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ABSTRACT

We consider symbol rate estimation of an unknown signal
linearly modulated by a sequence of symbols. We rely on
the received signal is cyclostationarity, and consider an ex-
isting estimator obtained by maximizing in the cyclic do-
main a (possibly weighted) sum of modulus squares of cyclic
correlation estimates. Although widely used, this estimate
seems not to have been studied rigorously when the number
of samples N is large. In this paper, we study rigorously the
asymptotic behavior of this estimate. We establish consis-
tency and asymptotic normality of the estimate, prove that
its convergence rate is N 3/2 and calculate in closed form
its asymptotic variance. The obtained formula allows us to
discuss in relevant way on the influence of the number of
estimated cyclic correlation coefficients to take into account
in the cost function to maximize.

1 INTRODUCTION

We assume available the complex envelope y,(t) of the con-
tinuous time signal transmitted by an unknown transmitter
using a linear digital modulation scheme. Signal y,(¢) can
thus be written as

Ya(t) =Y siha(t — KT.) + wa(t)
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where {s,} is a centered unit variance i.i.d. sequence of
symbols, where 1/7 is the baud rate of the transmitter
and h.(t) is the convolution of the shaping filter with the
unknown multi-path channel. wq(t) represents an additive
white Gaussian noise. In certain applications such a passive
listening or automatic classification of modulation, it can be
interesting to characterize some parameters of the transmit-
ter, e.g., the symbol period T and the symbol alphabet ([7]).

In this paper, we consider the estimation problem of T
from a sampled version y(n) = ya(nTe) of y.(t), where T
is assumed to satisfy the condition T. < T,/4. As it is well
known, y.(t) is a cyclostationary signal and its cyclic fre-
quencies are integer multiples of 1/7,. In this paper, we
assume as usual, that the bandwidth of y,(t) is an interval
[f%f, 12—';53] for some parameter 0 < p < 1 called the excess
bandwidth. In this case, 1/7% is the unique strictly positive
cyclic frequency of y.(t). The discrete time signal y(n) can
be written as follows

y(n) =3 seh (n - ai) T w(n)

kEZ

with h(n) = hq(nT.) and w(n) = wa(nTe). o is given
by a0 = T./Ts. y(n) is thus cyclostationary with a unique
strictly positive cyclic frequency . Estimating T is thus
equivalent to estimating ao.

Let r(n, T) be the autocorrelation function of y(n) defined
by Ely(n + 7)y*(n)]. In our context, we obtain that

1
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where r(*20)(7) is the cyclic correlation of y(n) at cyclic fre-
quency kao and at delay 7. For each 7, 7(*)(7) = 0 when
« is different from —ap, 0 and ag. As «p is the sole non-
zero positive cyclic frequency, the autocorrelation function
provides enough information to estimate oo as follows ([3]) :

Qo = arg 1;12%( Jw (o)

where .
Jw () = ' wrl®

with
K = [ (=T,

*

0"

and the superscript * stands for conjugate transposition.
27 +1 is the number of cyclic correlation coefficients consid-
ered. Here, 7 is a closed interval included in ]0, [ and W a
weighting positive Hermitian matrix. Of course, in practice,
we only have a finite number N of samples. Therefore r(® is
unknown and has to be estimated by the classical empirical
estimate fg\(,l) defined by

~(a 1 —2iman
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where y2(n) = [y(n—"T1),---,y(n+7T)]"y*(n). Cycle ag can
thus be estimated by the element &n,w of Z defined by

an,w = arg rgg%( JIn,w ()

where X
Inw (o) = f‘g\?) Wf‘g\?)

Although widely used (at least for W = I), the behavior of
this estimate seems not to have been studied rigorously in
previous works. In this paper, we prove the consistency and
the asymptotic normality of an,w. We also show that the
rate of convergence of én,w is N /2 and calculate in closed
form its asymptotic variance.



The starting point of our work is based on the observa-
tion, first formulated in [9], that certain cyclic frequency
estimation problems can be formulated as frequency estima-
tion problems of sinusoids corrupted by additive cyclosta-
tionary noise, and that the cost function Jn () is equiv-
alent to a periodogram. The most standard approach to
studying the asymptotic behavior of periodogram estimates
is to introduce an auxiliary non linear least square problem
(4, 5, 1, 6, 9]). However, this approach cannot be used to
analyze the behavior of &n,w for W # I. More important,
calculating the variance of &n,r by this approach necessitates
very complicated computations which do not lead to inter-
pretable closed form expressions. In this paper, we show
that the use of the auxiliary non linear least square criterion
is not necessary, and we analyze successfully the asymptotic
properties of &y w by using an alternative approach.

