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Abstract—We consider an ultra-reliable low-latency commu- automatic repeat request (HARQ). However the benefits of
nication (URLLC) system with short packets employing hybrid  time diversity could be rather limited under stringent la-
automatic repeat request (HARQ). Depending on the delay of ency constraints. Moreover, the benefit of feedback-based
HARQ feedback and retransmissions, the latency constraint t L ith f but del d f b
can be either violated or fulfilled at the expense of power re ransmlssmns (gven witherror- rge u e_aye eedbac
consumption. We focus on the energy-latency tradeoff and IS questionable since each transmit packet is much smaller
examine whether it is better to do one-shot transmission or due to energy and latency constraints, thus more prone to
use HARQ. We analyze the energy consumption for incremental errors. Additionally, energy considerations, in partaypower

redundancy (IR) HARQ and compare it with the no HARQ  ¢ongymption, are of cardinal importance in the design of
case. The analysis relies on closed-form expressions for the ouéag

probability of IR-HARQ with variables both the blocklength and URLLC Systgms, and there is an inherent .power-latency {rade
the power. Our results show that for a wide range of blocklength, ~ Off. A transmission can be successful (or its PEP may be kept
when the feedback delay is more than half the latency constraint, unaltered) with minimum delay at the expense of additional
it_ is beneficial in terms of energy to use one-shot transmission or high power usage. In the short-packet regime, this itagrp
(i.e. no HARQ). is more pronounced as latency is minimized when all packets
are jointly encoded, whereas power is minimized when each
packet is encoded separately. Note that power is the energy

Future evolution of mobile communication systems (5Gconsumed over symbol period.
new radio) is giving rise to new uses of wireless com- |In this paper, we analyze the fundamental tradeoff between
munications in areas such as augmented and virtual realitytency (in terms of feedback/retransmission delay) and av
(AR/VR), industrial control, automated transportationdan erage consumed energy in URLLC with incremental redun-
robotics. 5G is envisaged to support mission-criticalrimé¢-  dancy (IR)-HARQ. Considering that short packets have to be
of-Things (IoT) applications and ultra-reliable low-laty  decoded with a certain PEP and latency, we give an answer
communication (URLLC) scenarios with strict requirementsvhether it is beneficial to do one-shot transmission or $pdit
in terms of latency (ranging from 1 ms and below to fewpacket into sub-codewords and use IR-HARQ. Prior work has
milliseconds) and reliability (higher than 99.999%). Thisconsidered the problem of throughput maximization by eithe
entails a fundamental paradigm shift from throughputiigd  adjusting the blocklength of each IR-HARQ round using the
system design towards an holistic design for guaranteed asdme power [2] or via rate refinement over retransmissions
reliable end-to-end latency. of equal-sized and constant energy packets [3]. Equattsize

Guaranteeing URLLC requirements is a challenging tasind constant energy packets and rate maximization under
even in simple settings as URLLC drives the system ta reliability constraint is considered in [4]. In [5], sphker
new, unexplored operating regimes. The performance is copacking is used for optimizing the blocklength of every
strained by challenging fundamental tradeoffs betweeaydel transmission with equal power. In contrast to prior work,
throughput, energy and error probability. The predomieanchere we study the problem of average energy consumed
of short messages, together with the need to reduce thetpackenimization to guarantee both PEP and latency (URLLC)
duration, implies that small blocklength channel codes areonstraints by properly adapting both the blocklength dued t
also used. This results in a rate penalty term and transmissipower of each transmission. A key result of our paper is that
rates with non-zero error probability, revisiting key igisis one-shot transmission (no HARQ) should be used when the
obtained via asymptotic information theoretic resultscéte feedback delay is more than half the latency constraint for
progress has quantified the effect of finite blocklength- prdow and moderate blocklength.
viding tight bounds and accurate normal approximation for
the maximum coding rate to sustain the desired packet error Il. SYSTEM MODEL
probability (PEP) for a given packet size [1]. We consider a transmitter having to selidnformation bits

