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Outline

O Refresher on convex optimization and the road to Signomial

Programming

® First application : power allocation for SatCom with nonlinear
impairments

® Second application : quantizer optimization in distributed estimation
system

Joint works with Yue Bi, Arthur Louchart, Charly Poulliat and Yue Wu
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Convex optimization

Optimization problem

min f(x)

X

s.t.
\V/g, gg(X) <0

Vﬂ’, hg/(X) =0
with f and gy (V¢) convex, and hy (V¢') affine

Resolution tools:
e Mathematically : KKT conditions (seldom feasible)

e Numerically : algorithms such as gradient-descent, Newton, etc
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Non-convex optimization : a “simple” example

Block-Coordinate Descent
If
f(X) = f(X]_, T 7XN)
with @ — 7(--- Xk_1,®,Xkt1,- ) strongly convex, then

e convergence to a stationary point if constraint set is convex and
separable!

e Example: f(x) = x?x3

e Counter-example: downlink (power constraint: 221:1 Xk < Xmax)
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General case

Successive Convex Approximation (SCA)

At each iteration /, solve
* e *
X+, 1 = argmin f;(x, X}
i+1 gxeD l( ) /)

with f; an upper-bound approximating convex function of f
° 7,-(xjf,x}*) = f(x}), VJ,-(X, X7)|x:x,* = fo(x)|x:x?,
e Vx €D, f(x) < fi(x,x}).

Then SCA converges to a stationary point of

Problem: how finding f;?

Special case: Difference of Convex (DoC) = easy to exhibit f;
o f(x) = fi(x) — f(x)
o Filxx}) = Ax) — falx}) — Vafs(Wmmrs (x — )
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Geometric Programming (GP)

Let p be a posynomial, i.e.,

N
p(x) = > Bm [T Ca)
m n=1

with am, € R and B, € Ry

Characterization
e f and gy are posynomial, and x, > 0, Vn.

e gi(x) <1

e Change of variables y, = log(x,)
e Work on log(f) and log(ge)
e New problem is convex
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Example

f(X) = X1X2

e Not jointly convex:

. 2, |01
Hessian : Vf—[l 0

It is not a positive matrix! ([1, —1].(V3f).[1,—1]T = -2)

e butj:y—log(f(e¥)) is convex since

J(y) — |Og(e}’1eyz)
= y1+y
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Complementary Geometric Programming (CGP)

f and gy ratio of posynomials

Characterization

min PO o P gk
x qo(x) qi(x)
where p; and g; are posynomial functions Vi =0, --- , K.

e CGP are nonconvex and become GP when g; are monomials.
e SCA by replacing posynomial denominator with approximate monomial

e Convergence to a stationary point
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Monomial approximation and lower bound of posynomial

Let

e Qn(X) = Bm [TV, xi™" be a monomial (with 3, > 0)
e Q(x):=3",, Qm(x) be a posynomial

Result

000 > Gix H( )am

In addition, if 6, = Qm(x0)/Q(xo), then
o Q(x0) = Q(xo).
e and ~
0Q 0@

Ox |x=x0 Ox [x=x0
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Sketch of proof

e Comparison between arithmetic mean and geometric mean:
>t > T
m m

with 6, > 0and Y dm=1.

e Consider zy, = Qm(x)/0m and dm = Qm(X0)/Q(X0)
° @(Xo) 1., (Q(XO))Qm(Xo)/Q Xo) Q(xo)z Qm(x0)/Q(x0) — Q(xo)
° Jdlog Q _ Z 8Qm/ax\x—x,_-,
8X~ |X:X0 - Zm Qm(XO)
o log Q(x) = 2., Om 108>(Qm(x)/dm)

8|0g . E 6 aQ’"/axlx =xq0 _ Z 8Q!T7/ax|x:xg
|X X0 Zm Qm(XO)

ox Qm XO)
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Signomial Programming (SP)
As for CGP but 8, € R

Characterization
q20(¥) = bo(x) - ai(x) = bi(x)
x co(x) —do(x) — ci(x) = di(x)

where a;, b;, ¢; and d; are posynomial functions and ¢; — d; > 0,
Vi=0,---,K.

