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Abstract

In this paper, we propose a resource allocation algorithmtlie downlink of sectorized two-
dimensional (2-D) OFDMA cellular networks assuming statéd Channel State Information (CSI) and
fractional frequency reuse. The proposed algorithm canripeimented in a distributed fashion without
the need to any central controlling units. Its performarg@malyzed assuming fast fading Rayleigh
channels and Gaussian distributed multicell interferekiée show that the transmit power of this simple
algorithm tends, as the number of users grows to infinityhéosame limit as the minimal power required
to satisfy all users’ rate requiremerits., the proposed resource allocation algorithm is asymptética
optimal. As a byproduct of this asymptotic analysis, we abtarize a relevant value of the reuse factor

that only depends on an average state of the network.

. INTRODUCTION

We address in this work the problem of resource allocatiawgy control and subcarrier assignment)
for the downlink of sectorized OFDMA networks impaired withulticell interference. A considerable
research interest has been lately dedicated to this prosilece the adoption of OFDMA in a number of
current and future wireless standards such as WiMax and dGEPIn principle, the problem of resource
allocation should be jointly solved in all the cells of theseam. In most of the practical situations, this
optimization problem is difficult to solve. Therefore, madtthe related works in the literature focus on
the single cell casee(g.,[1]-[6]). Fewer works address the more involved multicdlbeation problem.

In this context, we cite [7]-[11] in the case of perfect CSlitad transmitters side, and [12], [13] in the
case of imperfect CSI. In [12], [13Rll the available subcarriers are likely to be used by diffelmade
stations and are thus subject to multicell interferencesdoh a configuration, interference may reach

excessive levels, especially for users located at cellddver
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Similarly to [12], [13], we assume in this paper that usetsarnels undergo fast fading and that the
CSI at the base stations is limited to some channel statidiowever, contrary to these two works, we
consider that a certain subset of subcarriers is sharedgwotfally between the adjacent base stations
(and is thus “protected” from multicell interference) whithe remaining subcarriers are “unprotected”
since they are reused by different base stations. This leddaactional frequency reuséor FFR) is
recommended in a number of standaedg.,in [14] for IEEE 802.16 (WiMax) [15], as a way to avoid
severe inter-cell interferenc@&he ratio between the number of unprotected subcarrierstlaadotal
number of subcarriers is generally referred to asrthese factorand is denoted in the sequel by If
the reuse factor is set to the valae= 0, the cellular system is said to apply arthogonal reusescheme
since nearby cells will occupy in this case distinct partshef bandwidth. Such systems generally suffer
from a loss in spectral efficiency. On the opposite, if theseetactor is set tex = 1, the band in fully
re-exploited from one cell to another and the system is saidave afull reusescheme. The price to
pay is that users at cells’ borders will suffer from a possistcessive multicell interference. Fractional
frequency reuse encompasses these two extreme casedry detie any value in the intervad0, 1]. In
this paper, we analytically prove that such a scheme owpes both the orthogonab(= 0) and the

full (e« = 1) frequency reuse schemes.

Few works in the literature (we cite [16], [17], [18] witholeing exclusive) have addressed the
problem of resource allocation for FFR-based OFDMA netwoffone of these works fits into the
framework considered in this paper. The particular probdamsidered in [16] consists in maximizing a
system-wide utility function under a power constraint. fistcontext, the authors propose a distributed
iterative allocation algorithm that is based on estimating level of multicell interference rather than
computing it. Of course, resource allocation schemes thatad resort to such simplifications are highly
preferable. In the same context, authors of [17] considerpitoblem of minimizing the total transmit
power needed to satisfy all users’ rate requirements. Fair ghke, they propose a heuristic allocation
algorithm without any assessment of its deviation from tp@naal solution. Moreover, the selection of
a relevant reuse factor is not addressed. Finally, authibf$8p assume that subcarrier assignment has

been done in advandee., joint power control and subcarrier assignment is not acees

In our work, we investigate the problem of power control antcsarrier assignment for the downlink

of FFR-based OFDMA systems allowing to satisfy all userg n@quirements while spending the least
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possible power at the transmitters’ side. In our previouskw9], [20], the solution to this problem is
characterized in the special case of one-dimensional (tdbyilar networks where all users and base
stations are located on a line. Unfortunately, it is much endgifficult to characterize this solution in
the case of 2-D networks. In the present work, our aim is t@se a suboptimal resource allocation
strategy for these 2-D networks and to study its performamitle respect to the above optimization
problem. Our allocation algorithm assumes that users di ealt are divided prior to resource allocation
into two groups separated by a fixed curve. The first group mposed of closer users to the base
station. These users are constrained to modulate unpedteabcarriers and are thus subject to multicell
interference. The second group comprises the farthess wdes are constrained to modulate protected
(interference-free) subcarriers. In order to approplfagelect the aforementioned separating curves, we
study the limit of anoptimal solution to the resource allocation problem as the numbarsefs and
the system total bandwidth grow to infinity in a sense that é made clear later onVe then use
the results of this asymptotic analysis to choose the s@pareurves in such a way that the following
important property is satisfied: the limit of the transmiiyaw of the proposeduboptimalalgorithm with
this particular selection of the curves is equal to the liafithe transmit power of theptimal resource
allocation. As a byproduct, we are able to determine a relevant value efr¢luse factor. Indeed, the
asymptotic transmit power depends on the average rateresgeit and on the density of users in each
cell. It also depends on the valueof the frequency reuse factor. We can therefore define thienapt
reuse factor as the value of which minimizes this asymptotic power. The main contribn§ of this

work are thus the following.

1) A practical resource allocation algorithm that can be lemgnted in a distributed manner is
proposed for the downlink of a sectorized OFDMA network asislg fractional frequency reuse
and statistical CSI. The transmit power of this simple atban tends, as the number of users and
the system bandwidth grow to infinity, to the same limit as rtieimal power required to satisfy
all users’ rate requirements.

2) As a byproduct of our study of the above algorithm, we prthat the simple scheme consisting
in separating users of each cell beforehand into proteciedsuconstrained to modulate only non
reusable subcarriers) and unprotected users (constreoneddulate only reusable subcarriers) is

asymptotically optimal. This scheme is frequently usedetiutar systems, but it has never been
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proved optimal in any sense to the best of our knowledge.
3) Finally, a method is proposed to select a relevant valut®freuse factor. The determination of
this factor is of great importance for the dimensioning ofelss networks.
The rest of this paper is organized as follows. The systemefisdntroduced in Section Il, followed by
a description of the multicell resource allocation problien$ection Ill. The proposed resource allocation
algorithm is presented in Section IV. The relevant choicehef curves associated with this algorithm
and which separate the two groups of users in each cell iseasield in Section V. Next, the relevant
selection of the reuse factor is addressed in Subsection Whally, The relevancy of the proposed

resource allocation and of our selection of the reuse featersustained by simulations in Section VI.

[I. SYSTEM MODEL

Consider the downlink of a sectorized OFDMA cellular netveomposed of hexagonal cells. Each
cell in the system is divided into threl20° sectors. In this paper, we restrict ourselves to the case of
three interfering sectors of three adjacent cells, sag ¢elB, C' (see Figure 1). In the more general case
of networks with more than three cells, our results hold jates that the interference generated by farther
base stations can be neglected. Generally, this assuniptioty valid as a first approximation. However,
it allows for an essential reduction of the dimensionalityttee multicell resource allocation problem. In
the sequel, we assume that the considered sectors of £eflsC' have the same shape and the same
size and we denote bi(#, KB, K¢ their respective number of users. st= K4 + KZ + K¢ be the
total number of users an¥ the total number of available subcarriers. The signal veckby userk in

cell ¢ (¢ = A, B,C) at subcarriem € {0... N — 1} during themth OFDM block is given by

C

yp(n,m) = Hi(n,m)s}(n,m) +wg(n,m) , Q)

wheres,(n, m) represents the data symbol destined to uskr cell ¢, and wherew;,(n, m) is a random
process that encompasses both the thermal noise and thel@asslticell interference. Random variable
Hi(n,m) stands for the frequency-domain channel coefficient assatiwith userk in cell ¢ at the
nth subcarrier and the:th OFDM block. The realizations of this random variable assuemed to be
known only at the receiver side and unknown at the base stefandom variable$H; (n, m)},, ,,, are
Rayleigh distributed with variance = E[|HZ(m,n)[?] which is assumed to be constant wir.andm.