This paper is organized as follows. In Section 2 we explain
the connections between the estimation of ap and the esti-
mation of the frequency of a sinusoid corrupted by additive
noise. In Section 3, we state our main results and give the
closed form expression of the asymptotic variance of &n,w.
We take benefit of this formula to show the importance of a
relevant choice of parameter Y. In Section 4, we finally illus-
trate the variance formula by some numerical evaluations.

2 HARMONIC RETRIEVAL LINKS

The connection between the estimation problem of «p and
the estimation of sinusoid frequencies follows from the fol-
lowing simple observation ([9]) : let e(n) be the centered
(2T + 1)-dimensional stochastic process defined by

e(n) = y2(n) — Ely2 (n)]. ()
It follows readily from Equation (1) that

1
Y2(n) _ Z r(kao)einkaon + e(n)A
k=—1
y2(n) can thus be interpreted as a sum of vector-valued sinu-
soids of frequencies 0, ap and —ap corrupted by the additive
noise e(n). Moreover, the criterion Jn,w is a weighted peri-
odogram because

| N1 . 2
o[ E
n=0
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where the norm ||z|3, is defined by ||z||}, = =*Wa for ev-
ery (27 + 1)-dimensional vector z. Several works have been
devoted to sinusoid frequency estimation (e.g., [4, 5, 1, 6]).
However, the differences between the present context and
these works are threefold : i) e(n) is not stationary but cy-
clostationary, ii) y2(n) is multivariate process and iii) the
periodogram is weighted. [9] showed that most of the results
of [4, 5, 1, 6] can be generalized when e(n) is cyclostationary
(in [9], e(n) has a simpler structure because it is period-
ically correlated; however, the general approach developed
in [4, 5, 1, 6] remains valid). However, [9] considered the
case T = 0 (yz2(n) is a scalar process). In this context, one
can follow without problem the classical approach based on
the introduction of the non linear least square estimation
(NLSE) auxiliary problem :

O, a"] = arg Kn (0, )

min
a€Z,0eC3(2T+1)

where Kn (0, ) is the cost function defined by

1 N-1
KN(H,OA) = N Z
n=0

with @ = [0_1,00,01]". Consistency and asymptotic normal-
ity of the NLSE estimate dgVK) are rather easy to obtain.

Moreover, it can be shown that the estimates d%() and &N 1
are equivalent, i.e., that they have the same asymptotic per-
formance. In particular, the asymptotic variance of &y s is
(K)
N

2

1
yg(n) _ Z akeinkan
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equal to the asymptotic variance of &

However, calculating of the variance of dg\,K) is quite diffi-
cult because it requires evaluation of the asymptotic covari-
ance matrix of the vector-valued estimate (6, d%()). Using
this approach, it is quite difficult (not to say impossible) to
obtain an interpretable closed form expression if the param-
eter T # 0. Moreover, the present NLSE approach cannot
be generalized to analyze the properties of the weighted es-
timates &ny,w for W # I. Therefore, we have analyzed the
properties of &n,w without introducing the auxiliary NLSE
problem.

3 ASYMPTOTIC PERFORMANCE
Our results are valid under the following assumption :

Assumption 1 Let e(n) be the multi-variate random pro-
cess defined by (2). We denote e”) (n) = e(n) and eV (n) =
e(n). The overbar stands for compler conjugation. We as-
sume from now on that e(n) satisfies the following cumulants
property :
VL,aMr,Vni,v; =0,1
—+oo

> me (e<ul)(m)7...

ng,...,np=—00

7e(”L)(nL)) ” < Mg

This assumption extends the classical mixing condition veri-
fied by statationary process ([4]) to cyclostationary process.
This assumption, which is valid if the impulse response of
the filter h,(¢) is finite (a condition however uncompatible
with the hypothesis that y,(¢) has a band limited spectrum),
is certainly not restrictive (it is however difficult to derive
conditions on h(t) guaranteeing assumption 1). Under As-
sumption 1, it is possible to prove the following lemma which
generalizes the key result of the approach of [4, 5, 1, 6, 9].

