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Abstract— A closed-form expression for the inter-
symbol / inter-frame interference variance is derived in
the context of a time-hopping ultra wideband impulse radio
based system. This enables us to theoretically analyze on the
performance the influence of the time-hopping codes, of the
rake receiver number of fingers, and of the guard-time size.
Simulations sustain our claims.

I. INTRODUCTION

For several years, the Time-Hopping Ultra WideBand Im-
pulse Radio (TH UWB-IR) based communication systems
have received great attention, especially for short-range com-
munication schemes. For these applications, a low-complexity,
and a low-cost terminal is recommended.

In UWB systems with analog receiver implementations, it
is conventional to use a rake receiver structure for simplicity.
At the receiver, the energy captured grows with the rake
receiver number of fingers (see e.g., [1], [2]). This allows to
take advantage of the temporal diversity brought by the UWB
channel through multipaths. However, this temporal diversity
gives rise to Inter Symbol / Inter Frame Interference (ISI / IFI)
at the same time. For the same reason as for the energy
capture phenomenon, the ISI / IFI energy collected at the
receiver grows with the rake receiver number of fingers, which
may degrade the performance. Thus, the important point is to
understand how the signal to ISI / IFI ratio varies according
to the number of fingers. This should help to determine
the smallest number of fingers needed since it is a crucial
parameter in the complexity design of the receiver. A possible
way to mitigating the effect of the ISI / IFI is to resort to
guard-time between frames as advocated in [3], and [4] at the
expense of spectral efficiency. The effect of the number of
fingers has been investigated by simulations in [1], [2], [5],
[6], [7] and no studies have been done for the guard-time.

Thus, the main purpose of this paper is to obtain a closed-
form expression of the ISI / IFI energy at the output of a
rake receiver that shows the contribution of the Time-Hopping
Codes (THC), the rake receiver number of fingers and the
guard-time size on the ISI / IFI energy. This expression will

be useful in adjusting the rake receiver parameters when
designing practical systems.

The paper is organized as follows: in Section II, we intro-
duce the TH UWB-IR based system as well as the propagation
channel model. In Section III, we provide the original closed-
form expression of the ISI / IFI power. Section IV is devoted
to simulations. Conclusions are drawn in Section V.

II. SYSTEM MODEL

We consider here a Pulse Amplitude Modulation (PAM)
format but extension to pulse position modulation can be done
similarly. The transmit signal of the user of interest takes the
following form [3]:

s(t) =

+∞∑

i=−∞

d(bi/Nfc)w(t − iTf − c̃(i)Tc), (1)

where Nc is the number of chips of duration Tc, Nf is
the number of frames of duration Tf := NcTc, w(t) is the
pulse of duration Tw � Tc, bxc is the integer-floor of x.
The transmitted symbols d(i) ∈ {−1, 1} are assumed to
be independent and identically distributed (i.i.d.). The THC
{c̃(i)}

Nf−1
i=0 , whose values are drawn in {0, Nc − 1}, is

assumed to be periodic of period Nf . In order to facilitate the
derivations, we rewrite (1), by using the so-called developed
time-hopping code {c(j)}

NcNf−1
j=0 deduced from the THC

{c̃(i)}
Nf−1
i=0 , as follows [8]:

c(j) =

{
1 if j = c̃(i) + iNc, 0 ≤ i ≤ Nf − 1,
0 otherwise.

Thanks to the developed time-hopping code, (1) can be re-
written in the following way:

s(t) =

+∞∑

i=−∞

d(i)

NcNf−1∑

j=0

c(j)w(t − iNfTf − jTc).

One can remark that the transmit signal now only depends on
the developed code linearly.

Since the ISI / IFI at the rake receiver output does only
depend on the user of interest [9], we can consider here the



single user case. Thus, after propagation through the multipath
channel, the received signal can be expressed as follows:

r(t) =

Np∑

k=1

Aks(t − τk) + n(t), (2)

where Ak and τk are the amplitude and the delay of the kth

path respectively, and where Np is the number of paths, and
n(t) is a zero-mean white Gaussian noise.