This holds for example in the case of uncorrelated time-dorobhannel coefficients. Furthermore, for
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eachn € {0... N — 1}, random proces$H;. (n, m)},, is assumed to be ergodic. Finally, variange

is assumed to be known at the transmitter side and vanishéstivd distance between base station
and userk following a given path loss model. We assume that fractidnequency reuse is applied.
According to this scheme (see Figure 1), a certain subsetiludesriers] ¢ {0... N — 1} is reused in

the three cells. If usek in cell c modulates a subcarrier € J, the noisewf,(n, m) includes both thermal
noise and multicell interference. The reuse faetds the ratio between the number of reused subcarriers

and the total number of subcarriers:
cardJ)
N

: (2)

The remaining 1 — «) N subcarriers are shared by the three sectors in an orthog@ayakuch that each
base station: (¢ = A, B, C) has at its disposal a subsRt of cardinality 1‘TCVN. If user k modulates a
subcarriem € P., processwg (n, m) will contain only thermal noise with variane€®. Finally, JU P4 U
PrUPc ={0,1,..., N —1}. Denote byNj. the subset of subcarriers assigned to iséhe assume that
Nj. may contain subcarriers from both the “interference” subsand the “protected” subsét.. Denote

by ~i 1 IV (resp.v; o IN) the number of subcarriers assigned to usém J (resp.?.). In other words,
7,271 = cardJ NN})/N 7,@72 = cardP. N Ng)/N . 3)

Parameters;, ; and~; , are generally referred to aharing factors We assume from now on that they

can take on any value in the intervjal 1] (not necessarily integer multiples ofN).

Remark 1. Even when the sharing factors are not integer multiples/df, it is still possible to practically
achieve the exact values of ;, 7;., by simply exploiting the time dimension. Indeed, the nunatfer
subcarriers assigned to usércan be chosen to vary from one OFDM symbol to another in suchy w
that theaveragenumber of subcarriers in subsetsand P, is equal toy; IV and ViV respectively.
Thus the fact thaty,gl, Vi are not strictly integer multiples of /N is not restrictive, provided that
the system is able to grasp the benefits of the time dimenBi@particular case where the number of

subcarriers is restricted to be the same in each OFDM blocaddressed in Section VI.

Note that by definition
Kc

KC

11—«
IR TET T PE APy @
k=1 k=1
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From now on, The above two inequality constraints will bett®ri as equalitiegse., we force the whole
set of available subcarriers to be fully occupied by setfﬁ@lfyg’1 =« and Zf:clfy,gz = 1‘Ta The
motivation behind this modification is twofold. First, itrhs out that keeping the above constraints as
inequalities would make the presentation of the final resadtwell as of the proofs very tedious. Second,
finding the optimal resource allocation (in the sense thiitagirevealed in the next section) would require
in this case a prohibitively high computational complexitg see why this is the case, denotedjyand

05 (0 < 91,65 < 1) the percentage of unused subcarriers in bahdad P, (c = A, B, C) respectively.
As a matter of fact, the only way to determid@, 53\, 62, 6%, 6¢, 6§ is to perform full search with
respect to these parameters in a six-dimensional grid.eftwer, the gain that might be obtained from
keeping the constraints on the sharing factors as ine@saiitould come at the price of an excessively

high computational complexity.

Recall that in our model, for each usein any cellc, all channel coefficientsl};(n, m) are identically
distributed on all the subcarriers assigned to this user#tiancep; = E[|H¢(m,n)|?] is assumed to be
constant w.r.tz). It is thus reasonable to assume that the base station ateduithe subcarriers of each
user in each one of the two subseitsadP.) with the same transmit power. Defidg | (resp.Fy ,) as
the power transmitted on the subcarriers assigned torget (resp. inP.) i.e., Py, = E[|s¢(n,m)[*]
ifnel P,= E[|s¢(n,m)|?] if n € P,. Parameterg~y; ;. Py, }i=1,2 Will be designated in the sequel as
the resource allocation parameter§Ve now describe the adopted model for the multicell interiee.
Consider one of the unprotected subcarriemssigned to user of cell A in subsetl. Denote by(o—,g‘)2
the variance of the additive noise proces$(n, m). This variance is assumed to be constant w.r.t both
andm. It depends only on the position of uskrand the average powerg? = ZkKjl fy,flP,fl and
Q¥ = K 75, P¢, transmitted respectively by base statidBisand C' on the subcarriers df. This
assumption is valid for instance in OFDMA systems that zdiliandom subcarrier assignmefi21].
According to this subcarrier assignment scheme, eachiuseany cellc is assigned a subsaf; that is
composed byandomlyselecting cardNy) subcarriers out of the totaV available subcarriers. Finally,
recall thato? designates the variance of the thermal noise. Putting etlgsi together, we can write for
anyc=A,B,C:

o2 if ne P,

E [Juf(n,m)*] = o )
(05)° = 0> + Lo o E |[HY (n,m) 2] QF if n €
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WhereHg’é(n,m) (¢ = B,C) represents the channel between base statiand userk in cell ¢ on
subcarriem and OFDM blockm. Of course, the average channel gEirﬁ]H,?é(n,m)P] depends on the
position of userk via the path loss model. For instance, if two uskrand! of cell A are located on

the same line perpendicular to the a®€’ such thatk is closer to base statios, then(o7')? < (o1')2.

[11. JOINT RESOURCEALLOCATION PROBLEM

Assume that each usérin cell c (c = A, B, C) has a rate requirement @i nats/s/Hz. Consider the
problem of determination of the resource allocation patarsefor the three interfering sectors. These
parameters must be selected such that the target rate ofusachs satisfied and such that the power
spent by the three base stations is minimized. Due to thedwigyo of the process H}(n,m)},, for
each subcarrien, the rateR;, can be satisfied provided that it is smaller than the ergodgacity C}
associated with usek. Unfortunately, the exact expression @f is difficult to obtain due to the fact
that the noise-plus-interferendevy (n, m)}, , is not a Gaussian process in general. Nonetheless, if we
endow the input symbols; (n, m) with Gaussian distribution, the mutual information betweg(n, m)
and the received signgf (n,m) in (1) is minimal whenwg (n, m) is Gaussian distributed. Therefore, we
approximate in the sequel the multicell interference by ags&n process as this approximation provides
a lower bound on the mutual information. Focus on ¢elind denote by, (QF, Qf), g;', the channel
Gain-to-Interference-plus-Noise Ratio (GINR) and GairNpise Ratio (GNR) associated with ugem

cell A on the subcarriers of subseétand® 4 respectively:

A (AB AC PE1 A P?
_ _ ) 6
9k,1(Q1 Q1) = (o—;j)? ) Jk2 = o2 (6)

The ergodic capacitﬁ,j‘ associated with user in cell A is equal to the sum of the ergodic capacities
corresponding to both subsétand® 4. For instance, the part of the capacity (in nats/s/Hz) spwading

: A A |Hi (nym)]? A
to the protected subsét, is equal toy;’,E [log (1 + Pk,zTﬂ' where factory;’, traduces the
fact that the capacity increases with the number of sulBrarwhich are modulated by uskr In the
latter expression, the expectation is calculated w.r.dmamvariable'H’?(o#)‘z. Now, W has the
same distribution aﬁ‘éZ = ¢{*,Z, where Z follows a standard unit-variance exponential distribotio
Finally, the ergodic capacitgy! = CA(vi,, vy, PE,. Py, QP QY) in the whole bandwidth is equal
to

it = 7inE [log (1 + g1 (QF, Q)P Z)] + 7t [log (1 + k2 Pl Z)] - (7)
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CapacityC;;‘ is achieved if we endow the input symbdﬁ(n,m) with Gaussian distribution. This
distribution is assumed from now on. Moreover, note tﬁétdoes not depend on the particular subcarriers
Ng‘ assigned to usek, but rather on the number of these subcarriers via parameggr and 'y,?,?
Therefore, choosing some specific subcarriers rather thlaero has no effect on the capacity. The
subcarriers assignment scheme reduces thus to the dedgiomiof the sharing factor@y,;“,l, 7]‘:2. Finally,

the multicell resource allocation problem can be definedblisws.

KC
Problem 1. Minimize the power spent by the three base statigns > > (vf,P5, + 752 P5 o)
c=A,B,C k=1
WLt {7E 175 9> PF 1 PE o e=a,B,c under the following constraints:
b K b b k:l...Kc
o 11—«
C1 =k, CE (Vi 1V P Pi2) = B C3:) fo=—5
k=1
KC
C2:) 7i1=a C4:Vk, 7, PEy > 0(i=1,2).
k=1

As a matter of fact, Problem 1 cannot be solved using convéingation tools.In our previous
work [19], we addressed a similar nonconvex problem in thetesd of 1-D networks. In this particular
context, we managed to analytically characterize the agtiesource allocation. This optimal allocation
turned out to have the following binary property: Exceptdosingle user in each cell, users of any eell
either modulate protected subcarriers (from subsgtor unprotected subcarriers (from sub%ebut not
both. We furthermore proposed a method (though very costhglims of computational complexity) to
find this optimal allocation. The high computational costltit method motivated us to propose in [19]
a suboptimal but computationally efficient allocation altion. The proposed algorithm was inspired by
the above mentioned binary property of the optimal resoattzeation and, interestingly, was proved
to be asymptotically optimal as the numbk&rof users and the system bandwidth grow to infinity in a

certain sense.

