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Cramer-Rao bounds for Channel Estimation

In UWB Impulse Radio
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Abstract

This paper addresses the Cramer-Rao bound calculatiorhfamel parameter estimation in impulse radio
ultra-wide band systems. We consider a time-hopping cdaense with binary pulse position and pulse amplitude
modulation formats. We first derive in closed-form the (respodified) Cramer-Rao bound for the multipath
channel parameters in the data-aided (resp. non-datd)aidetext. Unlike existing methods, the calculations are
derived taking into account the overlapping between sigohbes due to multipaths. We illustrate the benefit of
taking into account the overlapping assumption on realigtiannel propagation environment. Simulations show

that the Cramer-Rao bound using the non-overlapping agsomgearly overestimate the performance.
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|. INTRODUCTION

For the last decade, impulse radio ultra-wide band (IR-UW&jmunication systems have
received increasing interest, for both personal area m&syshort range, high data rate) and
sensor networks (long/medium range, low data rate). A latark has been done on the receiver
design and the multiple-access performance analysisJl h§suming perfect knowledge of the
propagation channel at the receiver side. Several papars i channel estimator design based
on maximume-likelihood (ML) [3], [4] or bases on ad hoc metkd8], [6].

In the literature, only a few papers address the evaluatidheoCramer-Rao bound (CRB)
in closed-form [7], [8], [9], [10]. CRB derivations for théhnannel parameters in the context of
TH-IR-UWB have been addressed in the data-aided (DA) cofitgx[8], [9] and in the non-
data-aided (NDA) context [10]. In [7], a single path chanisetonsidered, and in the other
papers, the computations are derived assuming that thespoig¢he multipaths do not overlap.
In [10], the so-calledrue CRB in the NDA context is expressed in closed-form, assumong
overlapping pulses and other restrictive assumptions erchiannel delays. In [9], the authors
acknowledge that the non-overlapping assumption doesaidtail the time. They show that
the CRB calculated without the non-overlapping assumpsoaiways greater than the CRB
evaluated under the overlapping one, without providingetbform expressions for the later

case though.

Therefore, the purpose of this paper is to derive in clogedifthe CRB of the channel pa-
rameter estimation (attenuations and delays) under thiéapyeng assumption for TH-IR-UWB
systems using PAM and PPM formats. The derivations are dotieib the DA and NDA con-
texts. Notice that in the NDA context, we address the seedéModifiedCRB (MCRB) [11].

The paper is organized as follows: in Section Il, we predamstgnal model, the CRB defini-
tion as well as some preliminary derivations. Section Hitaduces the main contribution of this
paper since the Fisher information matrix is derived in etbform whether the paths overlap or
not. In section 1V, we compare the numerical values of botlBER order to observe the influ-
ence of the overlapping path assumption on the performaneealso compare the CRB with
the performance of some existing estimation algorithmsidiaing remarks and perspectives

are drawn in Section V.
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II. SYSTEM MODEL AND PRELIMINARIES

We consider that the received signét) takes the following form

L
y(t) = Z Ais(t —m) + w(t)

=1
wheres(t) represents the UWB signal waveform of the user of interebe foisew(t) is as-
sumed to be white and Gaussian with variante= E[w(t)?] = Ny/2. The noise represents the
thermal noise in the single carrier case and can also appeat&ithe multiple access interference
in the multiuser case when conditions are met [12], [13]. prapagation channel response is
modeled with Dirac functions as done in recent papers [#4],The parameterd, andr; corre-
spond to the attenuation and the delay ofithgath respectively and need to be estimated. The
attenuations and the delays are stacked in: [A;,--- , A ] andT = [ry, - - - , 7] respectively.
In previous works, authors usually assume that the maximelayd; is less than a symbol
duration in order to simplify the computation [2], [4], [LOHowever, this assumption does not
hold in high data rate scenario and in dense multipath chamvith long delay spread. Conse-
qguently, in the following we will consider no constraint dretmaximum delay and inter-symbol

interference may occur.

