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ABSTRACT

Recently a new approximate expression of the capacity region for a
flat-fading Gaussian interference channel has been proposed. This
expression handles interference in a optimal manner. Basedon
this expression, we propose to develop a new power allocation al-
gorithm improving the achievable rate region for non-flat fading
Gaussian interference channel using a OFDM modulation. In the
ADSL environment undergoing crosstalk, we numerically show
that our power allocation scheme provides substantial gaincom-
pared to the uniform power allocation as well as the optimal power
allocation based on metric treating interference as noise.

1. INTRODUCTION

In wireline (such as ADSL when cross-talk occurs) or wireless
(such as ad hoc network) systems, multi-user inferference can strongly
limit the global performance of the above-mentioned systems. There-
fore, for several years now, designing new codes and/or new power
allocation algorithms that properly handle the interference is a
challenging task. Even more challenging is the characterization
of the capacity region associated with the so-called interference
channel since it is still an open problem. The capacity region has
only been fixed for very simple schemes. In the noiseless case, the
capacity region of the two-user interference channel is described
in [1]. It is especially shown that the precoding scheme proposed
in [2] is optimal. As for the noisy context (corresponding toadding
a white Gaussian noise), the capacity is only known for the strong
interference case, that is to say, when interference-to-noise ratios
(INR) are much stronger than signal-to-noise ratios (SNR),and is
done in [2, 3]. For all other INR ranges, the capacity region re-
mains unknown. Nevertheless, a very simple Han-Kobayashi type
scheme has been recently proposed in [4], which has been proven
to perform within one bit of the capacity. The authors also derive
new tighter bounds of the capacity region that depend on the so-
called interference level through the so-called generalized degree
of freedom function. The interference level and the generalized
degree of freedom are two new notions introduced in [4].

To deal with interference issue, there are finally three approaches:

• the first one handles interference as a potentially useful sig-
nal as done in [4]. Nevertheless although no practical scheme
with low computational load exists yet, the approach still
provides a theoretical point of view;

• the second one removes the interference by orthogonalizing
the transmission links. This can be done through TDMA,
FDMA and so on;

• the third one treats the interference as noise. Usually a
power allocation has to be done in order to mitigate the neg-
ative impact of the interference.

When interference occurs, it is thus interesting to find a rele-
vant power allocation scheme (subject to some realistic constraints)
in order to increase the capacity region. In the last decade,many
power allocation algorithms have been proposed in the OFDM
context. One can mention Iterative WaterFilling (IWF) [5] which
corresponds to an extension of the well known waterfilling algo-
rithm [6]. Albeit better than an uniform power allocation, IWF is
suboptimal, especially in highly asymmetric scenarios. This is due
to its distributed structure and consequently, the selfish optimum
it achieves. Another interesting spectrum management technique
is the so-called Optimal Spectrum Balancing (OSB) proposedin
[7]. Using a centralized control and OFDM modulation, OSB is
proven to converge to a global optimal solution, thus findingthe
best achievable rate region if the number of subcarriers is high
enough. However, the cost in computational load is very high
which prevents to use it as soon as the number of users becomes
higher than four. Based on the same idea, near-optimal lower-
complexity algorithms have been proposed in the literature: Itera-
tive Spectrum Balancing (ISB) in [8], Successive Convex Approx-
imation for Low-complExity (SCALE) in [9] and Autonomous
Spectrum Balancing (ASB) in [10].

When interference is removed through an orthogonal access
scheme, the power and bandwidth allocation issue maximizing
the capacity region or more simply the sum capacity usually boils
down to a convex optimization problem which can be solved easily
by standard tools [11].

When interference is handled as in [4], no power allocation
scheme has been proposed yet. In this paper, we propose to fillup
the gap. Therefore we develop a new power allocation algorithm
based on the capacity region expressions introduced in [4].To
do that, we assume i) two active users disturbed by a Gaussian
Interference Channel, ii) a perfect Channel State Information at
the Transmitter and iii) an OFDM modulated transmit signal.This
algorithm may be useful as soon as a practical code could exploit
the generalized degrees of freedom of the channel. In simulation,
we observe that the best power allocation scheme enables us to
outperfom the uniform power allocation scheme significantly.

The rest of the paper is organized as follows: in Section 2,
we introduce the power allocation problem that we would liketo
solve. To do that, we especially need to introduce recent results on
the capacity region and the so-called generalized degrees of free-
dom of a Gaussian interference channel. In Section 3, we remark
that the problem is convex if the number of subcarriers is large
enough which enables us to use standard convex optimizationtools
to numerically solve our problem. Section 4 is devoted to perfor-



mance illustrations of this new approach in an ADSL environment.
Concluding remarks are drawn in Section 5.