Unfortunately, this approach used in the 1-D case (whictsistsin first determining analytically the
optimal solution to the allocation problem and then to ude ppropose a practical suboptimal allocation
algorithm) fails in the 2-D case. Indeed, in our previous ky@roperties intrinsic to the 1-D case were
essential to simplify the KKT conditions (of a certain coxvangle cell problem derived from the

original multicell allocation problem) and to prove the &iy separation of the users. These properties
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are no longer valid in the 2-D case. Indeed, in 2-D, the KKT gemerally intractable, and it is not
clear whether a binary separation is optimal or not. The 2aBecthus requires) to infer the form of
a suboptimal allocation algorithm which is likely to be aptotically optimal ask* — oo. This task is
done in Section IV. And tai) demonstrate, without any knowledge of the form of the glctmdlition at

finite K, that such an algorithm is indeed asymptotically optimdilisTtask is the subject of Section V.

IV. PROPOSEDRESOURCEALLOCATION ALGORITHM

In [20], we showed that in 1-D cellular networks, any globalusion to Problem 1 has the following
asymptoticproperty: The power allocated to users who moduladéh protected and unprotected sub-
carriers becomes negligible as the numberof users increases. One can thus suggest the suboptimal
(w.r.t Problem 1) resource allocation algorithm given kel&or a given usek in cell ¢, we denote by
(xf,y5) his/her position in the Cartesian coordinate system aasmtiwith this cell (see Figure 2). In
our algorithm, we use a continuous functiaf),p,.(.) on [—D, D] (where D stands for the radius of
the cell as shown in Figure 2) to define a curve that separagesgers of each cetl into two subsets.
The first subseX¢ contains the users who are closer to the base station th&wcuhie. These users are
constrained to modulate only unprotected subcarfiefidhe second subséf}, contains the rest of users

who are constrained to the protected subcarriers

1=A{ke{l... K|y < dsupopl})} p={ke{l... K% yp > douopl3)} - (8)

Note that{dg op(-) te=4,58,c are fixed prior to resource allocation. Relevant selectibthese curves is

postponed to Subsection V-B. It merely relies on the asytigpémalysis carried out in Subsection V-A.

A. Resource Allocation for Interfering Use{sK$}.—a,B,c

For usersK{ in each cellc, resource allocation parameters in the protected siubhsate arbitrarily
set to zerol.e., v, = Py, = 0. Recall the definition o] = >, . 7i; 1%, as the average power
transmitted by base station(c = A, B, C) in the unprotected subsgt For each celk, denote byc and
& the other two cells. For examplel = B and A = C. Define C( Vi1 Pis QF, Q5) as the ergodic
capacity associated with userobtained by pluggingy; , = P, = 0 into (7). Parametersy ,, P, for

users in{X$}.—a, B,c can be obtained as the solution to the following multicelb@dtion problem.
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Problem 2. [Multicell problem in band J] Minimize the total transmit power » Y~ ~¢ | P¢ |
c=A,B,C kexe
W.r.t. {7 1, Pf 1} e=a.5.c under the following constraints:
A TR T e

C1: Ve, Yk € K§, R < (1, P 1, Q5. QF)

C2:Ve, Y v =a C3:Ve,VkeX§, 5, Pf, >0.
keXs

Remark 2. Problem 2 may not be always feasible. Indeed, since the giemtesubcarriers are forbidden
to usersX¢, the multicell interference may in some cases reach exaesiels and prevent some users
from satisfying their rate requirements. Fortunately, wil wee that if curves{dg yop(-)}c=a,5,c are
appropriately chosen, then the latter problem is feasibleleast for sufficiently large number of users

and system bandwidth.

One can use an approach similar to [19], [20] to show that dolyad solution to the above problem
satisfies the following property. There exist six positivembers{3{, Q{}.=4.5,c (Where g{ is the

Lagrange multiplier associated with constra2 of Problem 2) such that:
-1 o
Pey= |08a(Q5.QD] M0k (Q5, @D)B) (©)
Ry
C (g7.4(Q5. QD)

where f(.) andC(.) are increasing functions defined & by

Vi1 = (10)

fla) = BTN O = Ellos(1 + 7 (0)2)], 1)
B[]

f~1(.) being the inverse oR ; of f(.) w.r.t the composition of functions, and where for each A, B, C
and for a fixed value of){ ande, (Bf,Q5) is the unique solution to the following system of equation:
3 B

=a, (12)

B 3L I A
= C a5, (5. QD)) |

(13)

Note that equation (12) is equivalent to the constr&iet >, Via = while equation (13) is nothing

else than the definition of the average powgf = > . 75 1P, transmitted by base stationin
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subset]. We now prove that when Problem 2 is feasible, then the sysfesix equations (12)-(13) for
c = A, B,C admits a unique solutiops!, Qf, B8, QF, 3¢, Qf and that this solution can be obtained
by a simple iterative algorithm. Focus on a given eelt = A, B, C) and consider any fixed valuég;,
Q5. Denote byI® (Q5,QF) the rhs of (13).e.,
o oea@s@d] e @5 @08
r(ene) = 3 m Clog (@ @) | o

keXKs

where 3§ is defined as the unique solution to (12). The vaIﬁéQé,Q‘l?) can be seen as the minimum
power that should be spent by base statioan the unprotected subcarrieiswhen the interference
produced by base statioasand ¢ is equal toQ§ and Q¢ respectively. Since (8) should be satisfied for

c= A, c= B andc = C, the following three equations hold
QF =1'@Q7.Q1), QF =17(Q,QY), Qf =1°9(Q{.Q7). (15)
The triple (Q4', QF, QY) is therefore clearly a fixed point of the vector-valued fimed (Q4, QF, Q¢)
= (I*(QF.Q9), 1”@, Q). I°(Q{. QD)):
(@, Qf, Q) =L@, Q. Q). (16)
As a matter of fact, it can be shown that such a fixed poini ¢&f unique. This claim can be proved

using the following lemma.

Lemma 1. FunctionI is such that the following properties hold.

1) Positivity: I(Q4, Q7, Q%) > 0.
2) Monotonicity: IfQ* > Q' QB > QB Q¢ > Q7', thenI(Q4, QB, Q%) > I(Q*, 5", Q).
3) Scalability: for allt > 1, tI(Q4, Q7, Q%) > 1(tQ*,tQ7,tQ%).

The proof of Lemma 1 uses arguments which are very similah&proof of Theorem 1 in [23].
FunctionI is then astandard interference functiprusing the terminology of [24]. Therefore, as stated
in [24], such a functionl admits at most one fixed point. On the other hand, the existefi@a fixed
point is ensured by the feasibility of Problem 2 and by the that (16) holds for any global solution.

In other words, if Problem 2 is feasible, then functibdoes admit a fixed point and this fixed point is
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unique. In the latter case, the results of [24] state furttwee that a simple fixed point algorithm (such

as Algorithm 1 given below) applied to functidnconverges necessarily to its unique fixed point.

Remark 3. Note that in Algorithm 1, the only information needed by ebabke station: (c = A, B, C)
about the other two cellg, ¢ is the current value of the power3S, Qf transmitted in the unprotected
subset. This value can) either be measured by base statioat each iteration of Algorithm 1, o) it

can be communicated to it by base statiensnd ¢ over a dedicated link. In the first case, no message
passing is required, and in the second case only few infoomas exchanged between the base stations.

Algorithm 1 can thus be implemented in a distributed fashion

Of course, the feasibility of Problem 2 depends on the cholitee separating CUrvegl pop(-) }c=4,5,c-
Section V addresses the relevant selection of these cungdsthat Algorithm 1 converges for a suffi-

ciently large number of users and a sufficiently large sysbemdwidth.