The channel model considered here is the conventional one
established for UWB personal area network [10], [11], with
one cluster. The amplitudes are zero-mean random variables
given by Ak = ak · e−τk/2γ with γ the ray decay factor, and
ak = pk · βk where pk ∈ {−1, +1} is an equi-likely binary
random sequence and where βk a log-normal random variable.
The delays τk are independent Poisson random variables with
parameter λ and as a consequence, the difference between
two consecutive delays obeys an exponential distribution with
parameter λ. We define σ2

a :=
�

a[a2
k], and fourth-moment

µ4
a :=

�
a[a4

k]. We also put Ik :=
�

a[A2
k] = σ2

a · e−τk/γ .
At the receiver, we consider a rake receiver that selects any

subset L of the Lr paths (with Lr ≤ Np). Without loss of
generality, the receiver demodulates the symbol d(0) (which
is assumed to be equal to 1). Then, the signal at the output of
the rake receiver can be written as

z =
∑

`∈L

A`

∫ Nf Tf

0

r(t + τ`) × v(t)dt, (3)

where v(t) :=
∑NcNf−1

j=0 c(j)w(t − jTc) is the receiver
template. By putting (2) into (3) and defining z ′ := z − η
with η the filtered noise due to n(t) contribution, we obtain:

z′ =
∑

`∈L

Np∑

k=1

A`Ak × yk,`,

with:

yk,` =

+∞∑

i=−∞

d(i)

NcNf−1∑

j,j′=0

c(j)c(j′)rww(∆τk,`+(j−j′)Tc+iNfTf ),

where

rww(s) :=

∫ +∞

−∞

w(t)w(t − s)dt,

and

∆τk,` := τk − τ`.

Moreover, according to [9] and [12], the term yk,` can be
simplified as follows:

yk,` = d(−Qk,`)
[
C

+(qk,`)rww(εk,`)

+ C
+(qk,` + 1)rww(εk,` − Tc)

]

+ d(−Qk,` − 1)
[
C

−(qk,`)rww(εk,`)

+ C
−(qk,` + 1)rww(εk,` − Tc)

]
,

where

C
+(q) :=

NcNf−1∑

k=q

c(k)c(k − q)

C
−(q) :=

q−1∑

k=0

c(k)c(k − q),

and where the difference between two delays can be decom-
posed as follows

∆τk,` = Qk,`NfTf + qk,`Tc + εk,`,

with Qk,` = b(∆τk,`)/NfTfc, qk,` = b(∆τk,` −
Qk,`NfTf )/Tcc, and the remainder εk,` ∈ [0, Tc).

The term z′ can be split into two terms z′ = z1 + z2 with

z1 :=
∑

`∈L

A2
` · y`,`, (4)

z2 :=
∑

`∈L

Np∑

k=1

k 6=`

A`Ak · yk,`, (5)

z1 is the useful collected energy, and z2 is the ISI / IFI.
In the following Section, we derive a closed-form expression

of the averaged variance of the ISI / IFI denoted by:

V :=
�

a,d,τ [z2
2 ].

III. CLOSED-FORM EXPRESSION FOR THE ISI / IFI
VARIANCE

Firstly, we address the derivation of the ISI / IFI variance
averaged over the amplitudes ak and the symbols {d(i)}
given the delays τk. Since the amplitudes Ak are independent
with zero-mean, and since the symbols {d(i)} are i.i.d., after
tedious calculations, we obtain:

�
a,d[z

2
2 ]=

∑

`∈L

Np∑

k=1

k 6=`

I`Ik

([
(δQk,` × � k∈L + 1)C +2(qk,`)

+(δQk,`+1 × � k∈L + 1)C −2(qk,`)
]

×r2
ww(εk,`)

+
[
(δQk,` × � k∈L + 1)C +2(qk,` + 1)

