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� � qvoq�ov � |�o pvt|ovtqr

JN,W
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W = x∗Wx

}qv o��ovw
(2Υ + 1)�utx orstqr{z �op|qv
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N
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N

ts �~ t|o ut� �p~z| y op{~so t| vo�~tvos o�{z~{|tqr q} |�o {swx�|q|tp pq�{vt�{rpo x {|vt� q} |�o �op|qv��{z~ou os|tx {|o
(θ̂N , α̂

(K)
N )
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α̂N,W

}qv
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� ��ovo}qvo � �o �{�o {r{zw�ou |�o�vq�ov|tos q}
α̂N,W
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ya(t)
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(K)
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N−1¡
n=0

nK
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���s(K)
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�~o |q z{p� q} s�{po � �o ²~s| s�o|p� |�o �vqq} � no �~|
r(n) =� 1

k=−1 r(kα0)e2iπkα0n �
y2(n)

p{r |�~s y o �vt||or {s
y2(n) =

r(n) + e(n)
� �ppqvutr� |q |�ts �vo�tq~s o��vosstqr q}

y2(n)
�qro vox {v�s |�{|

JN,W (α)
ts { s~x q} � |ovx s � |�o £vs| q}��tp� yotr�
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n=0 r(n)e−2iπαn

���2
W

� � str�zoxx{ ­ }qv
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� qro p{r s�q� |�{|
JN,W (α̂N,W )
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N → ∞ � � str�|�{|

α̂N,W
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N
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�  o||tr� ∂JN,W (α)

∂α

���
α=α̂N,W

= 0
� �oqy|{tr |�{|

δα̂N,W = −
�
∂2JN,W (α)

(∂α)2

����
α=α̃N,W �−1

∂JN,W (α)

∂α

����
α=α0

�°�
��ovo

δα̂N,W = (α̂N,W − α0)
{ru

α̃N,W
{vo vos� op|t�ozw |�oos|tx {|tqr ovvqv {ru { sp{z{v y ozqr�tr� |q

[α0, α̂N,W ]
� no�~|

aN,W =
1

N2

∂2JN,W (α)

(∂α)2

����
α=α̃N,W

�� �
bN,W =

1√
N

∂JN,W (α)

∂α

����
α=α0

���� z~��tr� �� � {ru ��� y{p� tr|q �°� � �o qy|{tr
N

3
2 δα̂N,W = −a−1

N,W bN,W
����w ~str� |�o x t� tr� pqrut|tqr � sqx o stx�zo {z�oyv{tp vos~ z|s{ru «oxx{ ­� �o {vtso {| |�o }qzzq� tr� vos~ z| �kHB�IB� �

aN,W
a.s.−→ γA

bN,W
L−→ N (0, γB)�& #-# N (0, γB)

)1 , ��-' ,( .)1$-)%� $)�� � )$& 	 #-� ' #,� ,�.+,-),�0# γB = limN→∞

¬
[bN,W b∗N,W ] 7� str� ��oqvox � {ru ��� � �o £r{zzw uou~po |�o x {tr |�oq�vox �kHB�IB� 
 ��.#- D 11�'/ $)�� EF � # & ,+#

N
3
2 (α̂N,W − α0)

L−→ N (0, γ)�& #-#
γ = limN→∞ N3¬ [δα̂N,W δα̂∗

N,W ] = γ−1
A

γBγ−1
A

7��o pqr�ov�orpo v{|o q}
α̂N,W

ts |�~s
N

3
2

{s o��op|ou � ´roq} |�o y oro£| q} |�ts {��vq{p� q�ov �« ª {��vq{p� ts |�{|
γp{r yo p{zp~ z{|ou �~t|o o{stzw� �r o¯op| � |�o pvt|ovtqr

JN,Wts { }~rp|tqr q} |�o str�zo �{vt{y zo
α

��tzo |�o �« ª uo�� orus qr |�o
(3(2Υ + 1) + 1)�utx orstqr{z �{v{x o|ov �op|qv

(θ, α)
� µ{zp~ z{|tqr q} |�o {swx�|q|tp �{vt{rpo q} |�o �« ªos|tx {|o roposst|{|os pqx�~|{|tr� |�o �{w zqv o��{rstqr q}

KN (θ, α)
� |�o p{zp~ z{|tqr q} |�o {swx�|q|tp pq�{vt{rpo x {�|vt�

ΓB

q} t|s £vs| uovt�{|t�o � t|� vos� op| |q |�o �{v{x o|ov

(θ, α)
{|

(θ0, α0)
� |�o p{zp~z{|tqr q} |�o ztx t|

ΓA

q} t|s sop�qru uovt�{|t�o {|
(θ0, α0)