.0.a PPM format. The UWB waveform using binary PPM can be ddfas follows

s(t) = %:1 b(t —iNgTy — d;A) (1)
=0
where) is the number of transmit symbafs € {0, 1}. We defined = [dy, - - - , dp—1]. In the
DA context,d is known at the receiver and thus is referred to as the trgisgguence. In NDA
context, the symbols are assumed to be unknown, indepeadémndentically distributed (i.i.d.),
and equally likely distributed,e. Pr{d; = 0} = Pr{d; = 1} = 0.5. The variableA represents
the PPM delay shift}V, is the number of frame per symbol ait@ is the frame duration. The

super frame, composed of; frames is structured as follows:

Ny—1

b(t) = Y glt—jTy - &T.) (@)

J=0
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where T, is the chip duration]; = N.I,. with N, the number of chips per frame,; <
{0,---, N, — 1} the time-hopping code of thg" frame, andy(t) is the received puldewith
time duration0, 7,)) whereT, < T.. Notice that we use the conventional assumptiog, A <
T. — T,, i.e, the pulse duration associated with the transmit bit (wheatés value) remains

inside the current chip duration.

.0.b PAM format. For the PAM format, the transmit signal tskee following form

M-1

s(t) = dib(t — iNTy) (3)

=0
whered; € {—1,+1} are the PAM symbols. In the NDA context, the symbols are assutn
be unknown, i.i.d., and equally likely distributed.

In the sequel, we firstly consider the DA case. We will seerldtat the NDA case can be
treated similarly. In order to derive the CRB, we now introduhe likelihood function of the
parameter of interesk, 7, and the corresponding Fisher information matrix (FIMnc&d is
deterministic (DA context), the likelihood is thus given: by

Ag(A, T) o exp _NLOL [y(t) - ZAlS(t - Tz)] dt (4)

whereZ = [0, M N;T) represents the observation duration window.

We now define the Fisher information component for paraméterd,) as follows

(5)

J(6:,60) = —E, {M}

00,00,

with & = [A, T]. Replacing (4) back in (5) leads to the following result a&aightforward

algebraic manipulations:

2
J(A, Ay) = ﬁoff’“’”
2A
J(Al,Tk) — _Tok 2(l,k)
24, A
J(TlaTkz) — ]\];O lfg(k:,l)

this pulse encompasses the transmit pulse, the transmitéral, and the receive front-end and is assumed to be knbwn a

the receiver side
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where

fl(k’l) = /S(t — 7%)s(t — 7)dt
7

fQ(k’l) = /s(t —73)8' (t — 7)dt
7

B0 = [Se-nste-mar
T

with s'(¢) the first derivative function of — s(t).

One can notice that the previous expressions have beemettaithout any particular as-
sumption on the transmit signa(t). In the previous works [7], [8], [10], the authors consider
thatf,S’f’l) = 0 whenk # [, which is equivalent to make the non-overlapping assumptiothat
case, the FIM turns out to be a diagonal matrix and only thesqéf’” for £ = [ need to be
evaluated which makes the CRB derivations much easier thamwassuming non-overlapping
assumption.

In the next section, we derive closed-form expressions“fb? V k, 1 by replacings(t) with

its UWB expression and considering the overlapping assiompt

[1l. CRAMER-RAO BOUND DERIVATIONS

In this section we expose in details the CRB derivation fer M format. Results for the
PAM format can be obtained similarly and will be given at tinel ®f the section.

The derivation offéf’” expressions is facilitated thanks to the so-catlesieloped codan-
troduced in [16]. The developed code is a nice tool and a aekeway for describing the time-
hopping code by putting the code contribution outside thament of the pulse, thus allowing to
derive simple closed-form expressions. Let us now recalhittion of developed code. The in-
tegerc; represents the chip number in which the signal has been fha ji' frame, and belongs
to the sef0, - - - , N. — 1}. As in [16], we now consider the vectof = [¢;(0), - -, ¢;(N. — 1)]
of sizel x N, described as follows:

(i) = 1 ifi=¢ ‘
0 otherwise
Both ¢; and the developed codg contain the same information. Instead of providing the

number of the occupied chip, the developed code indicateshehthe pulse belongs to the chip
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(if the value is equal td) or not (if the value is equal t6). Finally, we concatenate all the
vectorsc; into the followingl x N;N. vectorc = [cy, - - - , ¢y, —1]. The entries ot are defined
as follows{c(j) }o<j<n,n.. According to the developed codg?) takes now the following form

N§N.—1

b(t) = > cli)glt —jT.).

