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Abstract— We address the problem of non-data aided fre-
quency offset estimation for non-circular transmissions over
frequency-selective channels in a downlink DS-CDMA sys-
tem or an OFDM communications context. We observe that
twice the frequency offset is a cyclic frequency of the re-
ceived signal. We thus introduce an estimator relying on the
maximisation of the empirical cyclocorrelations. We analyse
its asymptotic behaviour and obtain a closed-form expres-
sion for the asymptotic covariance. This enables us to design
relevant system parameters. Simulations are provided and
confirm our assertions.

I. INTRODUCTION

For several years, the Orthogonal Frequency Division
Multiplexing (OFDM) based multi-carrier communication
systems and the Direct-Sequence Code Division Multiple
Access (DS-CDMA) based multi-user communications have
received increasing attention. For instance, the OFDM
technique is used in the European digital broadcast radio
system. DS-CDMA is used in the third generation mo-
bile communication network. Although used with different
goals in mind, these two systems can be described by means
of a general formalism based on linear precoders ([1], [2]).
At the receiver, the transmitted signal is disturbed by two
kinds of impairments : on the one hand, the selectivity of
the propagation channel. On the other hand, the carrier
frequency offset caused by a mismatch between the receive
and transmit carrier frequencies. The mismatch is likely
due to Doppler effect or local oscillator drift.

For a DS-CDMA system, the carrier frequency offset
leads to an additional (if the channel is dispersive) loss
of orthogonality between the different users. In an OFDM
system, an inter-carrier interference (ICT) remains after the
discrete Fourier transform ([3]). Tt consequently makes
sense to remove the carrier frequency offset before any
other processing (i.e., before compensating for the channel
dispersion). We therefore focus on the carrier frequency off-
set estimation based on the received signal still corrupted
by the channel.

Sending a training sequence leads traditionally to accu-
rate estimates of the carrier frequency offset and the filter
corresponding to the channel. Nevertheless this method
reduces the effective information rate. It also cannot be
carried out in some applications (e.g., passive listening in a
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military context). Therefore we only treat non-data-aided
(NDA) estimation methods.

Several works have been reported about this problem.
Subspace method based estimators have been recently de-
veloped for an OFDM system as well as for a DS-CDMA
system ([4], [5], [6]). Nevertheless their validity domain is
quite restrictive : in an OFDM case, the presence of virtual
sub-carriers has to be assumed ; in a DS-CDMA case, the
number of users has to be smaller than a certain bound de-
pending on the spreading factor and the channel length. A
maximum likelihood based estimator has been introduced
in the context of an OFDM system ([7]). However this was
done only under the strong assumption of the absence of
dispersive channel. This restrictive assumption is also re-
quired for the estimator introduced in [8] which relies on
an angle of a correlation product.

A new estimator has been recently introduced by [9] for a
single-carrier and single-user transmission. It relies on the
cyclostationary property of the received signal. Indeed, if
the symbol constellation is non-circular (i.e., the mathe-
matical expectation of the square symbol is not null), then
twice the carrier frequency offset is the sole cyclic frequency
of the baud-rate sampled received signal with respect to its
conjugate correlation function. The estimator is obtained
by maximising a weighted sum of conjugate cyclocorre-
lations, in the cyclic frequency domain. Its asymptotic
behaviour has been analysed. The analysis showed that
the performance is almost independent of the frequency-
selective channel if the number of cyclocorrelation coeffi-
cients taken into account is large enough.

Our aim is to extend such an approach to multi-carrier
(OFDM) and multi-user (downlink DS-CDMA) communi-
cation schemes.

The paper is organised as follows : In Section II,
we briefly review the transmission using linear precoders.
More precisely, we mention the general formalism putting
together the OFDM and downlink DS-CDMA systems in
unique framework. In Section I1I, we express the new esti-
mator in the unifying framework. In Section IV, we analyse
the asymptotic behaviour of the estimator. We obtain a
closed-form expression for the asymptotic covariance. In a
DS-CDMA system case, we conclude that the performance
of the proposed estimator is almost insensitive to the inter-
symbol interference (IST). This property holds if each user
code and the symbol constellation are real-valued. The



Section V is devoted to numerical illustrations.

