ω1,ω2) + t3,x(ω1,ω2) + t5,x(ω1,ω2) + t10,x(ω1,ω2)

+ t12,x(ω1,ω2) + t15,x(ω1,ω2)] + 2[t4,x(ω1,ω2) + t6,x(ω1,ω2) + t7,x(ω1,ω2) + t11,x(ω1,ω2)

+ t13,x(ω1,ω2) + t14,x(ω1,ω2)] + t8,x(ω1,ω2) + t16,x(ω1,ω2)]dω1dω2

We can also express z3,x in function of t i,x as:

z3,x(ω) = 0.5k1(ω)

∫

ω1

∫

ω2

h3(ω1,ω2,ω−ω1 +ω2)[t2,x(ω1,ω2) + t16,x(ω1,ω2)]dω1dω2

As the case of single polarization, we replace K3 by its expression : K3 = −K1H3[K1] and

we have:

z3,x(ω) = −3k1(ω)

∫

ω1

∫

ω2

h3(ω1,ω2,ω−ω1 +ω2)[t1,x(ω1,ω2) + t9,x(ω1,ω2)]dω1dω2

So the final expression of the first component of Z5,x in function of t i,x :

Z5(ω) =

�

Z5,x

Z5,x

�

Z5,x(ω) = k1(ω)

∫

ω1

∫

ω2

h3(ω1,ω2,ω−ω1 +ω2)[t2,1(ω1,ω2) + t3,1(ω1,ω2)+

t5,1(ω1,ω2) + t10,1(ω1,ω2) + t12,1(ω1,ω2) + t15,1(ω1,ω2)]dω1dω2

(A.29)

After replacing each t i,x by its expression and regrouping the terms in function of Yi prod-

ucts,we can express Z5,x as:

Z5,x(ω) = −k1(ω)

∫

ω1

∫

ω2

h3(ω1,ω2,ω−ω1 +ω2)[q1,x(ω) + q2,x(ω) + q3,x(ω)]dω1dω2
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With :

q1,x(ω) = f (Y 5
x ); q2,x(ω) = f (Y 3

x , Y 2
y ); q3,x(ω) = f (Yx , Y 4

y );

The expression of each qi,x is

q1,x(ω) = k1(ω1)k
∗
1(ω2)

∫

ω3

∫

ω4

k3(ω3,ω4,ω−ω1 +ω2 −ω3 +ω4)

× Yx(ω1)Y
∗
x (ω2)Yx(ω3)Y

∗
x (ω4)Yx(ω−ω1 +ω2 −ω3 +ω4)dω3dω4

+ k1(ω1)k1(ω−ω1 +ω2)

∫

ω3

∫

ω4

k∗3(ω3,ω4,ω2 −ω3 +ω4)Yx(ω1)Yx(ω−ω1 +ω2)

× Y ∗x (ω3)Yx(ω4)Y
∗
x (ω2 −ω3 +ω4)dω3dω3

+ k∗1(ω2)k1(ω−ω1 +ω2)

∫

ω3

∫

ω4

k3(ω3,ω4,ω1 −ω3 +ω4)

× Y ∗x (ω2)Yx(ω−ω1 +ω2)Yx(ω3)Y
∗
x (ω4)Yx(ω1 −ω3 +ω4)dω3dω4

q2,x(ω) = k1(ω1)k
∗
1(ω2)

∫

ω3

∫

ω4

k3(ω3,ω4,ω−ω1 +ω2 −ω3 +ω4)

× [Yx(ω1)Y
∗
x (ω2)Yy(ω3)Y

∗
y (ω4) + Yy(ω1)Y

∗
y (ω2)Yx(ω3)Y

∗
x (ω4)]

× Yx(ω−ω1 +ω2 −ω3 +ω4)dω3dω4

+ k1(ω1)k1(ω−ω1 +ω2)

