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Abstract—In the context of wireless relay networks operating Forward (DF) [2] and Amplify-and-Forward (AF) [3] relaying
on slow fading channels, the outage probability optimizatn is  strategies are analyzed. The parameters involved in thig mi
of central importance. It is often hard to give a closed form 7 ati0n are the slots relative durations and the powersrgiv

expression of the outage probability P, for all possible values S .
of the Signal to Noise Ratio (SNR). On the other hand, it is to the source and to the relays. The minimization relies on a

possible to analyze the behaviour of, in the asymptotic regime ~ Statistical knowledge of the source-relays, source-gastin
where the SNRp converges to infinity. In this regime, pN*'P, and relays-destination channels and can be performed bg som
usually converges to a constant where N is the number of resource allocation unit.

relays. This paper presents a general method for deriving a5, gutage minimization relies on the minimization of the

minimizing ¢ with respect to the power distribution between t introd d ab ith tt d slot
the source and the relays, and with respect to the durationsfo constant; introduced above with respect to powers and slo

the slots specified by the relaying protocol. Convexity of with ~durations. We believe that the outage gain factor minirozat
respect to the design parameters is shown. The method applie as done in this paper, is a relevant approach for the issue of
to a general class of radio channels that includes the Raylgh outage probability minimization in the cooperative franoeky
and the Rice channels as particular cases. Decode-and-Fawd Even though this minimization concerns (strictly speakihg

as well as Amplify-and-Forward protocols are considered inthe - . - . Lo
half duplex mode. While the proposed approach is designed ffo high SNR regime, simulations show that minimizifgeduces

the high SNR regime, simulations show that outage probabiy ~the outage probability in a significant proportion at modera

is reduced in a similar proportion at moderate SNR!? SNRs also.
We show in particular that the outage gain factor is a convex
[. INTRODUCTION function of the powers and the slot durations for the conside

In digital wireless communications over slow fading charrotocols. We do not make any assumption on the channels
nels unknown at the transmitter side, spatial diversity obability distributions except for the fact that the pabbity

means of relaying is a new and efficient solution again {3psities of the channel_s power gain_s do not vanish at zero.
the effect of channel fades ([1], [2], [3], [4], [5]). IndeedTh'S assumption is satisfied in particular by the so-called

it is unlikely that all the links (source-destination, scex RaYleigh and Rr:cel_channels. ‘th o
relay, relay-destination) are simultaneously subject éepd  CONCering the literature, one can remark that outage prob-

fades. Hence, the performance improves with respect toalaility derivation and its minimization (at least in someses)
communication without relaying technique has attracted attention in the context of multiple anterwiatp

In the context of communications over slow fading charf® point communications ([6], [7], [8] just to name these).

nels, the relevant performance measure from the informatily contra_st, In the CQ”teXt_ of c_ooperatlve networks, only a
few contributions dealing with this problem can be found,([9

theoretic point of view is the so called outage probabilit)f, X oo :
which is the probability that Shannon's mutual informaties  110]: [11]). Furthermore outage gain factor derivationstfie
cooperative framework have been done only in a few papers.

beneath a given threshold. Infé—relay network with single ) ,

antenna terminals, the outage probability usually satisfies We can C|te.on that subject the early papers [2] and [3] ‘?"*V?te

lim,_. o (pN+1PO) — ¢ where) is the Signal to Noise Ratio to cooperative netvyorks, where outage gain factor deowmati
are made for certain classes of DF and AF protocols, mostly

in the context of Rayleigh channels. In this contributiore w

propose simpler derivations and generalize the outage gain

This paper is devoted to the outage probability minimizatiofaCtor results to most channel distributions encountered i

for an N relay network. Each relay is half duplex. Decode anBractice, and to the situation where slot durations are not
necessarily equal. Furthermore, convexity and optinorati

1This work has been partially funded by SYSTEMATIC/URC and RN ISsues ar? new to the best of (_)ur know!edge. )
grant "SESAME”. In Section II, the outage gain factor is studied for a class

that the diversity order of ouN—relay network isN + 1. In
the sequel, we call the constapitoutage gain” factor.