2. PROBLEM STATMENT

We will consider a two-user baseband Gaussian interferencechan-
nel composed byK subcarriers associated with an OFDM modula-
tion as shown in Fig. 1 and represented by the following equations.
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Fig. 1. The k-th subcarrier of a two-user Gaussian interference
channel.
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where, for each subcarrierk, {xn
k}, {y

n
k } are the complex-valued

transmitted and received signals and{hm,n

k } are the channel gains,
for n, m = 1, 2. Let beP n

k , E[|xn
k |

2]. Processeszn
k are indepen-

dent and identically distributed (i.i.d.) complex-valuedcircularly-
symmetric Gaussian noises with zero mean and varianceN0 per
complex dimension. The transmitted signal for usern is also sub-
ject to a total power constraintP n

max, such that,
PK

k=1
P n

k ≤
P n

max.
We assume that the channel gains are known at both the trans-

mitter and receiver’s sides. This assumption is realistic in an ADSL
environment for which the channel is clearly static. In suchan en-
vironment, the cross-terms for each subcarrierh1,2

k andh2,1

k rep-
resent either the so-called FEXT or NEXT. Then, as noticed in[4],
each subcarrierk can be characterized by the so-calledinterfer-
ence levelsα1

k andα2
k defined as follows

αn
k ,

log INRn
k

log SNRn
k

.

for n = 1, 2, with

INRn
k =

|hn,n′

k |2P n′

k

N0

and SNRnk =
|hn,n

k |2P n
k

N0

.

In [4], it is proven that, at high SNR, the capacity of usern at
the subcarrierk only depends on SNRnk andαn

k (thus can be de-
noted byCn

k (SNRn
k , αn

k )) and is accurately approximated as fol-
lows

Cn
k (SNRn

k , αn
k ) ≈ d(αn

k ) log(1 + SNRn
k ), (2)

when SNRnk → ∞, INRn
k → ∞. The termd(αn

k ) defines the so-
calledgeneralized degree of freedom(g.d.f.) andlog(1 + SNRn

k )
is then-th user channel capacity in sub-channelk in interference-
less case. A closed-form expression ford(α) is given in [4] and is
reminded below
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with equality when SNRnk → ∞. To be more precise, in [4], it is
proven that the rate defined in Eqs.(2)-(3) is achievable by means
of a Han-Kobayashi type scheme and is close to the true capacity
within one bit for every value ofα. We are aware that previous
equation is only available, on the one hand, at high SNR and high
INR context, i.e., when the noise is strongly lower that the signal
and the interference, and, on the other hand, at interference-free
context (the generalized degree of freedom is then obviously equal
to 1). Consequently, in the simulation part, we have to check that
the obtained power allocation enables us to work with such SNR
and INR assumptions.

As a summary, each user’s global capacity can be written as

Cn(SNR
n, αn) =

K
X

k=1

Cn
k (SNRn

k , αn
k ), (4)

for n = 1, 2 and whereSNR
n = [SNRn

1 . . . SNRn
K ], α

n =
[αn

1 . . . αn
K ] andCn

k (SNRn
k , αn

k ) is defined in Eq. (2).
Our goal is now to find a relevant power allocation scheme us-

ing this new way of treating interference in order to maximize the
transmission rate of one user keeping the transmission rateof the
other user greater than a minimum target rate. Before going fur-
ther, we need to adapt Eqs. (2)-(4) in order to take into account the
power spectral densities of each user and also the loss in capacity
due to a practical code. We assume that the subcarrier spacing is
equal to∆f and the symbol rate isfs. Let Dn

k be the number of
bits that each user sends per subcarrierk use. According to Eq.
(2), Dn

k can write as

Dn
k , d(αn

k ) log

„

1 +
1

Γ

|hn,n

k |2P n
k

(σn
k )2

«

, (5)

where(σn
k )2 are the transmit and noise power spectral densities,

respectively. Moreover,Γ is the SNR gap to capacity which takes
into account the practical losses. Finally the data rate of then-th
user (in bits/s) takes the following form

Rn = fs

K
X

k=1

Dn
k (6)

and each user is of course subject to a total power constraint

∆f

K
X

k=1

P n
k ≤ P n

max.

Therefore our power allocation issue boils down to the follow-
ing optimization problem

maxP1,P2 R2

s.t. R1 ≥ R1
target

∆f

PK

k=1
P 1

k ≤ P 1
max

∆f

PK

k=1
P 2

k ≤ P 2
max

(7)



whereP
n = [P n

1 . . . P n
K ] andR1

target is a minimum target data
rate for user 1.

3. NEW POWER ALLOCATION ALGORITHM

Due to the nature of the objective and constraint functions,the
optimization problem defined by Eq. (7) is clearly highly non-
convex and thus, conventional convex optimization techniques do
not apply here. The most direct, but computationally intractable
approach to solve this optimization problem would be to perform
an exhaustive search across all possible power spectral densities
combinations according to a certain power granularity∆s which
is fixed by practical limitations of the transceivers. Of course, this
way for solving the optimization problem is exponentially com-
plex in the number of subcarriers as the problem is coupled across
all frequencies.