� {ru £r{zzw |�o pqx�~|{|tqr q} |�oz{s| or|vw q} |�o x {|vt�
Γ−1
A

ΓBΓ−1
A

� ��ts {��vq{p� zo{us |q�ovw |outq~s p{zp~z{|tqrs � �r pqr|v{s| � ~str� q~v sp�ox o � �oqy|{tr o{stzw |�{|
γ =

3

π2

?
R

(α0)∗
WR

(α0)@−2

R
(α0)∗

WGWR
(α0) �¦���ovo

R
(α0) = � r(α0)

r(α0) 

W = � W 0

0 W 
 G = � Γ −Γ(c)

−Γ(c) Γ 
� t|�
Γ = lim

N→∞
N

¬ �
δr̂

(α0)
N δr̂

(α0)∗

N �
Γ(c) = lim

N→∞
N

¬ �
δr̂

(α0)
N δr̂

(α0)T

N �{ru
δr̂

(α0)
N = r̂

(α0)
N − r

(α0)� r{|~v{z �~os|tqr ts |�{| q} p�qqstr� |�o �ot��|tr� x {�|vt�
W

� � s tr ¥�§ � �o p{r qysov�o |�{| }qv o{p�
W

� |�ozo}| �{ru stuo q} �¦� ts zoss |�{r 3
π2

?
R(α0)∗G#R(α0)@−1 ���tp� vo�vosor|s |�o �{z~o q} �¦� }qv

W = G# � ³ q�o�ov �|�o x {|vt�
G# ts rq| { yzqp� ut{�qr{z x {|vt� � ��ovo}qvo �|�ovo uqos rq| o� ts| {rw x {|vt�

W
}qv ��tp� �¦� pqtrptuos� t|� 3

π2

?
R(α0)∗G#R(α0)@−1 � ³ orpo � |�o uo|ovx tr{|tqr q}{r q�|tx {z �ot��|tr� x {|vt� soox s |q yo { ut� p~z| �vqyzox ��p|~{zzw� �o rq� s�q� |�{|

W = I
zo{us |q { �ovw zq��{vt{rpo os|tx {|o t}

Υ
ts p�qsor z{v�o orq~�� � ®qv |�ts � �o{ss~x o }qv |�o s{�o q} stx�ztpt|w |�{| |�o so�~orpo

sn
ts¤{~sst{r {ru ptvp~ z{v ± tr |� ts p{so � |�o o��vosstqrs q}

Γ
{ru

Γc
{vo stx�zo � {ru |�o o��vosstqr q}

γ
}qv

W = I
p{r yotr|ov�vo|ou � � str� |�{| |�o s� op|v~x q}

ya(t)
ts ztx t|ou |q|�o tr|ov�{z

[− 1+ρ
2Ts

, 1+ρ
2Ts

]
}qv sqx o �{v{x o|ov

0 < ρ < 1
� qrop{r s�q� |�{|

Γ = � 1

0

S(0)(e2iπf )S(0)(e2iπ(f−α0))DΥ(e2iπf )D∗
Υ(e2iπf )df

Γ(c) = � 1

0

?
S(α0)(e2iπf )@2

DΥ(e2iπf )DT
Υ(e2iπf )df��ovo

S(α)(e2iπf )
ts |�o s� op|v~x q}

y(n)
{| pwpztp }vo�~orpw

α
{ru DΥ(e2iπf )

ts |�o �op|qv
[e−2iπΥf , · · · , e2iπΥf ]T

� �s
Te < Ts/4

�
S(α)(e2iπf )

pqtrptuos �~� |q { sp{z{v }{p|qv� }qvo{p�
α

� t|� |�o pwpztp s� op|v~x {| pwpztp }vo�~orpw
α/Teq} |�o pqr|tr~q~s |tx o st�r{z

ya(t)
� ®vqx |�ts � �o �o| tx �x out{|ozw |�{|

S(0)(e2iπf ) = Te

Ts
|h(e2iπf )|2 + σ2 {ru |�{|

S(α0)(e2iπf ) = Te

Ts
h(e2iπf )h∗(e2iπ(f−α0)

� ³ovo �
h(z)

uorq|os|�o }~rp|tqr
h(z) =

�
k ha(kTe)z

−k {ru
σ2 ts |�o �{vt�{rpo q} |�o ��t|o ¤{~sst{r rqtso � «o| ~s pqrstuov |�o p{so

σ2 = 0
� ��o �vqu~p|

S(0)(e2iπf )S(0)(e2iπ(f−α0))
pqtrptuos� t|� |S(α0)(e2iπf )|2 � �}|ov sqx o s|v{t��|}qv�{vu x {rt�~z{�|tqrs � �o �o| |�{| |�o {swx�|q|tp �{vt{rpo q} |�o os|tx {|o

