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Abstract—We address the optimization issue of the outage optimal power allocation scheme through a simple iterative

probability in Rician block fading channels with N transmit  deterministic algorithm, based on the theory of large ramdo
antennas and1 receive antenna. It is already known that the matrices.

eigenvectors of the covariance matrix of the transmit signithat . . .
minimizes the outage probability are the normalized mean vetor For the non-ergodic case, an analytical expression of the

of the Rician channel and N — 1 orthonormal vectors belonging outage probability is only available for the MISO and SIMO
to the space orthogonal to the range of the mean vector. Our cases. The MIMO case has been studied in [7], [8] for the
contribution is to optimize the eigenvalues. At high SNR, we correlated Rayleigh and white Rice cases. Therein, the first

show that the part of the power allocated to the orthogonal spce . yoments of the mutual information are calculated and a
of the range of the mean vector should be uniformly distribued

amongst its N —1 eigenvectors. In addition, thanks to an original Gaussian approximation is used to determine the outage prob
approximation of the outage probability, we characterize he ability. However, optimization with respect to the transsidn
part of power associated with the mean vector. We numerica)  covariance matrix seems very complex and only a few papers
observe improve_ment achieved by t_he proposed allocationiseme  geglt with it [1], [9], [10], [11]. As the previous results Wi
compared to uniform power allocation. be needed throughout the paper, further explanations will b
directly provided in the core of the paper.

Our work focuses on a Rician MISO block fading channel.
Within the context of slow flat fading multiple antennagyr main contribution is to find the structure and the value

channels, the outage probability represents a fundamientel of the eigenvalues of covariance matrix optimizing the gata
on the system’s performance. Its optimization is of patéicu probability.

interest both at the theoretical and practical levels. WhenTne paper is organized as follows: in Section I1, we intro-

partial channel state information is known at the transmitt gyce the MISO based system as well as the problem statement.
whether from a true Rician behaviour of the propagatiof section Iil, we derive an achievable lower bound for the
channel or from partial feedback coming from the receivegytage probability. Through an original approximation loé t
only a few results about the outage probability optimizatiogwer hound, we provide useful insight on the optimized powe
with respect to the correlation matrix of the transmit signgocation with respect to the channel deterministic patams.

can be found in the literature. Section IV is devoted to numerical illustrations. Conchgli
The correlation matrix optimization problem has been tackamarks are drawn in Section V.

led intensively for fast flat fading and only partially for
slow flat fading channels. In the case of fast flat fading,
we remind that the relevant information-theoretic criteri

is the ergodic capacity. All the following works focused on \We consider here a system wifki transmit antennas and
ergodic capcacity optimization. In [1], it has been conjeetl 1 receive antenna. Therefore, the discrete-time receiviarsca

that, for uncorrelated Rayleigh channels, the optimum powsignal, denoted by, can written in the following manner
allocation would be to uniformly allocate the available gow

Correlated Rayleigh channels were studied in [2], [3], veher y =+vPh"x +b Q)

it is shown that the eigenvectors of the transmit covariance

matrix match those of the channel’s transmission cor@tatiwherex is a N x 1 unit-power and zero-mean transmit signal,
matrix. For uncorrelated Rician fading channels, [4] showsis a complex circular Gaussian noise with zero mean and
that the eigenvectors of the transmit signal covariance afariances?/2 per real dimension anH is the N x 1 vector

the right singular vectors of the channel’s mean matrix. ThHepresenting the instantaneous impulse response. FiRaiy
correlated case was studied in [5], where the power allogatithe total transmit power. The superscript” stands for the
can be obtained by a numerical stochastic method. [6] alsomplex-transposition operator.

focused on this problem, by giving an approximation of the As the channel is assumed to satisfy a Rician block flat