In [7], it is proven that the optimization problem describedin
Eq. (7) is equivalent to the following optimization problem

maxP1,P2 wR1 + (1 − w)R2

s.t. ∆f

PK

k=1
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k ≤ P 1
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∆f

PK

k=1
P 2

k ≤ P 2
max

(8)

for anyw as soon as an OFDM modulation is employed when the
number of subcarriers is large enough. In contrast, the equiva-
lence between both problems is regardless of the closed-form ex-
pressions ofR1 andR2 with respect to the users’ power spectral
densities.

Notice that in [7],Rn is still provived by (6) but with

Dn
k = log

 

1 +
1

Γ

|hn,n

k |2P n
k

|hn,n′

k |2P n′

k + (σn
k )2

!

(9)

for (n, n′) ∈ {1, 2}2, instead of the expression given in Eq. (5).
Actually in [7], interference is treated as extra noise. Consequently
we have to solve a similar problem to [7] in which only the objec-
tive function has been modified.

In [7], it is also proven that the duality gap between the primal
problem defined by Eq. (8) and the so-called dual problem tends
to zero when OFDM modulation is used with a sufficiently large
number of subcarriers. Consequently the primal problem canbe
fixed by solving the dual problem which is always convex inde-
pendently of the property of the primal objective function.This
enables us to carry out standard convex optimization tools such as
the so-called KKT conditions for fixing our optimization problem
[11]. Simultaneously, in [12], it is also obtained that the optimiza-
tion problem given by Eq. (8), whatever the link between the data
rateRn and the power spectral densitesP

n, offers a duality gap
to its dual problem going to zero when an OFDM modulation is
used with a sufficiently large number of subcarriers. As a conse-
quence, our optimization problem for which the objective data rate
function is based on an approximation of the true capacity (given
by Eq. (5)) can be solved by using standard convex optimization
tools, namely, by solving the dual problem, as soon as the number
of OFDM subcarriers is large enough.

We remind that the dual problem is as follows: letL(P1,P2, λ1, λ2)

be the Lagrangian function defined by

L(P1,P2, λ1, λ2) = wR1 + (1 − w)R2

+ λ1

 

P 1
max − ∆f

K
X

k=1

P 1
k

!

+ λ2

 

P 2
max − ∆f

K
X

k=1

P 2
k

!

whereλn is the Lagrangian multiplier associated with then-th
user power constraint. Then we introduce the so-called Lagrangian
dual functiong(λ1, λ2) defined as

g(λ1, λ2) = max
P1,P2

L(P1,P2, λ1, λ2). (10)

The dual problem is fixed by minimizingg(λ1, λ2) with respect to
λ1 andλ2. This last minimization can be easily computed since
the dual functiong is always convex with respect toλ1 andλ2.

Notice that the maximization to be done in Eq. (10) seems to
have a high computational cost. Nevertheless this 2K-dimensional
maximization step can be strongly simplified by remarking that

L(P1,P2, λ1, λ2) =
K
X

k=1

Lk(P 1
k , P 2

k , λ1, λ2)

with

Lk(P 1
k , P 2

k , λ1, λ2) = wfsD
1
k + (1 − w)fsD

2
k

+ λ1(P
1
max/K − ∆fP 1

k )

+ λ2(P
2
max/K − ∆fP 2

k ).

and so can be decomposed inK 2-dimensional maximization step
and leads to a complexity linear in the number of subcarriers. Fi-
nally minimizing the dual function can be done by using the so-
called sub-gradient method or the so-called bisection one [7, 11].

The algorithm associated with the optimization problem in [7]
is called theOptimal Spectrum Balancing(OSB) since it opti-
mizes the achievable rate region but only when the interference
is viewed as noise, that is to say when the interference is notman-
aged. Therefore, in the sequel, the algorithm proposed in [7] is
called OSB - No Interference Management(OSB-NIM). In con-
trast, we propose optimal power allocation algorithm with an ap-
proximation of the true capacity region which enables us to man-
age efficiently the interference, and thus the algorithm proposed
in this paper is namedOSB - Optimal Interference Management
(OSB-OIM).

4. NUMERICAL RESULTS

In this section, we wish to examine the performance of OSB when
applied to the generalized degrees of freedom bitloading function
shown in Eq. (5). In order to compare the results with well es-
tablished schemes, we use the classical scenario of downstream
ADSL, following the same approach as in [7]. Indeed, since this
channel can be seen as a parallel Gaussian interference channel,
this configuration perfectly suits our purpose. Figure 2 shows the
practical context of our problem: two simplified Central office-
based (CO) and Remote Terminal-based (RT) ADSL deployments,
interfering with each other.