In order to compensate for the reliability loss introducedvithin a certain predefined latency, which can be expressed
by short packets, highly reliable communications mechmasis with a certain predefined maximum number of channel uses,
creating diversity have to be carried out, such as hybridenoted byN. If no ARQ/HARQ mechanism is utilized, the
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packet of B bits is sent at once (one-shot transmission) and In IR-HARQ with one retransmission, the packet error
its maximum length isN. When HARQ is employed, we probability or equivalently the outage probability, dezwby
consider hereafter IR-HARQ with two transmissions, i.ee one, can be expressed as

retransmission without loss of generality since our olbjeds

to highlight the potential gain (or loss) from packet spiitt e=P(QN) @)

Our results can be easily extended to multiple retransomissi \yhere ), is the event “the first fragment of lengthy and
without altering the conclusions. Let; and n, be the energy per symbaP, is not correctly decoded” and, is the
number of channel uses (equivalently the symbols) for tse fir gyent “the concatenation of the first fragment and the second
and second transmission, respectively. In order to fuliié t one of lengthn, and energy per symbdp, is not correctly
URLLC latency constraint, we have, +ny < N — D where  ecoded”.

D is.a penalty due to delay for the receiver to process/decode\ynen infinite blocklength regime is assumed, the error
the first packet and send acknowledgment (ACK/NACK). Theccurs when the mutual information is less than a threshold
IR-HARQ mechanism operates as follows:information bits g for IR-HARQ, it can be easy to see tifat C Q; [7], [8]

are encoded into a parent codeword of length-n, symbols.  |eading tos = P(2,). In contrast, when a real coding scheme
Then, the parent codeword is split into two fragments Ofanq sdfinite blocklength) is used, this is not true anymore [8],
codeword (sub-codewords), the first with length and the g 3 closed-form expression fois intractable. Therefore in
second with lengthn,. The receiver requests transmissionye majority of prior work on HARQ (see [8] and references

of the second sub-codeword only if it is unable to correctlfperein), the exact outage probabilityis replaced with the
decode the message using the first fragment of the codewoigyyjified # defined as

In that case, the receiver attempts to jointly decode thigeent
codeword, i.e. the concatenation of the first and second frag £ =P(Q),
ment. We assume that the receiver knows perfectly whether

or not the message is correctly decoded (through CRC) ar;?gq”c]:rf d:rngfgth%erfgm;r qugea;osr,ﬁgl tr?;tmtﬁrécaa”y' rclxn'r:z'on
ACK/NACK is received error free but with delay. : paper, w u IS approximati

The channel is considered to be quasi-static along Witﬁpphes also for Polyanskis framework [1]. Then,can be

the whole HARQ mechanism, i.e. the channel coef‘ficientgpp(_:‘r bounded [.l’ Lemma 14] and also IOWE.H bounded as
. . . - in [9] by employing thexf-bounds proposed in [1]. Both
remain constant during the packet retransmissions. This s : .
s pounds have the same first two dominant terms and lead to

a relevant model for URLLC applications and short-lengt

o - . rlhe following form:
packet transmissions. For a system operating at carrier fre 9

quencyf. = 2.5 GHz and coherence tinfE. = 1 ms (latency

constraint), the receiver speedds= c¢By/f. ~ 180 km/h, E=Q min(l+ P) +noln(l + Py) — Bln?2
where B; = 0.423/T,. [6, (8.20)], is the Doppler spread \/"1(};1fi;2) + "2(};“2%;2)

is the speed of light; this is a relatively high speed for most ] ) ] )
mission-critical 10T or tactile Internet applications. dfefore, WhereQ(z) is the complementary Gaussian cumulative dis-
our communication scenario consists of a point-to-poink li fribution function. Settingn, = 0 we obtain the common
with additive white Gaussian noise (AWGN). Specifically,formma describing the error probability of the first fragme

in m-th round (n € {1,2}), the fragment (sub-codeword)

cm € C'm is received with powel,, = HjLL”z and distorted g1 =P(Q)=Q
by an additive white circuIarly-symmetricmcomplex Gaussia

random process with zero mean and unit variance. As the ) ]
channel is static along with the transmission, the chanmielsy FOr the sake of clarity, we may mention the dependency on
are constant and also the noise variance is assumed equafltg variables, i.ez(n, P1,n, P») instead ofe ande(ny, P1)

one without loss of generality. instead ofe.