I. INTRODUCTION

II. CHANNEL MODEL & PROBLEM STATEMENT



fading model,h can be decomposed as follows with v = Uh = [y, -+ ,un]T andp = (28 — 1)/p. The
7 1 superscript(.)T stands for the transposition operator. Due to
h=4/——h;+/——h, (2) the constraint on the trace f, the eigenvalues have to satisfy
K+1 K+1 the following constraint
whereh, is a deterministic unit-norm vector.¢., |h,||?> = 1),
andh,. is a complex circular Gaussian random vector with zero

N
mean. The covariance matrix is chosen such Biat.-h!l] = Z A= 1.
(1/N)Idx which means that the componentslgf are i.i.d.. =1

CoefficientK is the so-called Rician factor. In this paper, we The random vector is a complex circular Gaussian vec-

assume thaf(, hy, and covariance matrix are known at thg,. \\ith mean /K/(K +1)U"h,; and covariance matrix
transmitter. S _ 1/(N(K +1))Idn.
This channel model can be justified in the following two Notice that finding the matrixU optimizing the outage

ways. Firstly, in most wireless applications, it is usual tg obability has already been solved in [11]. The optimalrirat

: . I
fr?gs]:i(:gtr th:rtttcgfgrsaqgeltﬁ:nL?r?edi?msnipﬁtse&gtg(; tv\\;\(/)hil?: ?]%StontainsN orthonormal column vectors. Ath,|| = 1, the
P 9 ’ th vector is equal tdh; and is thus associated with the Rice

corresponds to the first term of the righthand side of (2),

and the second part is associated with the non-line of si a%rt of the channel. The firgtV — 1) vectors are selected in

: rder to form an orthonormal basis of the space orthogonal to
(NLOS) components of the channel, which corresponds 19 space spanned ;. This (N — 1)-dimensional space is

the second term of the righthand side of (2). Notice that, I : ; g
. S .thus associated with the pure Rayleigh part of the channel.
the context of urban area wireless communications, the first

part may be equal to zero which correspondsKo= 0. Our objective now boils down to finding the eigenvalues

Secondly, even when the Rice model does not hold true,{r}l’ N '.’/\N} minimizing the outage probability. Assuming

is often possible to decompogeas depicted in Eq. (2). Forthe c_)pt|mal choice of matritJ, the outage probability can be

instance, consider the case where the receiver estima&esrﬁwrmen as follows

channel impulse response and feedbacks these estimakes to t N-1

transmitter. The latter therefore has a partial knowledgé® Pouw(A) =P { Z N XG 2+ An|Y]? < 77} (4)

channel impulse response, which can be described as in Eq. i=1

(2) where the random part represents the uncertaintiesalue t

estimation/feedback errors and time-variations of thenoea Where n = 2N(K + 1)u, X; are iid. complex circular

Notice that the estimation errors are often well approxedat Gaussian variables with zero-mean and unit-variance [r re

by a Gaussian distribution which justifies the Rice model. dimension, and” is an independent complex circular Gaussian
The outage probability of the link defined by Eq. (1) foscalar with meann = 2NK and unit-variance per real

a given transmission ratf® (|n bits per channel use) can béjimension. Notice thartN CorreSpondS to the power allocated

expressed as [12] to the Rice part of the channel whereas the other(for
. i = 1,---,N — 1) represent the powers allocated to the
Pout(Q) = P{logy(1 + ph” Qh) < R} (3) Rayleigh part of the channel.
wherep = P/o? is the Signal-to-Noise Ratio (SNR) a@ = Before going further, it is very important to remark thatleac

E[xx"] is the covariance matrix of the transmitted sigral |X:|* is an independent central chi-square rand_om2variable
In this paper, we focus on the minimization of the outagdith two degrees of freedom. Thus one can wiifé;|* =

probability given in Eq. (3) with respect @. Notice thatQ X1+ X7, whereX;, andX; , are independemeal-valued
is subject to two constraints: @ is a semi-definite Hermitian Gaussian variables with zero mean and unit-variance. In ad-

N x N matrix and i) Tr(Q) = 1. dition, |Y'|? is a non-central chi-square random variable with
two degrees of freedom and non-centrality parameter equal t
III. OPTIMIZATION OF P,y1 2N K. In the sequely3(s) denotes a chi-square distribution
In order to optimizeP,,;(Q) versusQ, we first perform Wwith d degrees of freedom and non-centrality parameter
the eigenvalue decomposition . Thus we have Whens = 0, x3(0) simplifies tox2.

. When the Rice part of the channel vanishes (if¢.= 0),

Q = Udiag\s ... Av)U" the optimal choice of the eigenvalugs has been recently
where {\;,--- , Ay} are theN real-valued eigenvalues angsolved in [9]. Hereafter, we recall their main results. L&t
U is the unitary matrix containing the associated eigenvectobe areal-valued Gaussian variable with zero-mean and unit-
Our objective now is to find the vectox = [Ay,---,Ay]T variance. Let{\;};,=1 ... , be a set ofn positive terms such
and U optimizing the outage probability which actually carthat>_;"; A; = 1. Theorem 1 in [9] proves that
be written as

N . = 2
I,(t) = f P iZ: <t
IPout(A7U) =P { E )\i|Vi|2 < :u} ( ) {Al'l'n"_)‘f} {ZA ’ }
i=1



is equal to A. Optimal structure of the eigenvalues A

P32 <t), Vte [tata), From_ now on, in order to exh_ibit a close_d—form solution to
I(t) = d=1.92  n—1 (5) our optimization problem, we will analyze it for large SNR.
" P(n~x2 <t), Vte|[0,tn 1) ’ Due to the definition of everf and a direct application of
e ’ ’ the result in [9], the first term of the RHS of Eq. (7) can be
wheret, is the unigue intersection point of the curves of theninimized by choosing; = -+ = ly(y_1) = 1/2(N — 1).
cumulative distribution functionP(d X3 <t) andP((d + Moreover, the second term of the RHS of Eq. (7) can also be
1)~'x3,, <t). By conventionf, £ easily bounded in such a way that
Eq. (5) indicates that whehis smaII, each ternm\; is non-
zero and even identical, that is to say, all the directionglia P I An|Y)? z
be treated in the same way. In contrast, as soonk@esomes Z K
larger than a certain threshold, some directions have to be
switched off. When inspecting Eq. (4) in a pure Rayleigh 2(N-1) , o1
context (i.e., without the tern’), we remark that the result =P Z Gz <ap 2P ———=
given in [9] can be directly applied. Actually, the authar§9] =1
prove the so-called Telatar conjecture [1] but were not ewafjence,
of it. Notice _also that, when is smalt enough or equn{ale_ntly_ Pout(A) > Pins(An)
when SNR is large enough, the uniform power distribution is
optimal in a pure Rayleigh context. with
Let us come back to our original problem dealing with X2 Y 2
) e . B aN—1) _n—AnlY]
the eigenvalues optimization in a Rice context. In order to Pi(An) = P &
. . . ; . 2(N -1) 1—-An
partially reuse the result given in [9], we will rewrite our
problem in the following manner. We rearrange the Left Hand xg(N_l) —
Side (LHS) of inequality in Eq. (4) in order to keep only + P 2(N —1) Pe
pure Rayleigh terms in LHS. After some other straightfodvar
algebraic manipulations, we get Let A% be the value belonging tf¥, 1] that minimizes the
lower boundt — Pi¢(t). We will prove that at the point
bz NIV g A= [0 =X/ = 1) (1= A/ = 1.5, the
Z iZi < (6) outage probability reaches the minimum of its lower bound.
In the sequel, for the sake of clarity, we substitte with
the variablet. First of all, we remark that, when eve#t
occurs, we have the following inequality for