II. PROBLEM STATEMENT

At first, we consider the single-carrier and single-user
communications framework. A linearly modulated sym-
bol sequence, denoted by {s,}nez, is transmitted. This
sequence is assumed to be zero-mean, i.i.d., non-circular
and unit-variance. The transmitted signal passes through
a multi-path propagation channel. Hence, the continuous-
time baseband received signal y,(t) can be written as fol-
lows :

valt) = (Z Snha(t nﬂ)) T Ly (1) (1)

nezn

where T, and J fy are the symbol period and the carrier fre-
quency offset respectively. The unknown filter h,(t) arises
from the convolution of the shaping filter and the propa-
gation channel. Without restriction, one can assume that
the mapping t — hq(t) is time-limited and causal. wq ()
denotes an additive zero-mean Gaussian noise.

As the transmitter uses a linear precoder, it sends
the so-called “pseudo-symbol” sequence ! {v, },ez defined
by Equation (2) instead of the usual symbol sequence ?

{sn}nez. We put
Vo(n) = KSp(n), (2)

with Vg(n) = [’UnQ,-~~,'UnQ+Q_1]T Sp(n) can be ex-
pressed in a similar way ([2]). K denotes a full-rank matrix
and is called “precoding matrix”. The previous general for-
malism encompasses the cyclic-prefix OFDM systems and
the downlink DS-CDMA systems. Indeed, matrix K is
equal to a particular Vandermonde matrix for a cyclic-
prefix OFDM system. For a DS-CDMA system, each input
of the vector Sp(n) corresponds to one user and then each
column of K corresponds to one user spreading code. The
single-carrier and single-user system is obtained by setting
P=@Q=1and K= 1.

In order to treat OFDM and DS-CDMA systems simul-
taneously, we now consider the unifying framework. We
assume that the receiver knows perfectly the precoding ma-
trix. We wish to estimate the carrier frequency offset from
the sole knowledge of the “pseudo-symbol” baud-rate sam-
pled received signal y(n) = y,(nT,). According to Equa-
tion (1), the discrete-time signal y(n) can be written in the
following form

y(n) = a(n)e TN +w(n) (3)

with a(n) = [h(2)].v, and w(n) = wy(nTy). h(z) repre-
sents the “pseudo-symbol” baud-rate sampled version of
the continuous-time filter h4(t). h(z) is a causal FIR filter
of degree M. We also denote Afy = (§foT,, mod 1) 3.

lat baud rate 1/T, = Q/PTs where P and Q are integer such that
P<Q.
2at baud rate 1/Ts.

% (a mod b) stands for @ modulo b. By convention, (2 mod b) belongs
to [0, b].

Equation (3) shows that estimating the carrier frequency
offset is equivalent to the harmonic retrieval in multiplica-
tive and additive noise. In a single-carrier and single-user
system, the multiplicative noise a(n) is stationary whereas
it becomes cyclostationary in a multi-carrier or multi-user
system. Indeed the “pseudo-symbol” sequence is cyclo-
stationary because it obeys to the structure defined by
Equation (2). More precisely, as the symbol sequence is
non-circular, the “pseudo-symbol” sequence and the pro-
cess a(n) are cyclostationary with respect to their auto-
correlation and conjugate autocorrelation functions. The
set of their cyclic frequencies is as follows : {k/Q | 0 <
k < @ — 1}. We recall that a zero-mean discrete-time
stochastic process p(n) is said cyclostationary if the corre-
lation coefficients based sequence {E[p(m 4 n)p(n)]}mez *
(or the conjugate correlation coefficients based sequence
{Elp(m + n)p(n)]}mez) is “almost-periodic”, which means
that

E[p(m + n)m] — Z r(ak)(m)EZiwakn
k=0

where {a}r>o are the so-called cyclic frequencies of p(n).
The sequence {7(®¥)(m)},nez denotes the cyclocorrelation
sequence at cyclic frequency ai of p(n). The following
Fourier expansion

S{(}ak)(esz) — Z r(ak)(m)e—%ﬂmf

meL

represents the cyclospectrum at cyclic frequency ay, of p(n).