B. Resource Allocation for Protected Usef¥%}c=a,B,c

Since users(4, in each cellc are constrained to modulate only the subcarriers of subsehey are
not subject to multicell interference. Resource allocafior such users can thus be done independently
in each cell by solving a simple single cell optimization lpeon which is a special case of Problem 2.
Focus for example on cel. It is straightforward to show that the resource allocafiooblem for users
of this cell is convex in variable$v',, wil, }resca, Wherewy!, = v, P, The solution to this new
problem (and consequently to the original problem in vaeial{fy,éz,P,j}z}kng) can be obtained by

solving the associated KKT conditions and is given by:

P/éé}z = (9/?,2)_1 f_l(gié25é4) (17)

RA

A k

Ye2 = "7 . -
C <gk“72132“)

Parametep;' is obtained by writing that constraiit, fy,fz = 1‘Ta holds as the unique solution to:

(18)

R;j 1 -«
- . (19)
2 Gt 3

Resource allocation parameters for users of cBllsand C' can be similarly obtained. The following

procedure performs the above resource allocation for piedeusers.
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C. Summary: Distributed Resource Allocation Algorithm

The proposed distributed resource allocation scheme iflyfimammarized by Algorithm 3.

D. Complexity Analysis

By referring to Algorithm 2, it is straightforward to verifthat resource allocation for protected users
can be reduced to the determination in each calf the value of3S, which is the unique solution to

the equationzkegc; u ;= 1‘Ta Since functionz — 1/C(x) is convex, the latter solution can be

numerically obtained by any of the classical zero-findirgpathms of the convex optimization literature
such as the gradient method [25]. DenoteMy.q the number of iterations required till the convergence
of such a method. Each one of these iterations requires awtatignal complexity proportional to the
number of terms in the |hs of the equation. The overall commrial complexity of findingss is therefore

of orderO(NgagK). In the same way, one can show that each iteration of Algaorithcan be performed
with a complexity of orde (NgadK ). Let Nier designate the number of iterations of Algorithm 1 needed
till convergence (within a certain accuracy). The overalinputational complexity of Algorithm 1, and
hence of Algorithm 3 as well, is thus of the order Of NierNgrag/<). Our simulations showed that
Algorithm 1 converges relatively quickly in most of the caskideed, no more thaNj,, = 15 iterations
were needed to reach convergence within a very reasonatileagy in most of the practical situations.

V. DETERMINATION OF CURVES {d¢ ,,p.(-) } AND ASYMPTOTIC OPTIMALITY OF ALGORITHM 3

The aim of this section is to appropriately select the seayaUNVesdg opf-), dapopt-) ANAAS,popf-)-

For that sake, we consider the case where the numibef users tends to infinity in a sense that

will be clear later on, and we prove Theorem 1 (see Subsedfi@) which states the following.
There exist curvesdgpopf-) }e=4,5,c such that the transmit power of Algorithm 3 converges as

K — oo to the limit total power of an optimal solution to the joiniadation problem (Problem 1).
Otherwise stated, Algorithm 37is asymptofically optimaltfie separafing curves are well chosen. In

order to prove this result, we first characterize the form tedtotal transmit powe@(TK ) of an optimal
solution to Problem 1 in the special case where users of ezthre aligned on parallel equispaced lines.
Indeed, we prove that the latter solution has the followibméary” property: In each cell, there exists a
curvedy..x) that separates users modulating uniquely protected ootegied subcarriers. Herg; (%) is

a vector of parameters that will be specified later on and kvbiEpends on the system setting (including
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the numberK of users). We show that as the numli€rof users tends to infinity (in a sense that will
be made clear later onjy...x) converges, at least for certain subsequenéés to a curvedy. that can
be characterized by solving a certain system of equatioms.shme system allows to compute the limit
Qr = limg_ . Q}K). Next, we consider the case of an arbitrary geographicalililision where users
are not necessarily aligned on parallel lines. Eventhohghaforementioned binary property no longer
holds in this general case, we show that the transmit powan aptimal solution to Problem 1 converges
to the same limitQ7 as in the case of aligned users. This result will suggest lecséhe separating
curvesdg onf-) Of the suboptimalallocation algorithm to be equal to the asymptotigtimal curves
dg-(.). Thanks to the latter curve selection, we prove that the ggeg allocation algorithm becomes

asymptotically optimal.

A. Asymptotic Optimal Allocation

The characterization of the asymptotic behaviour of annogitisolution to the joint resource allocation

problem is performed by the following three steps.

1) Step 1: Single Cell Resource Allocatiove first consider a particular case where users of each cell
are aligned on equispaced parallel lines. Focus for exampleell A and definel* parallel equispaced
lines 0 < I < K4) which pass through cell and which are perpendicular to the a®§’ as illustrated
in Figure 3. Next, assign each one of these lines an index1...14}. In the sequel, we denote by
LA c {1... K4} the subset composed of the users of eelbcated on the line whose indexisAssume
that the resource allocation parameters of users of éelend C' are fixed and recall the definition of
C,j‘ given by (7) as the ergodic capacity of ugein cell A. The optimal resource allocation problem for
cell A consists in characterizin{gy,él, fy,ﬁz, P,j}l, P,fQ}kzl__KA allowing to satisfy the rate requirements
of all usersk € {1,..., K“4}. The determination of these parameters should be done katthe power

QN = S8 A P+, P, to be spent is minimum:

Problem 3. Minimize Q4 = -5 &, PA, + 4/, P2, with respect to{y{,, Ly, P2y, P e, ica
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under the following constraints:

C1:Vk RA < CA Ca:7{ > 0,77, >0
KA

C2: ) v =a C5: P >0,P > 0.
k=1
K4 1 K4

—

C3:) e =— C6: > Pl <Q.

k=1 k=1

Here, constrain€é6 is a “low nuisance constraint” which is introduced to lintietinterferenc@roduced
by Base Statiomd. In other words, the powe®s' = 3=, ~i', Pz, which is transmitted by base station
on the subcarriers of subsétshould not exceed a certaimuisance leveR. The introduction ofCé6 is
a technical tool revealed to be useful in solving the mulltiabocation problem later on. On one hand,
note that Problem 3 is feasible for any> 0 andQ > 0 since it has at least the following trivial solution.
The solution consists in assigning zero powg‘}l = 0 on the subcarriers of subsk{so that constraint
C6 will be satisfied), and in performing resource allocatiorlyomsing the subcarriers of subs@t;.
On the other hand, Problem 3 can be made convex after the etafngariablesw;!, = ~;!, P, and
wity = Ve P{ly, as a matter of fact. Therefore, any global solution to RawbB is characterized by
the KKT conditions associated with the convex problem dmtifrom Problem 3 via the above change
of variables. The simplification of these conditions is nagented in this paper due to lack of space.
However, it can be done in a very similar way as in the case DBfcellular networks addressed in our
previous work [19] leading to the following result. Resarialocation parameters of any of the subsets
LA of users located on lines= 1... 74 have a “binary” separation property as the users of a 1-D cell
This property is summarized below. Define the following @asing function for each € R, :

P = | o) 2o

and letg;, 5, and¢ designate the Lagrange multipliers associated, respgtivith constraint€C2, C3
and C6 of the convex problem derived from Problem 3 via the abovetimeed change of variables.
There exists a “pivot-position” on each linesuch that userg € L{‘ who are farther than this position

are uniquely assigned subcarriers from the protected suhs€by settingfy,f1 = 0). Moreover, such
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“protected users” satisfy:

9icn ( ?,Q?)F<9£‘,1( r,Qr)

On the other hand, usetse £ who are closer to the base station than the pivot-positieruaiquely
assigned unprotected subcarriers from subgét settingyl;‘l2 = 0). Such “unprotected users” satisfy:

g ( ﬁQ?)F git (QF,QF)
14+¢ 1+¢

ﬁJ>%ﬁ%ﬁﬂ (22)

The proof of the above separation property uses Conjecture [19] which can be easily validated
numerically. Inequalities (21) and (22) suggest the dédinibf a curve that geographically separates
protected from unprotected users of céll This can be done as follows. We write the variapgeof the
channel gain of user as,)g‘ = p(m,?,y,?) wherep(z,y) models the path loss. Functig(x, y) is assumed

to have the fornp(x,y) = n(y/z? + y?)~* where /22 + y? is the distance separatirig,y) from the

base stationy is a certain gain and is the path-loss coefficient. We also denoteyz,y) = @
the GNR on the protected subcarriers associated with a tiggrs#ion (x,y). Note that for any uset
in cell 4, ga(zi!,y;!) = giy- In the same wayg (,y, 2, Q") denotes the GINR at positiofx;, ) if the
interfering base stations are transmitting with poérand Q” on the unprotected subcarri€rsUsing
the above notation, we have (z;!, yi', QF, QF) = giy (QF,QF) for each usek in cell A. Note that

for any (z,vy), g2(x,y) = g1(x,y,0,0). Finally, for each¥ = (81, 32,2',Q",¢) € R3, we define