<1 Vi=1,--- K

e SP problems are nonconvex and can be converted into CGP

. —h. . 30,i .
mint s.t. —a,(x) bi(x) < tlo.i 3i(x) + £ .d’(X)
xt ci(x) — di(x) bi(x) + t%.ic;(x)

<1

e SCA and converges to a stationary point
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Example 1

i Py s.t. R > RE,Vk
mpln; k S.t. R = k,V

Non convex optimization due to the constraint

Rewrite the constraint

Gy Py
RkZRtﬁlog 1+ > RE
g ( St GmPn + Pw) ¢

1

&Y GG PP+ GTPL P < T

m#k

Geometric programming

Remark: SINR, ' is a posynomial but (1 -+ SINRk)™! is just a ratio of
posynomials

Seminar at Bordeaux 2025 Signomial Programming and its applications 12 / 30



Example 2

e
E I 1+ s.t. E P < Prax

(i
ik GmPm + Pu

1t <
mPInl;I(Z G P+ P, )St ;Pk_Pmax

T
Hk(Zm;ékG Pm + Pu)
[1(>2m GmPm + Pw)

s.t. Z Pr < Prax
k

Complementary Geometric programming
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Application 1: power allocation with nonlinear impairments

Gateway

e Multi-beam return link from terrestrial users to satellite (gain Gy for

user k) with full frequency reuse — inter-beam interference
e OFDMA intra-beam scheduling
e Terrestrial primary system — interference constraint
e Nonlinear amplifier on satellite board — non-linear interference
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Signal model

Volterra series model for High Power Amplifier (HPA)

YC(t) = 71Xc(t) + 73Xc(t)xc(t)xc(t) + WC(t)

For user k, we get
Zi = zi¢ + Z" + wi

Let

e PL(k) = E[|z}|?] be the auto-correlation of the linear part,

e Pxi(k) = E[|zNV[?] be the auto-correlation of the nonlinear part,

o Prni(k) = E[zfz)F] be the cross-correlation between the linear and
nonlinear parts.
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Capacity expressions

Pinsker's formula (Gaussian codebooks)

w —
I C = log, (1 +
X )‘ Nonlinear memoryless distorsion }-»@—» z

e Assuming optimal decoder,

C(k) = loga (1 + Q(k))

E [xZ] E [zX] )
E[|x|?] E [zZ] — E [xZ] E [zX]

with
PE(k) + 2PL(K)R{Prxw(k)} + [Pni(k)?
PL(k)PNL(k) + PL(k)PW — |'PLNL(k)’2

e Assuming nonlinear part as noise,

C(k) = logy (1 + Q(K))

Q(k) =

with
~ Pu(k)
Qk) = PNL(k) + Pw
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Capacity expressions (cont'd)

Pu(k) = 73GkPx,
Pau(k) = 430 GPe Y G G P P
k/’k//
+ 2’7%05(2) Z leszGk3Pk1Pk2Pk3
ki,k2,k3|k=k1+ka—k3

K

+ 4'7?%ﬂ(1)(6li,1 Gk—IPk—l + 5127K Gk+1Pk+l) Z Gk’ Gk”'Dk’Pk”
k', k"=1

+ 273%6(2) Z Gk1 sz Gka 'Dk1 sz Pk3
ki,ko,k3|k=ki+ko—ks£1

Pinn(k) = 271713AGkPr Y G Pe
k/
o o) @ M) 3 X are positive.
e PL(k), PnL(k), PNL(k) are posynomials
w775



Power minimization (with C)

. T L(k)
min E k S.t. |Og2 (1 + ( ) ) k k

s.t.

_ 1
P(k) ™ (Pru(k) +Pw) < sp— Vk=1....K

Geometric Programming
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Maxmin data rate (with C)

max min PL—(k)
Pk Pnun(k)+ Pw

which is equivalent to

r?:?tXt r’gip 1
s.t. ot ’
Pu(k) 1
—— >t Vk tPr(k Prr(k) +Pw) <1 Vk
Px(k) + Pw (k)™ (Pnw(k) W) A

Geometric Programming
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Sum-rate maximization (with C)

K K
P (k) > PnL(k) + Pw + PrL(k)
[ 1+ — =
mgx; 08> ( + PNL(k) - Pw mlgx H PNL(k) S Pw

o PNL(k) + Pw
B mln H PNL ) + Pw + Pu(k)
) posynomlal

= min :
posynomial

Complementary Geometric Programming
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Sum-rate maximization (with C)

Due to sign — in Q(k), we have

signomial
mn ———
signomial

under ratio of signomials.