On account of the multiplicative noise cyclostationary,
we can not directly apply the estimator introduced by [9] in
the context of a single-carrier and single-user transmission
to our more general context. The next section therefore
addresses suitable modifications and extensions.

ITI. NEw ESTIMATOR
Let r¢(n, 7) = Hy(n + 7)y(n)] be the conjugate correla-
tion at lag 7 of y(n). We put ag = (2Afo mod 1). As

Q-1
rc(n, 7.) — E rgocg+l/Q)(T)62i7r(oeg+l/Q)n’ (4)
=0

y(n) is cyclostationary with respect to its conjugate cor-
relation coefficients.  Since @ is known, if |Afy] <
min(1/4,1/2Q), then one can check that the knowledge of
the cyclic frequencies of y(n) provides the value of ag. Let

Ao be a compact set included in |0, min(1/2,1/Q)[. Then
Ya € Ag, a # ag, Y1, VI, r£°‘+l/Q)(7-) =0.
ag thus satisfies the following equality

Q
J(a):Z

=0

2

ap = arg max J(«), r{at/Q) H

a€Ap wh

“Let x be a scalar or a vector. The overline T stands for the
complex-conjugate of x. The superscriptsx T and x™ denote its trans-
pose and transpose-conjugate respectively.



with r{® = [rga)(—T), cee rga)(T)]T where T is an integer
and {W,}=0,g-1 is a set of positive Hermitian weighting
matrices®. In practice, the cyclocorrelations vector rga) has
to be estimated because only N observations are available.
We thus consider the empirical estimate given by

N
f.((fjgf — ﬁ Z yz(n)e—mﬂ'om
n=0

with ya(n) = [y(n — T)y(n), -, y(n+T)y(n)]T. Then the
ag estimate, denoted by an, is defined by

Q
any = arg max Jy(«a), Jy(a)= E

L(ot1/Q) ‘ ‘2
aEAg =0

c,N w, .

This estimator extends the one introduced in [9] to a more
general scheme including OFDM and DS-CDMA systems.
Considering ) = 1 leads to the single-carrier and single-
This estimator has been partially introduced
for a system using non-redundant precoding dedicated to
a particular transmitter induced cyclostationary scheme
([10]). Nevertheless these authors only consider the cyclo-
correlation coefficient at lag 0 (i.e., 7' = 0) and the identity
weighting matrices (i.e., W; = 1, for each ). In the se-
quel, we analyse the asymptotic behaviour of this estima-
tor. This enables us to forecast the influence of the weight-
ing matrices and the number of considered cyclocorrelation
coefficients on the performance.

user case.

IV. ASYMPTOTIC ANALYSIS

We consider the following zero-mean process : e(n) =

y2(n) — Elyz(n)]. Equation (4) thus leads to

Q-1
y2(n) — Z r£a0+l/Q)62i7r(oc0+l/Q)n + e(n)
=0

So ya(n) corresponds to a sum of sinusoids with multi-
variate amplitudes disturbed by the additive noise e(n).
The cost function Jy(a) represents a sum of weighted pe-
riodograms.

This link with harmonic retrieval has been successfully
exploited in [9] in the context of single-carrier and single-
user communications. Therefore we consider the same ap-
proach as that of [9]. Due to the lack of space, we only
describe the main steps. For more details, see [9] and also
[11].

Under weak assumptions on the noise w(n), e(n) satisfies
the following condition as h(z) represents a FIR filter.

Condition 1: Let €®)(n) = e(n) and ) (n) = e(n).

YL,3BL, < 00,¥Y(v1,...,vr) € {0,1}E,¥(N, N')

N
sup > [leump (e (ny), -+, e (n))|| < By,
nleznz,...,anN’

5Let x and W be a vector and a positive Hermitian matrix, respec-
tively. Then ||x|2,, = xEWx.