of DF protocols. The AF case is considered in Section Ill. Ifihe parametep will represent the total power spent by the
both Sections Il and Ill, we begin with the single relay casspurce and the relay to transmit the message as we shall see
then we extend the results to thié-relay case. Section IV is in a moment. The gaiR/ag is an amplitude gain applied by
devoted to simulations. Mathematical proofs are provided the source. Recall that the random veckgr, represents the

the long version of this paper [12]. unit variance AWGN received by the relay. Assuming that the
relay has a perfect knowledge of the chanfgl, it will be
A. General notations and channel assumptions able to decode the source message if the efent {w

We denote byV the number of relays in the network. Nodg?© log(1 +0‘0,pG01(w)),> R}_ is realized. In casé€ is realized,
0 will coincide with the source, nodessto N are the relays the refay will transmit during slot the signaly/aip Xy of

and nodeN + 1 is the destination. As the transmitted dati£n9tht1T” where /oy is the amplitude gain of th$ reITayT. In
frame is divided into slots, we shall denote iy, the random 2t case, the destination receives the sigfak [Yy), Y1)

vector that represents the message transmitted byiigting  91ven by the equation

slot n. The signal received by nodeduring slotn will be Xoo
denotedY;,. Moreover, during slot:, nodes is corrupted by Yo=\pHe | Xo1 | + V2
an Additive White Gaussian Noise (AWGN) vectly, with X1

unit variance elements.

We denote byH;; the complex random variable (r.v.) rep-Where

resenting the scalar radio channel that conveys data frorng - Voo Hoolyr 0 0

nodei to nodej. The power gain of this channel will be 0 VaoHoolyr y/arHisl, v

Gij = |Hy|*. All rv. G;; are assumed to have densitieand V5 is the unit variance AWGN received by the des-

fc.;(x) which are right continuous at zero. We denote biination. Notice that probability distribution of the vect
ci; the limit ¢;; = fg,;(07) and we assume that all thesgx & X4 X517 is CN(0,I(14¢,)r). Conditionally to the
limits are positive. In particular, in the Rayleigh cagé,; ~ event&, the outage probabilityP, ; for the destination is
CN(0,0%;), and we have;; = cri;-Q. More generally, in the therefore

Ricean caseH;; ~ CN(aij,ofj), and one can show that .
cij = (1/0%) exp(—|as;|?/0%,). All channelsH;; are assumed Poy = P[logdet(pHe, H, +1) < RT || €]
independent and available at the receivers only. In fact, we = P[tolog(l + aopGoz)+

will see that the only information required by the resource t1log(1 4+ appGoz + a1pG12) < R] .
allocation unit reduces to the constafts ;}i=1,.. n+1 and
{¢i,N+1}i=1,..,~. This information can be sent from the
different receivers to the resource allocation unit at digide

In case the relay does not succeed in decoding the source
message, which corresponds to the complementary &ent
the destination simply receives

cost.
B VaoHeaLy,r 0 X0,0
Il. THE DF PROTOCOL Ya=vp 0 ’ VaoHoely, v Xo1 e
A. Outage Probability in the Single Relay case Therefore, conditionally t&, the outage probability?, » is