)

niIn(l14+ P;) — Bln2

n1 Py (P1+2)
(P1+1)?

®)

IV. OPTIMIZATION PROBLEMS
IIl. PROBLEM STATEMENT AND PRELIMINARIES L
We focus on the minimization of the average energy con-

Our objective is to derive the best HARQ mechanismsumed to achieve a target reliabilify.; (71 = 99.999% in
by optimally tuningn;, no as well asP; and P, (power 3GPP URLLC or equivalently an outage probabiliy,; =
assigned to each fragment of the codeword), which minit — T,.; = 10~°) without violating the latency constraint
mizes the average consumed energy for a given packet error+ny < N — D by properly settingiy, n2, P1, and P,. At
probability and latency constraint (URLLC requiremenEr  first, we will assume no feedback penalty & 0) since the
that, we first need to characterize the error probabilityhef t extension is straightforward by setting’ = N — D in the
associated HARQ mechanism as a function of the quadruplatency constraint.
(n1, P1,n9, P»). To derive the packet error probability for Inthe rest of the paper, we address (i) optimized IR-HARQ,
short packets (finite blocklength), we cannot resort to théi) partially optimized IR-HARQ whem; = ny, = N/2, and
standard asymptotic regime related to large blocklengths. (ii) no HARQ (ny = N andnsy = 0).



A. Optimized IR-HARQ by (4) with respect tqnq, P;) in the feasible domain given

The problem is stated as follows: by constraints (5)-(6). We observe that the cost function is
Problem 1:
o in n1P1 + no Py (4)
st. ni+ny <N (5)

g S 1-— Trel (6)

Our objective is to show that inequalities in the constsaint
(5)-(6) can be replaced with equalities. For doing that, w
need Lemma 1.

Lemma 1:The optimal solution(n}, Py, n3, Py) satisfies
€1 > E.
The proof is quite simple since #; < & at the optimal
solution, then the quadruplény, Py, n3,0) offers a lower
consumed average energy which leads to a contradiction.

Then we have the following results.
B PrOpE),Sition Lif a quad,rUple(nl’ Pr,na, P2) S&tiSTiGSsl = Fig. 1. Average consumed energy vergus, P1) for N = 400, B = 32
¢ then¢é is decreasing with respect 1, at that point. bytes, andl.; = 99.999%. The red asterisk marks the minimum.

Proof: See Appendix A. [ ]

Proposition 1 enables us to force the constraint (6) toeither convex nor quasi-convex, thus standard optintizati
be an equality. Indeed, assuming that the optimal poiribol cannot be used. As the optimization problem is reduced
(ny, Pf,n}, Py) satisfiesz < 1 — T (we also know that the to find a two-dimensional (2D) bounded parameter, we resort
optimal point satisfies the condition of Proposition 1 adang  to exhaustive search. More precisely, we use a 2D search over
to Lemma 1), thenP;y can be decreased t®, such that (nj, P;) with n, = N —n; and a bisection method to finfé,.
g€ = 1 — Ty This implies that(ny, Py, n3, P;) is a better The bisection method is efficient since the outage proligbili
solution than the optimal one which leads to contradictiom is a decreasing function with respectf. The complexity
coming from the assumptios < 1 — T, at the optimal is O(0=21og(1/6)), whered is the approximation error.
solution.
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Proposition 2: Let D = {(ni,P1,n2,P2) € R} : B, Partially optimized IR-HARQ
1/2 > 81(711,P1) > é(nl,Pl,ng,Pz) > Q(\/231n2/3)} ] o
As long as (any, Pi/a,ny, Py) € D, ei(any, Py/a) and We consider here the case where the retransmission packet
£(any, Py/a,ns, P2) are decreasing with respect o has the same blocklength as the first packet=€ ny). That
Proof: See Appendix B. m case is referred to as partially optimized IR-HARQ, whe th