The system’s parameters are as follows: a line diameter of
0.5 mm (24-AWG) is used. The capacity gap is set toΓ = 12.9
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Fig. 2. Interfering CO-based and RT-based ADSL links.

dB, the p.s.d. granularity to∆s = 0.5 dBm/Hz, the tone spacing
to ∆f = 4.3125 kHz and the OFDM symbol rate tofs = 4
kHz. Each modem is entitled to a maximum transmit power of
20.4 dBm [13]. Also, the background noise p.s.d. is assumed to
be−140 dBm/Hz and no spectral mask is applied to the compared
algorithms. On the other hand, as can be seen in Figure 2, the
CO line is 5 km long and the RT line is 3 km long, situated at
4 km from the CO. The channel’s attenuation pattern can then be
empirically calculated [14]. Figure 3 shows the resulting channel
and crosstalk transfer functions for the simulated scenario.

1 2 3 4 5 6 7 8 9 10 11 12

x 10
5

−70

−60

−50

−40

−30

−20

−10

Frequency (Hz)

C
ha

nn
el

 G
ai

n 
(d

B
)

 

 

CO − user 1
RT − user 1
CO − user 2
RT − user 2

Fig. 3. Typical direct and crosstalk loop coupling.

In Figure 4, we plot the different rate regions obtained by using
the conventional OSB-NIM (as in [7]) and the proposed OSB-OIM
(as in Eq. (5)). IWF and uniform power allocations were also
included in the simulations for comparison.

We can observe the substantial gains obtained by the general-
ized degrees of freedom bitloading. For example, when a 4-Mbps
service is required from the CO link, the OSB-OIM configura-
tion can ensure up to 10-Mbps on the RT link, whereas the OSB-
NIM scheme can only simultaneously send 8-Mbps on the RT link.
IWF does even worst by sending a maximum of 3-Mpbs over the
RT link. It is worth noting, however, that both OSB-OIM and
OSB-NIM systems need a centralized control to operate, where
an optimal tradeoff between the users’ requirements and thechan-
nel’s parameters can be found. IWF, on the other hand, is a dis-
tributed algorithm, where the power control solution is greedy and
which tends to overestimate the channels capabilities. Finally non-
uniform power allocations (based on OSB-NIM or OSB-OIM) en-
able us to have substiantial gains compared to the uniform power
allocations.

The p.s.d. corresponding to the same 4-Mbps service on the
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Fig. 4. Rate regions in downstream ADSL.

CO link are shown in Figures 5 and 6.
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Fig. 5. PSD’s on the CO line in downstream ADSL (CO line at
4Mbps).

Interestingly, we can observe that, when interference is con-
sidered as noise, OSB-NIM leads to orthogonal p.s.d.’s for the CO
and RT lines and thus to the so-called OFDMA in the specific sim-
ulation set-up. As expected for this configuration, this abrupt cut
in the PSD distributions occurs at approximately 450 kHz, when
the SNR of the CO line becomes too low to support any transmis-
sion. Indeed, this can be confirmed by observing Fig. 3, wherewe
can see that, at this frequency, the interference becomes stronger
than direct channel gain. Morever, thanks to Figs. 5 and 6, we
validate the assumptions done on the value of the SNR and INR.
Indeed, when the INR is equal to zero, the generalized degreeof
freedom based approach is valid. When the INR does not vanish,
the INR and the SNR have to be high. Both figures satisfy this
constraint since the interference and signal levels (if notzero) are
around−70 dBm/Hz whereas the noise is about−140 dBm/Hz.

On the other hand, we also show that, when the interference is
optimally managed, frequencies are shared among both usersand
OFDMA is then not advocated anymore.

Finally, to fully validate our approach, we show an example of
the converge rate of the OSB-OIM algorithm in Fig. 7, compared
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Fig. 6. PSD’s on the RT line in downstream ADSL (CO line at
4Mbps).
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Fig. 7. Convergence of the OSB-OIM algorithm (CO line at
4Mbps).

to the classic OSB-NIM algorithm. We observe that, in this ex-
ample, even with a much more complicated objective function, the
OSB-OIM algorithm converges at approximately the same speed
as the OSB-NIM, giving satisfactory results in less than 8 itera-
tions.

5. CONCLUSION

In this paper, we propose a power allocation algorithm for the
OFDM based Gaussian interference channel where the generalized
degrees of freedom offered by the channel are optimally exploited.
Numerical results show that the achievable data rate regionob-
tained by our new power allocation algorithm is significantly im-
proved compared to the uniform power allocation and to the opti-
mal power allocation algorithm when interference is viewedas an
extra noise.

An important and challenging issue for future research is the
development of new power allocation algorithms for OFDM Gaus-

sian interference channel exploiting the generalized degrees of free-
dom when more than two users are active.
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