Y2
«

wherely; = fo;_1 = ﬁ foryj=1,---,N —1 and we
haveZZ(N Y¢; = 1. MoreoverZ;, defined asZ,; = X,
and Zy;_1 = X;, for j =1,--- ,N — 1, is areal-valued t< (1_2) 4t
Gaussian variable with zero-mean and unit-variance. o
In order to benefit from the result in [9], the Right Handrhus, sincet and|Y'|? are positive, ift € [0,1 — n/a], then
Side (RHS) of the inequality in Eg. (6) should be determiaist P; = 1.
But due to the presence &f, the RHS is clearly random. To  Secondly, we need to prove the following lemma.
overcome this problem, we introduce the ev€mdefined as Lemma 1. Let ¢ +— p,2(,(t) be the density function of
= An|Y]? the distributionx3(s). Let ay,m = infiejoy) Py2(m2)(t) and
E= {Y ‘ — < } bnm = SuPte[n n/(1—n/a)] pX (mz)( ) Let SN be the set of

1= Ay points (n,m) from R% such that
where « is the intersection point of the cumulative f _ (u)d
distribution  functions P ((2N —3)"'x3y_5 <t) and ay o\l pr((]év b wad
P ((2N —2)~1x2,_, < t). Notice that the specific choice > , (8)
(( ) Xon_a <) p by~ [y (= n)prz,,_, (u)du

of « will be justified in the next subsection.
Now, the outage probability takes the following form

2(N—1)

If Sy is not empty, the minimum of — Pi.¢(¢) is reached

2(N-1) n— )\N|Y| fort e [0,1—n/a]if (n,m) € Sn.
Poui(A) = P Z 072 < — ‘5 Ps The proof is reported in the Appendix.
AN First of all, one can remark that if is small enough or
2N—-1) equivalently if the SNR is large enough,,,, = b, n ~

+ P Z NZ2 < n— )\NlYI ‘5 P: (7) Pgom?) (0). Then, one can check that Eq. (8) easily holds by
choosingn once again small enough. So as soon as the SNR
is large enough, the s&y is clearly not empty and Lemma

where P is the probability of evenf and Pe = 1 — P. 1 is of interest.



Remind that with

Pout(A) > Ping(A3 9
where A%, is the argument of the minimum af — P, (¢). B 1 9 2 1 13
Under the assumption of large SNR, Lemma 1 enables us to P2 = N_—1 tdtdm )t - N — 1t+ N_1 (13)

deduce that\}, belongs to[0,1 — n/a] which implies that

Ps = 1. This leads to By using the approximate distribution in Eq. (11), we get

2 ” v A~arg min P t|p1, <
P f(/\*N) _ IP{ X2(N-1) < n—)\N|Y|2} N gte[o,l—g] {pa(tlp1,p2) < n}
2(N —1) 1-X% with p; andp, defined in (12) and (13), respectively. As the

2(N —1) 1= An expres;t_ed in a known closed-form, we obtain the following
proposition
Due to Egs. (9)-(10), we have proven the following proposi- Proposition 2: Let I'(x) and~y(z,y) be the Gamma func-
tion. tion and the lower incomplete gamma function, respectively
Proposition 1: If SNR is large enough, the outage probabilvWe have

ity for any vectorX is lower-bounded by the outage probability . ) v(p1,n/p2)
obtained for vectorA\* = [(1 — A\%)/(N — 1),---,(1 — AN R arg
AY)/(N = 1), A%]T where)y is defined as follows

o X%(N—l) n—An|Y|? cumulative distribution function of the Gamma distributtis
1>\nf]P (a0
N

— = 14
te[o.&I—lg I'(p1) (14)

. ) X%(N—l) y Proposition 2 corresponds to the second main contribution o
Ay =arg _min | P (1- t)m +ixa(m”) <mp.  the paper.
e 1) It is important to remember here that Eq. (14) can easily

be computed. The value of}, can thus be found by a one
dimensional search without any need for a Monte-Carlo simu-
lation. Next section provides numerical results to illast; on

B. Optimal value of \y the one hand, the precision of our approximation and, on the
gother hand, the improvement of the proposed power allotatio
scheme compared to uniform power allocation.