o ) ~ sole parameters to optimize are the povgrand Ps.
The above result implies thaiven an energy budget, it is Problem 2:

preferable to spread it into many symbols with low power than

to few ones with high poweConsequently, if we search for an . N (Py + Pyer)
optimal point(n}, Py, n%, Py) satisfying0.5 > ¢, >&=1— pp, VT RA
Tie > Q(V2B1n2/3), then the constraint (5) also becomes st. e=1-"T

an equality. Indeed, assuming that for the optimal peint-

1
n3 < N, then anya > 1% such that(any, PY /a,n3, P3) € D oply one-dimensional exhaustive search ovgris needed

andani+njz < N yields a better solution. Actuallyn, € R+ gjnce once agair2, can be found through a bisection method
whereas the blocklength can only be a natural number. T&)Ivings = 1 — T,o. The complexity isO(6~" log(1/6)).
overcome this issue, we assume the scheme with(n} +

1)/ny is still in D, i.e. increasing the blocklength of the first
fragment by one symbol is possible 1. C. No HARQ

Prop(.)s;.tu:jns _1hand 2 ?Ilow ;]Js tc; assehrt t?at the constraintS\ye assume that; = N andn, = 0 (one-shot transmis-
are satisfied with equality. Therefore the four optimizatio sion). As the outage is a decreasing function with (see

variables in Problem 1 are reduced to only two. In Sectior(uz)) we just have to find the root i of the equation
VI, we will see that belonging to the s&t especially for the ’

opt|r_nal ;olutmn_ is not rgstncuve at all and so Prop_osmz_) el (N, P) =1 — T, @)
applies in practice. In Fig. 1, we plot the cost function give

1There exists at least one > 1 in D by continuity ofe; and & with A bisection method can be used, whose compIeX|ty 1S
respect toa. O(log(1/6)).



V. ASYMPTOTIC REGIME
The consumed energy for sending a fixed numberBof

configuration whenV increases. Nevertheless, the gain is less
substantial wherV is large enough since an asymptotic floor

information bits is a non-increasing function with resptst OCCUrs. In the asymptotic regime, we haligy \rq = 278
the latencyNV since, as seen in Problem 1, the optimal solutiofor N0 HARQ and as anticipated both other configurations

for a given N is feasible solution fo{ N + 1). But, as seen
in Fig.2, an asymptotic value occurs whah— oc.
Proposition 3:Let (n}, Pf,n%, Py) be the optimal point
of Problem 1, F; nyPr the energy spent on théth
fragment ands = nj/N € (0,1). The minimum average

converge to the same smaller vallig, z, = 210. Clearly,

for D = 0, IR-HARQ always performs not worse than no
HARQ. This is expected since the feedback of the IR-HARQ
mechanism enables, at times, to use only channel uses
(thus, saving energy by not using the remaining.

consumed energy under the constraints given by Problem 1 isThe effect of feedback delay on the performance can be
independent of3 when N — oo and equals to the solution observed in Fig. 2 (see points and B). Let N4 (resp.Np)

of the following optimization problem:

FE; — Bln2
E1+Q(1 5E >E2
1

st. B+ Ey = El%oo—HARQ

—1/q 2 2
with Em—HARQ:M (H' 1+%) )
|

Proof: See Appendix C.

min
Eq,E2

Notice that ET;, arq corresponds to the required averag

o

energy whenN — oo for the case of no HARQ.