J=0

Before going further, we need to decompose the path diféeras follows
Tk — T = QuaNfTy + qu T + €y (6)

with Qx; = int[(7, — 1) /N;T¢] andgy,; = int[(7, — 71 — Qr N¢Ty)/Te], whereint[z] is the floor
integer part ofc defined byint[z] < x < int[z]+ 1, and where,; represents the remainder. By
definition, we havey,; € {0,--- , N.N; — 1}, andey,; € [0,7..). Moreover, the term&), ;, g,
ande;; depend or{7, — 7;) even if this dependency is not mentioned in the sequel. M@reo
we can reasonnably assume that, € {—A, M — 1}, that is to say that, the maximum delay
is smaller than the observation window duration. Unlikeallsudone [2], [4], [10], we do not
constraint the maximum delay to be less than the symboliduarat

The decomposition (6) enables us to treat the problem of ¥kdapping case more easily.
The path difference is split into three terms describindedént order of granularity: the first
one deals with the overlapping due to the shift between sysr{given by();.;); the second one
deals with the overlapping due to the shift between chipse(gbyq;;); and the third one deals
with the position inside the considered chips (giverepy).

In Appendix, we establish the following property which piaes a closed-form expression
for the FIM in the DA context.

Property 1: If aPPM format is used and since the time support et r,,(s) is smaller than
T. andA < T, — T,, we get

FOD = M[C™ (qra) Am(era)

+ C (qrs+ 1) An(ery — T0)
+ C (@) Binlera)
+ C(

ey + 1) B (ey — T0)] (7)
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with

q—1
C(q) =) elk)e(k — q). (8)
k=0
NeNy—1
C*(q) = c(k)e(k —q). 9)
k=q
and with
1 M-1
Ay (eky) = i Z T (kg + A(di—q,,—1 — di))
=0
1 M-—1
Biu(er) = 57 > rmlers + Aldi—g,, — di))
=0

whereQy. 1, ¢i;, andey; are defined in (6).
The FIM calculation in closed-form for the PAM format can band in a similar way and is
summarized in the following property.

Property 2: If aPAM format is used and since the time support ef r,,(s) is smaller than

T., we get
D = M[C (grr) Am(er,)
+ C (qgra+1) m(c":‘k,l -T,)
+ CH(qry)Bmlery)
+ CTgry + DBrleny — T)] (10)
with
R 1 M-1
A (Ekl Zdz Qk.1— ldrm(fkl)
and
1 M—-1

B (exy) = i Z di—Qu diTm(Ek1)-

The other terms are identical to the ones introduced in Priypk

It is worth noting that quantitie§~ andC™ can interpreted as the number of pulses colliding
between the two signals with delay andr; respectively [17]. Thus, it will be referred to as
“collisions” in the sequel. We can see from Property 1 thatnamber of collisions between

shifted signals@~ andC™") influences the performance. However, since they are weighy
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rm(.) functions which have a time duration much smaller than the daration, it may happen
that even ifC~(q) (resp.C*(q)) is different fromo0, its contribution tof,ﬁf’” (resp. tof,yf’”) can
be small or even zero. Nevertheless to minimize the off-@hadterms, it is interesting to avoid
collision by minimizing the maximum af~ andC™ as done in [18] in the context of multi-user
interference.

LetZ, = [Ty, A —T,, 7, = [T, + A, T. — T, — A}, andZ3 = [T, + T, — A, T. — T,] be
three intervals. After simple algebraic manipulations, B®M format, one can prove that, if
ey € Iy, orif ey, € Iy, orif g, € I, for all (k, 1), then we do not encounter any overlapping.
Notice that, whem\ < T, the above condition for non-overlapping simplifies beeaunservals
7, andZ; become empty. For PAM format, we can ensure that both echoetsr; do not lead
to collision ife;,;, € Z, = [T, T. — T,]. In such a case, the non-diagonal terms of the FIM are
thus equal to zero.

In case of absence of overlapping, the ter;f,ﬁ?é) are zero as soon ags different from/ and
thus, the only remaining terms to calculate A" In such a case, we ha@, . = 0, grr = 0,

andey , = 0. Then (7) and (10) lead to the same following simple equation
fat) = MN;E, (11)

with

Notice that (11) holds for the PPM as well as for the PAM form@ne can remark that the
performance does not depend on the training sequence inAtselizzme. Consequently, we get

N, E;
@MM—MM%&&_@) (12)

NO E1
B(r) = . 1
CRB(n) MN; 2A2(E,E, — E2) (13)

The two previous expressions were already provided in 84],[P], [19], which shows, as ex-

pected, that our general CRB expression encompasses thmvadapping case as well. More-

over, we can also interpret the non-overlapping case asitiggegpath casel( = 1) since
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each path is not disturbed by the other paths due to the attadity between all the paths.
Consequently, the derivations boil down to those perforfieecdmplitude and symbol timing
estimations in the context of linearly modulated signal [201].