+(δQk,`+1 × � k∈L + 1)C −2(qk,` + 1)
]

×r2
ww(εk,` − Tc)

)
, (6)

where � k∈L is equal to 1 when k ∈ L and 0 otherwise.
We now average (6) over the delays τk. From now, we only

consider the partial rake receiver, i.e., L = {1, 2, · · · , Lr}.
Notice that the partial rake receiver fingers are associated with
the first successive delays and not with the most energetic
delays as done for the so-called selective rake receiver. Unlike
the selective rake receiver, the choice of the partial-rake
receiver enables us to derive a closed-form expression for
the statistics of the encountered delays and consequently, for�

a,d,τ [z2
2 ].



From (6), we easily deduce that:

�
a,d,τ [z2

2 ] = σ4
a

[
2

Lr∑

`=1

Lr∑

k=`+1

(
Y k,`

1 + Ȳ k,`
2 + Y k,`

3 + Ȳ k,`
4

)

+

Lr∑

`=1

Np∑

k=Lr+1

(
Ȳ k,`

1 + Ȳ k,`
2 + Ȳ k,`

3 + Ȳ k,`
4

)]
, (7)

where

Y k,`
1 :=

�
τ

[
(δQk,` + 1) · e−(τ`+τk)/γ

×C
+2(qk,`)r2

ww(εk,`)
]
,

Ȳ k,`
1 :=

�
τ

[
e−(τ`+τk)/γ

C
+2(qk,`)r2

ww(εk,`)
]
,

Ȳ k,`
2 :=

�
τ

[
e−(τ`+τk)/γ

C
−2(qk,`)r2

ww(εk,`)
]
,

Y k,`
3 :=

�
τ

[
(δQk,` + 1) · e−(τ`+τk)/γ

×C
+2(qk,` + 1)r2

ww(εk,` − Tc)
]
,

Ȳ k,`
3 :=

�
τ

[
e−(τ`+τk)/γ

C
+2(qk,` + 1)r2

ww(εk,` − Tc)
]
,

and

Ȳ k,`
4 :=

�
τ

[
e−(τ`+τk)/γ

C
−2(qk,` + 1)r2

ww(εk,` − Tc)
]
.

In the following, we only focus on the derivations of Y k,`
1 .

The other terms can be derived in a similar way. By noticing
that τk + τ` = 2τ` +∆τk,` and that τ` is independent of ∆τk,`

as soon as ` < k, we get

Y k,`
1 = Xk,`

1 × X̃k,`
1 ,

with

Xk,`
1 =

�
τ`

[e−2τ`/γ ],

and

X̃k,`
1 =

�
∆τk,`

[(δQk,` + 1)C +2(qk,`)e−∆τk,`/γ

× r2
ww(∆τk,` − Qk,`NfTf − qk,`Tc)].

One can easily check that τ` and ∆τk,` have the following
probability density functions

pτ`
(t) =

λ`

(` − 1)!
t`−1e−λt × � t≥0,

and

p∆τk,`
(t) =

λk−`

(k − ` − 1)!
tk−`−1e−λt × � t≥0.

Consequently we obtain that

Xk,`
1 =

λ`

(` − 1)!

∫ +∞

0

t`−1e−(λ+2/γ)tdt =

[
λ

λ + 2/γ

]`

. (8)

Finding a closed-form expression for X̃k,`
1 is more difficult

and can be done in the following manner: let t := ∆τk,`, Qt =
Qk,`, qt = qk,` and εt = εk,`. By splitting interval [0, +∞)
into an infinite number of interval of length Tc and by using
the fact that Qt = QnNf Tf

= n for t ∈ [nNfTf , (n+1)NfTf )

and qt = qn′Tc
= n′ for t ∈ [n′Tc, (n

′ + 1)Tc) with n and n′

two integers, one can see that X̃k,`
1 takes the following form

X̃k,`
1 =

λk−`

(k − ` − 1)!