Then one can prove the following lemma.
Lemma 1: Under condition 1, for each K € N, we get

1 N-1
lim sup ||—— Z nE e(n)e2iton|| < g
N—=co aE[O,l]”NK+1 frt ( ) ||

a.s. stands for “almost surely”.
Finally, one can deduce the consistence and the asymptotic
normality of the proposed estimator.

Theorem 1: As N — oo, we get

N(an —a0) 50 and N¥%(an — ag) - N(0,)

L stands for a distribution convergence. N (0,7) is a zero-
mean Gaussian distribution with variance 4.

We notice that the convergence rate is proportional to
N3/2, We obtain the following closed-form expression for
the asymptotic covariance by means of a first order Tay-
lor series expansion of the derivative of the cost function
Jn (a) around the true point ap,

3237210 R/'W, G, Wy Ry

Y= —
™ (T RIWR,)?
with l
R 3 rgao‘}' /Q) W B M/I 0
S TPy} A VB 177
[+
and
Fl i _Ffl’
G = - 2
H l_rf’l’ Ijl,l’
where
o (0 +/Q) o (aotl /Q)H
Fl’ll_Nh—I)I;o fVE[(ilE’JS, ).JI‘EJS, ) ]
c (a0 +/Q) colaotl'/Q)T
FU/—J\;I_I)I;O NE[r, ¥ R DN ]
and

5 = @ —xl).

The previous expressions are not computable as they stand.
Indeed, we need more explicit expressions for I' and TI'¢,
the asymptotic covariance of the cyclocorrelation vector
empirical estimate. In fact, we have obtained a closed-
form expression for I' and I'¢ with respect to the filter,
the precoding matrix, and the statistics of the transmitted
symbol sequence. Due to the lack of space, we do not
address their derivations and final expressions which we
leave to the readers. Nevertheless we provide the main
derivation steps.

At first we show that these matrices can be derived in
terms of the cyclospectra of the disturbance occurring in
the equivalent harmonic retrieval problem, i.e., e(n). Then
we determine the second order cyclic statistics of the dis-
turbance e(n) with respect to the second and fourth or-
der statistics of the received signal. It now remains to
derive the expressions of these received signal cyclospectra
in terms of the filter h(z) and the second and high order



cyclic statistics of the process v(n). Lastly we have to ob-
tain the cyclic second and fourth order cyclospectra of v(n)
in terms of the elements of matrix K.

Then one can check that « splits into two terms :

v =7 +0(c?)

where g is a term independent of the noise w(n), and o2 is
the variance of the noise w(n) (w(n) need not to be white).
After some obvious but tedious derivations, we obtain the
following result.

Theorem 2: Let § and Id be the Kronecker index and the
wdentity matrix respectively.

We assume that the symbols {sp }nez belong to a real-valued
constellation. We also consider that the entries of K are
real-valued.

IfT>M+@Q and Wy = 6o, 1d, then vy = 0.

As the most popular non-circular constellation is the BPSK
real-valued constellation, the assumption on the constel-
lation characteristic is not restrictive. Unfortunately the
other assumption on the precoding matrix is more restric-
tive. Indeed the OFDM systems do not satisfy such a con-
dition since the associated precoding matrix is complex-
valued. On the contrary, the condition holds for the DS-
CDMA systems since the associated precoding matrices
(e.g., Walsh-Hadamard or Gold sequences) are real-valued
generally.

In the sequel, the criterion associated with the following
weighting matrices set {W; = do;Id |0 <1 < Q — 1}
will be called reduced. In fact, it only takes advantage
of the cyclocorrelations vector around the cyclic frequency
ag. The complete criterion is obtained with the following
weighting matrices set {W; = Id | 0 <1 < Q — 1}. Tt is
based on the sum of cyclocorrelation vectors around all the
cyclic frequencies.

Theorem 2 shows that the asymptotic covariance of the
estimator associated with the reduced criterion is propor-
tional to the noise variance if we take enough cyclocorrela-
tion coefficients. This covariance then becomes null in the
noiseless case. Moreover this implies that this estimator
is almost insensitive to an inter-symbol interference effect.
Theorem 2 also shows that we should consider the reduced
criterion rather than the complete criterion. An explana-
tion is that the cyclocorrelation coefficients at the cyclic
frequencies different from «( are numerically weak.