In the NDA context, the true CRB is often untractable and ismfeplaced with the modified
CRB [11]. The modified CRB is equal to the inversion of the nfiediFisher Information Matrix
defined as the mathematical expectation of Eq. (5) over ttees#mjuencd. Consequently the
derivations obtained in DA context can be easily adaptedDé Montext by averaging -
over data sequenck
Notice that, in some cases, the true CRB can be derived aippaitedy with high accuracy.
At high signal to noise ration (SNR), when the so-called peiers of nuisance (herein, the
symbol sequence) belong to a discrete set, it is well knowanttie modified CRB tends toward
the true CRB [21]. Our modified CRB is thus close to the true GRBigh SNR. At low SNR,
derivations for the true CRB can be achieved by the well-kmapproach mentioned in [20] and
[4] which consists in replacing the exponential functiohwits second-order polynomial series
expansion in (4). Finally, in [10], a closed-form expressior the true CRB is given for any
SNR. Nevertheless, the derivations hold only under veryiotise conditions on the maximum

delay and under the non-overlapping assumption.

V. SIMULATIONS

In this section, we numerically evaluate the CRB in the DAtegh The displayed CRB has
been averaged over the time-hopping code sequence ancheveaining sequence assumed to
be a pseudo-random white binary sequence.

For each figure, we plot the CRB which takes into account tresipte paths overlapping
for various model of channels and the (simplified) CRB whiclesinot take into account the
overlapping.

The design parameters of the UWB system are chosen as folléws 4, Ny = 2,7, =2ns
andT, = 1 ns. The pulse shape is the second derivative of the Gaussiatidn [4]. We
have considered 2PAM constellation. Unless specified, the SNR, (V) and the number of
superframe {/) are equal td 0 dB and100 respectively.

In Fig. 1, we consider an academic context: two paths withlgnades A; = 1 and A, =

0.5, and with delays;, = 0 andm, = é7. We focus on the estimation of the first path
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More precisely, we plot the CRB without taking into accourg echoes overlap, the CRB with
taking into account the possible overlap between echoesh@normalized mean square error
(MSE) of the estimate introduced in [4]. This estimate cgpends to the ML in the absence of
overlapping. The normalized MSE stands for the MSE dividje(TgB

We observe that the difference between both CRBs occurs thiesime difference between
two echoes is less than half the pulse duration. We also tetharML-like estimate is far way

from the optimal performance in case of strong overlap.

We now want to know if the situation for which the overlappiten not be neglected.€.,
for which there exists small time difference between twchpptppears sufficiently often in
a realistic model of channel for disturbing notably therastion performance. Therefore, in
the rest of this section, we consider the standard model us#eEE test environment and
introduced by Molish in [14], [15]. For the sake of simpligitve consider only one cluster, then
we recall that the difference between two consecutive dedayisfies an exponential distribution
with parameter\. The parametek obviously represents the path density since the mean time
difference between two echoes is actually equal ta. Finally, the amplitudes are obtained
asA;, = aqe”™/7 whereq; can be decomposed as the following product= p;b; with p;, €
{—1,+1} an equally distributed binary process and log-normal process. One can notice that
the parametey is the root mean square delay spread. Moreover, the patlystioddollowing
normalization conditiory -, 7? = 1. For the Molish’s channel model, we consider two sets of
parameters: on one hand, the et 4.3ns and\ = 2.5ns™! (1/\ = 0.4ns) associated with the
so-called CM1 channel, and on the other hand, the set6.7ns and\ = 0.5ns™! (1/\ = 2ns)
associated with the so-called CM2 model and also introduc¢22]. On Fig. 1, we observe
that if the time difference between two paths is smaller thams, then the estimation error is
of order of that time difference and any estimation proceduit be able to distinguish one path
from another one. Therefore we have discarded too closeadjpaths (smaller thahl ns)
as well as the paths associated with too small magnitudell@mtizan10-2). The curves are

averaged over000 Monte-Carlo trials for which the paths are modified at each ru

In order to handle all the paths, we sum the Cramer-Rao bauthé ifollowing way CRBT) =
% Zle CRB(7;). Notice that we focus on delay estimation rather than on dogsiestimation

because it is a more crucial issue for system performanceioGdly, the CRB on delay param-
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eter takes into account the amplitude estimation step.