∫

ω3

∫

ω4

k∗3(ω3,ω4,ω2 −ω3 +ω4)

× [Yx(ω1)Y
∗
x (ω2 −ω3 +ω4)Y

∗
y (ω3)Yy(ω4) + Yy(ω1)Y

∗
y (ω2 −ω3 +ω4)Y

∗
x (ω3)Yx(ω4)]

× Yx(ω−ω1 +ω2)dω3dω3 + k∗1(ω2)k1(ω−ω1 +ω2)

∫

ω3

∫

ω4

k3(ω3,ω4,ω1 −ω3 +ω4)

× [Y ∗x (ω2)Yx(ω1 −ω3 +ω4)Yy(ω3)Y
∗
y (ω4) + Y ∗y (ω2)Yy(ω1 −ω3 +ω4)Yx(ω3)Y

∗
x (ω4)]

× Yx(ω−ω1 +ω2)dω3dω4

q3,x(ω) = k1(ω1)k
∗
1(ω2)

∫

ω3

∫

ω4

k3(ω3,ω4,ω−ω1 +ω2 −ω3 +ω4)Yy(ω1)Y
∗
y (ω2)Yy(ω3)

× Y ∗y (ω4)Yx(ω−ω1 +ω2 −ω3 +ω4)dω3dω4 + k1(ω1)k1(ω−ω1 +ω2)

×
∫

ω3

∫

ω4

k∗3(ω3,ω4,ω2 −ω3 +ω4)Yy(ω1)Y
∗
y (ω2 −ω3 +ω4)Y

∗
y (ω3)Yy(ω4)

× Yx(ω−ω1 +ω2)dω3dω3 + k∗1(ω2)k1(ω−ω1 +ω2)

∫

ω3

∫

ω4

k3(ω3,ω4,ω1 −ω3 +ω4)

× Y ∗y (ω2)Yy(ω1 −ω3 +ω4)Yy(ω3)Y
∗
y (ω4)Yx(ω−ω1 +ω2)dω3dω4
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So far, no properties of optical fiber have been used for deriving the inverse Volterra series.

In next Section, we will use closed-form expression for h1 and h3 in order to find the real

operations to be done at the receiver side.

A.2 Closed-form expressions for nonlinear compensation in opti-

cal fiber

After N spans, the Volterra kernels are as follows

h1(ω) = e− jω2β2N L/2

h3(ω1,ω2,ω−ω1 +ω2) = −
jγ′

4π2
h1(ω)

1− e−(α+ jβ2∆Ω)L

α+ jβ2∆Ω

N−1
∑

k=0

e− jβ2∆ΩL

With γ′ = 8
9γ and ∆Ω= (ω1 −ω)(ω1 −ω2)

We can express Z5,x as

Z5,x(ω) =Q1,x(ω) +Q2,x(ω) +Q3,x(ω) (A.30)

With

Q i,x = −k1(ω)

∫

ω1

∫

ω2

h3(ω1,ω2,ω−ω1 +ω2)qi,x(ω)dω1dω2

Derivations for Q1,1 According to Eq.(2.27), we know that the kernel k3 takes the following

form

k3(ω1,ω2,ω−ω1 +ω2) = −k1(ω)h3(ω1,ω2,ω−ω1 +ω2)k1(ω1)k
∗
1(ω2)k1(ω−ω1 +ω2)

so

h3(ω1,ω2,ω−ω1 +ω2) = −k3(ω1,ω2,ω−ω1 +ω2)k
∗
1(ω)k

∗
1(ω1)k1(ω2)k

∗
1(ω−ω1 +ω2)
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By replacing h3 with its previous expression, we obtain

Q1,x(ω) =

∫

ω1

∫

ω2

∫

ω3

∫

ω4

k3(ω1,ω2,ω−ω1 +ω2)k3(ω3,ω4,ω−ω1 +ω2 −ω3 +ω4)