Wy(z,y) =

gl(waya Qla Q//)F <91($ay7 Qla Q//)
14+¢ 1+¢

m)—m@wﬁ@ﬂ%w&% (23)

Due to (21), we havéVy(zx, yi) < 0 for each protected uséri.e., for users farther from the base station
than the pivot-position. Inverselwg(x;j,y,?) > ( for each unprotected uséri.e., for users closer to
the base station than the pivot-position. Therefore, fonafy(x) given below defines the curve that we

are seeking and which geographically separates proteated dnprotected users of cedl:

lsf it W, (m %) <0
do(w) = {22kl if min{Wg (:;; %) Wy (x”;]g‘x‘)} >0 (24)

the unique zero of) — Wy(x,y) otherwise

Note in particular that the first two conditions of (24) holdthe case where the pivot-position at line
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is located at the upper sector bordes= |z|/+/3 or the lower sector bordey = (2D — |z|) //3. When
these two conditions anmeot satisfied, the existence of the zero of the continuous fanati— Wy(z,y)
is straightforward due to the intermediate value theorehe Uiniqueness of this zero can be proved by

arguments already developed in the proof of Lemma 1 in [1Bjally, we obtain the following lemma.

Lemma 2. Assume that the users of cell are aligned on/4 (0 < I4 < K4) parallel equispaced
lines perpendicular to the axiBC. Assume that these lines are numbered from I“tand denote by
L;“ c {1... K4} (for 1 <i < I) the subset composed of the users of delbcated on the line whose
index isi. If the power transmitted by base statioBsand C' on the unprotected subcarriefisis set to

QF and QY respectively, the global solutiofy,, vy, Py, Pl bk—1..c4 to Problem 3 is unique and

is as follows.There exist three unique nonnegative numbgrss,, ¢ such that:

1) For eachk € £ such thaty! < dy(z7}),

B A B,QC
Pl = gt (@7, Q7)) s (%@) Pl=0

,}/A — k ,}/A =0
k1 O ((951(QF.QF) k.2
A £aapy
2) For eachk € L such thaty;! > dg(z})),
-1,
P =0 Ph=(9i%2)  f ' (gi202)
A
77?1:0 71?2:R7k (26)
7 7 C (9}?2#32)
3) For eachk € L such thaty;! = dy(z}}),
R -1 ,._
P’él = 92 (@P.Q7) Plj,‘2 = (91?,2) f 1(91?,262) (27)
)

wheref, G, and¢ are the Lagrange multipliers associated with constrai@®, C3 and C6 respectively,

and wheref = (31, 52, QF, QY €). Here,dy(.) is the function defined b{@4).

The unigueness of the above solution can be proved usingnamfs similar to those of the proof of
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Proposition 1 in [19]. Note that due to the above lemma, ther@tisnostone user in each subség4
who is likely to modulate both protected and unprotectectatders. If such a “pivot-user” exists, then
it is necessarily locatedn the curvedy(.). Therefore, there are at mobt pivot-users in cellA.

2) Step 2: From Single Cell to Multicell Resource AllocatioWe now consider the problem of joint
resource allocation (Problem 1) while still assuming thsg¢rs of each cell are aligned on equispaced
parallel lines. Recall the definition d¥§ as the subset of users of cellocated on line; (i =1...I°).
The following lemma implies that any optimal solution to Biem 1 has in each cell the same form as

the solution to the single cell problem given by Lemma 2.

Lemma 3. Assume that the users of each cel: A, B, C are aligned on/¢ parallel equispaced lines
(0 < I° < K°) that are perpendicular to the axis passing through the twterfering base stations
¢, ¢. Any global solution{yg,l,Pg,l,71372,P,§,2}l;?f§6 to Problem 1 satisfies the following. L& =

Zﬁl V1D 1 designate the power transmitted by base statiam the reused subcarriets There exist

nine positive number$§ss, 35, £¢te=a,B,c such that(25), (26), (27) hold in each cell.

The proof of Lemma 3 is provided in Appendix A. For each ecel= A, B,C, denote byc and ¢
the other two cells and recall the definition of functidn(z) given by (24) for anyx € [—D, D] and
¢ € R%. Lemma 3 states that when an optimal solution to Problem ppdied, then there exists in each
cell ¢ a curvedy.(.), whered® = (35, 35, Q5, Q5, £°), that separates protected from unprotected users.

3) Step 3: Asymptotic Performance of the Optimal Resourmedtion: Denote byd* (%) = (ﬁf’(K),
ﬁg’(K), f’(K), ‘f’(K), 507(K>) for c = A, B, C any set of parameters chosen such that Lemma 3 holds.
Superscript(K) is used in order to stress the dependency of the above pa@nwet the number of
usersK. We now characterize the behaviour@f®) as the numbek of users tends to infinity. Once
the behaviour of>(%) determined, the asymptotic behaviour of both the separatimvesdy. ) (.) and
the total transmit power of the optimal solution to Problermah be fully characterized. Assume that the
total numberK of users tends to infinity in such a way th&at’/K — 1/3 i.e., the number of users in

each cell is asymptotically equivalent. Denote Bythe total bandwidth of the system. Defing as the

target rate of usek of cell c in nats/si.e., r; = BR;j, where Rj, is the data rate requirement of user

1The proof proceeds as follows. First, we prove that fdixad value of¢, parametersd; and 3> can beuniquelydetermined
by writing that constraint€©2 and C3 of Problem 2 hold. Second, we show that paramétean also be uniquely determined.
Indeed, eithert = 0 and then constrain€6 of Problem 2 is met with strict inequality, @& > 0 and then¢ is the unique
solution to the equation obtained by writing th@6 is met with equality
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in nats/s/Hz. Since the sudn, r{ of rate requirements tends to infinity, we let the bandwiBtiyrow
to infinity and we assume thdt /B — t wheret is a positive real number. We use in the sequel the

notation7=(X) to designate the number of parallel equispaced lines inccéfe also assume that

165) [ 0. 28
K—oo o K K—o0 ( )

In order to simplify the proof of the results, we assume witheestriction that the rate requiremerit
for each usefk in any cellc (¢ = A, B, C) is upper-bounded by a certain constaptx wherer,,,x can
be chosen as large as needed. We also assume that for eadh yser ¢ wheree > 0 can be chosen

as small as needed.

As a matter of fact, sequenceg§ ™), o) Qo) QoK) ¢e(K) are upper-bounded and that
ﬂf’(K),ﬂg’(K) are lower-bounded by a certain positive constant. One cas éltract convergent subse-
quences from the above sequences. With a slight abuse diampté® (%) = (ﬁf’(K), 65’(K), f’(K),
Qf’(K), 507(K>) will designate from now on these convergent subsequenaksheir respective limits
will be denoted byg® = (55, 35, QF, f £°). We now provide a system of equation satisfied by the
accumulation point¥© = (35, 35 Q5, QS, £°). Due to Lemma 3, the powei)i’(K) = ZkK:CHEJPISJ

transmitted by base statianon the unprotected subcarri€r<an be written as

o (K § : c c ¢ 6K C, (K G(K) sc § : c c
Ql( ) = ng.‘ (‘T/wykaﬂl ( )7Q1( )7Q1( )76 ’(K)) + ’Yk71Pk7l ) (29)
ke{l...K} ke{1...K}
Y5 <dge, () (x7) Yi=dge,.(x) (x)

where function¥ is defined as
1 (gl(x’f’f(g’g/)ﬂ>
1 (2..2,0)C (420 5)

3'('1:7 y7 /3’ Ql? QH?&) = (30)

for each(xz,y,3,9',9",¢) € [-D,—D] x [e, D] x R%. While the first term in (29) represents the power
allocated to all the users of cellthat are uniquely assigned unprotected subcarrier frorsetdbthe

second term in the same equation represents the power ft@tsto the (at mosty<(¥) pivot-users in

2For example, to prove th j’(’() is upper-bounded, assume to the contrary that there ex'rsmbsaequencég’“K) which

converges to infinity. One can show after some manipulatioasthis assumption implies that the left-hand side of thestraint
C3: Zf:i Vi.o = 5= of Problem 1 (forK of the form K = (k) converges to zero. This is in contradiction with the fact
that the latter subsequence converge$lte- «)/3.
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the same subset. Since we assume &) /K — 0, one can show that the latter term is negligible
with respect to the first term and that it tends to zerdsas- co. Thus, it will be denoted in the sequel
by ox (1), whereog (1) stands for any term that converges to zerdsatends to infinity. Define for each
cell c = A, B, C the following measure>(5) on the Borel sets oR, x R x R, as

K¢

v L) = Z‘Sm we ey T L) (31)
k=1

wherel, J, L are intervals o ;, R andRR, respectively and whem®, . . . is the Dirac measure at point
(T3> 5, Ug) 184 0pe e ey (I, J, L) = Lif v € 1, 2§ € J, y, € L and (e o< yey(1, J, L) = 0 otherwise.
Note thatv>(5)(I,.J, L) can be interpreted as the number of users of esVhose rate requirement in
nats/s is inside/, whose x-coordinate is insidé and whose y-coordinate is inside normalized by
K¢. In other words, measune-(5%) characterizes both the geographical distribution of usecell ¢ and
their attribution to the different rate requirements. Repig Ry, (in nats/s/Hz) by@ in (29),
we obtain

C K€ [Tmax ge. () () c ¢ c c c
w / / T (@B QH00, QU6 00) 102, ) + 0xe(1)
(32)

In the sequel, we assume that the following holds.