VI. NUMERICAL RESULTS AND DISCUSSION

In this section, we provide numerical results based on «
analysis as a means to shed light to whether or not it
beneficial from an energy point of view to split the pack
transmission in URLLC systems. Except otherwise stated,
set B = 32 bytes and7}., = 99.999%. According to these
values, we have — T, > Q(¥22122) ~ 1.7.107 0 and it is
reasonable to consider design parametgrand P; such that
g1 < 0.5. Thus forcing the paramete(s, P, nq, P») to be
in D is not restrictive at all; hence we consider the constrai
of the optimization problems as equalities.

In Fig. 2, we plot the minimum average consumed enel
versusN (with D = 0) for the two HARQ and no HARQ
schemes. As stated in Proposition 2, the consumed ent
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Fig. 2. Minimum average energy versus lated¢y(with D = 0).

be the minimum satisfied latency for a given consumed energy
E4 (resp.Eg) when no HARQ is used. Using optimized IR-
HARQ leads to lower latenciW/, = Ny — D4 (resp.Njy =

Np — Dp) for the same amount of energy. Consequerily,
(resp.Dp) is the latency gain of optimized IR-HARQ against
no HARQ. In other words, optimized IR-HARQ can support a
feedback delayD < D4 (resp.D < Dg) while offering gain

in terms of energy consumption when this energy is upper

gounded byF4 (resp.Eg). In other words, under reasonable

feedback delay values, it is preferable to split the paakiet i
two fragments using IR-HARQ.

—— F‘1 for optimized HARQ
—— P2 for optimized HARQ
—&— P, for partially-optimized HARQ

—— P2 for partially-optimized HARQ

Energy per Symbol

I I I I I I I I I I I
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Fig. 3. Power allocation for minimum average energy in bothnoiged and
partially optimized IR-HARQ.

In Fig. 3, we show the optimal power allocatid®y, P5)
versus the latencyV for both IR-HARQ configurations. We
see that in optimized IR-HARQ we always hay& < P,
and on the contrary in partially optimized IR-HARQ, we
have PF > Pj for large N but P} P; for small
N, i.e. same performance as no HARQ. The explanation
is based on the fact that HARQ has the benefiteafly
terminationoffering the possibility of no retransmission, thus
saving power-blocklength resources. The advantage of HARQ
as compared to no HARQ, is more pronounced when early
termination occurs very frequently but without sacrificiag
large amount of energy for lowering;, i.e. when bothe;
and n; P; are small. In the no HARQ case, a smaller error

for sending a packet o information bits decreases for any can be achieved even by decreasing the energy (increaging th



available blocklength leads to even less energy - see the curscheme can be beneficial in terms of energy as long as the

for no HARQ in Fig. 2 asN grows). Therefore, botlv, P,  feedback delay is reasonable compared to the packet size.

and e; can be kept small by increasing, and decreasing

P, in the optimized IR-HARQ. That's why we get that the APPENDIXA

optimal (n¥,n3) leads ton? > n} (specificallyn} ~ 0.89N PROOF OFPROPOSITION1

for almost any value ofV), and thatPy is small compared  Wwe want to prove thabz/dP, < 0 if £ < £,. Assuming

to P;. In contrast, in the partially optimized IR-HARQ, one , — 1/(P, + 1)?, it is easy to show that

cannot adaptq;. Therefore, decreasing, depends on the ~ B

available N. If N is inadequate, then decreasingrequires 0¢ <0e 08 >0« h(y) >0 (8)

excessively high?;, which yields to an inefficient solution. P, dy

That is why for smallN, ¢, is almost 1 (i.e. retransmission where h(y) = ko — yki + na(l — y + yln(y)/2) with

should always be employed) and the behavior of IR-HARQ: —p, In(14+P,)—BIn2, ko=n, (1—1/(1+P)?). It is

is similar to no HARQ. WhenV becomes sufficiently large, aiso easy to prove that(y) is a monotonically decreasing

then the only solution for decreasiag is increasingP. That  function. If h(1) > 0, then (8) is straightforwardly satisfied.

is why Py > P3 in the partially optimized IR-HARQ case. |f (1) < 0, then it existsy, € (0,1) such thath(yo) = 0. So
In Fig. 4, we plot the difference (in percentage) betweefyr , [0, 1], we geth(y) < 0, which implies that at that

the energy consumed in no HARQ and the optimal averaggterval ¢ is decreasing with respect o As a consequence,

energy consumed in IR-HARQ versiis Positive gains mean for 4 ¢ [0, 1], we haves > &|,—) = &lp—g © & > &

that an IR-HARQ mechanism performs better than no HARQuhich is prevented according to the assumption< e;.

We observe that the splitting approach (optimized IR-HARQEonsequentlyy does not belong tdy,, 1], and belongs to

(0,y0) where (8) holds again.

- A -Optimized HARQ, N:NA
- % - Partially-optimized HARQ N=NA
—A— Optimized HARQ, N:NB

APPENDIXB
PROOF OFPROPOSITION2

e —%— Partially-optimized HARQ N=N_, ] We haVEEl = Q(Fl(a)) ande = Q(F(a)) where

g _ _

g \*-\,\ Fi(a) = gi(a) — ¢ and F(a) = gla)+a—c ‘

g S e ga(a) ga(a) + c2

EAR A Dy : P 2

=T on ' with g1 (a) = ani In(1+=1), ga(a) = ani (1-1/(14-P1 /a)?),

0 % ) c1 =nagln(1+P), ca = na(1-1/(1+)?), ande = BIn 2.
* A As we consider a point i, we get

1o e1 <05 amIn(l+Pija)>c= E > Bln2  (9)
L * A , , \ \ .
0 100 200 300 400 500 600 700 800 where £; = niP;. To prove (9), we used the following

feedback and processing penalty D . . . .
P g penatly inequalityln(1 + 2) < 2 whenz > 0. Once again, belonging

Fig. 4. (B iaro— Efiara)/ Frio varo i % versusD for Ny =350 and 1O D leads to

Np = 900
Fi(a) < F(a) <V2BIn2/3. (10)
is better than one-shot transmission (no splitting) forrgda ~ ) .
amount of feedback delay) (around N/2 or even more). We want to show that; and & are decreasing functions
H H / ! !

As N increases, the amount of feedback delay that optimize#fith respect tou, i.e. Fi(a) > 0 and F”(a) > 0 wheref/ (a)
IR-HARQ can support while being more energy efficient also°‘t"’md/S fordf/da for any mappingf. As gi(a), g2(a), 91(a)
increases. For example, whe¥i — N, — 330, we have andgz(a) are strictly positive, we have
D, = 0.42N 4, whereas when we increasefo= Ng = 900 Fla)>0 < 2d(a)as(a) > d-(a a) — ) (11
we haveDp = 0.69N. Therefore, asV grows, IR-HARQ 1(a) 2 91(@)g2(a) 2 go(a)(g1(a) = <) (12)
becomes a more robust solution with respect to feedback ) (12)
delay. Note also that an unoptimized or partially optimizedynq
IR-HARQ does not necessarily provide better performance
than no HARQ, even with almost zero feedback delay. F'(a) > 0 ©2g1(a)(g2(a) + c2) > g5(a)(g1(a) + 1 —¢)

13)
@CZE]H(Pl/(L)—i-(Cl —K(Pl/G,)CQ) (14)

~ cZElH(Pl/a

VIl. CONCLUSION

In this paper, we investigated the energy-latency tradeoff
URLLC with short packets and analyzed the energy consumpnere
tion of IR-HARQ in the finite-blocklength regime. The main 22+ 4 —In(1 + w)(% + 2+ 3)

takeaway of this paper is that a properly optimized IR-HARQ x— H(zr) = 2(z + 3) d




and

20a+1)° (n(1 +2) - 22;)

x— K(x) = poT Py

After some algebraic manipulation, (11) and (13) are equap?)