× k∗1(ω−ω1 +ω2)Yx(ω1)Y
∗
x (ω2)Yx(ω3)Y

∗
x (ω4)Yx(ω−ω1 +ω2 −ω3 +ω4)

× dω3dω4dω1dω2

+

∫

ω1

∫

ω2

∫

ω3

∫

ω4

k3(ω1,ω2,ω−ω1 +ω2)k
∗
3(ω3,ω4,ω2 −ω3 +ω4)k1(ω2)

× Yx(ω1)Y
∗
x (ω2 −ω3 +ω4)Y

∗
x (ω3)Yx(ω4)Yx(ω−ω1 +ω2)dω3dω4dω1dω2

+

∫

ω1

∫

ω2

∫

ω3

∫

ω4

k3(ω1,ω2,ω−ω1 +ω2)k3(ω3,ω4,ω1 −ω3 +ω4)k
∗
1(ω1)

× Y ∗x (ω2)Yx(ω1 −ω3 +ω4)Yx(ω3)Y
∗
x (ω4)Yx(ω−ω1 +ω2)dω3dω4dω1dω2

By looking at the expression for k3, we can express it as

k3(ω1,ω2,ω−ω1 +ω2) = k1(ω)k̃3(ω1,ω2,ω−ω1 +ω2)

with

k̃3(ω1,ω2,ω−ω1 +ω2) =
jγ

4π2

1− e−(α+ jβ2∆Ω)L

α+ jβ2∆Ω

N
∑

k=1

e jβ2∆ΩL .

Notice that compared to h3, the summation over k goes from 1 to N instead of 0 to N − 1.

We thus obtain that

Q1,x(ω) = k1(ω)

∫

ω1

∫

ω2

∫

ω3

∫

ω4

k̃3(ω1,ω2,ω−ω1 +ω2)k̃3(ω3,ω4,ω−ω1 +ω2 −ω3 +ω4)

× Yx(ω1)Y
∗
x (ω2)Yx(ω3)Y

∗
x (ω4)Yx(ω−ω1 +ω2 −ω3 +ω4)dω3dω4dω1dω2

+ k1(ω)

∫

ω1

∫

ω2

∫

ω3

∫

ω4

k̃3(ω1,ω2,ω−ω1 +ω2)k̃
∗
3(ω3,ω4,ω2 −ω3 +ω4)

× Yx(ω1)Y
∗
x (ω2 −ω3 +ω4)Y

∗
x (ω3)Yx(ω4)Yx(ω−ω1 +ω2)dω3dω4dω1dω2

+ k1(ω)

∫

ω1

∫

ω2

∫

ω3

∫

ω4

k̃3(ω1,ω2,ω−ω1 +ω2)k̃3(ω3,ω4,ω1 −ω3 +ω4)

× Y ∗x (ω2)Yx(ω1 −ω3 +ω4)Yx(ω3)Y
∗
x (ω4)Yx(ω−ω1 +ω2)dω3dω4dω1dω2

By simplifying k̃3 as done in the case of single polarization, one can assume that

k̃3(ω1,ω2,ω−ω1 +ω2)≈ j
c′′

(2π)2

N
∑

k=1

e jkβ2∆ΩL .

with

c′′ = γ′
1− e−αL

α
.

For other term in k̃3, we have

k̃3(ω3,ω4,ω−ω1 +ω2 −ω3 +ω4) = j
c′′

(2π)2

N
∑

k=1

e jkβ2 L∆Ω1
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with ∆Ω1 = (ω3 −ω+ω1 −ω2)(ω3 −ω4).

k̃3(ω3,ω4,ω2 −ω3 +ω4) = j
c′′

(2π)2

N
∑

k=1

e− jkβ2 L∆Ω2

with ∆Ω2 = (ω3 −ω2)(ω3 −ω4).