Lemma 1 Assume that e(n) satisfies assumption 1. Let

N-1
K 1 K 2iman
SSV)(a): N E n"e(n)e .
n=0
Then,

VK €N, sup Hs%()(a)
a€e(0,1]

a.s.
—0, as N —

It is possible to show the following theorem without intro-
ducing the auxiliary NLSE problem.

Theorem 1 Assume that the positive matrix W satisfies
R@)*WR@0) > 0 (if W > 0, this condition is of course ver-
ified). Then, the cyclic frequency estimate Gn,w converges,
almost surely, as N — oo, as follows :

(Gnw —a0) — 0 and N(&nvw —ao) — 0



Due to lack of space, we just sketch the proof. We put r(n) =
S, rlken)Zimkaon Ty, (n) can thus be written as y2(n) =
r(n) + e(n). According to this previous expression of y2(n),
one remarks that Jn W( ) is a sum of 4 terms, the first of

)= ||V I e
lemma 1 for K = 1, one can show that Jn,w (&n,w) and
Tnw(é&n,w) have the same behaviour if N — oo. Using
that &n,w is the argument of the maximum of Jnw(«),
one can prove that the sequence

2
which being Tn w (« v Using

N—-1
lim i E :6—2i7rn(a0—o?N,W)
N—oo N

n=0

converges to 1 as N — o0, a condition which in turn implies
Theorem 1. 2

The asymptotic normality and the convergence rate of
an,w are next obtained by a second order Taylor expan-

sion of Jy w around «g. Setting aJNa’i‘;V(a) A =0, we
a=an w
obtain that
—1
0 Jn,w(a) OJn,w ()
o = — | LWl 9N wia) 3
N W [ (3&)2 S Ao o ( )

where dan,w = (&n,w — ao) and &n,w are respectively the
estimation error and a scalar belonging to [ao, &n,w]. We
put

1 82JN,W(04)
aNWw = 5 7(805)2 N (4)
1 9dJn W(a)
b = INWIR
CVETR T 00 ®)
Plugging (4) and (5) back into (3), we obtain
N%(st,W = *GE’leN,W (6)

By using the mixing condition, some simple algebraic results
and Lemma 1, we arise at the following result.

Theorem 2
a.s.
aN,wWw — YA

bn,w £, N(0,75)

where N'(0,75) is a normal distribution with zero mean and
variance y3 = impy_ oo Elbn,w i, w].

Using Theorem 2 and (6), we finally deduce the main theo-
rem.

Theorem 3 Under Assumption 1, we have
3, c
N2 (anw — ao) — N(0,7)
where v = imy—oo N E[dén,w 66N w] =71 872"

The convergence rate of &n,w is thus N % as expected. One
of the benefit of this approach over NLSE approach is that v
can be calculated quite easily. In effect, the criterion Jn,w
is a function of the single variable o while the NLSE de-
pends on the (3(2Y + 1) + 1)-dimensional parameter vector
(0, ). Calculation of the asymptotic variance of the NLSE
estimate necessitates computating the Taylor expansion of
Kn (0, a), the calculation of the asymptotic covariance ma-
trix 'z of its first derivative with respect to the parameter

(0, ) at (6o, o), the calculation of the limit I' 4 of its sec-
ond derivative at (0o, o), and finally the computation of the
last entry of the matrix F;\ll“gl“;‘l. This approach leads to
very tedious calculations. In contrast, using our scheme, we
obtain easily that

3 o)™ o —2 ag)* o
7= (R< )" WR/ o)) R WGWR® (7

where (o0
Rl — | T
r(ao)
wol| W o A A
o0 W O] T
with X
I = lim NE[sel0 5]
N—oo
() _ 1; ~(ao) A(ao)T]
T _I\;EHOONIE[(SI'N or )
and

6f‘5\?0) _ f.g\?o) _ pleo)

A natural question is that of choosing the weighting ma-
trix W. As in [8], we can observe that for each W, the

left hand side of (7) is less than - (R<a0>*G#R(ao>)_

which represents the value of (7) for W = G#. However,
the matrix G# is not a block diagonal matrix. Therefore,
there does not exist any matrix W for which (7) coincides
with =2 (R(ao) G#R(ao))
an optlmal weighting matrix seems to be a difficult problem.

Actually, we now show that W = I leads to a very low
variance estimate if T is chosen large enough. For this, we
assume for the sake of simplicity that the sequence s, is
Gaussian and circular: in this case, the expressions of I and
T'. are simple, and the expression of + for W = [ can be
interpreted. Using that the spectrum of y,(¢) is limited to
the interval [— X2, 2] for some parameter 0 < p < 1, one

2Ts * 2T
can show that

. Hence, the determination of

1 _— . .
= / S(o) (einf)S(o) (€2i"(f_a°))DT (eQITFf)D:; (eQZTFf)df
0

2 . .
1"(6) :/ (S ao) 227'rf)> D’r(emﬂf)p'q;(e%ﬂf)df
0
)i

where S(®) (€277) is the spectrum of y(n) at cyclic frequency
a and Dy (e*™f) is the vector [e” 27" 1S ... 27 TAT  As
T. < Ts/4, S (™) coincides (up to a scalar factor) for
each a with the cyclic spectrum at cyclic frequency a/T.
of the continuous time signal y,(¢). From this, we get im-
mediately that S (e*™/) = Z=|n(e*™/)[* + o* and that
Sl@o) (g2imfy — ;—zh(e%"f)h*(e%"(f’ao). Here, h(z) denotes
the function h(z) = 3, ha(kT.)2™* and o® is the vari-
ance of the white Gaussian noise. Let us consider the case
2 = 0. The product S (e2™f)S(0)(e2in(f=a0)) coincides
with [S(@0) (e27f)|2. After some straightforward manipula-
tions, we get that the asymptotic variance of the estimate
an,r is given by
30(7)
272 ||p(eo) ||

)

where

/ |S ao) 227'rf | | Z (ag) 7217rf‘r| df

T=—7_
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17 .
/ S(ao)(e2iﬁf)2( Z 7,(ozo)(7_)67227rf7—)2df .
0

T==_
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The important point is to observe that if T is large enough,

e
Z T(O‘U)(T)ef2i77f7' ~ S(QO)(€2iﬂf)7
T==7

and that ®(T) ~ 0. It turns out that, in the noiseless case,
the asymptotic variance of &, r tends to 0 as T increases. We
note that this result holds because we have chosen W = I. In
particular, it seems that if W # I, the estimate &n,w does
not have the above property. Therefore, the choice W = T
seems the most reasonable, at least if the signal to noise ratio
is high enough.

4 NUMERICAL RESULTS

‘We now illustrate the above results by some numerical eval-
uations of the asymptotic variances of &n,w. We assume
that the shaping filter used by the transmitter is a square
root raised cosine with excess bandwidth p = 0.2, and that
the propagation channel is a multi-path channel. The ampli-
tude, phases and time delays of the channel are random vari-
ables, and each curve is obtained by averaging the variances
of our estimate over 100 different realizations of the propa-
gation channel. «q is equal to 1/4. In order to compare a
weighted estimate with &n,r, we consider the particular ma-
trix Wy = I' ! which is particularly relevant in the context of
detection of cyclic frequencies ([2]). In [2], the authors pro-
pose to test that a frequency « is a cyclic frequency of y(n)

2
fg\?) to a threshold. Using
w

by comparing the statistics

inverse of the asymptotic covariance if f‘g\?) was shown to be
f.(a) 2
N

convenient because the asymptotic distribution of

does not depend on « in the null hypothesis. Wy thus coin-
cides with this matrix for a = ap. In order to obtain quasi
band limited signals, we have used a degree M = 60 polyno-
mial h(z) in order to calculate matrices I' and I'.. In Figure
1, SNR is equal to 20dB. We compare the unweighted esti-

Asymptotic covariance (in dB) versus T

o s 10 15
T (SNR=20dB)

Figure 1: v (in dB) versus T

mate and the weighted estimate. We notice that the number
of lags T taken into account has a great influence on the vari-
ance. This curve confirms that the variance of &, ; decreases
toward 0 when Y increases. Moreover, the unweighted esti-
mator has a lower variance for Y large enough.

We now study the covariance versus SNR. In Figure 2, for
sake of clarity, we only plot the Y = M case. The variance
of the weighted estimator does not converge toward 0 when

20 25 30 ES a0 a5 50
SNR (T=deg(h)

Figure 2: v (in dB) versus SNR, for T = M

o? decreases, while the curve of the unweighted estimator
confirms our calculations.

5 CONCLUSION

In this paper, we have studied rigorously the asymptotic per-
formance of a baud rate estimator. Using a new approach,
we have shown that the estimator is consistent, asymptoti-
cally normal, and that its convergence speed is N =3/2 Our
approach also leads to an interpretable closed form of the
asymptotic variance. We have taken advantage of our inter-
pretable formula for choosing certain important parameters.
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