Assumption 1. As K tends to infinity, measure®() converges weakly to a measure Moreover,v*
is the measure product of a limit rate distributi@gfi times a limit location distributiom\°. Finally, ¢ is

absolutely continuous with respect to the Lebesgue measule.

Note that given the definition of¢, the valueR® defined as

DC __ t e c
R = 5/0 rdC¢(r) (33)

represents the total average rate requirement per chasaehwcellc. Here, recall that is the limit of

3Recall that the powerPy ; assigned on the unprotected subcarrigréo any of the pivot-users: is given due to
Lemma 3 by the expression in (27). If such pivot-users wenesitained to modulat®nly such unprotected subcarriers
without changing this assigned power, then their sharingfofa ~; ; should be increased in order to keep the rate
requirementsR, = ry/B satisfied. It is thus straightforward to show that the secterch in the |hs of (29) is upper-
bounded by(I%) / B)rmax supy_; e F (;c;;,dgcm(:c;;)ﬁf"m,QT‘K’,Q?(K)@“*’Q) since 57" is lower-bounded

and 7<) /K — 0, it follows that this term converges to zero.
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K/B as K — co. It is intuitive thath’(K) as given by (32) converges in this case to a consg¥nt
dg(' _ _
ai=w [’ / F (.0, 55, Q5.Q5.€) AN(2.y). (34)
=-D Jy=max{|z|/V3,¢}
Using the same approach as above and recalling ddat y) = ¢1(x,y,0,0), one can show that the

powerQ2 ) transmitted by base statianon the protected subcarrie¥s converges ag{ — oo to

2D— \1'\

—r [ [T 50,00 ), (35)

Now recall the expression off ; given by Lemma 3 for all users satisfyingy; < dg..co (z). Plugging
the latter expression into constrai@g: ZkK:CI Y1 = o of Problem 1, we obtain
1 5 K 77 K :7 K
= > s (e a0 QN e W) YT sfi=a, (36)
ke{l...K¢} ke{l...K¢}
Vi <dge.(0) (z7) Yi=dge.x0) (z7)

where we defined

1
Q9" ¢) = 37
g(xy Y, ﬁ) ’ 75) C (91 (x7y’Q/’QN)/B> ( )

1+¢

for each positiver, y, 3, Q/, Q” and&. It is thus quite intuitive that equation (36) leads ds— o to

dgc(:l,’ _ _
/ / (e, 55, Q5. Q5. €9) dX(2.y) = o (38)

max{|z|/v/3,c}

Similarly, we can show that constrai3: Y1 ¢, = 122 of Problem 1 leads a& — oo to

2DH 1
—

/ / (2,1, 55,0,0,0) dN(z,y) = —. (39)
dge ()

Remark 4. Equations(34)-(38)-(39) characterize the asymptotic behaviour@ﬁ"(K), ﬁg’(K), ij’(K),
¢K) in the case where users of each cell are aligned on paralleisgmpced lines. The generalization
to the case of an arbitrary setting of users is not straigivfard, since Lemma 3 does not necessarily hold
in this general case. Nonetheless, the lemma given belawsstaat sequences™ ™), go(") Qo)
¢K) have the same asymptotic behaviour as giver{3)-(38)-(39) even if users are not aligned on
parallel lines. The proof of this lemma relies on the followiapproach. We define in each cell a set of
parallel equispaced lines similar to the lines in Figure 3 Wéxt consider the projection of users positions

on these lines using two distinct projection rules. This wag are able to exploit equatior(84)-(38)
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(39) to solve the two resulting optimization problems. If the banof the latter lines is well chosen, then
the perturbation of the location of each user will also be Bnhe optimization problem can therefore
be interpreted as a perturbed version of the initial problebhe next step is to demonstrate that this
perturbation of the initial setting of users does not altBe taccumulation points of sequen(@fs(K)

ﬁg’(K) QY (K) , £ This can be done by properly selecting the way the numbénes bcales withs .

Lemma 4. Assume that for each usdr in any cellc (c = A, B,C), the rate requirement (in

nats/s) is upper-bounded by a certain constapt. (rmax > 0) and that the y-coordinatg;, is lower-

bounded by another constaat(e > 0). Assume thalk = K4 + KB + K¢ — o in such a way that

K/B —t >0, K°/K — 1/3 and such that Assumption 1 holds fer= A, B,C. The total power
(K)

T = De—ABC Z,f;l(ygngl + ;9P 5) Of any optimal solution to Problem 1 converges to a

constantQ,. The limit Qr has the following form:

Q RC( / / v 85, Q5. Q5. €°) dX°(z,y) +
— 33 5 5 5 ) x
g ¢=A,B,C ax{\x\/\/g 5} Y ! ! ' Y
2p=1s)
/ [ 3.9.85.0.0.0 ax G y)) (40)

wheref© = (35, 55, QS, ff, ¢°) and where for eaclke = A, B, C, the system of equatiqB84)-(38)-(39) is
satisfied in variable®©, Q. Here, (z,0) — dp(z) is the function defined b{24).

Moreover, for each: = A, B, C and for any arbitrary fixed valu¢Qs', QF, Q%) = (Q4, QF, @),
the system of equatiaf84)-(38)-(39) admits at most one solutiofi;, 35, £°).

Lemma 4 states that the limi2, of the total transmit power can be computed once we have faised
of parameterg 5{, 85, QS, (¢ }e=4,B,c that satisfy (34)-(38)-(39) in the three cetls= A, B, C'. However,
these twelve parameters are underdetermined by this sydteime equations. We are nonetheless capable
of finding {3{, 85, Qf, £ }e=4,B,c such that the above lemma holds. This can be done thanks fadhe
thatQr is the limit of the transmit power of aoptimal solution to the joint resource allocation problem.
Therefore,{3{, 35, Q5. £°}c=a.B,c Can be chosen as any set of parameters that satisfy the sgtem
equation (34)-(38)-(39) in the three cells B, C' and for which the total poweK)r as given by (40)
is minimal. To that end, we propose Algorithm 4 which perfermn exhaustive search w.r.t points

(Qf,QF,QY) inside a certain search interval. In practice, the set afits¢R1', QF, Q") probed by the

DRAFT December 20, 2010



23

above algorithm can be determined by resorting to numenehods.

B. Selection of Curve$dg ,op(-) e=4,5,c

We now proceed to the relevant determination of the sep@ratirves{dgyop(-)}c=4,5,c associated

with the proposed allocation algorithm (Algorithm 3). Weopose to setlg,q,(z) such that
Vo € [=D, D], dgypop(r) = dpe(x) ,c = A, B, C'. (41)
where(6°).=a p,c is the output of Algorithm 4 and whele, §) — dy(x) is the function defined by (24).

Remark 5. Note that the asymptotic separating curvgs(.) do not depend on the particular config-
uration of the cells, but rather on an asymptotic descriptiof the networki.e., on the average rate

requirementR¢ and on the asymptotic distributiok’ of users.

Remark 6. Curvesdy:(.) can be set before the base stations are brought into operalibey can also
be updated once in a while ¢ or ¢ are subject to changes. However, since such changes aratiypi

slow, computational complexity of determinidg (.) is not a major issue.

C. Asymptotic Optimality of the Proposed Algorithm

Denote byQéffb)opt the total transmit power of Algorithm 3 in the case where thpasating curves
{dsubopl-) }e=4,B,c, are selected using Algorithm 4. Recall the definition@ff) as the total transmit
power of an optimal solution to the multicell resource allitian problem (Problem 1). The following
theorem states that Algorithm 3 is asymptotically optintigl.proof is provided in [22]. The proof relies
on the following approach. We define in each ecefl number/«(¥) of parallel equispaced lines similar
to the lines in Figure 3. We next consider the projection @rsispositions in each cell on these lines.
This way, we are able to exploit Lemma 4. If the number of thitetalines is well chosen.e., if
1K) /KK — 0, then this modification of the initial setting of users does alter the limit of the total

transmit power. In other words, the latter limit is the sameloth the initial and the projected settings.