k̃3(ω3,ω4,ω1 −ω3 +ω4) = j
c′′

(2π)2

N
∑

k=1

e jkβ2 L∆Ω3

with ∆Ω3 = (ω3 −ω1)(ω3 −ω4). By introducing

hcd(ω) = e jβ2ω
2 L

2 ,

we get that , as for the case of single polarization, after doing the change of variable ω′1 =
ω−ω1 +ω2 and ω1 =ω′1 in the first term of Q1,x

Q1,x(ω) = −2
c′′2

(2π)4
hN

cd(ω)

∫

ω1

∫

ω2

∫

ω3

∫

ω4

N
∑

k,`=1

e jβ2 L(k∆Ω+`∆Ω3)

× Y ∗x (ω2)Yx(ω1 −ω3 +ω4)Yx(ω3)Y
∗
x (ω4)Yx(ω−ω1 +ω2)dω3dω4dω1dω2

+
c′′2

(2π)4
hN

cd(ω)

∫

ω1

∫

ω2

∫

ω3

∫

ω4

N
∑

k,`=1

e jβ2 L(k∆Ω−`∆Ω2)

× Yx(ω1)Y
∗
x (ω2 −ω3 +ω4)Y

∗
x (ω3)Yx(ω4)Yx(ω−ω1 +ω2)dω3dω4dω1dω2

Derivations for Q2,x

Q2,x = −k1(ω)

∫

ω1

∫

ω2

h3(ω1,ω2,ω−ω1 +ω2)q2,x(ω)dω1dω2

Once again, by replacing h3 with respect to k3, we obtain

Q2,x(ω) =

∫

ω1

∫

ω2

∫

ω3

∫

ω4

k3(ω1,ω2,ω−ω1+ω2)k3(ω3,ω4,ω−ω1+ω2−ω3+ω4)k
∗
1(ω−ω1+ω2)

[Yx(ω1)Y
∗
x (ω2)Yy(ω3)Y

∗
y (ω4) + Yy(ω1)Y

∗
y (ω2)Yx(ω3)Y

∗
x (ω4)]

Yx(ω−ω1 +ω2 −ω3 +ω4)dω1dω2dω3dω4

+

∫

ω1

∫

ω2

∫

ω3

∫

ω4

k3(ω1,ω2,ω−ω1 +ω2)k
∗
3(ω3,ω4,ω2 −ω3 +ω4)k1(ω2)

[Yx(ω1)Y
∗
x (ω2 −ω3 +ω4)Y

∗
y (ω3)Yy(ω4) + Yy(ω1)Y

∗
y (ω2 −ω3 +ω4)Y

∗
x (ω3)Yx(ω4)]
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Yx(ω−ω1 +ω2)dω1dω2dω3dω4

+

∫

ω1

∫

ω2

∫

ω3

∫

ω4

k3(ω1,ω2,ω−ω1 +ω2)k3(ω3,ω4,ω1 −ω3 +ω4)k
∗
1(ω1)

[Y ∗x (ω2)Yx(ω1 −ω3 +ω4)Yy(ω3)Y
∗
y (ω4) + Y ∗y (ω2)Yy(ω1 −ω3 +ω4)Yx(ω3)Y

∗
x (ω4)]

Yx(ω−ω1 +ω2)dω1dω2dω3dω4

By replacing k3 with respect to k̃3 and after that replacing ki by its expression, we have

finally

Q2,x(ω) = −
c′′2

(2π)4
hN

cd(ω)

∫

ω1

∫

ω2

∫

ω3

∫

ω4

N
∑

k,`=1

e jβ2 L(k∆Ω+`∆Ω1)[Yx(ω1)Y
∗
x (ω2)Yy(ω3)Y

∗
y (ω4)

+ Yy(ω1)Y
∗
y (ω2)Yx(ω3)Y

∗
x (ω4)]Yy(ω−ω1 +ω2 −ω3 +ω4)dω3dω4dω1dω2

+
c′′2

(2π)4
hN

cd(ω)