V. NUMERICAL ILLUSTRATIONS

In this section, we shall only focus on a DS-CDMA sys-
tem since the better performances are obtained for such
a system. The precoding matrix K is obtained from a
Walsh-Hadamard sequence. The spreading factor and the
number of users are () = 4 et P = 3 respectively. The sym-
bol stream {s, }nez is drawn from a BPSK constellation.
We denote N, the number of transmitted symbols s,. N
is equal to N/@, with N the number of available received
observations. The shaping filter is a square-root raised co-
sine at “pseudo-symbols” baud rate 1/T, with the roll-off
p = 0.2. The propagation multi-path channel is modelled
by five paths with maximal delay 37s. The noise w(n) is

assumed to be white. In each simulation, we average the
result over 50 Monte-Carlo symbol sequence trials. Except
where otherwise stated, we put Ny, = 200, T = M + @,
and the Signal-to-Noise Ratio (SNR) is fixed to be 50 dB.
Finally, the sought cyclic frequency «q is equal to 0.15.

In Figure 1, we have plotted the reduced cost function
versus the cyclic frequency a. We observe that the peak
around «aq is much larger than those around the other cyclic
frequencies (i.e., ag +1/Q with [ # 0). The complete cost
function takes a prior: advantage of the peaks at all the
cyclic frequencies for estimating ap. As the power of these
peaks is numerically weak, the resulting estimation is un-
reliable. Therefore considering all the peaks leads to de-
grading the estimation instead of improving it.

Reduced cost function versus alpha
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Fig. 1. The cyclocorrelation vector square norm ||f'£ajzf||§d versus o
,

Figure 2 depicts the theoretical and empirical mean
square error (MSE) versus the SNR of the proposed estima-
tor for different values of the design parameters. The theo-
retical MSE is computing by means of the term v/(Q#N)3.
The empirical MSE is obtained by computing a gradient al-
gorithm initialised at the true point ag, in order to avoid
local minima. As expected, the theoretical and empirical
performances are better for the reduced cost function based
estimator than for the complete cost function based esti-
mator. For the reduced cost function based estimator, the
theoretical performance fits in with that one obtained for
a transmission over a flat fading channel (i.e., in a IST-less
case). Nevertheless there is a gap between the theoreti-
cal and empirical performances for high SNRs. Tt is due
to the unreliable estimation of the cyclocorrelation coeffi-
cients for high lags : indeed, an accurate estimation of these
cyclocorrelation coefficients requires many samples and, in
particular, more than N, = 200 ([9]).

Figure 3 shows that the gap between theoretical and em-
pirical performances thus decreases as N increases.

Figure 4 represents the theoretical and empirical MSE
versus 7. We put SNR= 30 dB. The number 7" of con-
sidered conjugate cyclocorrelation lags varies from 0 to
(M + Q). We observe that the theoretical and empirical
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MSE rapidly decrease. For the reduced criterion based es-
timator, the optimal performance is reached before taking
into account all the cyclocorrelation coefficients. It is due
to the filter impulse response weak tails. The weak tails can
be neglected and the effective channel length then is smaller
than M. For the complete criterion based estimator, the
corresponding ~o converges to a non-zero term. Therefore,
as observed, the influence of T' on the performance is less
strong.

These curves are in good agreement with the theoret-
ical asymptotic analysis. Furthermore, they confirm the
parameter choices.

VI. CONCLUSION

We have investigated a new estimator in an OFDM
or downlink DS-CDMA context, assuming a frequency-
selective channel and a non-circularly distributed symbol
stream. We have rigorously analysed its asymptotic be-
haviour. According to this analysis, we have identified rel-
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Fig. 4. Theoretical and empirical MSE versus T'

evant design parameters. In a DS-CDMA context, if the
user codes and the constellation are real-valued, then we
have proved that the well-designed estimator is powerful
even in the presence of inter-symbol interference.
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