Theorem 1. Assume that the separating CUrvigk ,o.(-) }e=4,5,c are set such thatg,p,(z) = doe(z)
for all z € [-D, D], where(6°).—4 p,c is the output of Algorithm 4 and whefe, §) — dy(z) is the

function defined by24) for any z € [-D, D] and § € R?.. If the conditions of Lemma 4 are satisfied,

December 20, 2010 DRAFT



24

then the following equality holds:
. K . K
Jim Quio= Jim Q7 =Qr, (42)
where@r is the constant defined by Lemma 4.

Note that the above theorem implies tl@éﬁi}pt is bounded, at least for sufficiently large and B.
This means that there exists an intedés such that Problem 2 is feasible for @l > K, (refer to

Remark 2), provided thaB — oo as K — oo in such a way thaf</B — t.

D. Selection of the Best Reuse Factor

During the cellular network design process, the selectioa i@levant value oé allowing to optimize
the network performance is of crucial importance. In pgtithe reuse factor should be fixed prior to
resource allocation and it should be independent of thécpéat cells configuration. Recall the definition
of Q(TK) = (TK)(a) as the total transmit power associated with an optimal ®oluto the resource
allocation problem. We define the optimal reuse factor asviiee g that minimizes the asymptotic
transmit powerr(«) = limg Q}K)(a) (given by Lemma 4).e.,

Qopt = arg min Q7 . (43)

a€(0,1]

In practice,aop: Can be obtained by computin@r(«) for different values ofa in a grid. Note that

computational complexity is not an issue here (refer to Rkréa

VI. NUMERICAL RESULTS

In our simulations, we considered the classical “free spmopagation model” with a carrier frequency
fo =2.4GHz. Pathloss in dB of usérin cell ¢ (c = A, B, C) is thus given by (dB) = 201og,(|ck|)+
100.04, where|ck| stands for the distance between ugesind base station. The thermal noise power
spectral density is equal t&/, = —170 dBm/Hz. Denote byS the surface of any of the considered
sectors of cellsA, B, C. Each one of these three sectors is assumed to have the sdorenlasymptotic
distribution \ of users, wherel\(z, y) = dxzdy/S. The average rate requiremeRt in bits/s/Hz (defined
in nats/sec/Hz by (33)) is assumed to be the same in eachizél: R® = R® = R.

Selection of the reuse factor

DRAFT December 20, 2010



25

In Figure 4, we plotgp defined by (43) for different values of the average rteAs expectedogpt is
decreasing with respect . Indeed, the larger the valug, the higher the level of interference, and the

greater the number of users that should be assigned protegbearriers.
Selection of separating curves {dg oy (-) }e=a,B,c

Once the reuse factor is set to the valugy, the separating curveSi,p-)}c=4,5,c associated with
the proposed suboptimal allocation algorithm should besehao be equal to the asymptotic optimal
curves{dyp:(.)}.=4,B,c given by Lemma 4. Since we are considering the case where syrapdotic
distribution of users is the same in the three sectors, Algor4 yielded in all our simulations three
identical separating curvé., for all = € [—D, D], dgpopf) = diypop(T) = dSpopf®)- Figure 5 plots

subopt( ) for different values of the average rafe

Performance of the proposed allocation algorithm

From now on, the positions of users in each sector are asstonbd uniformly distributed random
variables. We also assume that all users have the same tatgetand that 4 = K2 = K©. Let us
study the performance of the proposed allocation algorifAlgorithm 3) in the case where the separating

curves{dg pop(-) e=a,5,c are selected as in Subsection V-B (see Figure 5).

We first validate the asymptotic optimality of Algorithm 3o That end, we consider 5 values of
the numberK of users comprised between 30 and 300. For each one of thésesyahe system
bandwidthB = B(K) is chosen such thak/B =t = 15 x 10~5. For example, the bandwidth is equal
to 5 MHz whenK = 75 i.e., when K4 = KB = K¢ = 25. This way, the number of users increases in
accordance with the description of the asymptotic regimergearlier in Section V-A. Next, we compute
the transmit powersggﬁ(b)optspent when Algorithm 3 is applied for a large number of redions of the
random positions of users assuming that each user has aatataeguirement; = 0.38 Mbps. We

finally evaluate the associated mean va]EJ%Q J (expectation is taken w.r.t the random positions

subop
of users) and compare it with the asymptatigtimal transmit powerQ; = limg Q(TK ) as given by
Lemma 4. The results of this comparison are illustrated gufg 6. Note that the difference between
Q! ubc)ptandQT decreases with the number of users. This difference cansd=red negligible even for
a moderate number of users equal to 50 per sector. This ssidtet the proposed allocation algorithm
is asymptotically optimal.

From now on, the system bandwidthis equal to 5 MHz and the number of users per sector is fixed
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to 25. Letry = Z{;l ri. designate the sum rate per sector measured in bits/s.ImeFiguve compare
the proposed algorithm with the allocation scheme intreduim [23]. In the latter work, the authors
set the value of the reuse factarto onei.e., all the available subcarriers are reused in all the cells.
The resource allocation problem they address consistan(asiri paper) in minimizing the total power
that should be spent by the network in order to achieve altsusate requirements. In this context,
they propose a distributed iterative allocation algoriteimilar to Algorithm 1. The main difference is
that, while Algorithm 1 is only applied to a subsEtj‘ uxPu JC? of users, the algorithm of [23] is
applied to all the users in the network. As a matter of fagg dhifference has no significant effect on the
computational complexity of the scheme of [23], which isoats order O(NjerNgraglS) as Algorithm 1
(see Subsection IV-D). However, Figure 7 shows that for ladl tlifferent values of the sum rate-,
considerable gains can be achieved by applying our res@li@eation scheme instead of that of [23]

without any additional computational complexity.
Convergence rate of Algorithm 1

We plot in Figure 8 the numbe¥e, of iterations of Algorithm 1 as a function of the required accy
i.e., the maximum relative change in the transmit pow€rs (c = A, B, C) from iteration to another
beyond which convergence of the algorithm is achieved. reiddi shows that Algorithm 1 converges

quickly within a very good accuracy even for a sum rate as laigl® Mbps.
Performance of the proposed allocation algorithm in the discrete case

We now address the so-calldascretecase where the sharing factors should be integer multigleg/é.

In this context, we propose the following approach to corapghe resource allocation parameters. We
first apply Algorithm 3 to obtain the continuous-valued shgrfactorsy; ; and~; , for c = A, B, C.
Next, we round the number of assigned subcarrigrsN and~; , N to the nearest smaller integer. In
order to compensate for the slight decrease of each shaatgrfdue to rounding, the power allocated
to each user should be slightly increased so as to keep the aenievable rate. To that end, the power
allocation should be recomputed (this time, keeping fixedrigly factors). This can be achieved by
straightforward adaptation of Algorithms 1 and 2. In FigQreve plot the required transmit power in the
discrete case for both the proposed allocation algorithththe scheme of [23] assuming = 72,192

as recommended in WiMax [26]. Figure 9 shows that our allooaalgorithm continues to outperform

the scheme of [23] even after rounding the sharing factdne. figure also shows that the gain obtained
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from applying our allocation algorithm instead of that oB]2s larger for small values oN.
Performance of the proposed allocation algorithm in larger networks
We now turn our attention to the 21-sector network of FigudeThis network is composed of 7 duplicates
of the 3-sector system of Figure 1. Note from Figure 10 thatghbcarriers of subsetsy, Pz, P are
no more interference-free. However, the number of interfefor users modulating in these subsets is
always smaller than the number of interferers for users rabidg in subsef.

In this context, we propose the following procedure. We fitstthe separating curv@dgubop(.)} in
each sector and the reuse factar to the values given by Sections V-B and V-D respectiviedy, as
if the network were composed of only three sectors. Note Ahgorithm 2 cannot be applied anymore
since the users outside the cures,.,(.)} are now subject to multicell interference. Instead, we yppl
a straightforward adaptation of Algorithm 1 to the case ofrenthan three sectors. In Figure 11, we
plot both the transmit power of the above proposed algori#tmd that of the distributed and iterative
allocation scheme of [23] (both averaged w.r.t the randorsitiopms of users) assuming a 21-sector
setting. We note from Figure 11 that, while the scheme of [aB$ to converge for sum rates- larger
or equal to 9 Mbps, our allocation algorithm converges irtlal considered cases. It furthermore results
in considerably smaller transmit powers. However, commgpRigures 7 and 11 reveals that the transmit
power of the proposed algorithm is significantly larger ia #1-sector setting than in the 3-sector setting.