∫

ω1

∫

ω2

∫

ω3

∫

ω4

N
∑

k,`=1

e jβ2 L(k∆Ω−`∆Ω2)[Yx(ω1)Y
∗
x (ω2 −ω3 +ω4)Y

∗
y (ω3)Yy(ω4)

+ Yy(ω1)Y
∗
y (ω2 −ω3 +ω4)Y

∗
x (ω3)Yx(ω4)]Yx(ω−ω1 +ω2)dω3dω4dω1dω2

−
c′′2

(2π)4
hN

cd(ω)

∫

ω1

∫

ω2

∫

ω3

∫

ω4

N
∑

k,`=1

e jβ2 L(k∆Ω+`∆Ω3)[Y ∗x (ω2)Yx(ω1 −ω3 +ω4)Yy(ω3)Y
∗
y (ω4)

+ Y ∗y (ω2)Yy(ω1 −ω3 +ω4)Yx(ω3)Y
∗
x (ω4)]Yx(ω−ω1 +ω2)dω1dω2dω3dω4

Derivations for Q3,x

Q3,x = −k1(ω)

∫

ω1

∫

ω2

h3(ω1,ω2,ω−ω1 +ω2)q3,x(ω)dω1dω2

Replacing h3 with respect to k3

Q3,x(ω) =

∫

ω1

∫

ω2

∫

ω3

∫

ω4

k3(ω1,ω2,ω−ω1 +ω2)k3(ω3,ω4,ω−ω1 +ω2 −ω3 +ω4)

× k∗1(ω−ω1 +ω2)Yy(ω1)Y
∗
y (ω2)Yy(ω3)Y

∗
y (ω4)Yx(ω−ω1 +ω2 −ω3 +ω4)

× dω3dω4dω1dω2

+

∫

ω1

∫

ω2

∫

ω3

∫

ω4

k3(ω1,ω2,ω−ω1 +ω2)k
∗
3(ω3,ω4,ω2 −ω3 +ω4)k1(ω2)

× Yy(ω1)Y
∗
y (ω2 −ω3 +ω4)Y

∗
y (ω3)Yy(ω4)Yx(ω−ω1 +ω2)dω3dω4dω1dω2

+

∫

ω1

∫

ω2

∫

ω3

∫

ω4

k3(ω1,ω2,ω−ω1 +ω2)k3(ω3,ω4,ω1 −ω3 +ω4)k
∗
1(ω1)

× Y ∗y (ω2)Yy(ω1 −ω3 +ω4)Yy(ω3)Y
∗
y (ω4)Yx(ω−ω1 +ω2)dω3dω4dω1dω2

We obtain finally
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Q3,x(ω) = −
c′′2

(2π)4
hN

cd(ω)

∫

ω1

∫

ω2

∫

ω3

∫

ω4

N
∑

k,`=1

e jβ2 L(k∆Ω+`∆Ω1)

× Yy(ω1)Y
∗
y (ω2)Yy(ω3)Y

∗
y (ω4)Yx(ω−ω1 +ω2 −ω3 +ω4)dω3dω4dω1dω2

+
c′′2

(2π)4
hN

cd(ω)

∫

ω1

∫

ω2

∫

ω3

∫

ω4

N
∑

k,`=1

e jβ2 L(k∆Ω−`∆Ω2)

× Yy(ω1)Y
∗
y (ω2 −ω3 +ω4)Y

∗
y (ω3)Yy(ω4)Yx(ω−ω1 +ω2)dω3dω4dω1dω2

−
c′′2

(2π)4
hN

cd(ω)
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ω1

∫

ω2

∫

ω3

∫
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N
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k,`=1

e jβ2 L(k∆Ω+`∆Ω3)

× Y ∗y (ω2)Yy(ω1 −ω3 +ω4)Yy(ω3)Y
∗
y (ω4)Yx(ω−ω1 +ω2)dω3dω4dω1dω2
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