Proposition 1 corresponds to the first main contributionhef t
paper.

In this section, we would like to provide a way for findin
Ay without computing Eq. (11) which unfortunately require

Let us define . . . .
Let us consider a MISO system using a uniform linear array

of IV antennas at the transmitter ahdntenna at the receiver.
2(N -1) The propagation channel is assumed to a Rician one.

Clearly,&, is distributed as a linear combination ofindepender&t Ir_1 0(;d_er tEO Chfzk the alccturaql;_ of thel e}tﬁproxmatlon we
non-central chi-square variables. Due to the complexitthef erived in Eq. (14), we plot in Figure € mean-square

closed-form expression of the associated density functien error I('\t('SEL.bte.th??n ';he ?mpmcal hg?tqgrzmb ofMthet true
optimization with respect t@ of the cumulative distribution cumulative distribution function of, (obtained by Monte-

function seems untractable analytically. To overcome trfarlo simulation) and the Gamma cumulative distribution
s

problem, it is usual to approximate the density function hetion that approximates it.
the random variablg, by a simpler function.

As done in [13] and references therejpcan be well aprox- . ; - [=—Rez; p=15dBK=20B
imated by a Gamma distribution as soonMass large enough. “ 1 | —e—R=3;p=20dB; K=0dB| |
Actually, we will show, by simulation, that the approxinii 0
fits well even for smallN. Let ps(¢|p1,p2) be the Gamma
probability density function with paramete(s; , p2). We have

Xg(N—l)

§=(01-1) +tx3(m?).

10"
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10° &

montecarlo_Papprox

1 1 -t
pc(tlpr,p2) = =t ""e 2. w0t |
p5'T(p1) 5
Hence, following the approach done in [13], we can approxi- ¥ o
mate of¢,’s density function by (t|p1, p2) where parameters w0
p1 and p, are chosen such that both density functions offer w2l
the same first two central moments. By definition&fand ‘ ‘
ba (t|p1’p2)’ thlS IeadS to ’ ) N (number oftrasnsmit antennas) ° *
2
P = “1  and Py = & Fig. 1. MSE between empirical and approxim@tg,: vs. N

B B1



As expected, the MSE decreasesésincreases. All the only degrades very slightly. In contrast, whag is far away
different system configurations (various SNR,and R) that from X}, the outage probability yields significant loss in
have been tested are specified on all the figures’ legend, Alperformance. Therefore the optimization &% as done in
for each empirical curve in this paper, points are deterthinéhis paper is a crucial task.
by 10, 000 trials andhy is randomly selected from a complex In Figure 4, we plot the outage probability versus the SNR
circular Gaussian distribution and then normalized. for the proposed power allocation scheme and uniform power

Actually, to perfectly validate our approximation fromallocation, for different values oV. We observe that gain in
Section III-B, we would like to inspect the gap betweeperformance is achieved.
the optimal values of\}, obtained via Egs. (11) and (14).
Therefore, we display on Figure 2 the MSE between the value
of Ay obtained via Eq. (14) and the actual value JXf
obtained through Eq. (11), with respectAd Similar system
configurations to those in Figure 1 are used, as shown in the W't
figure’s legend. Once again, the MSE decreasdt axreases
and the MSE is small enough to consider our approximation. g
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Fig. 4. Poyt versus SNR

Finally, in Figure 5, we compare the outage probability
obtained with the proposed power allocation and the non-
) ‘ ‘ ! ) trivial power allocation scheme suggested in [6] versus SNR

N (number of transrmit antennas) Notice that the authors in [6] propose the optimal matfx
associated with the ergodic capacity optimization.

Fig. 2. MSE between empirical and approximatg vs. N

10° T .