In this section, we study the following DF protocol alreadyo.2 = P [log(1 + aopGoz) < RJ. In conclusion, the outage
considered in [4], [13]: the source (nod® needs to send Probability , associated with this protocol &, = F,,1 P[€]+
information at a rate of? nats per channel use towards thdo.2P[€] = Po1(l — Por) + Po2Por Where Py = P [E] =
destination (node). To this end, the source has as its disposallto 10g(1 + aopGor) < R] is the relay’s outage probability.
a frame of lengthl” and a dictionary of e®” | Gaussian in- We need to show that’P;, converges ag — oo (resulting
dependent vectors with independ€nt/(0, 1) elements each. in & diversity order of2), to derive the outage gain factor
Call X, the T’ x 1 vector (dictionary element) transmitted byspF = limy—oc p*P,, and to minimize{pr with respect
the source. The relay (nodg listens to the source message fof® @0, a1 and ¢;, subject tot; € (0,1) and to a power
a duration oftoT channel uses wherg is a fixed parameter. constraint. To make this constraint explicit, let us derire
At the end of this period of time that we refer to as sldiotal energy spent by the network to transmit@ nat symbol.
0, the relay attempts to decode the source message. In C\gg@tgver is the behaviour of the relay, the source transmits
of success, the relay searches in a dictionary independenth® signal(,/aopXoo, \/@pXo1). Therefore, the energyy
the source dictionary the word corresponding to the sosrcéPent by the source i&, = aopT. The energyF, spent
message and it transmits it during slotto the destination. by the relay isEy = a1 pt, TP[E] = anpt T(1 — Fi;). One
Let us partition the wordX, transmitted by the source ast@n €asily show that,, = O(1/p), hence the total energy
Xo = [X%, XE]T where the lengthes oKy and X, are E used to transmit one symbol satisfiégs = Fy + E; =
toT andt, T respectively witht; = 1 — t,. The signal of size #T (@0 +c1ti(l = Por)) = pT (a0 + aaty) for large p. Our
toT received by the relay during slétwrites power constraint for large SNR is therefaig + a1t; < 1.

This constraint becomes tight as— oo and is conservative

Y10 = aopHo1 Xo0+ Vi for moderate values ¢f. Note that it is not convex ing, as, t1



because the functiof(a1,t1) = a1t is not convex. It will be where we puty = 1—(¢1+- - -+tx), and the power constraint

convenient to replace it with a convex constraint by makingt high SNR. LetGy = ap and3,, = a,t, forn=1,..., N

the change of variable§, = oy and 5; = a;t;. With these be the mean powers spent by node® N. Similarly to the

new variables, the power constraint becomes single relay case, power constraint can be written
PotPr=1. @) fo+Pi+--+pn<1.

The result is provided by the following proposition: Let us write the outage gain factor agpr =

Proposition 1: With respect to the parametets, 5, and op(ti, .. tx, Bos- .., Bn). It is given by the following

f1, the outage gai_n faCt(frDF(t_l’ 50_,51) for the single relay proposition, which generalizes Proposition 1:
DF protocol described above is given by

Proposition 2: The outage gain factor
¢pr(ty, o, B1) = épr(te, .-, tn, Bo, - .., Bn) for the DF protocol described in
this section is given by
C01C02
I (o ep(R) — 1) (exp ( ) - 1)
. ﬁo 1 . 1_t1 R 1 gDF(tla"'vthﬁoa"'aﬁN):
Co2C12l1 1 N+1 yyn—1 N
" Bl (4t1 -2 p(2R) - 26 — 17 <E> * 5) ' Co,N+1 Z [l Com (H Cm7N+l>
(2) 7 n=1 ﬁg m=n ﬁm
Moreover, the functionépr(t1, 50, 01) is convex in the nt R
domain(t1, B, 41) € (0,1) x (0, 00)2. Hl P\ ) )

Outage probability minimization reduces to minimizing thavith
right hand of (2) given the constraint (1). This reduces to N4l
minimizing {pr on the line segment dR?. plefined bygy + 7, :/ 1 Z v < R

81 = 1. The functionépr (1, B, 1 — Bo) defined on the open RN —nt2

square(0, 1)? is convex as it coincides with the restriction of N+1
{pr(t1, Bo, B1) to that line segment. Furthermore, it is clearexp (“_" NI N + (N —n+ 2)UN+1) H dvm . (4)
that {pr(t1, 8o, 1 — Bo) goes to infinity on the frontier of tn tN

(0,1)2. Therefore, the minimum is in the interior ¢6,1)2,

m=n

m=n

. ; . The function &pr(ty,...,tn, B0, ..., 0Nn) IS convex in the
and can be obtained easily by a numerical method. convex seSy x (0, 00)N+1 whereSy is the subset of0, 50) N
B. Outage Probability in théV—Relay case delineated by the constraint (3).