α̂N,I
ts �t�or yw

γ =
3Φ(Υ)

2π2 ‖r(α0)‖4

�����ovo
Φ(Υ) = � 1

0

|S(α0)(e2iπf )|2|
Υ¡

τ=−Υ

r(α0)(τ )e−2iπfτ |2df



−Re

�� 1

0

S(α0)(e2iπf )
2
(

Υ¡
τ=−Υ

r(α0)(τ )e−2iπfτ)2df� .��o tx�qv|{r| �qtr| ts |q qysov�o |�{| t}
Υ

ts z{v�o orq~�� �
Υ¡

τ=−Υ

r(α0)(τ )e−2iπfτ ' S(α0)(e2iπf ),{ru |�{|
Φ(Υ) ' 0

� �| |~vrs q~| |�{| � tr |�o rqtsozoss p{so �|�o {swx�|q|tp �{vt{rpo q}
α̂N,I

|orus |q
0
{s

Υ
trpvo{sos � norq|o |�{| |� ts vos~z| �qzus y op{~so �o �{�o p�qsor

W = I
� �r�{v|tp~ z{v � t| soox s |�{| t}

W 6= I
� |�o os|tx {|o

α̂N,W
uqosrq| �{�o |�o {yq�o �vq�ov|w� ��ovo}qvo � |�o p�qtpo

W = Isoox s |�o xqs| vo{sqr{yzo � {| zo{s| t} |�o st�r{z |q rqtso v{|tqts � t�� orq~�� �
� ��	
����� �
���� �no rq� tzz~s|v{|o |�o {yq�o vos~z|s yw sqx o r~xovtp{z o�{z�~{|tqrs q} |�o {swx�|q|tp �{vt{rpos q}

α̂N,W
� no {ss~x o|�{| |�o s�{�tr� £z|ov ~sou yw |�o |v{rsx t||ov ts { s�~{vovqq| v{tsou pqstro � t|� o�poss y{ru� tu|�

ρ = 0.2
� {ru |�{||�o �vq�{�{|tqr p�{rroz ts { x~z|t��{|� p�{rroz � ��o {x�zt�|~uo � ��{sos {ru |tx o uoz{ws q} |�o p�{rroz {vo v{ruqx �{vt�{y zos � {ru o{p� p~v�o ts qy|{trou yw {�ov{�tr� |�o �{vt{rposq} q~v os|tx {|o q�ov ­�� ut¯ovor| vo{zt�{|tqrs q} |�o �vq�{��{|tqr p�{rroz �

α0
ts o�~{z |q

1/4
� �r qvuov |q pqx�{vo {�ot��|ou os|tx {|o � t|�

α̂N,I
� �o pqrstuov |�o �{v|tp~z{v x {�|vt�

W0 = Γ−1 ��tp� ts �{v|tp~ z{vzw vozo�{r| tr |�o pqr|o�| q}uo|op|tqr q} pwpztp }vo�~orptos �¥�§� � �r ¥�§ � |�o {~|�qvs �vq��qso |q |os| |�{| { }vo�~orpw
α

ts { pwpztp }vo�~orpw q}
y(n)yw pqx�{vtr� |�o s|{|ts|tps ���r̂(α)

N

���2
W

|q { |�vos�qzu � � str�tr�ovso q} |�o {swx�|q|tp pq�{vt{rpo t}
r̂
(α)
N

�{s s�q�r |q yopqr�ortor| y op{~so |�o {swx�|q|tp uts|vty~|tqr q} ���r̂(α)
N

���2
Wuqos rq| uo�oru qr

α
tr |�o r~zz �w�q|�osts �

W0
|�~s pqtr�ptuos � t|� |� ts x {|vt� }qv

α = α0
� �r qvuov |q qy|{tr �~{sty{ru ztx t|ou st�r{zs � �o �{�o ~sou { uo�voo

M = 60
�qzwrq�x t{z

h(z)
tr qvuov |q p{zp~ z{|o x {|vtpos

Γ
{ru

Γc
� �r ®t�~vo­�  �� ts o�~{z |q

20dB
� no pqx�{vo |�o ~r�ot��|ou os|t�

-10

-8

-6

-4

-2

0

2

4

0 5 10 15 20 25 30

T (SNR=20dB)