In Fig. 2 and Fig. 3, the MSE are plotted verduig N, and\ respectively. We notice that the
performance for CM2 model is almost insensitive to overlagpln contrast, there is a gap for
the CM1 model. Actually, according to the value)QfCM1 model leads to several close paths
since the main time difference between two echoes is lesshht a pulse duration whereas
the time difference between two consecutive paths is mugeilgor the CM2 model. As a
conclusion, we can see that the overlapping degrades dcathathe performance if the time

difference is much less thaf, which may occur in realistic situations.

V. CONCLUSION

In this paper, we have derived in closed-form expressioiCiRB for the delay and the atten-
uation of each path of the UWB propagation channel. Unliksteyg literature, the derivations
had taken into account the possible overlap between diffgraths. In the simulation part, we
have observed that the estimation performance obtaine@dmuard channel model needed the

assumption of overlap between echoes to be valid.

APPENDIX

After algebraic manipulations relying on (1), we obtain:

M-1 Nch_l

0 =" > elinelh)

11,12=0 j1,j2=0
X T(0iNg Ty + 65T, + A(dy, — diy) + 71 — 71)
with §7 = 11 — 19, 5] = jl —jg and
n(r) = [ gt = rigttrat
() = [ gt - r)g'

mﬁ%z/d@—ﬂd@ﬁ-
By using (6), we get

M-—1 Nch_l

FED=3" 3" eld)elia)rm (00 + Qua) Ny Ty

11,i2=0 j1,j2=0

+(07 + qe)Te + A(di, — diy) + €1)- (14)
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Inasmuch as the support of— r,,(7) is (—=1,,T,), a lot of terms in (14) are zero since the
termr,,, (07 + Qu ) N¢Tr + (05 + qra)Te + A(d;, — di,) + €x,) is different from0 if and only if
—Ty < (0i + Quu)NsTy + (05 + qua)Te + Aldy, — diy) + &4y < T (15)
We recall that
—A< A(dn - dm) <A
~N.N;+1<6j+ gy < 2NNy — 1

and

0< €kl < T..

Consequently, by replacingy(d;, — d;,), 65 + qx; andey; with their upper and lower bounds
in (15), we obtain that

—Tg—A—2Nfo+Tc< ((5i+Qk,l)Nfo SNfo—TC—FA—FTg

T.—A-T T.—A-T
) B — Y] G [ ———
" N¢Ty P+ Qe = N¢Ty

As the PPM shiftA is smaller thari. — 7, we get the following constraint on the summation
indicesi; andi,:

—2<0i+ Q<1

which implies that
i — g = —Qr;— 1 or i —ly = —Qpy-
Therefore, expression (14) can be decomposed as follows:
D = JB0 4 80

with

M-—1 NCNf—l

PO = 3" 3" eli)elia)rm (— NeTy

12=0 7j1,j2=0
+(6j 4 qe)Te + A(diy—qp -1 — diy) + €xy)
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which corresponds to the summation o¥eandi, with the constraint; — i, = —Q);; — 1 and
with

M—1NcNg—1

fr(f’l) = Z Z C(jl)c(jZ)rm(((sj‘l'qlc,l)Tc

i2=0 j1,j2=0

+A(di2—Qk,l - diQ) + EkJ)

which corresponds to the summation o¥eet i, with the constraint; — i = —Qy;.
Let us consider first the calculation ﬁjf’f). Asiy — iy = —Qy; — 1, the constraint (15) can

be simplified in the following way
—Ty < (0j + qrg — NeNp)Te + Aldiy—qp -1 — diy) +py < Ty
SinceT), is assumed smaller than andA smaller thari, — 7}, we get
=2 <)+ qry — NNy <1

which implies that
b0 = g 4 Ak

Wheregfff’l) is the term associated with the summation gyeand j,, satisfying the constraint

J1—J2 + qry — NNy = 0 and whereh{F") is the term associated with the summation ojer
andj,, satisfying the constraint — jo + gx; — N.Ny = —1.

Thus, we have

Thanks to the codes’ periodicity, we can write the follownegult
M-1
GRD =3 C () rm (A iy, 1 — di) + €x1) (16)
=0
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In
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the same way, we can show that

M-1
R = N C(qra+ 1)
=0
T'm (A(di_Qk’l_l — dl) — TC + 6]67[). (17)

The calculation of th@%’f’” can be achieved similarly and leads to the following expoess

(1]

(2]

(3]

[4]

[5]

[6]

[7]

(8]

[9]

M-1
PO = 3" CH (gr)rm(Adi—g,, — di) + €xy)
=0
M-1
+ Z C*(qrs + 1)
=0
Tm(A(di—q,, — di) — T, +ery) (18)

By merging (16), (17), and (18), we conclude the proof.
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