In this paragraph we turn to the study of a DF protocol in
the N—relay case. The protocol we shall consider is iIIustrateth
by Figure 1. We havéV + 1 slots numbered from to NV, slot

In order to obtairépr in practice, one has to compute the
egralsZ,, given by Equation (4). To that end, one can use
the following lemma:

W Wt ot W Lemma 1:Let Jx(ao,...,ax, R) : RF*! xRy — Ry be
== = = the function defined as
‘ Xoo Xo1 Xoz ‘ -—-- Xon
X
” Ticans.osa ) = [ oo+t ok <R)
Xoo Ri{+l
K
Xy exp(apzo + -+ axxr) H dzy.
k=0
Fig. 1. DF Protocol forV relays When  parameters ap,---,ax are all distinct,

. ) ) ] Ji(ag,...,ax, R) is given by
n having the duratiort, T. The source transmits during all

the frame. Relayn transmits during slot if it succeeds in ok, K)

decoding the signals sent in sldtgo n — 1 by the source and Ik (ao, ... ax, R) = a (exp(arR) — 1)

by those active relays among relaygo n — 1. Source and k=0

relays dictionaries are independent. where(n(0,1),...,n(i,1)),_o IS @ triangular array of real

.....

Our purpose is to derive the expression of the outage gainmbers given by the following recurrencg(0,0) = 1,
factor{pr given byépr = lim, . pV 7! P, and to minimize n(k,i) = n(k,i — 1)/(ar — a;) for k = 0,...,i — 1, and
it with respect to the power$a;)i—o,.. n+1 and the slot 7(i,i) = —22;10 n(k,1).

durations(t;)i—o,... N+1. The constraints on these parameters

_ —1 —1
are the positivity constraints, the time constraint AS Iy = INt1-nlly 5oty s N —n+2,R), Lemma 1

provides an easy way to compute the expressiofpef
i+ +itn <1 (3)



Further remarks: Our purpose is to obtain the outage gain facf@i given

. Generalizing the single relay case, at the minimu®y éar = lim, . p°P[I < RT] where R is the targeted
of ¢&or the 3; belong to the hyperplang, + --- + data rate, and to minimize it subject to the time constraints
By = 1. By consequence, the problem reduces fo < 1/2.t;+2t; =1, and to the power constraif + 3, <
minimizing the convex function witl2N parameters 1 where jy = ao and 1 = a;t;. We have the following
gDF(tla .., tN, 50, e ,ﬁN_l, 1 —Zfigl ﬁl) on the con- proposition:
straint setzg\il t; <1 and ZN_*Ol B; < 1. The function Proposition 3: The outage gain factaar for the protocol
¢or goes to infinity at the frontier of this set. Thedescribed in this paragraph is
minimum is in its interior and can be found for instance
by a descent method. Ear(t1, fo, B1) =

« We advocate the fact that the proof and the result ofgico2 /1 —t1 2R 2t R 1
Proposition 2 can be rather easily modified and adaptedwg 3t — 1 exp 1—t;) 3t1—1 exp t +
to DF protocols other than the one described here such C12C0at1 t R
as the so called repetition or the space-time protocols + — exp(3R) —exp | —

. . BoBr \3t1—1

considered in [2].

1

1
— = (exp(3R) — 1
lIl. THE AF PROTOCOL 3 (xP(3R) )>

A. Outage Probability in the Single Relay case Moreover the functiorf o (¢1, B0, 31) is convex on(0,1/2] x
One AF protocol frequently considered in the literature 8.