Asymptotic covariance (in dB) versus T

non-weighted
weighted

������ 	

γ ��� dB
 ������ Υ

x{|o {ru |�o �ot��|ou os|tx {|o � no rq|tpo |�{| |�o r~xyovq} z{�s
Υ

|{�or tr|q {ppq~r| �{s { �vo{| tr�~orpo qr |�o �{vt�{rpo � ��ts p~v�o pqr£vx s |�{| |�o �{vt{rpo q}
α̂N,I

uopvo{sos|q�{vu � ��or
Υ

trpvo{sos � � qvoq�ov � |�o ~r�ot��|ou os|t�x {|qv �{s { zq�ov �{vt{rpo }qv
Υ

z{v�o orq~�� �no rq� s|~uw |�o pq�{vt{rpo �ovs~s  �� � �r ®t�~vo � � }qvs{�o q} pz{vt|w� �o qrzw �zq| |�o
Υ = M

p{so � ��o �{vt{rpoq} |�o �ot��|ou os|tx {|qv uqos rq| pqr�ov�o |q�{vu � ��or

-40

-35

-30

-25

-20

-15

-10

-5

0

5

10

15

0 5 10 15 20 25 30 35 40 45 50
SNR (T=deg(h))

Asymptotic covariance (in dB) versus SNR

non-weighted
weighted

������ � 

γ ��� dB
 ������ SNR � ��� Υ = M

σ2 uopvo{sos � ��tzo |�o p~v�o q} |�o ~r�ot��|ou os|tx {|qvpqr£vx s q~v p{zp~z{|tqrs �
� ������ �����r |�ts �{�ov � �o �{�o s|~utou vt�qvq~szw |�o {swx�|q|tp � ov�}qvx {rpo q} { y{~u v{|o os|tx {|qv � � str� { ro� {��vq{p� ��o �{�o s�q�r |�{| |�o os|tx {|qv ts pqrsts|or| � {swx�|q|t�p{zzw rqvx {z � {ru |�{| t|s pqr�ov�orpo s� oou ts

N−3/2 � ´~v{��vq{p� {zsq zo{us |q {r tr|ov�vo|{y zo pzqsou }qvx q} |�o{swx�|q|tp �{vt{rpo � no �{�o |{�or {u�{r|{�o q} q~v tr|ov��vo|{yzo }qvx~z{ }qv p�qqstr� pov|{tr tx�qv|{r| �{v{x o|ovs �� ���������¥­§ � �� � �vtzztr�ov � ��o pqx�{vtsqr q} zo{s| s�~{vos {ru|�tvu�qvuov � ovtquq�v{x �vqpou~vos tr |�o os|tx {|tqr q}y t}vo�~orpw� ���-�,( �: 9)' # � #-)#1 D�,(31)1� �{�os ���­�� � ­��� �¥�§ � �� � � {ru{�{|� {ru ¤ �� � ¤ t{rr{�ts �  |{|ts|tp{z |os|s}qv �vosorpo q} pwpzqs|{|tqr{vt|w� �   9-,�1 7 �� � )=�,(
! -�0#11)�= � �� �� � � ­��� �¥°§ n �� � ¤{vurov �  t�r{z tr|ovpo�|tqr {ru { ~rt}w tr� |�o�qvtp{z }v{x o�qv� }qv }o{|~vo uo|op|tqr � �   9-,�1 7 ��
"�'' �� )0,$)��1� °� ��� � �~�~s| ­��� �¥�§ ª �# � ³ {rr{r � � qr ztro{v |tx o sovtos vo�vosstqr � ���-�,(�: D// (3 ! -�%,%)()$3 � � ±¦�¦� ¦�� � ­�¦� �¥�§ ª �# � ³ {rr{r � ��o os|tx {|tqr q} }vo�~orpw� ���-�,( �:D// (3 ! -�%,%)()$3 � ­� ±�­���­� � ­�¦° �¥�§ � � ³{s{r � � qr ztro{v |tx o sovtos vo�vosstqr }qv { pz{ssq} {x�zt|~uo xqu~z{|ou pqstr~sqtus � ���-�,( �: 9)' #
� #-)#1 D�,(31)1� ° ��� ±­��� ­�� � #{r~{vw ­��� �¥¦§ « � � {�o| {ru �� � «q~y{|qr � µwpzqpqvvoz{|tqr y{sou swx �yqz v{|o os|tx {|tqr � �r D ��" $%D& � ­��� �¥�§ � � �qv{| � ' )= )$,( � )=�,( ! -�0#11)�= �: &,�.�' � )=�,(1��vor|tpo ³ {zz � ­��� �¥�§ ª �  ov� outr � � � µ�o�vo~ tz � ¤ � ¤ t{rr{�ts � {ru � � «q~y{�|qr � � ztru ² qtr| os|tx {|tqr q} p{vvtov }vo�~orpw q¯so| {rup�{rroz ~str� rqr�vou~ru{r| �ovtqutp x qu~z{|tqr �vo�pquovs � �   9-,�1 7 �� � )=�,( ! -�0#11)�= � �q {��o{v ��soo {zsq   �� �vqpooutr�s � �{�os °���°�¦ � ­���� �


