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Distributed estimation of the maximum value
over a Wireless Sensor Network

Franck lutzeler, Jérémie Jakubowicz, Walid Hachem, Ridligiblat

Abstract—This paper analyzes two algorithms for the max- B. RANDOM GossiPand BROADCAST algorithms
imum value estimation over a Wireless Sensor Network: the
RANDOM GossIP relying on pairwise exchanges between the
nodes, and the BROADCAST in which each sensor sends its value
to all its neighbors. We prove the convergence of these algtims,
and we provide tight bounds for their convergence speed.

o The RanDOM Gossip comes from the classical algo-
rithm for average estimation over WSNs [2]: at each iter-
ation, two connected nodes update their values according
to the following rule.

Algorithm 1. RANDOM GossIP(RG)
When the sensarwakes up (at global time) :

— The sensor chooses uniformly a neighbgre N;
— ¢ and j exchange their value

|. INTRODUCTION

ISTRIBUTED algorithms over Wireless Sensors Net-
works (WSN) have been widely studied since the seminal ' i
work of Tsitsiklis [1]; in particular, a lot of results haveén — i and;j update as follows
shown for the problem of averaging [2], [3], [4]. However i(t +1) = j(t + 1) = max(z;(t), 2;(t))
various applications such as stock management or distdbut « The BROADCAsTalgorithm uses inherent broadcast prop-
computing could need the maximum value of the network. To  erty of a wireless channel: at each iteration, all the nodes
share the maximum value over the entire network, the stdandar connected to a chosen node update according to the
Random (Pairwise) Gossip approach can be used, but it does broadcasted value of the chosen oheoédcastrefers
not take benefit of the broadcasting facilities of the wissle here to the iteration-wise update scheme like in [5] and
communications. Therefore, the Broadcast Gossip couldibe a not to the goal of information propagation like in the
interesting alternative. The purpose of this paper is teegiv.  computer scientific literature [6]).
convergence proofs and convergence speed bounds for these Algorithm 2. BROADCAST (BC)

two approaches regarding the maximum value estimation.

Il. PROPOSEDALGORITHMS
A. Model

When the sensarwakes up (at global time) :

— The sensoti broadcasts its value to all its neighbors
— The sensors of the neighborhood; update as
follows

We consider a network ofV sensors modeled by an Vi € Niy it + 1) = max(a; (1), z; (1))

unweighted undirected gragh = (V, E) whereV is the set

of vertices/sensordY(| = N) and E is the set of edges/links IIl. PROOFS OF CONVERGENCE

between the sensors. Therefore, each sehs@an exchange )

data with its neighborhoodV; = {j € V|(i,j) € E} and  LetH:={i € V|zi(t) = z;ma.} be the set of vertices that
dmaes = max;cy |Nj|. For practical reasons, we suppos@ave the maximum value at timteand H, its complem(_antary
that G is connected and that each sensor is equipped witfl: The first time to reach the max-consensusis =

an independent Poisson clock of parametéor its activation argmin{|H;| = N'} and we can easily notice that as soon as
which is equivalent to a global clock of paramefsiy and the consensus is reached, it is stable > 7, |H;| = N.
uniform selection of the awaking sensor. We will natéhe So, proving the convergence of an algorithm is equivalent to
instant of thet-th ring of the global clock. proving thatE[7y] < cc.

Each sensori has an initial valuez;(0); we igtroduce Theorem 1. The RANDOM GossIP algorithm reaches max-
Tmas = Maxiey 2;(0) andx(t) = [z1(t)...zn(t)] where consensus in finite timesg.
x;(t) is the value of the-th sensor at time. It is therefore _ _ _
obvious that we wisk(t) to converge tae,,q, 1 (with 1 being Proof: Whlle_ max-consensus is not reached, there is at
the sizeV vector of ones) asgoes to infinity. Hence, the goalleast one vertex i, that is connected to a vertex fif;. The

of the algorithms will be to achievemax-consensusn finite  probability of choosing one of these two vertices at titrie
time 7, i.e. 2/N and the probability that they exchange with each other is

at leastl /d,, .. Hence P[|Hyt1| = |He|+1] > 2/(Ndpmaz)-
Considering the Bernouilli variablé;, = |H1| — |H| of

) ) . . . parametep > 2/(Nd,,q.), We can conclude thall; follows
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vx(0) € RN, 37paz| VYt > Toaz, X(t) = Tpmal (1)



—- DRAFT FOR ASILOMAR 2011 —- 2

Corollary 1. The BROADCAST algorithm reaches max- the number of communications than the number of algorithms
consensus in finite timegc. iterations, we advocate the use of the communication cost as
measure of algorithm performance. This cost can be deduced

Proof. Slmllgrly, the probab|I|j[y of mcrgmentlng th(.efrom 7n (theiteration cos} by multiplying it by the number
number of max-informed sensors is probability of choosin o ) d

. . . communications by iteration, namely,for the RANDOM
an informed node connected to a uninformed one which

Sossipand 1 for the BROADCAST. The underlying graph
greater tharl/N. Hence Elrsc] < N°. is a Random Geometric Graph (RGG) [10] of radius=
44/log(N)/N. We can see that theR®ADCAST algorithm is
much better than RN\DoM Gossipand that the bounds tend

Simple convergence speed bounds have already been @bconfirm this idea. It is also worth noticing that the progos
tained in previous Section but they do not depend mugdunds are tight for the complete graph and the bound for the
on the graph; yet, simulations show that the max-consen®iRoADpcAST is also tight for the path graph.
time changes significantly according to the underlying grap
Therefore we propose here graph-dependent bounds.

IV. CONVERGENCESPEED BOUNDS

1500 T

—o—Random Gossip
o Bound of Result 1

—A—BroadCast o
A Bound of Result 2

A. Bound for theRANDOM GOSSIP
Ndpmae In(N—1)

Ndmax N-1 N
Result 1. E[rgrg] < V- >y el %
where \} is the second greatest eigenvalue of the Laplacic

of the graph.

Proof: Let S be a subset of and9S = {e = (i,j) €
Eli € S,j € S} the edge frontier of, we know from Cheeger
[7], [8] that |0S| > AZ|S|(1—|S|/|V]). Applying this inequal-
ity we haveP[The exchange is done over an edgeéf;| >
200H,|/(Ndmao) > 233 | Hi|([V| = [Hi])/ (dimaa|V[*) = p'.
Noting that|V| = N and replacing the Bernouilli parameter

of the proof of theorem 1 byo’ concludes the proof. m Fig 1 Communicat?on costs and proposed bounds ferBoOM GOSSIP
and BROADCAST algorithms on a RGG.
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B. Bound for theBROADCAST
Result 2. E[rpc] < éN + (¢ — 1)N In (lel

€

wheree is the mean eccentricity of the graph.

VI. CONCLUSION

We proved that the RNDOM Gossipand the BROADCAST
algorithms dealing with the distributed maximum value -esti

Proof. First, like the works of Feige, Frieze andmation over a WSN converge to the max-consensus and we
Grimmett [6], [9], let us consider the spanning tree sublrap 9

. ) ; ave fair bounds for their convergence speed.
G’ of G rooted on & sensor with maximal value at tlmeg 9 P
0. It is evident that the BOADCAST algorithm will reach
max-consensus less quickly @i than it does ong. Let

us denote byE(i) the set of nodes (OI‘ Iayer) of distange [1] J. Tsitsiklis, “Problems in decentralized decision rimgkand computa-
tion,” Ph.D. dissertation, M. I. T., Dept. of Electrical Engering and

from the root node, as this transformation of graph keeps the qmnyter science, 1984.
smallest distance between the nodes, the number of layers[3$ S. Boyd, A. Ghosh, B. Prabhakar, and D. Shah, “Randomgessip

the eccentricity of the root node. = ¢(root). The time for algorithms,” |[EEE Transactions on Information Theoryol. 52, no. 6,
41 . . i1 pp. 2508-2530, 2006.
all the nodes of the layeﬁ“ ) to be informed istU* 1. [3] A. D. G. Dimakis, A. D. Sarwate, and M. J. Wainwright, “Ggraphic
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