Given these results, we will from now on only use the
expressions for the outage probability and the optimal powe
allocation given by the Gamma approximation, thus avoiding
any Monte-Carlo simulation. In Figure 3, we plot the outage
probability in the case of eigenvaluegl — Ay)/(N —
1), ,(1=An)/(N = 1), AN} versusiy.

oul(SNR)

)

10"

107} | —e—N=10; R=3; K=3 (proposed allocation)|
—e—N=10; R=3; K=3 (ergodic allocation)
—=—N=6; R=2; K=0 (proposed allocation)
—=—N=6; R=2; K=0 (ergodic allocation)
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Fig. 5. P,ut versus SNR, for differenf) matrices.
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——N=4; R=4; p=25; K=1dB V. CONCLUSIONS

o e et In this paper, we derived an achievable lower bound for
the outage probability for Rician block flat fading chanrials

10°k
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. the MISO context. We provide useful insights on the power
_ allocation scheme achieving this bound. We also propose an
Fig. 3. Pous Versusiy original and accurate approximation of the outage prokgpil

enabling an efficient characterization of the power prdaport
We observe that if v is close to\}, the outage probability to be associated with the Rician part of the channel.



APPENDIX

/

If t € (1 —n/a,1], Piut(t) can be rewritten as

Y

with h(t,a) = a — (o — n)/t. Simplifying, we get

Pine(t) = //At

2
Xo(N-1)
pl 22N
+ {2(N—1)

Py2(m2) (U)p xg(Nil) (u)dvdu

2(N—1)

< a} P {Xg(mQ) < h(t,a)}

1 (e
i) = 5 [ o, g -

Using the closed-form expression bft, o), we get

v n)du
t

2(N—1)

I . u—n

15—2/17 (w=mpyg ., (u)inf {pxgma(u——t )] du
Z(N—1)

— —U)P 2 w) Sup |py2m2) (U — du.

7 0P gy 3 = )

with Z = (1 — n/«, 1]. However,

inf

u—-n
inf g 0= 20 2 0

Finally,

u—1
igg [Pxé(m%(“— M )} > Onpym
a «
wl) = 2 e, (W
n 2(N—1)
by,m

n
Znm / (n— u)pxg(Nil) (u)du.
0

2(N—1)

If n andm belong toSy (defined in Lemma 1), theR! ;(t) >

0 whent € (1 — n/a, 1] which implies that the argument

{(u,v)|u > 0,v>0,(1 —t)u+tv <n,v > h(t,a)}
={(u,)|0 <u < a,h(t,a) <v < h(t,u)}.

Notice that, ash(t,a) > 0 for t € (1 — n/a, 1], the second [

definition of A; makes sense. Using the definition 4Af in
the previous equation leads to

«a h(t,u)
/0 \/};(t,a)
+ ]P{

In order to analyse the location of the minimum of—

Pine(t), we derive its derivative function. Simple algebraic
manipulations enable us to obtain the following expression
for ¢ 1 P, (t). 7

(2]

[3]
IPinf(t) = pxg(Nil) (U’)du

2(N—=1)

Px§<m2>(v)dvl
[4]
X%(N—l)

SN —1) * O‘} P {x3(m*) < h(t,a)}

(5]

(6]

@ Oh(t,u)
/Q Pty ()= pg

2(N-1)
a Oh(t, )
/0Px§<m2>(h(faa))7px§wn

2(N—1)
]P{

< a} Pyz(m2)(h(t, @)
Due to the expression oP { (2(N —1))~'x3y ;) < a},
the second and third terms of RHS of previous equation are
identical and they cancel each others. Then, we get [12]

ine (1) (u)du (8]

(u)du

Oh(t, )
ot

El

X%(Nq)
2(N —1)

[10]

+

(11]

Oh(t,u) (3]

wi® = [ g (h(t.20) 2

px%(an (u)du.
2(N=1)

minimizing Pi,¢(¢) does not lie or{1—n/«, 1]. This concludes
the proof.
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