+∞∑

n=0

NcNf−1∑

n′=0

C
+2(n′)(δn + 1)e−(λ+1/γ)(nNfTf+n′Tc)

×

∫ Tc

0

(nNfTf + n′Tc + ε)k−`−1e−(λ+1/γ)εr2
ww(ε)dε.

Merging previous equation, and (8) into (7) leads to the
final result:

V = σ4
a

+∞∑

n=0

NcNf−1∑

n′=0

(
C

+2(n′) + C
−2(n′)

)
ΦNp,Lr

(n, n′)

+
(
C

+2(n′ + 1) + C
−2(n′ + 1)

)
ΨNp,Lr

(n, n′)

+2
(
(δn + 1)C +2(n′) + C

−2(n′)
)
ΦLr,Lr

(n, n′) (9)

+2
(
(δn + 1)C +2(n′ + 1) + C

−2(n′ + 1)
)
ΨLr,Lr

(n, n′).

with

ΦN,L(n, n′) = e−(λ+1/γ)(nNfTf +n′Tc)

×
L∑

`=1

1

(λ + 2/γ)`

N∑

k=`+1

λk

(k − ` − 1)!

×

∫ Tc

0

(nNfTf + n′Tc + ε)k−`−1e−(λ+1/γ)εr2
ww(ε)dε,

and

ΨN,L(n, n′) = e−(λ+1/γ)(nNf Tf+n′Tc)

×

L∑

`=1

1

(λ + 2/γ)`

N∑

k=`+1

λk

(k − ` − 1)!

×

∫ Tc

0

(nNfTf + n′Tc + ε)k−`−1e−(λ+1/γ)εr2
ww(ε − Tc)dε.

The term ΦN,L(n, n′) can be simplified in the following
way, when N > L,

ΦN,L(n, n′) = λe−(nNf Tf+n′Tc)/γ
L∑

`=1

(
λ

λ + 2/γ

)`

×

∫ Tc

0

e−ε/γ Γ(N − `, λ(nNfTf + n′Tc + ε))

Γ(N − `)
r2
ww(ε)dε,

and, when N = L,

ΦL,L(n, n′) = λe−(nNf Tf +n′Tc)/γ
L−1∑

`=1

(
λ

λ + 2/γ

)`

×

∫ Tc

0

e−ε/γ Γ(L − `, λ(nNfTf + n′Tc + ε))

Γ(L − `)
r2
ww(ε)dε,

with the incomplete Gamma function and the Gamma function
respectively defined as

Γ(a, x) :=

∫ +∞

x

ta−1e−tdt, a > 0,



and

Γ(a) :=

∫ +∞

0

ta−1e−tdt, a > 0.

The terms ΨN,L(n, n′) and ΨL,L(n, n′) take the following
similar forms:

ΨN,L(n, n′) = λe−(nNf Tf +n′Tc)/γ
L∑

`=1

(
λ

λ + 2/γ

)`

∫ Tc

0

e−ε/γ Γ(N − `, λ(nNfTf + n′Tc + ε))

Γ(N − `)
r2
ww(ε − Tc)dε,

and, when N = L,

ΨL,L(n, n′) = λe−(nNf Tf +n′Tc)/γ
L−1∑

`=1

(
λ

λ + 2/γ

)`

∫ Tc

0

e−ε/γ Γ(L − `, λ(nNfTf + n′Tc + ε))

Γ(L − `)
r2
ww(ε − Tc)dε.