Reducing this gap requires a large amount of research anuat isfahe scope of this paper.

VIlI. CONCLUSIONS

In this paper, we addressed the problem of resource alwchdr the downlink of a sectorized OFDMA
network assuming fractional frequency reuse and staisGSI. In this context, we proposed a practical
resource allocation algorithm that can be implemented imstilobuted manner. The proposed algorithm
divides users of each cell into two groups which are geodcafin separated by a fixed curve: Users of
the first group are constrained to interference-free suigeay while users of the second are constrained to
subcarriers subject to interference. If the aforementiseparating curves are appropriately chosen, then
the transmit power of this simple algorithm tends, as thelmemk™ of users and the system bandwidsh
grow (in a certain sense) to infinity, to the same limit as theimal power required to satisfy all users’
rate requirements. Therefore, the simple scheme corgistiseparating users beforehand into protected

and unprotected users is asymptotically optimal. This s&his frequently used in cellular systems, but it
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has never been proved optimal in any sense to the best of awl&dge. Finally, we proposed a method
to select a relevant value of the reuse factor. The detetiomaf this factor is of great importance for

the dimensioning of wireless networks.

APPENDIX A

PROOF OFLEMMA 3

Notations.In the sequelx 4pc represents a vector of multicell allocation parameterfighatx 4pc =
xa”,xp", x57]7 wherex, = [(P4)T, (v))T)7, x5 = [(PP)", (v%)7]" andxc = [(PO)", ()",
and where for eaclh = A, B,C, P® = [P{ |, P{y,..., Pz, P o]" @ndy = [ 1,752, s Ve 1
V0" We respectively denote b@:(x.) = >, 75 Pfy and Qa(x) = Y75, F5, the powers
transmitted by base statianin the unprotected subsgtand in the protected subs@t. When resource
allocationx 4 p¢ is used, the total power transmitted by the network is equ@(kapc) = >, Q1(x.)+
Q2(x.). Recall that Problem 1 is nonconvex. It cannot be solvedgusiassical convex optimization

*T _xT

methods. Denote by, g = [x% 7, x5, x5 7]

T any global solution to Problem 1.
Characterizing x% 5~ via single cell results.

From x’ 5~ we construct a new vectotypc Which is as well a global solution and which admits a
“binary” form: for each cell, 75 ; = 0 if yj; > dp.(z) andvy , = 0 if yi < dp,(z7,), for a certain curve
dg,(.). For cell A, vectorx 4 is defined as a global solution to tiséngle cellProblem 3 when

a) the admissible nuisance constrdinis set toQ = Q1 (x%),
b) the gain-to-interference-plus-noise-ratio in suliset set tOg;il = g;ﬁ1 (Qi(xp), Q1(xf)).
Vectorsxp andx¢ are defined similarly, by replacing by B or C in the above definition. Denote by

xapc = [xal,x5T,xcT]" the allocation obtained by the above procedure. The fotigwdlaim holds.
Claim 1. Resource allocation parametexs,gc and x% . coincide:xapc = X% o

Proof: It is straightforward to show that - is a feasible point for the joint multicell problem
(Problem 1) in the sense that constraits-C4 of Problem 1 are met. This is the consequence of the
low nuisance constrainf);(x.) < Qi(x}) which ensures that the interference whichpi®ducedby
each base station when using the new allocatigpc is no bigger than the interference produced when
the initial allocationx’, 5~ is used. Second, it is straightforward to show tkaizc is a global solution

to the multicell problem (Problem 1). Indeed, the powgr(x.) + Q2(x.) spent by base station is
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necessarily less than the initial power (x;) + Q2(x7) by definitionof the minimization Problem 3.
Thus Q(xapc) < Q(x%zq)- Of course, ax’ 5~ has been chosen itself as a global minimumcf
the latter inequality should hold with equalit(x4pc) = Q(x% z-). Thereforex’ 5~ andxapc are
both global solutions to the multicell problem (Problem Ak an immediate consequence, inequality

Q1(xc) + Q2(x.) < Q1(x%) + Q2(x%) holds with equality in all the three cells= A, B, C:

Q1(xc) + Q2(xc) = Qu(x7) + Q2(x7) - (44)

Clearly, x is a feasible point for Problem 3 when settitg= Q;(x%) and g,ﬁl = g,ﬁl(Ql(x*B),

Ql(x*c)). Indeed constrain€Ce6 is equivalent toQ;(x%) < Q and is trivially met (with equality) by

definition of Q. Since the objective functio®;(x%) + Q2(x%) coincides with the global minimum as

indicated by (44)x? is a global minimum for the single cell Problem 3. By Lemmalis problem admits

a unique global minimunx4. Therefore x* = x4. By similar argumentsxy; = xp andxy, =xc. B
We thus conclude that any global solutiaf} ;. to the multicell Problem 1 satisfies equations (25),

(26), whereg;!, in the latter equations coincide wig'; = gi'; (Q1(x}), Q1(x%)), and where for each

cell c € {A, B,C}, ¢ and¢ denote the other two cells. The proof of Lemma 3 is thus cotaple
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Figure 1. 3-cells system model and the frequency reuse sehem
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Figure 2. Fixed separating curve in cell
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Algorithm 1 Ping-pong algorithm for three interfering cells
Initialization: Q7' « 0, Q¥ « 0, Qf «— 0
repeat
(B, Q") — Solve (12)-(13) forc = A
(BE,QF) « Solve (12)-(13) forc = B
(B3¢, QY) « Solve (12)-(13) forc = C
until convergence
for all c= A, B,C do
{7V 10 Pi 1 teeac; — (9)-(10)
end for

return {v¢ 1. Py te=a,B,0, kexs

Algorithm 2 Resource allocation for protected users
for all c= A, B,C do
g5 — Solve (19)
for all k € X% do
Pgy — (17)
Vo (18)
end for
end for

return {v¢ o, P o te=a,B, ke,

Algorithm 3 Proposed resource allocation algorithm

for all c= A, B,C do
Xp —{ke{l... K%M} |y; > dgubopt(xi)}
Ki—{ke{l...K}|y; < dgubopgwi)}

end for

{715 Peate=a,B,0, kex; < Algorithm 1

{Vi 2 Pk 2te=A,B.c keac;, < Algorithm 2

return {/7]2,17 Plg,lv ’7]2727 P£72}C:A7B,C, k=1...K¢

W, ("{ %) <0 ol non-protected users
i 1| « protected users
e .
X < - , ¢ pivot-users
— dy(z)
P : 8 €,
l o
1 ; 2 : ; 2D—
| VA4 Hllﬂ{‘["{"g(ﬂf?%) , Wy (r_w’liﬂ)} > 0

Figure 3. Definition of subset§L:'},_, ;4 and of the curvely(.)
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Algorithm 4 Determination of{6°}.—4 B.c

for all (Qf'. Q7. Qf) do
for c= A, B,C do
if (34)-(38)-(39) admits a solutiothen
(BT, B5,£°) « unique solution to (34)-(38)-(39)
0° — (51, 05, Q5. Q1. &)

Q° — Qs+ Re [1) [, (5 Flw,y, 55,0,0,0) dX(x,y)

else
Q° « o0
end if
end for
QT(Q?? 1B7 Qlc) N EC:A,B,C QC
end for

(Qiqv 1B7 Qlc) « arg min(@{l,Q]B’Q]C) QT(Q?? Qle Qlc)
for c=A,B,Cdo
HC — (5%7/857 1 (1:760)
end for
return 04,08 0¢

D=500 m

0.4 b

0.3r

L L L L L L L L L L L
0'20 02 04 06 08 1 12 14 16 1.8 2 22 24
R (bits/s/Hz)

Figure 4. Optimal reuse factor vs. average rate of a sector
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Figure 6. E (Q;Lﬁpt— QT) /Q% vs. number of users per sector.
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Figure 7. Comparison between the proposed allocation ifigorand the scheme of [23] fok“ = KZ = K¢ =25
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Figure 8. Number of iterations of Algorithm 1 vs. relativecatacy
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Figure 9. Transmit power of the proposed algorithm in cagestiaring factors are integer

Figure 10.
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Figure 11. Comparison between the proposed allocatiorriiignand the scheme of [23] in the case of 21 sectordfor= 25
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