lent to
Fi(a) < 20:1(a p (\/)QT VEW (P, /a,0) (15)
2
Fla) < 2910@ 92?2) T Ew Pl/a 5)(18)
with
(@) > W) = K@) [y . @D)

Therefore, we now want to prove that either (12) or (15) holds

for any x > 0, and either (14) or (16) holds for any > 0.
For doing that, we split the analysis into two intervalsan

o If ©z € (0,484): the functionz — W(z,0) is a
positive unimodal function converging to zero when
goes tooco. For z € (0,484), it is easy to check
that W (x,0) > W(0,0) V2/3. As W(x,y) >
W (z,0) for anyy > 0, we obtain that/E; W (x,y) >
VEW(2,0) > +/2FE;/3. Due to (9), we have
VEAW (z,y) > VEW (2,0) > v2B1n2/3. According
to (10), we check that/Ey\W (z,y) > VE1W (x,0) >
F(a) > Fy(a). Therefore, (15) and (16) hold.

If z € [484, 00): in that interval, we can see thaf(z) <
0 which implies that (12) holds.

Now it remains to check that either (14) or (16) holds.

For doing that, we need to distinguish two cases:

o If ¢4 < 10.37cy: one can check that{(z) is
an increasing function. Therefore far > 484,
we get K(x) > K(484) > 10.37. Consequently,
1 — K(x)ea < 0. As H(xz) <0 too forz > 484, it
is easy to show that (14) holds.

If ¢4 > 10.37¢cq: this inequality leads toP, >
31866 which implies thatco =~ ny(>1). Conse-
quently, according to (17)y/E1W (z,co/E) >
K (484),/n2 > 10.37. If (16) does not hold, one can
see thatt < Q(10.37) ~ 1.7-10725. As this error

does not correspond to any reasonable operating

point, we can consider that (16) holds.

APPENDIXC
PROOF OFPROPOSITION3

We remind that the value of the optimal point
(n{,Pf,ng, Py) depends on the blocklengfii. Assume that

hm FE; = oo for eitheri = 1 or i = 2, then the average
energyE1 +e1Fy — oo sincee; > & =1—Ty > 0.
For a finite NV, say Ny, the optimal p0|nt spends a finite
amount of average energy. So consideriig> N, cannot

increase the optimal average energy since the previous so[g]

tion with N = N, remains a feasible point. Thus, growing

N to infinity necessary results in a smaller average energy.

Therefore,Nlim E; < o0,i € {1,2}. According to Proposi-
—00

tion 2, the optimal solution uses the whole blocklength, so
A}lm ni=BN=00 anthm ny=(1—p)N=o00. Consequently,

lim Pr=0,i € {1,2}. We prove below thathm nyIn(l +
o0

i.

! In(1+ P} <P}
G m0tR) <P
* px
= lim ——— < limn;In(1+P") < limn}P’
N—>ooPi* +1 N—oco N—oco
B
< In(1 + P <FE;.
051 S a1+ P <

According to (6), we have
1_Trelz A}lm Q (’I’L){ 11'1(1—|—P1*) + n§ ln(l—l—P;)_B In?2

— 00 *P* P
& 1-Tq = Q(

)

* px Py+2
VP i 0P
E1 + E2 — BIn2 )
VB + Bt
<:>BIH2ZE1+E27Q 17 rel v 2 E1+E2) (18)

In (18), we have to solve a second-order polynomial to exhibi
FE1 + E>. We obtain that

2

_ (@7'(1-Ta))? 2B1n2
By +Ey = 5 1+ 1+(Q_1(1 ~ T2
(19)
Using (3), lim n} In(1+P;")=FE;, and lim P}= 0, we get
N—o00 N —oc0

E1 — Bln2

61:Q< 2E1 )

The right-hand side (RHS) of (19) corresponds to the energy
of no HARQ and so is denoted b, 1,rq. INdeed, the
RHS of (19) can also be obtained by neglecting the third term
of the RHS of equation [1, (4.309)], where this equation play
the same role as (18).
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