Signomial Programming
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Numerical illustrations - 1

e Single-beam, no primary users : only non-linear interference
e K =6 users, Ppax = 50W (47dBm), v3 = 0.05
e Rainy weather (G strongly different between users)
e Sota

» Naivel: P, = P Vk and line search to find optimal P

» Naive2: GxPy = P Vk and line search to find optimal P

» Lin: non-linear interference not taken into account in C

18

e praivel
16 .
A pnaive2

14

—o— plin

-o- P*

12

10

Sum-rate [Gbps]

2 I I I I I
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Gain of the pre-amplifier [dB]
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Numerical illustrations - 2

e Multi-beam, primary users
e Additional Sota
» Lin-ortho: Lagunas's algo for orthogonal beam and non-linear
interference not taken into account in C

» Lin-ortho-opt: optimal algo for orthogonal beam and non-linear
interference not taken into account in C

20 - 200 - _ -
g praivel _a_ pnaive2 R “tea, —p— praivel _a_ pnaive2
plin-ortho g plin-ortho-opt |- plin-ortho g plin-ortho-opt
) —e—e—6—o )
15— plin -o- P* —o— plin
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e} )
S 9,
jo3 [
© [
£ £
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a @
0 Il Il Il Il Il Il Il Il Il I} 0 Il Il Il Il
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Gain of the pre-amplifier [dB] Density of primary users per 100km?
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Application 2: quantizer optimization in distributed system
e K sensors collecting a noisy sample y, at sensor k
Yk =0+ wy

where wy ~ N(0,02) and 6 € [-1,1]
e Communication of y, to Fusion Center with a B bits quantizer Q

Ik = Qu(yk)
where
0 if u<miq,
Q(u) =< L if u>m7ey,
i if 7ii <u<Trip1, forie{l,--- [—1},

with L =28 —1 and {7k,i}tieq1,.. 1} increasing threshold’s sequence

Goal
Build in a relevant way the threshold sequences {7x ;}ic1,... 1} J
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Cramer-Rao Bound (CRB)

1

A 2 ) —

)

with F(gk)(r) the Fisher information for one sample of the k-th sensor, and

-1
FSO(T) = m(71,0) + (i, 6) + > 0Tk Thi1: 0)
i—1

with nl(tv 9) = 77(—00, t79)v nL(tv 0) £ TI(E +OO79)1

(&(t' = 0) — ¥(t - 0))°

e 0) = Sy v =)

and V(e) = ®(e/0,) and Y(e) = ¢ (e/0y) /ow Where ® and ¢ are the
cdf and pdf for standard normal distribution
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Asymptotic CRB (K — o0)

o Assume the thresholds {7y ;}« i correspond to a realization of a
random variable driven by the pdf g and the cdf G.

e Let A/, be the marginal pdf of 7, 1/, (the first/last threshold), and
Aj the joint pdf two consecutive thresholds.

K

CRBy(7) ~ #g(g) with Fy(g) = I|m Z
E K~

Then

) = | " (e 6 (H)dt + / Tt 6 ()dt
L-1 .~ T/
+ (t,t',0)\i(t, t')dtdt’

where A1(t) = c[1 — G(t)]F1g(t), AL(t) = c[G(t)]-1g(t), and
Ai(t,t') = a[G()] 1 — G(¢)]* g (t)g(t))
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Optimization problem : worst case

F
e i Eo(8) J

e Discretization of § with M points : §;, Vj € {1,---, M}
e Discretization of g with N points on {p1,---,pn}.
> Variable of optimization: a = {am}meq1,..., v} With

am:M Vme{1,--- N}

> =1 & (Pm)
» Fy(g) leads to f;(a)

N Y/ N YA
Z dDA =3 a) e+ 3 d (S 8
=1 j=1 (=1

Jj=1
-1 N & £
i—1 L—i
DI ID I Zaj (1= a) anas
i=1 l=10,=1 j=1
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Algorithm
Consequently,

N
max min f;(a) s.t. am=1
a 16{17$M} J( ) mz::l "

Optimization problem

maXx Xx
a,x

N
s.t. fi(a) > x,Vj e {1,--- ,M}, and Z Sl = Il
m=1

Signomial Programming
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Numerical illustrations

K =2000,L=4, M=38,and N =10

————— Unquantized
—6— Regular quantizer
|—+— Uniform random quantizer

03
— % — plimized random quantizer (N=3}
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Optimal (red) g MSE versus SNR
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Conclusion

e Signomial programming is useful as soon as nonlinearity comes from
multivariate polynomials

e Other applications : DAC/ADC optimization

Related publications:
» A. Louchart et al., Some Power Allocation Algorithms for Cognitive
Uplink Satellite Systems, Eurasip Journal of Wireless Communications
and Networking, 2023.
» Y. Bi et al., Multi-bit Quantizer Design for Distributed Parameter
Estimation, IEEE Statistical Signal Processing Workshop, 2025.
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