Simplifications can be done when considering that num-
ber of paths Np goes to infinity (i.e., the asymptotic
regime), which actually corresponds to reality (the am-
plitudes going down to zero due to exponential decay)
we put Φ∞,Lr

(n, n′) := limNp→∞ ΦNp,Lr
(n, n′) and

Ψ∞,Lr
(n, n′) = limNp→∞ ΨNp,Lr

(n, n′) given by

Φ∞,Lr
(n, n′) = e−(nNf Tf +n′Tc)/γ λ2γ

2

[
1 −

(
λ

λ + 2/γ

)Lr
]

×

∫ Tc

0

e−ε/γr2
ww(ε)dε,

Ψ∞,Lr
(n, n′) = e−(nNf Tf +n′Tc)/γ λ2γ

2

[
1 −

(
λ

λ + 2/γ

)Lr
]

×

∫ Tc

0

e−ε/γr2
ww(ε − Tc)dε,

respectively. Notice that the terms ΦLr,Lr
(n, n′) and

ΨLr,Lr
(n, n′) do not change in asymptotic regime since Lr

is a fixed finite number. One can remark that Φ1,1(n, n′) =
Ψ1,1(n, n′) = 0 for a one-finger rake receiver. In the following
we put:

V∞ := lim
Np→∞

V.

The rigorous analysis of the closed-form expression V∞

versus various parameters (code optimization, channel param-
eters, rake receiver number of fingers) is not easy. Nevertheless
we are able to interpret roughly this expression as follows.

We may remark that the terms Φ∞,Lr
(n, n′), Ψ∞,Lr

(n, n′),
ΦLr,Lr

(n, n′), and ΨLr,Lr
(n, n′) decrease exponentially with

respect to n and n′. Consequently in order to get the expression
(9) (with Np → ∞) as small as possible, we need to prevent
collisions for small n and n′. Therefore the optimal codes
(which minimize ISI / IFI) offer null correlations for small
lags.

The channel parameters have also an impact on the ISI / IFI.
The parameter λ refers to the path density and the parameter
γ is associated with the path decaying speed. For instance,
the larger γ is, the longer the channel impulse response

is. By inspecting properly the expressions of Φ∞,Lr
(n, n′),

Ψ∞,Lr
(n, n′), ΦLr,Lr

(n, n′), and ΨLr,Lr
(n, n′) we note that

the inverse of γ appears in the exponential factor. Conse-
quently, the smaller γ is, the less the ISI / IFI variance is. This
last statement is in agreement to the fact that the channel length
(and so the ISI / IFI) decreases when γ decreases. Moreover
the ISI / IFI variance is quasi-proportionnal to λ. Therefore
the less λ is, the less the ISI / IFI variance is. This fact can be
explained as follows: if λ is small, then the number of paths is
also small, and thus the rake receiver (for fixed Lr) performs
better which implies a smaller ISI / IFI variance.

We suspect that the codes optimization does not strongly
depend on Lr. Indeed in the first two terms of the Right
Hand Side (RHS) of expression (9) (with Np → ∞), the term
(1−(λ/(λ+2/γ))Lr) can be factorized and then the weighted
sum of the correlation does not depend on Lr anymore.
Furthermore, we have observed that the last two terms of
the RHS of expression (9) are numerically weaker than the
two first terms. This fact will be supported by simulation (cf.
Fig. 2).

Let U :=
�

a,τ [z2
1 ] denotes the useful captured energy at the

rake receiver output. From (4) the computation gives:

U = N2
f r2

ww(0)λγ

[
µ4

a

2
+ λγ +

(
λ

λ + 2/γ

)Lr

×
(
λγ + 2 −

µ4
a

2

)
− 2

(
λ

λ + 1/γ

)Lr

(1 + λγ)

]
.

IV. SIMULATIONS

The UWB-IR system is obtained by setting Nf = 3,
Nc = 10, Tc = 5 ns, and Tf = 50 ns. The pulse w(t)
is designed such that its spectrum fits well the shape of the
FCC spectral mask [13]. For practical purpose, the pulse (with
unitary energy) is truncated with the duration Tw = 1 ns.

As for the propagation channel, we have considered the
statistical parameters λ = 0.1 ns−1, and γ = 200 ns. Notice
that these channel parameters are different from those of [11].
In contrast with [11], the considered channel generates a non-
negligible ISI / IFI. Indeed, by inspecting one realization of
the channel plotted in Fig. 1, we see that the maximum delay
spread is around 750 ns which is much greater than one symbol
duration Ts := NfNcTc = 150 ns. In the sequel, for each
curve, 10, 000 Monte-Carlo trials are run.