the following [4], [14]: the source transmits its codeword o
during the whole frame of lengtff’. The relay saves in its B. Outage Probability in theV-Relay case

memory the signal it receives from the source during the first Generalizing the single relay protocol studied in the previ

half of the frame. Then the relay applies a gain to this signgj,g section, we consider now thé-relay protocol described

and transmits it during the second half of the frame. Hergy Figure 2. According to this protocol, the data frame of
we consider a slightly more general model: the relay does

not necessarily consider the signal received from the sourc
during the first7/2 channel uses. Instead, it just considers [ = W [ e [ o ] e [N
a section of this signal of lengthyT" with ¢; < 1/2, and , P

one of our purposes will be to find the value of that

minimizes the outage gain factor. As is shown on figure 2 ° — 1=

(with N = 1), in general we now have three slots instead

of two. The lengthes of these slots afgl’ , t,7 and t;T [ o ]
respectively, withtj, + 2t; = 1. e LT TN S P S TSV N VS DU Ot
During slots0 and 1, the destination receive®,, and Y2,
with dimensionsi,T and¢,T respectively. These signals are

given byYQl = JaopHopaXo; + Vo for: = 0,1, Whereaop

is the power spent by the source as in the previous sectioigigih is divided into2V + 1 slots. Slot) has a length equal
During slot 1, the relay receives the signah, with length 4 /1 pyring this slot, the destination is the only node that
t1T given by the equatiol, = /aopHo1 Xo1 +Vi1. DUMNG  jigtens to the source. Relay(wheren = 1, ..., N) listens to
slot 2, the relay transmits/41Y1; towards the destination the source during sl@n — 1 which has the length, T". During
where~, is the power gain applied by the relay. We assumgq; o, which has the same length T, relay n transmits an
as abogve thatv,p is the power transmitted by the relay. As;mpified version of the signal received by that relay during
E[[Y11[*||Ho1] = aopGor + 1, the gainy, is given by slot 2n — 1. Let us note that a version of this protocol with
a1p t, = 0 andt,, = 1/(2N) has been considered in [14] from the
appGor +1 point of view of the so called Diversity Multiplexing Tradi&o
During slot 2, the destination receives the signi}, = (DMT). , N )
/G0PHo Xoa+/o71pHor Hya Xo1 /71 Hi2 Vi + Vaz with Due to the fact that, = 1 — 2 anl tn, the time and power
length ¢, T. Using these expressions, the mutual informatigfPnstraints are respectively written as
between the source and the destination can be shown to be N N
2Ztn§1 and Zﬁngl.
n=1 n=0

2
+O‘OPG02(O‘O’)G02 + D(aopGor +1) + aoanp GOlG”) Writing the outage gain factor as &ap =

1+ appGor + a1pGi2 Ear(ty, .. tn,Bo,..-,0n), we have the following
+ t5Tlog(1 + appGoz) - proposition, which generalizes Proposition 3:

Fig. 2. AF Protocol forN relays

"=

I =t:Tlog (14 agpGoz




Proposition 4: The outage gain factor for the AF protocolshows the SNR gain due to optimization &fr and£ar as

described in this section is given by a function of the distance between the relay and the source.
Here, channels are Rayleigh channels wﬁﬁ; x d;j3. The
Ear(t1, - tn, Bo, .-, BN) = dashed curves represent the SNR gain obtained by simulation
c Z 1 H Con H Cm,N+1 1 for an outage probability set ta0~3. We notice that the
O’N+1@ e L, L5, 13, cots Optimization is all the more useful as the relay is far from
LN} e N meo the source, and this effect is more pronounced when the DF
/ 1 le <R protocol is used.
RN+1 ‘
+ =0 Gain (dB)
~ N N 4 T T T
N+1+ |®| L —— DF, Theory : 3 : : : /
1_2715950 + Z 1. H dz;  (5) 800 DF, Simuiation e
neoe =1 "/ i=0 3~ AR Theory |
where® = {1,..., N} — © and|.| designates the number of 2o THTARSIURIN
elements of a set. 2
This fonction is convex on the convex s&t; x (0,00)¥*! 15
whereSy is the subset of0, 00)" delineated by the constraint 1
Yoitn <1/2.
, i ‘
We note that the derivation of the integrals at the RHS of Or 0200080 T R ative Distance
(5) is fairly simple thanks to Lemma 1 again. Notice also that
when N = 1, the sum ove®© reduces to a sum over the two Fig. 4. Merit of optimization,N = 1 relay
sets® = () and ©® = {1}, and recovering Proposition 3 is
straightforward.
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