In Fig. 2, we display U/V∞ versus Lr for any THC. We
have highlighted the best code for Lr = 1 and the mean-value
over all the codes. We remark that the best code for Lr = 1
still offers good performance even for large Lr.

In Fig. 3, we have plotted the Average Error Probability
(AEP), P̄e, derived as in [14] versus the average received bit
energy to noise ratio (Ēb/N0) for the best and the worst codes
associated with three reasonable values of Lr (Lr = 1, Lr = 3
and Lr = 5). The best (resp. worst) code stands for the code
which minimizes (resp. maximizes) the term V∞. As the gap
between the minimum and the maximum of V∞ is small for
Lr = 1 and Lr = 3, the gap in terms of error probability
exists but remains small. Nevertheless the choice of the best
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Fig. 2. U/V∞ versus Lr for any code.

code enables us to improve slightly the performance. In order
to obtain reasonnable performance without coding (AEP ≈
10−3 or 10−5), we observe that we do not need to choose large
rake receiver number of finger. More precisely, in practice, it
is not useful to select Lr reaching the floor in Fig. 2.

We now move on the analyze of the guard-time size on
the performance. The guard-time is built by adding Ng empty
chips. Consequently the new frame duration is Tf = (Ng +
Nc)Tc. The guard-time duration is denoted by Tg := NgTc.
In Fig 4, we have plotted U/V∞ versus Tg for Lr = 1 and
Lr = 3 and by selecting the THC which minimizes V∞.

Surprisingly, when Tg becomes large, U/V∞ does not tend
towards infinity but towards a deterministic floor. Indeed
the ISI / IFI does not vanish since it remains a collision
between both non-empty chips of the same frame shifted by a
delay belonging to [−Tc, Tc]. This residual interference can be
deduced from (9) by keeping only the terms associated with
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Fig. 3. P̄e versus Ēb/N0 for Lr = 1, Lr = 3 and Lr = 5.

n = 0 and n′ = 0 and is equal to:

σ4
aN2

f

[
4ΦLr,Lr

(0, 0) + Φ∞,Lr
(0, 0)

]
.

We remark that the residual interference is independent of the
codes.

Fig. 4 may enable us to design appropriately the system.
For instance, the guard-time size can be Tg ≈ 75 ns which
corresponds to a 3 dB loss with respect to the optimal value
of U/V∞. We will see that this choice is relevant in term
of average error probability (cf. Fig. 5). As a conclusion, the
guard-time size does not need to maximize U/V∞, and it can
be chosen smaller than expected.
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In Fig. 5, the average error probability P̄e is computed
versus Ēb/N0 for various values of Tg. We set Lr = 1.
For each point, we have selected the THC which minimizes
V∞. We observe that the performance slightly improves when
the guard-time size grows. As mentioned in Fig. 4, the



performance with respect to Tg rapidly reaches the optimal
value. And this figure sustains the previous choice Tg = 75ns.
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Fig. 5. P̄e versus Ēb/N0 for different values of Tg .

One can remark that there does not exist obvious link
between U/V∞ and the average probability P̄e. Actually there
is no closed-form expression between both quantities because
of the non-gaussianity of the ISI / IFI. In Figs. 6 and 7,
we have plotted the Probability Density Functions (PDF) of
z2 when Lr = 1 and Lr = 3 respectively. As benchmark,
the gaussian PDFs with the same variance have also been
displayed. Additionally, the normalized kurtosis (which is
equal to zero for Gaussian PDF) has been computed for z2

and is equal to 13.75 (resp. 13.86) for Lr = 1 (resp. Lr = 3).
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V. CONCLUSION

In this paper, we provided a closed-form expression for the
ISI / IFI power at the output of a partial rake receiver in
a realistic UWB channel model. Then we remarked that the
performance can be slightly improved by choosing carefully
the time-hopping code and the guard-time size.
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